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On the equations of mathematical hydraulics

By S. J. Jacobs, Dept of Atmospheric, Oceanic, and Space Sciences,
The University of Michigan, Ann Arbor, USA

1. Introduction

We will be concerned here with turbulent two-dimensional open channel
flow down a plane inclined at a constant angle to the horizontal, as shown
in Fig. 1. In the hydraulics literature flows of this type are treated using two
different theories, which apparently have little in common.

According to the simpler of the theories, classical mathematical hy-
draulics [1], the fluid depth A(x, r) and the depth-averaged velocity #(x, ?)
solve the equations

Ooh  0O(hu)

il = 1.1
ot Ox 0, (1.1)
oa _od oh |izia

o e f— =g —Cp—— 1.
at+uax+g ox g'tana — Cp b (1.2)

where x is distance measured parallel to the bottom, ¢ is time, « is the angle
between the channel bed and the horizontal, g’ =g cos«, and Cp, is the
bottom drag coefficient. In this theory the flow is governed by (1.1) and
(1.2) except at discontinuities of the dependent variables, where, letting [ f]
denote the discontinuity in a quantity f at x = s(¢), 4 and i satisfy the jump
conditions

d
[hi) = [A] d—j, [hid? + 1g'h?] = [hil g. (1.3)

If the bottom drag term in (1.2) is omitted, the theory described by the
differential equations (1.1)—(1.2) and the jump conditions (1.3) reduces to
the standard long wave model for free surface flows, which can be shown to
be valid on the basis of a scaling argument [1] if the horizontal length scale
of the flow is large compared to the vertical scale. Both the inclusion of
bottom drag on the right side of (1.2) and its quadratic dependence on the
velocity, however, are based on dimensional analysis and observations
rather than any deeper theory. It appears, then, that the equations of
mathematical hydraulics are in some sense an approximation, but, because



580 S. J. Jacobs ZAMP

z

L, s

o

R

Figure 1
Flow diagram.

of the absence of any real derivation of these equations in the literature, the
nature of the approximation is obscure.

In the more recent class of theories reviewed in [2], fluid motion in an
open channel is treated as a turbulent shear flow in which the Reynolds
averaged velocity components (4, w) and the Reynolds averaged pressure p
depend on distance z from the bottom as well as on x and ¢t. When
supplemented by boundary and initial conditions and by constitutive equa-
tions relating the Reynolds stresses to the mean velocity, the Reynolds
averaged continuity and momentum equations provide a complete turbu-
lence model. Examples of numerical calculations using such models and of
comparisons of computed velocity profiles with observations are given in [2]
and elswhere in the literature.

Our aim here is to reconcile these theories by using asymptotic methods
[3] to show that the equations of mathematical hydraulics can be derived
from the Reynolds averaged equations for flows which vary sufficiently
slowly in the longitudinal direction. Because the hydraulics equations and
the equations describing present turbulence models are based on ad hoc
assumptions, the derivation serves to increase confidence in both ap-
proaches and to provide guidelines for the user of the hydraulics approxi-
mation.

To determine the parameter range of interest, assume that Eqs. (1.1)—
(1.2) provide a first approximation to the governing equations, and let V
denote the characteristic longitudinal velocity scale for a flow with longitu-
dinal length scale L, and characteristic depth H,. Because classical hy-
draulics assumes that the leading term in the solution for the longitudinal
velocity is independent of z, it follows that the aspect ratio 6 = Hy/L, is
small compared to unity, that transients take the form of long gravity waves
with characteristic frequency C,/L,, where Co = (g’ H,)'%, and that the ratio
of the advective term #(0ii/0x) in (1.2) to the time derivative 0ii/0t is of the
order of the Froude number F=V/C,. Weak flows, for which F <1,
are treated in [4], where it is shown that the free surface elevation for
weakly nonlinear flow satisfies a damped version of the Korteweg de Vries
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equation. We will be concerned here with large amplitude motions, and so
we restrict our attention to flows for which F = O(1).

In this case the material derivative Diz/Dt on the left side of (1.2) is of
order V?/L,, while the bottom stress term on the right side of the equation
is of order Cp(V?/H,), where Cj, is the drag coefficient introduced earlier. If
the bottom stress term is large compared to Diz/Dt, the flow is described by
the kinematic wave theory for open channel flow treated in [1]. Since it is
clear that turbulence effects are unimportant if the bottom stress term is
small compared to Dii/Dt, the most general theory is obtained by assuming
a balance between these terms. This scaling argument therefore suggests that
the hydraulics approximation is valid if the Froude number is of order unity
or larger and if 6 and Cj, are of comparable magnitude.

Defining the bottom friction velocity u,, in the usual way, x = 0.4 as the
Karman constant, and z, as the bottom roughness length, and noting that
in open channel flow the logarithmic velocity profile

u=ﬁim<i) (1.3)
K Zo

provides a fairly accurate representation for the velocity throughout most of
the water column, it can be seen that u, and the velocity scale V are related
by u,/V = O(f), where

K

P =tz

(1.4)

Therefore, since (u,/V)? = O(Cp), the drag coefficient is of the order f2,
and the conditions for which classical hydraulics can be expected to provide
an accurate approximation in the treatment of open channel flows are
summarized by

Fz0(l), 6<0(1), &=0(>, (1.5)

where f is given by (1.4). Typical magnitudes of this parameter are of order
10~ or smaller, and therefore the last two relations in (1.5) are consistent.

The flow is treated here for the parameter range given by (1.5) using
Donaldson’s second order turbulence model, as described in [5]. Section 2
gives the equations of the model in dimensionless form, and Section 3 a
derivation of a version of (1.1) and (1.2) in which an expression for the drag
coefficient as a function of the bottom roughness length is determined. In
Section 4 the jump conditions (1.3) are verified using approximate equations
governing the bore structure, and it is inferred that classical hydraulics
provides an acceptable approximation to the flow outside bore regions for
the parameter range considered in the theory.
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2. Formulation

Temporarily using subscript notation and letting f; denote the body
force per unit mass, the equations of Donaldson’s turbulence model describ-
ing flow of a fluid with constant density ¢ can be expressed in the form

Z_Zi _0, 2.1)
%‘t_'e —égg S, (2.2)
—DD—[I\ o 60 (qA gA) + 0 —C3 2A2 Tex — cq4 qf’ji/:) agi/k\) (2.5)

In these equations w; is the component of Reynolds averaged velocity in the
x; direction, p is the Reynolds averaged gauge pressure, 7; is the ratio of the
Reynolds stress tensor to the fluid density, ¢*/2 is the turbulent kinetic
energy per unit mass, A is a dissipation length scale, D/Dt is the material
derivative operator, d; is the Kronecker delta, and the turbulent work
tensor m; is defined by

5uk +1 5u,~
ax,  ox,

The constants in the field equations and an additional constant cs are given
by

6, =03, ¢;=0.04375 +(0.15,/2)x?,
C3 = 035, Cq4 = 0.375, Cs = 23/4'(,

(2.6)

Mik = Tin

(2.7)

where, as before, k = 0.4 is the Karman constant.

It is convenient to use dyadic notation in expressing the boundary
conditions at a material surface. Assume that the unit normal 7 to the
surface has a positive vertical component, and consider first the case for
which the traction has nonvanishing perpendicular and tangential compo-
nents. Let 7, and ¢, denote the perpendicular and tangential parts of the
traction stress exerted on the surface by the material above it, # the fluid
velocity, u, the tangential speed of the surface, n the distance from the
surface along #, z, the surface roughness length, I the unit tensor, and 7 the
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kinematic Reynolds stress tensor, and define the vector friction velocity s by
t, = pls|s. Using these definitions, the boundary conditions become

u— (- uyh—u + {‘Z‘]% 1n<|-§;'>, %’tf 0, (2.8)

t > |s|(As + sA) — 2"2(|sPT + ss), p— —p(t, +2'sP), (2.9)
and

q—2Ms|, A-csln|, (2.10)

as n—0. Here n/|n| is positive or negative depending on whether the flow
takes place above or below the surface, respectively, and it can be verified
that Egs. (2.8)—(2.10) provide an asymptotic solution to the equations of
the model valid in the limit n — 0.

The boundary conditions at a surface with vanishing tangential stress
will be taken here as

, Dn
113=T§3=09 pZQ(T33_tn)9 EZO,

(2.11)

I / Ve 7’
5—7;{'511, T225T335 T12, 4, A} =0,

where the stress components are defined with respect to moving rectangular
axes (x7, x5, x3), with x{ and x5 parallel to the surface. The second set of
conditions in (2.11) is based on the assumption that the surface can be
treated locally as a symmetry plane if the tangential components of the
traction stress vanish, and differs slightly from a set of boundary conditions
for this case suggested on p. 46 of [2]. Use of this alternative set of
conditions decreases the value of A at the surface below the magnitude it
takes when (2.11) is imposed, but has a comparatively minor effect on the
velocity components.

In the problem of interest here, two-dimensional flow in the (x,, X3)
plane over a bottom inclined at an angle « to the horizontal, the body force
per unit mass f; has components f; =g’ tana, f, =0, and fi=g’, where
g =g cosa. To treat the problem, let x, = h(x,, 1) denote the free surface
and use (x, z) as coordinates in place of (x,, x;). The governing equations
for this flow can be expressed in dimensionless form by letting H, and L,
denote characteristic values for the fluid depth and longitudinal length and
by defining a friction velocity scale u, and the longitudinal scale V' through

u.=(g'Hotano)'?, ¥ =" ln(-}é) (2.12)
K Zy
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The scaled variables are defined by

YT Y TEH "L Y Tv Y Tay
s_ptrgz .k
L s (2.13)
% _ ' x4 «_ 5 *-A *_M
tij_(ur)z’ = Y T A “Hy T )W (219

where s is the component of the friction velocity in the x direction. Then,
repeating the definitions

HO K | 4

5= S N . d—
L’ P w@zy P

(2.15)

given earlier, and omitting the asterisks, the field equations needed to
compute the velocity take the dimensionless form

ou ow
ax + R =0, (2.16)
Du 0
é =% ( 1>, (2.17)
2 L ( ) (2.18)
D 2
1; - ﬂ{cIA(rxx) - —i—(zm + %)} (2.19)
5 D;;CZ + Ty, = ﬂ{cl A(sz) - % sz}a (220)
2
5 DD‘C:z tm, = [}{cIA(rzz) - %(rzz n %)}, (2.21)
Dq® n 4
5—1)_t_=nxx+nzz+ﬂ CIA(q)—ZX s (222)
DA c c
Bt g7 ) = ﬂ{qA(A) g —;“R}. (223)
In these equations
D 0 0 L 0 (2.24)

E=§+ ox oz
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1s the material derivative. A is the operator defined by

Lo o\ o . of

the components of the work tensor are given by

0
TCXX=2 5fxx—a—u‘+fxz% s nxz_—_az'[xx.a—w_l_t _z,l
0x 0z

ox T oz’
2.26
n,, =2| 6% o + 4t w =
zz T sz ax zz 62 s
and
2 2
R= [5 ‘7(‘”\)} + [a(‘f’\) } , (2.27)
ox oz
The bottom boundary conditions are
uﬂs{l +Eln(z)}, w—0, 1, ——2%%
K (2.28)

T —lsls, .o =227 g-2Ms|, A-ecsz,

as z = 0. To express the boundary conditions at the free surface, define x’
and z’ as coordinates parallel and perpendicular to the free surface, and M
as 0(0h/0x). Then the stress components ., and 7., are

T = (T + 2M1,, + M?7) /(1 + M?),

.29
v = (= 2 + M1+ M), (229
and the free surface boundary conditions (2.11) become
M h 5, Oh oh
Txz _Tw(fxx _‘{xz)’ P —F_i_ﬁ Tzs W ‘E’*‘ua—xs {230)
0 0
M=\ v g AV = .
{82 Max }{Txx’ Tazs q7 } Oa (2 31)
at z = A(x, 1)

3. Flow outside bore regions

In accord with the scaling argument given in Section 1, we restrict our
attention to the case f < 1, with the parameter ¢ = /6 regarded as an O(1)
quantity. It is convenient in this section to use the coordinate { and the
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dependent variable 1 defined by

z A
C~Z’ i*-;, (3.1
so that the flow domain is mapped into |x| < o0, 0<{ < 1.
Omitting O(B?) terms, we find from the vertical momentum equation
and the second of the boundary conditions (2.30) that p is independent of
{ and is given by /4/F?. Then, defining d/dt by

d 0 0
7 +u Fet 3.2)
the remaining equations of the model can be approximated by
du oh ow
hé-)E-Cg;uﬂ-gC——O, (3.3)
du dh\ou h oh o1,
h‘;i—t"f-(W-—C;i;)a—C‘-*‘f'z-b—;:G(a{ +h), (34
0 0T\ o 4x: Ju
Be: o (ql o )»—B 7 T (3.5)
0 ( . 0t.\_ .4 9’
Be ac (61/1 a )~ B 3 (Tzz +—4— ) (3.6)
o ,,0 q3 au
oA el 0gh) P c3/1 Ju
bo it (q* ac) ’ {q [ o ] “q} e 39
The boundary conditions are
u»s{l 2 ln(hé)}, w0, ., —lsls,
K (3.9)
Tz ——21/232’ q— 25/4|S{, X‘ - cSC;
as { -0, and
dh 0
_dh _o0 2 - 1
w dl 2 Txz 0) ac {Tzza q’ 2’} O> (3 0)

at { = 1. Here the equation and boundary conditions for 7., are uncoupled
from the other equations, and are omitted.

We now expand the dependent variables in perturbation series of the
form

u=u® 4 Bu® 4 2@ 4 - (3.11)
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and substitute into the governing equations. From (3.5), (3.7), and (3.8), we
find that @ is independent of {, and from the first of the boundary
conditions (3.9) that s©@ =@, Also, (3.3) implies that
©
w® = _p©® ou , (3.12)
Ox
and (3.4) that the lowest order contribution to t,, is linear in {. The
boundary conditions on 7., then imply that

1@ = (1 = OO, (3.13)

Substituting (3.12) into the O(1) version of the first boundary condition
in (3.10) and (3.13) into the O(1) version of the horizontal momentum
equation (3.4) yields

oh©
. % (% ©) = 0, (3.14)

ou© u® 1 oh© @]
e

a7 Y T TP T 7 (3-13)
a dimensionless version of the hydraulic equations (1.1) and (1.2). The
lowest order approximation to the solution has now been determined, and
the consistency of the approximation scheme is shown by the calculation of
the O(f) terms which follows.

The boundary conditions needed to determine these terms are

©
u

u® 55O+ (O, w0, 19 22;®)2
K

(3.16)
PIONN 25/4’u(0)|’ A0S0l 1O 20u@|sD,
as { -0, and
oh® oh™ oh©@
m__ " © 15 m
w a7 + u i +u Fra ) =0,
(3.17)

0
&{T,(zg)s q(O)s ’1(0)} = 07
at { = 1. The field equations become

oh© ou® P 4
w“’:c{uf” 7 —hV }—5{/1“” f u(x, ¢, r)dz'}, (3.18)
0

which is obtained by integrating the O(B) continuity equation over {, the
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O(f) momentum equation

u® 3 RO) o (6r® RO
A+ = o |+ o) G19

and the O(p) versions of [3.5]-(3.8).

The latter set of equations can be expressed in canonical form by noting
that 1 depends only on { and by defining functions £({), a.,({), and 6(0)
through

©)
u =50+ {In(h®) + (O},

(3.20)
19 =w%..0), 99 =[u®6().
Then, omitting the superscript on A and defining F({) through
1 dier o
the O(p) versions of (3.5)—(3.8) take the form
df
Y __F .
&l ) (3.22)
d do,, 0 62
¢ d_C <Hﬂ. & > =7 <azz + Z)’ (3.23)
d{(,,, do 63
d iy fﬁ ANICHNE
¢ X (6,1 dC>_ ¢, 0 72 (1-0OF+ 5 [_—dC s (3.25)
with boundary conditions
f—»% In(Q), a.,-—=2"% 0-2% l-cl, (3.26)
as { -0, and
4 5. 0,21=0 (3.27)
dC zzy Vo - .
at { = 1.

Equations (3.22) —(3.27) define a boundary value problem which can be
cast in standard form as a system of first order differential equations. This
was solved numerically using pseudospectral collocation [6] to obtain the
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Figure 2
Function f({).

graph of f({) shown in Fig. 2 and the value
1
F=j fQ) dl = —2.330475 (3.28)
0

for the integral of f. As can be seen, the variation of f with { is approxi-
mately logarithmic over most of the depth of the fluid.

Returning now to (3.18)—(3.19), we evaluate (3.18) at { =1, integrate
(3.19) and the first equation in (3.20) over { from 0 to 1, and introduce the
definition

1
I(x, 1) =f uV dL. (3.29)
0
The result of this calculation is the set of equations
ohtY 9
L 2 (B, @ L Oy — .

Fr +6x( u® +hOT =0, (3.30)
ol & A @] (AOy©
a+b;<u(0)1+—ﬁ)=0w{—;l‘(6)—~2s(]) . (331)

u®
sW=7— — {In(h®) + T}, (3.32)

which can be solved numerically to determine A", ¥V, and s‘V. Similarly,
higher order approximations can be obtained for the components of the
Reynolds stress tensor and for ¢ and A. As far as can be seen, the form
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assumed for the expansion (3.11) is correct, and the series is asymptotic
in B.

It is convenient for computational purposes to combine the O(1) and
O(p) equations as follows. Define A(x, ) as the dimensionless depth and
#(x, 1) as the dimensionless depth-averaged velocity, and note that these are
given here by

d=u®+ B+ 0B, h=h9+prD 4+ O0(B?). (3.33)
Then, also defining y(x, 7) by

y =1 ~% {In(h) + T}, (3.34)

combining the O(1) and O(B) equations, and omitting terms O(f%), we
obtain the system

oh  o(hu) _

= + ™ =0, (3.35)
ou _oa 1 0h |it|ia

737+”a—x+‘1«‘_25§""{1“y77} (3:39)

When this system is solved, the velocity profile u(x, {, £) is given by
ux, {, 1) = a(x, D{1 + BLAQ) — D}, (3.37)

again with an O(B?) error. For the present problem, with the parameter
range restricted as described in (1.5), the extensive calculations employed in
[2] can be replaced by a simpler computation consisting of two steps, the
solution of (3.35) and (3.36) to determine 4 and @, and the substitution of
the solutions for # and f({) into (3.37). The error in this procedure is
formally O(B?), where, to repeat, typical values for g are of order 10! or
smaller.

Expressing (3.35)—(3.36) in dimensionless form gives a form of (1.1
and (1.2) in which the drag coefficient C), is expressed in terms of the
dimensional depth &, by

Cp = /32{1 - % [m(—hé) + xr}}. (3.38)

Equation (3.38) has the objectionable feature of depending explicitly on the
characteristic depth scale H,. However, if the small parameter & is defined
by

K

_ 3.39
In(hy/z0)’ ( )

£
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then
B= : , (3.40)
1 —(¢/x) In(ha/H,)
and it can be verified that (3.38) becomes
Cp=¢>~-2eT (3.41)

with an O(e*), error, which is asymptotically equivalent to (3.38). Similarly,
the dimensional velocity profile u, can be expressed in terms of the dimen-
sional depth-averaged velocity i, and the dimensional coordinate z, through

g = ad{l + a[f(%d) - r}} (3.42)

which is asymptotically equivalent to (3.37) and which is independent of the
characteristic depth.

According to the present theory, the first step in deriving a higher order
version of the hydraulic equations requires correcting the value of the drag
coefficient rather than inserting a factor multiplying the term @(d#/0x) in
(1.2), as is sometimes suggested in engineering texts. Furthermore, redoing
the calculation using other second order turbulence models discussed in [7]
shows that the only model dependent aspect of the calculation is the
computation of the function f({) and the constant I'.

4. Flow inside bore regions

Because both (3.14) and (3.15) and the higher order approximation to
the governing equations given by (3.35) and (3.36) are hyperbolic systems,
they admit flow discontinuities in the form of bores. The flow in the bore
regions cannot be treated using the hydraulic approximation developed in
the previous section, and consequently an additional calculation is needed
to determine the bore structure.

Experimentation with different possible length scales for a bore region
suggests that the dimensional longitudinal extent of the region is of the
order of the fluid depth. This in turn suggests introducing the dimensionless
variables

t X
T = — = — Z = = o
5 X 5 z, W =odw, (4.1
to describe the flow in a bore region centered at x =0. The governing
equations then become a version of (2.16)—(2.31) in which (x, z, t, w) are
replaced by (X, Z, T, W), and & by unity. In particular, the horizontal
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momentum equation becomes

au au 514 ap z{arxx arxz 1}

Tttt W+ 5= +

ot ax T Wz Tax T ey Taz T (4.2)

where, as before, f is a small parameter.

The right side of (4.2) must enter into the momentum balance in bore
regions, and this can occur only if the stress components are O(f~?) in
magnitude or if the vertical length scale is O(8%). The first possibility is
incompatible with the boundary conditions (2.28) because it implies an
O(B~") longitudinal velocity component, and the second implies O(8?)
vertical velocity magnitudes throughout a bore region, in disagreement with
visual observations of bores and hydraulic jumps. The present theory
therefore suggests a double deck structure for the bore regions consisting of
a bottom boundary layer of transverse dimensional thickness O(8%H,) and
an outer region of thickness O(H,), all within a region of longitudinal extent
O(H,).

To describe the flow in the main body of the fluid, we introduce the
additional definitions

U=u, P=p, H=h, T,J=ﬂ2’t,], Q=ﬁq, L=A, Hl]=ﬂ27ty,
(4.3)

and substitute (4.1) and (4.3) into the dimensionless equations of Section 2.
The horizontal momentum equation becomes

oU, ,0U  ,0U 0P 0T,  OT,

a7 VaxWaztax~ax Taz T (44)

and the other field equations and the free surface boundary conditions are
obtained by replacing ; by T;;, A by L, the other variables by upper case
symbols, and the parameters 6 and f by unity. The only small term in the
equations describing the outer part of a bore region is the constant f on
the right side of (4.4), which represents the component of the gravity force
in the longitudinal direction.

In expressing the equations governing the flow in the boundary layer
region, we define the boundary layer variables

t x z 0
T:S, X=5’ C:P’ l’l=u’ w:-ﬁ-—-iw, n:p’
A (4.5
tij=TijD 0=q, lzp, g =3¢,

where (, 6, g, and A are not to be confused with their definitions in Section
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3. With O(8?) terms omitted, the boundary layer equations become

%‘? + ‘;—‘C“ 0, (4.6)
R R R (47
%_gz 0, (4.8)
ﬁ{cl 5% (m a&) —§ (zm + %2)} =21, g—’g (4.9)
ﬂ{cl 0% <OA 652) — —i— txz} = t%g (4.10)
ﬂ{c, 5‘% (9/1 a{?t(:) —%'(zzz +94—2>}=0, (4.11)
B{CI%(GZA—Z—?)——?}= —zxz%, (4.12)
ﬁ{cla—i(m%>+c20 —%[ag?)ﬁ:%ﬁzug—‘g, (4.13)

with boundary conditions

uﬂa@+§unc—zmumj} 00, 1y, -2,

{(4.14)
te = lolo, 1, —2"%6% 6-52%6|, A-csl,

as { -»0.
The equations in both regions are treated by expanding the dependent
variables in series of the form

p=p+ B In(L/Bul + Bl + - (415)

It can be seen by inspection that the lowest order contributions to y and =
are independent of {, and that matching with the outer solution yields

ph=U (X, T), =l%=P(X,T), (4.16)

where U, and P, are the lowest order outer solutions for U and P evaluated
at Z = 0. Then, using the O(1) contributions to the first boundary condition
in (4.14), the continuity equation, and the horizontal momentum equation,
we find that the lowest order solutions for o, w, and ¢,, can be expressed in
the form

oU,

O 7 oy _ _
o by W@ C@X

N [&02] =aszZC+lUbeb, (417)
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where a,, is a constant and where B(X, T) is the positive solution of

oU, oU, 0P,

=Yy Y .
B =T Yoy T ox

(4.18)

The O[f In(1/B)] contributions to u and = are also independent of {,
and, using (4.10), the O(f) contribution to du/d{ is given by

oud 1 d 6

ra = ) {6‘10sz2 i (P11 — 1] (a..B* +|U,|U, } (4.19)
Substituting this equation into (4.9) and (4.11)-(4.13) yields four second
order ordinary differential equations for the O(1) contributions to .., ¢,., 0,
and A, with boundary conditions

Rl =2%(U,)% 18 > —2VHU,)?

01 5 254U, |, A0S el (4.20)

If matching conditions, the constant a,., and the lowest order outer solution
are known, this system can be solved using the numerical scheme described
in Section 3 to provide the lowest order boundary layer solution for all the
dependent variables. In addition, integrating (4.19) gives a solution for the
O(p) contribution to u up to an additive function of X and T.

To obtain the matching conditions, we assume that the solutions for the
O(P) contribution to x and for the O(1) contributions to ¢;, 0, and A are of
the form (" In"({) as { — o0, where m is determined by noting that { = Z/?
and that matching with the outer solution requires the expressions for ¢;, 6,
and / to be O(1/8?), O(1/B), and O(1/B?), respectively, at the outer edge of
the boundary layer. Since it can be shown that logarithms are absent from
the matching conditions at this order of the solution, the matching condi-
tions take the form

19 > a, B, 00— BL2, 20 Lpbl, pP 2Bl (4.21)

as { —» oo, where b, ¢, and the a’s are constants. The solution for the
constants is found to be

1/2 — 32
b={ ¢+ 8¢ } ~0.507, a, = 12367y 0435,

6(cics + 3cs — 2¢1) T 2—3b7%,
1 (1—6b%)" 1
= ~ 40147, a,=— s~ = —0.283,
e = 2.,/2 (2—-3b%) ~ T ¢ 2(2—3b%,)

_, (2=3b%)(1 ~6b%)'"

T (2/2b

where a,, and ¢ have the same sign as the right side of (4.18).

=~ +0.904, (4.22)
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Working now to lowest order and expressing the matching conditions
(4.21) in terms of the outer variables, the outer solution satisfies the
matching conditions

T —>a.B’Z, T-a.BZ, TV —a,.BZ,

(4.23)

QIOJ_,BZI/Z, M—»bZ whl_, _7 aéI)](b

as Z — 0, where, repeating earlier definitions,
U,=U"%X,T,0), P,=PX,T,O0), (4.24)

and B is the positive solution of (4.18). With superscripts omitted, the
lowest order solution in the outer region solves these matching conditions,
the continuity and momentum equations

U oW
U oW _ 42
ox Tz =% (4.25)
U, LU 00 0P T OT. 6

atYax " aztax " ax Tz

6W+U6W+ aw+gf_>_asz+aTﬂ
oT oX 0Z 9z oX @ 8Z°

(4.27)

a system of five parabolic equations for Q, L, and the components of the
stress tensor, and the free surface boundary conditions. The field equations
for the turbulence quantities and the free surface boundary conditions are
obtained from (2.19)-(2.23) and (2.29) —(2.31) by making the substitutions
given in the phrase following Eq. (4.4).

If T, T., and T,, were known, solution of (4.25)-(4.27) would
require three boundary conditions, which are given here by the last equation
in (4.23) and by the kinematic and dynamic boundary conditions at the free
surface. Solving the system of equations for Q, L, and the T’s requires ten
additional boundary conditions. These are given by the first equation in
(2.30), the four equations in (2.31), and the five equations obtained by
eliminating B between (4.18) and (4.23). The lateral boundary conditions on
the components of the stress tensor and on Q are

TXX - O’ sz g O’ Tzz i 09 Q ad 0, (428)

as |X|— oo, and the other variables match in this limit with the solution
given by the hydraulic approximation of Section 3.

We will not attempt a numerical solution for the flow in the outer part
of bore regions in the present study, but it appears that the problem
describing the lowest order approximation is well set in the sense that the
correct number of boundary conditions is available. Assuming that a
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solution for the bore structure does exist, jump conditions relating the flow
on two sides of a discontinuity predicted by the hydraulic equations are
obtained by integrating (4.25) and (4.26) over an area bounded below by
Z =0, above by Z = H(X, T), and on the left and right by

X=X =—-A+CT, X=X, =A4+CT, (4.29)

where 4 and C are constants.

Letting A tend to oo, noting that the solution for U at the outer edges
of a bore region is independent of Z to lowest order in f§, and omitting
details of the derivation, we find that for a bore moving at constant speed
C the outer solution satisfies the jump conditions

2F?

where, as before, [ f] denotes the discontinuity in a function f as determined
by the hydraulics equations. Equation (4.30) is a dimensionless version of
the classical jump conditions given by (1.3). By contrast, the theory given in
[8], which attempts to resolve the bore structure by using a viscous type
body force w(02U/6X?) in (4.26) in place of 0T,,/0X, yields a momentum
jump condition in disagreement with the second equation in (1.3). In our
view this occurs because the stress tensor employed in [8] is asymmetric, and
is therefore incorrect.

[HU] = C[H], [HU2 4 Hz} = C[HU], (4.30)

5. Discussion

The present calculation is based on the assumptions that open channel
flows can be treated using standard second order turbulence models, and
that the equations of mathematical hydraulics can be obtained by a rational
approximation process valid for a parameter range discussed in the text.
The theory takes two forms, depending on whether a point in the fluid lies
within or exterior to a bore region. The surface elevation and depth-
averaged longitudinal velocity component outside bore regions are found to
satisfy the classical hydraulics equations to lowest order in a perturbation
expansion, and a version of these equations involving a variable bottom
drag coefficient is derived by carrying the theory to higher order. The
variation of the longitudinal velocity component with distance from the
channel bottom and the lowest order solution for the Reynolds stress tensor
and other turbulence quantities are also computed.

The flow within bore regions is found to have a double deck structure
consisting of an outer region with characteristic longitudinal and transverse
Jength scales of the order of the fluid depth, and a bottom boundary layer
with a longitudinal scale of the order of the fluid depth and a transverse
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scale of the order of the depth times the drag coefficient. Equations and
matching conditions for the flow in the two regions are derived, and it is
shown that the laws of mass and momentum balance for the bore regions
provide the classical jump conditions of mathematical hydraulics used to
connect solutions valid on either side of a flow discontinuity.

As indicated in references [2], [5], and [7], enough experience has been
gained in turbulence modelling to infer that thin layer flows of the type
occuring outside bore regions are well described by standard second order
turbulence models. Consequently, assuming that the analysis is correct, the
theory given in Section 3 should provide accurate approximate equations
for describing the flow outside bore regions. The theory of Section 4 on the
bore structure is more tentative because it is not known how well the flow
is described by second order turbulence models and because we have not
provided a numerical solution for the equations governing the bore struc-
ture or a mathematical proof that a solution exists and is unique. Whether
the problem has a physically meaningful solution is an open question which
deserves further study because of the interest in bores in near-shore
oceanography and other branches of applied fluid mechanics.
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Summary

The relation between classical hydraulics and modern turbulence modelling is discussed for the case
of two-dimensional open channel flow down an inclined plane. A second order turbulence model
describing the flow is treated asymptotically for the parameter range F > O(1), 6 <1, f <1, and
6 = O(B?), where F is the Froude number, § is the aspect ratio, and f is the square root of a
characteristic drag coefficient. The Chezy law formulation of mathematical hydraulics is derived as the
lowest order approximation to the solution for the flow outside bore regions, and the transverse
variation of the longitudinal velocity component is determined at the next stage of the analysis. It is
shown that flow discontinuities calculated using the equations of mathematical hydraulics are resolved
in bore regions of transverse length scale O(H,), where H,, is the characteristic fluid depth. The bore
structure is found to consist of a highly turbulent outer region with transverse length scale O(H,) in
which the turbulence intensity is O(1), and a bottom boundary layer of transverse length scale O(>H,),
in which the turbulent stresses decrease rapidly to satisfy the bottom boundary conditions. The jump
conditions of mathematical hydraulics at flow discontinuities are verified, and it is inferred that classical
hydraulics provides an acceptable approximation to the flow outside bore regions for the parameter
range considered in the theory.
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