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A B S T R A C T  

In this paper, an efficient implementation of the spectral domain moment 
technique is presented for computing the self and mutual coupling between 
slot antennas on a dielectric half-space. It is demonstrated that by the proper 
selection of the weighting functions in the method of moments, the analytic 
evaluation or simplification of the transverse moment integrals is enabled. 
This results into a significant reduction of the required computational labor. 
The method is then utilized in order to provide design data for the self 
and mutual admittances between two slot antennas on a dielectric substrate 
lens in the case of fused quartz (e, = 3.80), crystal quartz (e, = 4.53), 
silicon (e, = 11.9) and GaAs (e, = 12.8). The presented technique and 
associated results are useful when designing twin slot quasi-optical receivers, 
imaging arrays, phased arrays or power-combining arrays of slot elements at 
millimeter-wave frequencies. 
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I. I N T R O D U C T I O N  

A popular and effective technique for avoiding surface-waves in millimeter- 
wave printed circuit antennas is by the use of a substrate lens, first proposed 
by Rutledge et al. [1]. The substrate lens, which is in practice electrically 
large, makes the printed antennas behave as if they are residing on an infi- 
nite dielectric half-space. An increasingly popular antenna to use with the 
substrate lens is the slot antenna. The main virtues of the slot antenna are 
that  first, it radiates ~/~ of its power into the dielectric lens and therefore 
does not need a backing cavity when placed on high dielectric constant sub- 
strates [3]. Furthermore, the ground-plane of the slot antenna isolates the 
back-side of the wafer and allows the easy integration of active devices [2]. 
Kerr et al. [4] first proposed the use of a twin-slot antenna configuration to 
achieve highly symmetric patterns and low cross-polarization levels. Rogers 
and Neikirk also used a twin slot antenna on a layered dielectric substrate 
to reduce the power lost to the TM0 mode and increase the directivity of the 
patterns [5, 6]. A twin-slot antenna on a dielectric lens has been recently 
utilized by Zmuidzinas et al. [7] and Gauthier et al. [8] for the efficient 
coupling of the incoming radiation in monolithic SIS and Schottky receivers, 
respectively. Also, Filipovic and Rebeiz have calculated (and measured) the 
antenna patterns of a twin slot antenna on an extended substrate lens using a 
ray-optics approach and determined that its fundamental Gaussian coupling 
efficiency is between 80% and 90% for a silicon lens with a matching-cap 
layer [9]. 

A rigorous analysis of a slot (and dipole) antenna at the interface of an 
air-dielectric half-space was performed by Kominami et al., using Galerkin's 
technique in the spectral domain [2]. Subsequently, Zmuidzinas et al. [7] 
reported a direct extension to Kominami's technique for the computation of 
the mutual coupling between twin slot antennas on a quartz substrate; How- 
ever, these authors did not provide any specific design data. Furthermore, 
Elliott presented variational expressions for the mutual coupling between slot 
antennas on a dielectric half-space, derived with the aid of Lorentz's reci- 
procity theorem [10]. The purpose of this paper is to introduce an efficient 
implementation of the spectral domain moment method for calculating the 
mutual coupling between slots on a substrate lens and to provide correspond- 
ing computational data. This will facilitate the design of twin slot antenna 
systems as well as imaging-arrays, phased-arrays or power-combining arrays 
of slot elements. Specifically, it is demonstrated that by the proper selection 
of the weighting functions in the method of moments the analytic evaluation 
or simplification of the transverse moment integrals is enabled. This results 
into a significant reduction of the required computational labor. The de- 
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scribed computationally efficient scheme is then utilized for examining the 
self and mutual admittances for slots on fused and crystal quartz (er = 3.80 
and er = 4.53), silicon (er = 11.9) and GaAs (e~ = 12.8) semi-infinite sub- 
strates. 

II. T H E O R Y  

Consider two parallel slot antennas, at the interface of a dielectric medium 
and air, both of length I and width w which are displaced horizontally by 
a distance s and vertically by a distance h, as shown in figure I. Since the 
ground-plane effectively isolates the dielectric medium from the air medium, 
the transverse slot electric field E~(x, y) is governed by Pocklington's integral 
equation, which is derived by imposing the boundary conditions for the 
tangential fields: 

9 2 1 

kozo 
O~ 

, ~. e - J  koR 
dx' dy' M (x , Y ) - - - - i f -  

, , e - J  k2R 
M~(x ,y ) ~  dx'dy' 

y) + J p(x, y ) .  

+ 

(1) 

R = - + ( y  - 

In (1) M,  = Ey is the equivalent magnetic current flowing along the two 
slots, J~*¢ is the exciting electric current of an ideal delta-gap current source 
applied at the center of each slot and JffP is the electric current flowing on 
the ground-plane. Also, k0 and kl --= k0v/-C~ are the free-space and dielectric 
wavenumbers respectively and z0 is the intrinsic impedance of free-space. 
Note that  in (1) the slots are assumed narrow (w/l <~ 1 and w <:~ A0) so 
that only a longitudinal magnetic current is excited. One way for solving 
Pocklington's equation (1) for the unknown magnetic current M, is to em- 
ploy the method of moments directly in the space-domain. However, there 
are potential problems associated with this approach. First, the differential 
operators appearing in (1) cannot be interchanged with the integrals over 
the slot surfaces since, in this case, a non-integrable singularity appears at 
R = 0. Therefore, special regularization techniques must be applied to re- 
move this singularity [11, 12, 13]. Second, the application of Galerkins's 
technique to (1) will in general lead to quadruple integrals making the cor- 
responding numerical computations cumbersome. To avoid these problems, 
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Z 

Figure 1: Two parallel slots printed on an infinite dielectric substrate. 

one can exploit the convolutional nature of (1) and transform it into the 
Fourier domain using well known Fourier transform properties. When this 
is carried out, equation (1) becomes: 

2 2 2 2 __L(k~=_~o k~ -_k~ ~L(k~,k~) -~° 
kozo k~o + k~ ,"  = j ;  (k~,k~)+Y~,(k~,k~) 

where k~. = ~/~a - k~ - k~ , n = O, 1 and Im(k , . )  < O. (2) 

The Fourier transform pair is defined by: 

a(x, dxdy (3) 
& 

It should be mentioned that equation (2) is identical to the one derived in 
[2] using the plane-wave expansion. Subsequently, the method of moments 
is applied to (2) by expanding the magnetic current 217/, on the slots into a 
set of basis functions {]q }: 

N N 

i ~ ( k ~ , k ~ ) = ~ ]  V ~ , / , ( k ~ , k , ) + ~  V ~ , / , ( k ~ , k ~ ) ¢ k ~ ¢  ~'" . (4) 
q----1 q----1 

Since the slots are assumed identical, the basis functions of the second slot 
are chosen to be the shifted version of the basis functions of the first slot. 
Now the method of moments, with a symmetric excitation of the slots and 
with the testing functions denoted by {¢p~, leads to the following 2N x 2N 

system of equations for the unknown expansion coefficients {Vlq}, {V~q}: 
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Y21 Y22 V2 = I2 (5) 

£ £  Yllpq Q(k,:, -* = ky)¢;(k., ky)]q(k~:, k~) dk,dky (6) 
O 0  OO 

Y22pq = Yllvq 

Y12p, = O(k~,, k,)fbv(k. , k,)]q(k~,, k , )e i"he ik"  dk•dk, (7) 
CO CO 

£ :  Y21vq = Q( k~, k , l¢;(  k~, kyl],( k~, k, le-Jk'h e-Jk" dk~dk, 
OO OO 

fw/2 
I~, = z~ = 4 : ] _ ~ / ~  ¢,(0, y) dy (8) 

° ~ k~ - k~ 1 (9) Q ( k ~ , k ~ ) -  1 [k;_:k0 ~ 
kozo t k~o + k~l J " 

Note that the ground-plane current J~P is eliminated from the moment 
method formulation as is described in [2]. In general the integrands in (6) 
and (7) are oscillatory and slowly decaying in nature making the evaluation 
of the double integrals with infinite limits time consuming. To speed-up 
the computations we slightly modify Galerkin's technique by choosing the 
following expansion and testing functions: 

/q(x,y) = /~q(x)W(y) (10) 

¢ , (x ,y)  = /~,(~)~(y) (11) 

{ si.(*(a~-t~-~J) Ix - Xql < Ax  
s inCkAx) ' - -  (12) 

f~q(x) = 0 , otherwise. 

w ( y )  = 1 / ( ~ / ( w / 2 ) ~  - y~).  (13) 

As indicated in equations (10) to (13) Galerkin's technique with subsectional 
sinusoidal functions is being employed for the longitudinal dependence to ac- 
count for the arbitrary configuration of the two slots (refer to Fig. 1). In 
the transverse direction however, the testing function is selected to be the 
delta function ~(y) which corresponds to point matching in the space do- 
main. This enables the analytic evaluation of the transverse k~ integration 
for the self-admittance matrix elements Yllpq in (6) resulting in a consid- 
erable reduction of the computational effort (see Appendix). On the other 
hand, the analytical evaluation of the ky dependence is not possible for the 
mutual-admittance terms Y12vq. Therefore, these transverse k~ integrations 
are performed in the space domain, with the aid of Parseval's theorem, in 
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order to avoid the associated infinite limits of integration. With these sim- 
plifications the final expressions of the moment method admittance matrix 
elements are given by: 

Y11pq - koZo [k~ - k ~ ] B , , ( k . )  [U(k,)] 2cos(k~Apq) d k ,  (14) 

o o  _ / ~  f n = 1  "~ 

Y12p, = Y 2 1 , p =  kozo ~--~[k,-k~lD,(k~,u)  
rl----0 

[U(k,)]: cos(k,(h - Apq)) d k , d u  , 

Apq = z p - z ~ .  (15) 

The above integrations are confined only in the first quadrant by exploiting 
the symmetry of the integrands with respect to the x and y axes. The 
various functions encountered in (14) and (15) involve Bessel and sinusoidal 
functions and are defined explicitly in the Appendix. The actual evaluation 
of the integrals is carried readily out using Gaussian quadratures yielding 
the admittance matrix [Y] of equation (5). From this information one can 
characterize the coupled slots as a two-port network with the feed-points at 
the center of each slot as the pertinent ports [7]. If the central subsectional 
pulse at each slot is denoted by P = (N + 1)/2 (N being odd) then the 
corresponding two-port impedance elements Zll = Z~2 and Z12 = Z21 are 
determined by: 

1 
Zll = 47r2 [Y}p~ (16) 

1 --1 
Z12 = 4 r  2 [YIP(P+N) (17) 

The associated two-port admittance elements are related to the impedance 
elements by 1~1 = Y22 = Z n / ( Z ~ I  - Z~2) and 1~2 = Y2~ = - Z n / ( Z ~ I  - 
Z~2 ). Note that subscripts are used to denote the two-port parameters to 
distinguish them from the moment admittance matrix elements of equation 
(5). 

I I I .  N U M E R I C A L  R E S U L T S  

In what follows, we selectively prefer to show the slowly varying 2-port 
admittance characteristics rather than the corresponding sharply resonant 
impedance characteristics of slot antennas. The computed input admittances 
for a single slot on fused quartz (er = 3.80) and crystal quartz (er = 4.53) 
are shown in figure 2. Also, the corresponding results for Si (er = 11.9) and 
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GaAs (er = 12.8) substrates are shown in figure 3. These computat ions are 
performed for two slot aspect ratios w/l = 0.02 and w/l = 0.04. Keeping 
w/l constant is equivalent to examining the frequency response of the slot 
antennas. I t  should be noted that  for the case of a single slot only the self- 
admit tance  terms of equation (14) are required. This results in very fast 
input admit tance calculations since only one dimensional integrals are nu- 
merically evaluated. Numerical convergence is achieved when seven to nine 
subsectional pulses are used, which is similar to what Kominami reports 
[2]. Also, the computed results for w/l = 0.04 on crystal quartz and for 
w/l = 0.02 on G a h s  agree very well with the published da ta  of [7] and [2], 
respectively. As can be observed from figures 2 and 3 , the second resonance 
is associated with a s tat ionary behavior of the real part  of the input admit- 
tance. This leads to a more wideband behavior around the second rather  
than the first resonance. Also shown in figures 4 and 5 are the resonant re- 
sistance and length of a slot as a function of its normalized width w/)~o, for 
quartz, Si and GaAs. As can be inferred from these figures (Fig. 4 and 5) 
the first resonance corresponds to a high input resistance whereas the second 
resonance to a low one. Also, the second resonant length is more sensitive 
to the width of the slot antenna. The low input resistance and wideband 
attr ibutes around the second resonance make this region at t ract ive to use 
with SIS detectors. 

To validate the mutual  coupling computat ions,  we show in figure 6 the com- 
parison of the computed mutual  coupling admit tance element :t~2 to the 
calculated one using the induced EMF method in the case of two broadside 
slots in air (i.e, er = 1.0) [14]. The length of the slots is chosen to be in 
the vicinity of the first resonance where it is known that  the induced EMF 
calculations are most accurate. As shown the comparison between the two 
methods is very good. Figure 7 presents the two-port  mutual  coupling ad- 
mit tance element : ~  as a function of the distance between the slots in the 
case of a fused quartz (er = 3.80) substrate.  The computat ions refer to the 
broadside and echelon configurations at both the first resonance of an iso- 
lated slot (1 = It1 = 0.31A0) and the second resonance (l = lr.~ = 0.54,k0). 
The corresponding collinear configuration results into an order of magnitude 
weaker coupling than broadside and can be neglected. Similar mutual  cou- 
pling computat ions are also shown for two slots on a crystal quartz substrate  
(Fig. 8), silicon (Fig. 0) and GaAs (Fig. 10) suhstrates.  As expected the Si 
and GaAs computed characteristics are closely comparable due to the small 
difference between their corresponding dielectric constants. The mutual  cou- 
pling calculations of figures 7 to 10 refer to a slot aspect ratio of w/l = 0.02. 
Also, for completeness presented are the mutual  coupling admit tances for 
fused and crystal quartz (Fig. 11), Si and GaAs (Fig. 12) but for an aspect 
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Figure 2: Input admittance of a slot antenna on fused quartz (e, = 3.80) 
and crystal quartz (e, = 4.53) substrates for w / t  = 0.02 and w / l  = 0.04. 
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Figure 3: Inpu t  admi t t ance  of  a slot an tenna  on Si (er = 11.9) and GaAs 
(er = 12.8) substra tes  for w / l  = 0.02 and w / l  = 0.04. 
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method and the induced EMF method. Strip dimensions: l = 0.4Ao, w / l  = 
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ratio of w/ l  = 0.04. In these figures only the case of the second resonance 
is considered since the resonant length and mutual  coupling characteristics 
are insensitive to the aspect ratio w / l  around the first resonance. It should 
be noted that for designing arrays one can directly utilize the information 
conveyed in figures 2 to 12. The appropriate method to use for this pur- 
pose would be the first-order multiport mutual admittance approach [15]. 
In this approach, the multiport admittance matrix of the array is obtained 
by considering pairs of slots at a time. For more accurate calculations one 
can generalize the formulation presented in this work and compute the full 
moment admittance matrix for the entire array. Still, in this general case, 
only integrals of the form (14) and (15) are required to be computed. 

S U M M A R Y  

An efficient implementation of the moment method in the spectral domain 
has been presented for computing the self and mutual admittance between 
slot antennas on a dielectric lens substrate. The method has been utilized 
for providing design data  for applications such as twin slot antenna receivers, 
power combining slot arrays and slot phased arrays at millimeter-wave and 
Terahertz frequencies. Design data  have been provided for fused and crystal 
quartz as well as Si and GaAs substrates. 
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Figure 9: Admi t t ance  mutua l  coupling coefficient Y12 of two slot an tennas  on 
a Si (Er = 11.9) subs t ra t e  for the broadside and echelon (45 °) configurat ions 
(w/l = 0.02). C o m p u t a t i o n s  are per formed a t  the  first and second resonance 
of an isolated slot. 
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A P P E N D I X  

In this section the transformation of the moment integrals of (6) and (7) into 
their reduced form given in equations (14) and (15) is explicitly described. 
First, the Fourier transforms of the functions involved in the definition of 
the expansion and testing basis functions defined in equations (10) to (13) 
are explicitly given below: 

Lq(k~) = U(k~) eJk~xq (A-i) 

U(k, )  - s i n ( k A x )  k s -  k~ ] (A-2) 

w(k ) = J0( ) (A-3) 

where J0 denotes the zeroth order Bessel function of the first kind. The 
basis function constant/~ can be chosen arbitrarily but faster convergence is 
achieved when is selected to be k = (ko + kl) /2 .  Having defined the basis 
functions, the moment matrix elements of equations (6) to (7) can be further 
manipulated. As mentioned before, the associated integrands exhibit even 
symmetry and can be transferred to the first quadrant only. 

Self admittance moment integrals Yl  l 

The transverse spectral dependence k v of the moment self-admittance inte- 
grals of (6) can be analytically evaluated by (pp. 681 of [16]): 

B,,(k , )  = J o ( ~ )  dky = ~ o t  4 J J*0 t 4 J k, < (A-4) 
ks, j I o ( - ~ - ) I ( o ( - ~  -) , k,  > 

a,  = ~ - k ~ [  , n = 0 , 1  (A-5) 

In equation (A-4) above, J0 is the zeroth order Bessel function of the first 
kind and H0 O) is the zeroth order Hankel function of the second kind. Fur- 
thermore I0 and K0 are the modified Bessel functions which are , within a 
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scale factor, the regular Bessel functions J0 and H (2) with imaginary argu- 
ments [17]. 

Mutual admittance moment integrals Y12 

In this case, the ky dependence differs from that of (A-4) by a factor of 
cos(k~s), i.e (refer to Equation 7): 

J 0 ( ~ )  
~0 ~ cos(k~s) dky (A-6) ~.(k~) = k~. 

This integral cannot be carried out analytically and in order to avoid the 
infinite limit of integration it is transformed into the space-domain, using 
Parseval's theorem. For this purpose, the cosine Fourier transforms of J0 
and 1/k~, as obtained from pp. 43 and pp. 9 of [18] are utilized to obtain: 

[3,(k~) = fo v/Y~ D,(k~, u) du (A-7) 

where D,(k~,u) 

u" = w/2 - y. (A-8) 

Due to the presence of the modified Bessel function Ko, the integrand 
D,(k~, u) decays exponentially for large values of u [17]. Also note that 
the integrand is deprived of any singularities. Therefore, the double integra- 
tion appearing in the mutual coupling terms of (15) can be readily carried 
out numerically. 
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