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This paper is concerned with properties of the wave speed for the stochas-
tically perturbed Fisher—Kolmogorov—Petrovsky—Piscunov (FKPP) equation. It
was shown in the classical 1937 paper by Kolmogorov, Petrovsky and Piscu-
nov that the large time behavior of the solution to the FKPP equation with
Heaviside initial data is a travelling wave. In a seminal 1995 paper Mueller and
Sowers proved that this also holds for a stochastically perturbed FKPP equa-
tion. The wave speed depends on the strength o of the noise. In this paper
bounds on the asymptotic behavior of the wave speed c(c) as 0 — 0 and o —
oo are obtained.
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1. INTRODUCTION

In this paper we shall be interested in travelling wave solutions to the sto-
chastically perturbed Kolmogorov—Petrovsky—Piscounov (FKPP) equation.
The FKPP equation,®-10

ur=uy,+ull—u], xeR, t>0 (1.1)

is perhaps the simplest equation which has travelling wave solutions. In
fact (1.1) has a solution u(x,t) = f.(x —ct) for any ¢ >2, where the func-
tion f.(z) converges exponentially to 1 as z— —oo and to 0 as z — +oo.
In their classic 1937 paper® Kolmogorov et al. proved that if u(x, ) is
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the solution of (1.1) with Heaviside initial data, u(x,0)=1, x <0, u(x,0)=
0, x >0 then there is a function m(¢t), ¢ >0, with the property that

lim m(r)/1=2, (1.2)

lim sup |u(z+m(t),t) — f2(z)|=0.
t—)OOZeR

In the 1970s and early 1980s there was much work refining the results
of ref. 10 on (1.1) (see refs. 2 and 12) and also extending the results of
ref. 10 to more general equations (see refs. 1 and 7). In particular the con-
vergence (1.2) to the minimum speed wave was extended by Bramson® to
a convergence result for waves of any speed c¢ >2. Evidently if ¢ >2 the
initial data u(z,0) for (1.1) must have the same asymptotic behavior when
z— 400 as the wave f.(z).

The fact that the wave speed for solutions of (1.1) depends on the as-
ymptotics of the initial data is somewhat problematic if one considers (1.1)
as a model for the evolution of a physical system. This could be regarded
as a motivation for studying a stochastically perturbed version of (1.1).
The perturbation we consider is however also a very natural extension of
(1.1) from the mathematical point of view. The perturbation we shall be
interested in is the equation,

uy=uyy +u[ll —u]l+o/u(l—u)Wx,t), xeR, t>0, (1.3)
where W (x, 1), (x, 1) € R?,is 2-dimensional Gaussian white noise process with
(W(x,1))=0, (W(x,n))W(y,s))=86(x—y)é(t—s), (1.4)

and o >0 is a parameter which measures the strength of the noise. This
equation has the property that the maximum principle and a duality rela-
tion which hold for (1.1) extend to (1.3).

The maximum principle for (1.3) proved by Shiga!® is as follows:
Suppose u1(x,1) and uy(x,t) are two solutions of (1.3) with the property
that 1 >u;(x,0)>us(x,0)>0, xeR. Then 1>ui(x,1) >ur(x,1) >0, x€R,
for all r >0 with probability one. The duality relation for (1.3) was estab-
lished by Shiga and Uchiyama.(!”) The definition of the dual process is
quite complicated since it involves local times for Brownian motion. The
duality relation for a discrete version of (1.3) (see (5.1)) is much easier
to understand and is very clearly presented in ref. 5. The duality relation
consists of an identity relating expectations of polynomials in the solu-
tion u(x,t) of (1.3) to expectations for a particle process. The particle
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process consists of particles diffusing on R, with new particles being cre-
ated locally at rate 1, and intersecting particles coagulating at a rate which
depends on o. When o =0 the particle process simply consists of branch-
ing Brownian motion, which is well known® to be dual to the FKPP
equation (1.1).

In 1995 Mueller and Sowers published a seminal paper(!® establish-
ing the existence of travelling wave solutions to (1.3). An important part
of their proof is the compact support property for solutions to (1.3) with
o >0 (proved also in ref. 18). Consider a solution to (1.3) with initial
data which has compact support in the sense that u(x,0)=1 for x <a(0),
u(x,0)=0 for x >5(0). For t >0 define a(t), b(¢) by

a(t) =sup{zeR:u(x,t)=1, x<z},
b(t) =inf{zeR:u(x,1)=0, x>z}

Then —oo <a(t) <b(t) <oo for all >0 with probability one. The main
result of the Mueller—Sowers paper is as follows:

Theorem 1.1. For small o >0 there exists a unique invariant mea-
sure for wave profiles w(z,t) =u(z +a(t),t), z>0, of compact support.
Further, if for the initial data one has —oo <a(0) < b(0) < 0o, then there
exists c(o) >0, depending only on o, such that

b
lim g =c(o) with probability 1. (1.5)

—00

In this paper we shall be primarily interested in the behavior of the
wave speed c(o) as a function of o. Our main result is the following:

Theorem 1.2. Suppose the initial data for (1.3) satisfies —oo <
a(0) < b(0) <oo. Then for all o >0 there exists c(o) > 0, depending only
on o, such that

. b . .
thrgo (T) =c(o) with probability 1. (1.6)
The function c¢(o) satisfies at large o the inequality,
liminf o%c(0) = 2. (1.7)
o —> 00
For small o, say o <1/10, it satisfies the inequality,

2>c(0)>2— K loglog(1/a)/[logo?, (1.8)

where K >0 is a universal constant.



424 Conlon and Doering

We prove the existence of the limit (1.6) by using the subadditive
ergodic theorem.(') This avoids much of the technical difficulty in ref. 13
involved with the proof of Theorem 1.1. It does not however yield as
much information. In particular a key part of the proof of Theorem 1.1
in ref. 13 is showing that sup [b(¢) —a(t)] <oo with probability one. This

O<t<oo
evidently implies that tlirglo a(t)/t=c(o) for small o, a fact that cannot be

derived from our argument.

Our proof that c(o) >0 for all o and the inequality (1.7) uses the
duality relation for (1.3) already mentioned. We implement the duality
relation by going to the discretized version (5.1) of (1.3) discussed in ref. 5,
and then taking the continuum limit. Our argument therefore depends on
the assumption that solutions of the discretized equation (5.1) converge in
law to solutions of the continuous equation (1.3). This does not appear
to have been proved in the literature. Our basic approach to proving that
¢(0) >0 for all o and (1.7) is to use the fact that the wave speed for (1.3)
is the same as the wave speed for the dual particle system. If o is large
then the particle system is dilute. Hence the wave front for the particle sys-
tem can be well approximated by a Markov chain consisting of one or two
particles. An analysis of the drift of the Markov chain yields the inequal-
ity (1.7). This estimate is consistent with a conjecture (and simulations) of
Doering et al.® that li_)mooazc(a):Z.

The proof of (l.éf) takes up Sections 2, 3, 4. The inequality c(o) <
¢(0)=2 is a simple consequence of Jensen’s inequality. The lower bound
on c(o) is more difficult to prove. Our argument is based on compar-
ing solutions of (1.3) to a discrete version of the contact process.!) We
then adapt arguments used to prove the continuity of the wave speed for
the contact process(!!) to obtain the estimate (1.8). It has previously been
shown!¥) that the scaling limit of a long range voter process yields solu-
tions of the stochastic equation (1.3). The contact process we consider has
short range interactions. The lower bound (1.8) is consistent with a con-
jecture of Brunet and Derrida® (see also refs. 9 and 15) that there is a
positive constant K >0 such that

lim [logoP[2—c(0)]=K.

In order to make the comparison with the contact process we need to
estimate solutions of (1.3). This is done by comparing the solution of (1.3)
to a solution of the equation,

W=ty +ut+o uWx,t), xeR, t>0. (1.9)
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Equation (1.9) has the property that expectations of exponentials of linear
functionals of the solution satisfy a nonlinear diffusion equation which has
finite time blow up. The compact support property for solutions of (1.3)
is a consequence of this finite time blow up. We shall need to estimate the
size of the solution before blow up occurs, and we do this by a contrac-
tion mapping argument.

There is by now considerable literature on solutions to (1.3), (1.9) and
related equations. Equation (1.9) has been particularly intensively studied
because of the relation to super-Brownian motion; see, e.g. ref. 16. Other
applications suggest that similar wavefront propagation questions may be
of relevance for stochastic partial differential equations related to (1.3).

For one such example, it is natural to wonder about the effect of
fluctuations on FKPP wavefronts if the space-time white noise in (1.3)
is replaced by a colored noise of finite covariance. This is an interesting
question that remains to be investigated, but we can offer a few obser-
vations. Generally such a modification will destroy the algebraic identi-
ties necessary for duality with a particle system, although if the noise is
white in time but colored in space, and the equation is interpreted as
the spatial continuum limit of a set of spatially discretized It6 equations,
then some aspects of particle duality may still be effective if the diffu-
sive term u,, is properly adapted to the noise correlations. This kind of
generalization was considered by Shiga and Uchiyama,' but we will not
speculate on the quantitative implications of such spatial correlations for
wavefronts. In another approach, if the noise is spatially white but tempo-
rally colored (and again interpreted as a limit of a spatially discrete sys-
tem) then we could anticipate strong effects because for short correlation
times the Stratanovich interpretation of the spatially discretized equations
should be applied. These stochastic differential equations are equivalent to
a set of Itd6 equations with additional noise-induced drift terms, and it is
straightforward to see that for the nonlinear diffusion in (1.3), the noise
induced drift will be affine, ~ (1 —2u), with a coefficient inversely propor-
tional to the spatial lattice spacing (at fixed o). Not unexpectedly, any sen-
sible spatial continuum limit would then very likely be either singular or
trivial. For a related example that can be worked out in full detail, see
ref. 4. Hence for colored noise models it is apparent that details of the
application would have to be specified thoroughly and carefully in order
to know how to proceed with the analysis.

Another natural question concerns the effect of fluctuations on other
fundamental models for wavefronts arising in combustion or chemical
kinetics. In these models the logistic drift u(l —u) in FKPP is replaced
with terms such as u™ (1 —u) with reaction order m >2, or e £/*(1 —u)
with activation energy E >0, or other qualitatively reminiscent—although
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not necessarily differentiable or even continuous—functions f(u). There is
a large literature on the deterministic dynamics of such systems (see, for
example, refs. 6 and 21) although there are no general results for stochastic
extensions. Because there is no universal way to “add noise” to these sys-
tems in order to include fluctuations in a physically meaningful way, one
must revert to more primitive models where the approriate effects, due ulti-
mately to microscopic discreteness or perhaps environmental randomness
or other stochastic effects, are properly accounted for. Generally we would
not expect any kind of mathematical duality as appears in the stochastic
FKPP equation. Whether or not certain kinds of noise could produce sim-
ilar qualitative effects as arise in the stochastic FKPP equation is presently
a matter of speculation.

2. APPROXIMATE MONOTONICITY

We consider the solution u(x, 1), x €R, t >0, of (1.3) with initial condi-
tion u(x, 0), x €R, satisfying 0 <u(x,0) <1, x € R. We wish to show that in
some approximate sense u(x, t) increases with ¢. For an open interval I C R of
length |7]| and a function g : I — R we denote by Av;[g] the average of g over I,

1
Avlsl= - /I g(0dx.

Proposition 2.1. Let u(x, t) be the solution of (1.3) with initial con-
dition u(x,0). Let I be the interval I = (1, 3). Then there exists univer-
sal constants A, e, C >0 with the property: If 5 satisfies 02 <n<e <1,
and Avj[u(-,0)] = n, then Av;[u(-, A)] <2n with probability smaller than
Cexp[—n/Co?].

We first show that the result holds when o =0.
Lemma 2.1. If o =0 then Proposition 2.1 holds.

Proof. Let G(x,t) be the Green’s function for the heat equation,
where

G(x,t)=

4t

1 —x2
exp| — |, xe€R, t>0. 2.1
NeET p{ } @D

Then by the maximum principle one has

ulx,t)> / G(x—y,Hu(y,0)dy.
I
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We conclude that there is a constant ¢ > 0 such that u(x, 1) >cn, 0<x<4.
Let J=[0,4] and v(x,t) be the solution of the Dirichlet problem,

vy =vc+v(l—v), xelJ, t>1,
v(ix,1) =cn, xeJ, vix,t)=0, xedJ, t>1.

Then it is clear that u(x,t) > v(x,t),x € J, t > 1. We also have that

vx, 1) <cne V. xelJ, t>1. Suppose now T > 1 satisfies cnel —1 = 1/4.
Since v(x, 1) >cnsin(wx/4) it follows that

v(x,1) >cnexp H% — (%)2} (t— 1)] sin(mx/4), xeJ, 1<r<T.

We define the constant A>1 by

cexp“%—(%)z}m—l)}:{ 2.2)

and ¢ by
ceet~1=1/4. 1 (2.3)

To prove Proposition 2.1 for o >0 we shall follow the same strat-
egy as in Lemma 2.1. First we need a stochastic estimate on solutions of
(1.3). Let J be an interval such that [0,4]C J C[—1,5] and u(x,t) be the
solution of (1.3) on J with Dirichlet boundary conditions on 9J. Define
N(x,t) by

t
N(x,t>=fdyf ds "G (x, y, t —$)Vu(y, [ —u(y, )] W(y,s),
J 0

where G, is the Dirichlet Green’s function on J. We then have the follow-
ing:

Lemma 2.2. Let 7, o >1. There is a universal constant C >0 such
that

P( sup  IN(x,0)| >« eT\/AvJu(~,O))

xelJ, 1<t<T

< Cexp [—%min {az, oz\/m/o}] .
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Proof. 1t is clear that for any 6 €R,

2 t
<exp |:0N(x,t)—9—/dy/ dse® "I GA(x, y, 1 —5)
205 Mo
xu(y,s)[l—u(y,s)]i|>=l. 2.4)

Let V(x,t) be defined by

t
V(x,t):/dy/ ds 179G (x, y, t —s)u(y, s).
J 0
Then it follows from (2.4) that for any 6 € R,
(expl@ N (x, )]) < (exp[26% V (x, 1)]). (2.5)

Now the expectation on the RHS of (2.5) is to be computed for u(x, t) the
solution to (1.3) on J with Dirichlet boundary conditions and initial data
u(x,0),x € J. Observe that this expectation only increases if we assume
u(x,t) is the solution to the equation,

Uy =tixy +u+0u W, 2.6)

on J with Dirichlet boundary conditions and initial data u(x,0),x € J.
Let ¢:J x (0, 00) = R be nonnegative and consider the variable V,(¢),

t
V¢(t)=/1dy/0 dso(y, s)u(y,s),

where u(x,t) is the solution to (2.6) on J with Dirichlet boundary condi-
tions and initial data u(-,0). It is well known that

(exp[V, (1)]) =exp [/ u(x,0)v(x, O)dx} , 2.7
J

where v(x,s), s<t,x€J, satisfies the initial-boundary value problem,

av o? 5
— 4 vy tv+—v4+9=0, s<it,
as 2

v(x,t)=0, xelJ, v(x,s)=0, xe€dJ, s<t. (2.8)
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Let X(s), s >0, denote Brownian motion with diffusion constant 1. For a
function v(x,s), 0<s<t,x€J, define Tv(x,s), 0<s<t,xeJ, by

Tv(x,s)

t 2 ps
=/ ds’eS,_SE|:exp {%/ V(X (s, s”)ds”}(p(X(s’), sT> s’|X(s)=x:| ,
(2.9)

where 7 is the first exit time from J. (Here we use the standard notation
E[-] for the expectation over Brownian motion.) Then the solution to (2.8)
satisfies v =Twv. Suppose now that for some x’ € R, the function ¢ satisfies
the inequality,

e2(tfs)
)<
O

where >0 is a constant. We shall show that if 8 is sufficiently large then
T is a contraction mapping. In fact for a function v:J x[0,7]— R let

Gx'—y,t—s), yeld, 0<s<t, (2.10)

—2[—
lvl= sup e 2 u(x, ).
xelJ, 0<s<t

Then from (2.10) it follows that

ITv] < ex ”—2e2’||v|| (2.11)
ﬂf P '

Let Sg={v:J x[0,7]— R:|v|| <1/B}. Then if B=02e* /2 it follows from
(2.11) that T maps Sg into Sg. One can see furthermore that T is also a
contraction mapping whence there is a unique solution v € Sg to the equa-
tion v="Twv. We conclude therefore that if ¢ satisfies (2.10) then

(exp[ Vi (]) < expl4e® Avy[u(-, 0))/B]. (2.12)
provided B >o2¢% /2. Now we have that

P(|N(x,t)| >a ¢ /A [u(, 0)] )
<exp [—~0ae’/AvsTuC 01| {(exploN (x, )]) + (exp[—ON (x, )

for any 6 > 0.
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From (2.5), (2.12) it therefore follows that

P<|N(x,t)|>a ¢! JAv[u (-, 0)] )
<2exp [—Qae’\/Av/ i(-, 0) + 402 Av,[uc-, omﬁ] . (2.13)

provided 62¢% <2 /7 /. The minimum of the RHS of (2.13) occurs at 6 =
a/m /8¢ \/Av [u(-, 0)], in which case the RHS of (2.13) is 2 exp[—a?/7 /16].
On the other hand if we put §2¢* =2./7 /o2, the RHS of (2.13) is given by

2exp [—a21/2n1/4w/Avj[u(~, 0)]/0 +8Av[ul, 0)]/02] .
We conclude then that
P(ING 1> a o VAvsTuC, 0)])

<2exp [—%min{oez,oe,/AvJ[u(~,O)]/o}:|. (2.14)

Next we obtain an estimate on the difference N(x,7) — N(x,7 — §)
where 1 >1, 0<§<1/10. Similarly to the derivation of (2.5) we have that

(exp[0{N(x,1) = N(x,1—8)}]) < (exp[Vy(1)]), (2.15)
where ¢(y,s) is given by
o(y,s) :29262(’_S)G3(x, y,t—s), yelJ, t—8<s<t, (2.16)

2
0(.9) =207 G .y, 1=9) = PGy (v =5 =)
velJ,0<s<t—34.

It follows that

2

20
o(y,s) < ﬁ

Gx—y,t—s), yeJ, t—5<s<t,

1 1

)< 402 ——G(x—y,t—5)+ —--G(x—y, 1 —5— },

@(y,s) { ) (x—y,1—5) > (x—y 5)
veld, t—28<s<t—34, (2.17)
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00 9)<COPA IR =)+ (1= 7] Gl -y, 26 - 9)),
O<s<r—26,

where C is a universal constant. For a function v:J x [0,¢] — R define
lvlls by

[vlls= sup (t4+8—5)"2e 20D u(x, 5)|.
xelJ,0<s<t

Then taking ¢ to be the function (2.16) it follows from the inequalities
(2.17) that if T is the operator (2.9) then

ITolls <C16%" 2 exp | Cro?ullse™ ]
for some universal constant Cj. Let Sy s be the set,
Se,az{v:J x [0, 1]— R |[vlls gzclezal/z}.

It is clear that if C12920262[51/2 <1/4, then T maps Sp 5 to Sps. One
can also see that 7 is a contraction mapping, whence there is a unique
solution veSp s to the equation v=Tw. It follows then from (2.7), (2.15)
that

(exp[6 (N (x, 1) = N(x, £ = 8)]]) <exp[8C16%8" e Avy[u(, 0)]].
provided C129262e2t 81/2<1/4. Arguing as before we conclude that
P <|N(x, )= N(x,t—8)|>ae' /Aoy [u(, 0)])

2
<2exp[3zc1 min {50117 a,/Av,[u(-,O)]/al/“aH . @18)

We can make a similar argument to estimate the difference N (x +81/2, 1) —
N(x,t). Thus we have

P (|N(x F812, ) = N(x,1)| > e’/ Av[u(-, 0)])

2
{5% a\/AUJu(~,O)/81/4a}:| (219

1
<Zexp|:32C
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The result follows now from (2.14), (2.18), (2.19) by the usual dyadic
decomposition method.?? That is one first decomposes the rectangle J x
[1, TT dyadically. Suppose one has an estimate on the probability that the
maximum of N(x,r) on all corners of dyadic rectangles of a given gen-
eration is large. Then one makes use of the inequalities (2.18), (2.19) to
obtain an estimate on the probability that the maximum of N(x,?) on all
corners of dyadic rectangles of the next generation is slightly larger. |

Proof of Proposition 2.1. Let v(x,t) be the solution to the sto-
chastic Dirichlet problem,

Vv = Ve +0(1=v)+Vv(l =)W, xeJ, t>0,
v(x,0) = ux,0), xel, v(x,00=0, xeJ\I,
v(x,t) =0, xedJ, t>0,

where J is the interval J=[—1, 5]. Then u(x,t) >v(x,t),xeJ, t>0, and
v(x,t) satisfies the stochastic integral equation,

v(x, 1) = e’ / Gy(x,y,Hu(y, 0)dy
I

t
+/ dy/ ds " 9G 1 (x, v, 1 — )00, [ —y —v(y, $)]
J 0
+o Ny(x,t) , (2.20)

where

t
Ny(x,t)zfdy/ dsey(t_S)GJ(x,y,t—s)\/v(y,s)[l—v(y,s)]W(y,s).
J 0

Taking y =1 in (2.20) and using Lemma 2.2 we see that for 7 > | there

are universal constants Cj, C» > 0 such that sup  v(x,t)<C neT with
xel, 1<t<T

probability at least 1 — Cyexp[—n/o2C>]. If we take y =0 in (2.20) and
again use Lemma 2.2 we see that v(x, 1) >cn, x €]0, 4] for some universal
¢ >0 with probability at least 1 — C,exp[—n/Ca0?]. Next we consider the
stochastic Dirichlet problem on the interval J; =[0, 4],

wy = wey +w(l—w)+V/wd—-w)W, xelJi, t>1,
wx,)=cn, xelJi, wkx,t)=0, xe€dJy, t>1.
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It follows from our estimates on v that with probability at least 1 —
2C; exp[—n/C20?] one has

wkx, ) <v(x, 1), xelp, t>1, sup w(x,t)gclneT. (2.21)
xelJy, 1T

Now w(x, t) satisfies the stochastic integral equation,
w(x, 1) = DA f Gy, (x, y, t = Dendy
J1

t
—i—/ dy/l dse3(’7“')/4Gjl(x,y,t—s)w(y,s)[1/4 — w(y,s)]
N
+o N(x,1t), (2.22)

where

t
N(x,t):/ dy/ ds U94G 1 (x,y,1—5)
J1 1

xy/w(y, )[1—w(y,s)] W(y,s). (2.23)

Define now A >2 by (2.2) and ¢ similarly to (2.3) by
Cieet =1/4. (2.24)

By Lemma 2.2 one has that

P (sup [N (x, A)| > n/o) < Csexp[—n/C30%).

xeJp

The result follows from this last inequality, (2.21), (2.22). |

3. LOWER BOUND ON THE WAVE SPEED

In this section we obtain a lower bound on the wave speed provided
o is sufficiently small. To do this we shall compare the solutions u(x, )
of (1.3) to a discrete time version of the contact process. For any A>1, 5
such that 0 <y <1 and solution u(x, t) of (1.3) we define random variables
En(n), nmeZ, m=>0, as follows:

En(n) =1 if Avo,onq)[u(-,mA)>n,
Enn) =0 if Avoyn4)u(, mA)]<n. (3.1
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Next let ¢ satisfy 0 <g <1. We define a Markov chain ¢, :Z— {0, 1}, m=
0,1,2,... with transition probabilities determined by ¢q. Let A={neZ:
Im(n)=1} and X,, ne€ A, be i.i.d. Bernoulli variables with P(X,=0)=gq.
Then ¢, is defined as follows:

Cur1(n)=1 if neA and X,=1,
n—1leA and X,_1=1 or n+l€eA and X,y 1=1; (3.2
Cmy1(n) =0, otherwise.
Our first lemma is a version of the duality theorem for the contact pro-
cess, Theorem 1.7 of chapter VI of ref. 11.

Lemma 3.1. Assume A, g, are as in Proposition 2.1. Let C >1 and
Zm be the Markov chain of (3.2) with ¢ =exp[—7/Co?]. Let 0<8 <1 and
g, be the variables (3.1) corresponding to a solution of (1.3) with o2 <é8n.
The constants C, § can be chosen universally so that for m >0,

P (Z En(m)Zo(n) =0> <P (Zso(n)gm(n)ﬂ) . (3.3)

neZz ne’l

Proof. We first prove (3.3) for m=1. Let S| be the set,
Si={neZ:5Hn)=1, & —1)+&0n) +&n+1)>0}.
If |S1| denotes the number of elements of S;, then
P (Zso(nm (n)=0> =g, (34)
neZ
Next let S, be the set,
Sy={neZ:§n)=1, SHn—1+5m) +r+1)>0}.

Evidently one has that 2|S;| >|S;|. Also there exists a subset S3C S, such
that 3]S3|>|S,| and the intervals (2n—2, 2n+4), n € S3, are non-overlap-
ping. Now from Proposition 2.1 there is the inequality,

[S3]
P (Z E1(n)o(n) =0) < {Cexp[—n/C02]} : (3.5)

neZl

The inequality (3.3) for m =1 follows from (3.4), (3.5) by choosing § suffi-
ciently small. The argument extends to all m >1 by induction. |
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Next, as in Chapter VI, Section 1 of!D we construct a probability
measure v on the configurations of & which has the property that,

/ P (Zsom)cm (n) =0> dv (&)

neZ

< f P(Zso<n>;o(n>=0)dv(so>, m>1 (3.6)

nez

for any initial configuration ¢y of the Markov chain ¢,, m > 0. Let
f(k), k=1,2,..., be a probability density with finite mean, whence

Zf(k):l, Zkf(k)<oo.
k=1 k=1

Then v is defined in terms of f as follows: Suppose a; €Z, 1 <i <N with
aj <ap <---<ay. There is the formula,

V{-‘Eoiéo(ai)=1, 1<i<N, &) =0, a1 <n<ay, n#aj, 2<j<N—1}

N-—1 00
=[1 f@si-an /> ks, (3.7)
i=1 k=1

Let h(z), z€C, |z| <1, be the function,

0 k—1

Q=) 5

k=1

We consider f(k),k=1,2,..., of the form
fHO) =) [ A, k=1.2,.... (3.8)

where 0 < Ag and g is the parameter determining the Markov chain ¢, of (3.2).

Lemma 3.2. There exist universal constants A>1 and ¢, O0<e <1,
Ae <1/2, such that if 0 <g <e then the measure (3.7) determined by (3.8)
satisfies the inequality (3.6) for arbitrary initial configurations .
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Proof. 1t is sufficient to prove (3.6) for m =1, so we shall assume
wlog that m =1. Suppose first that for some N >1 the set {neZ:y(n)=
1}={1,2,..., N}. Then the RHS of (3.6) is given by

v{g0: 0 =0, 1<n<N)=Y Kf(N+k) [ D kf k).
k=1 k=1

From (3.8) and the fact that Ag <1/2 we conclude
viko & () =0, 1<n<N}>c(A)V /N2, (3.9)
for some universal constant ¢ > 0. The LHS of (3.6) is bounded above by

v{§0:50(n) =0, 0<n<N+1}
N+1

+ - vloibo() =18 =0, 0<n <N +1,n#j}P(61()=0)

j=0

+ Z v{&o:&0(j)=b0(j2)=1,80(n)=0,0<n <N +1,n#ji1, o}
0<ji<jp<SN+1
xP(¢1(j)=¢02)=0) +--- (3.10)

It is clear that there is a universal constant C >0 such that the first term
in (3.10) is bounded as

vigo:&0(m) =0, 0<n<N+1}<CAQ)V T2 /N
Let C; be a constant which satisfies

=l _ G
K (r—k2 = 2’

r=2,3,...

Then one can see that there is a universal constant C > 0 such that the
(m 4+ 1)st term in (3.10) satisfies the inequality,

m N+2

<C ﬂ %, (3.11)
A N2

0<j1<ja<-<jm <N+

provided m < N. For m=N +1, N 42 there are the inequalities,
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N N+1
<c(&) Lo T (3.12)
Z A N2
0<ji<jp<<jv+1SN+1
N N
A
3 gc(%) (132) . (3.13)

0<ji<jp<<jn42<N+1

If we choose A =2Cj and ¢ sufficiently small the sum of all the terms in
(3.10) corresponding to the LHS of (3.11) with m < N is bounded above
by 1/2 the RHS of (3.9). Similarly the term of (3.10) corresponding to the
LHS of (3.12) is bounded above by 1/4 the RHS of (3.9). Finally the term
of (3.10) corresponding to the LHS of (3.13) is bounded above by 1/4 the
RHS of (3.9) if we choose A >2C; sufficiently large in a universal way.
We have proved (3.6) in the case when A={neZ:¢y(n)=1} is given by
A={1,2,...,N}.

Next we generalize the previous argument to any finite set A. Let A
be the set of neighbors of A, A={n€Z:n€A orn—1€A or n+1€A}.
We assume A is the union of k intervals [£;,r;1NZ, 1< j<k, where rj+
l<tji1,j=1,...,k—1. Note that since A is formed from A the length
of each interval is at least 2. We show that there is a universal constant C
such that

V(g0 :80(n) =0, n e A} < CH(AQ)*viEr:5() =0, n€ A} . (3.14)

We prove (3.14) by showing that for any &; satisfying & (n)=0, n€ A there
is a configuration 7§, satisfying T&y(n)=0, n€ A and

v{E} < CK(AQ)*v{TE). (3.15)

To define T& we observe that there are integers ayp,...,ax,by,...,bx
satisfying

h<bi<n<a<bhh<b<n<a<---<b<tly<r<a ,

such that &y(n) =0 for n€[by, at], [b2, az], ..., [bk, ar]. Further, &(b; —1)=
Eo(ar+1)=1.1If &(n)=0 for rj <n<£;, then we set aj=r;, bj1="L;41.
Otherwise a; and b; are uniquely determined by the condition &y(a; +
D)=£&(bj41—1)=1. T is then defined as

Téo(aj) = Té(bj)=1, 1<j<k,
T& ) =& m), neZ—{ay,...,ax,b1,...,bx}.



438 Conlon and Doering

From the definition (3.8) for f and (3.7) the inequality (3.15) follows.
Note that T is one-one whence (3.14) follows.

To prove (3.6) in the general case we can proceed as before and use
(3.14). Thus the LHS of (3.6) is given by the sum,

v{go:&(n) =0, ne A} + ) > v{&o:£G) =1,

P= €A 1<r<prji <ja<<jp}
1<r<p. o =0, ned={ji..... )]
xP (&1 =¢12)="=81(jp)=0) .

By arguing as in the proof of (3.11), (3.12), (3.13) we see that this sum is
bounded by

ok ! +C1) L) oo —0.me A
s — — | — v : n)y=u,n .
1—Ci/A "\ A ) (ag2] "00%°
where C, C| are universal constants. The result follows now from (3.14). |

The previous two lemmas imply a quantitative estimate on the solu-
tion of (1.3) which is global in time.

Corollary 3.1. Assume A, ¢, n are as in Proposition 2.1. Let u(x,t)
be a solution of (1.3) which has the property that Avo, 2n42)[u(:, 0)] >
n, n€Z. Then there are universal constants C > 1,0 <3 < 1, such that if
o2 < 8n there is the inequality,

P (Ave (-, ] <n) <exp[-n/Ca?], t> A. (3.16)
Proof. From (3.1) and the maximum principle for (1.3) we have for
any m=1,2,...
P (Avp)[u(-,mA)] <n) < / P (Zsm(n):o(n)=0) dv(&), (3.17)
neZ
where v is any probability measure on initial configurations & and ¢, sat-

isfies £p(0)=1, ¢o(n) =0, n £0. If we choose v to be the measure in Lemma
3.2 and use Lemma 3.1 we have from (3.17) the inequality,

P (Av)[u(-, mA)] < n) <v{& :£(0) =0},
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whence (3.16) follows for t=mA. If mA <t <(m+1)A we use the fact that
we have already proven (3.16) for t = (m — 1)A and then we use Proposi-
tion 2.1. |

Next we consider the Markov chain ¢, with initial configuration ¢
given by ¢o(n)=1, n<0, {(n)=0, n>0. For m=1,2,... we define ry,
by

rm=sup{n € Z: ¢, (n)=1}. (3.18)

It is evident that —oo < r, < m with probability one. If we put «, =
E[r,] then it is also clear that for k >m then oy <oy +ax—,. Hence a =
limy;— 0o @ /m exists and —co<a < 1.

Lemma 3.3. Suppose a probability measure v exists satisfying (3.6).
Then o >0 and lim,,— o n/m =« with probability 1.

Proof. The fact that lim,,_ ~ rn/m = o with probability 1 follows
from the subadditive ergodic theorem.!) Hence we are left to show that
o >0 when (3.6) holds. We assume for contradiction that o <0. Consider
the Markov chain ¢, with initial configuration given by {o(n)=1, n >0,
Zo(n)=0, n<0. For m=1,2,... define £, by

by=inf{neZ:,(n)=1}.
By symmetry lim,,_,  £,,/m = —a with probability 1. Finally we consider
¢m with initial configuration given by ¢o(0) =1, ¢y(n) =0, n#0. Then it
is clear that if ¢, #£0,

sup{n € Z: ¢y (n) =1},
inf{neZ:¢,(n)=1}.

'm

2
bn <

Since we are assuming « <0 it follows that lim,,, » P (r,, <£,)=1, whence
we conclude
lim P(,(n)=0,neZ)=1. (3.19)
m—00
From (3.6) we have that

PG (m)=0.n€Z) <vig:60(0) =0} =1-1/ Y kf ) <.

k=1

Evidently this last inequality contradicts (3.19) whence we conclude that
a=>0. |
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Lemma 3.4. Let ¢, be the Markov chain defined by (3.2) with initial
condition ¢ satisfying ro < 0. Let £, be the chain with initial conditions ¢ sat-
isfying ¢i(ro+ 1) =1land {neZ:g(n)=1}C{neZ:¢y(n)=1}.1f r;, =sup{n e
Z:t), (n) =1} then there is the inequality E[r),]> E[r,]+1, m > 1.

Proof. We argue as in Lemma 2.21 of Chapter VI of ref. 11. For
a set A CZ we define sets A,,m >0, by A=A and A, ={neZ:
Cm(n) =1}, where ¢, is the Markov chain (3.2) with initial data ¢y(n) =
0, ndA, {(n)=1,ne A. Consider now a second subset B CZ. Then the
sets Ay, B] and (AU B); are determined by the values of a collection of
Bernoulli variables X, ne€Z. It is clear that (AU B); = A; U By, whence by
induction one has (AUB),,=A,, UB,,, m > 1. It follows that if for a set A
we put A =sup{n:necA,} then

JAUB _ LA _ (rnlj —rA>+. (3.20)

We put now A={neZ:f(n)=1} and B={ro+ 1} whence ry, =1y, 1), =
rAYB If A'={neZ:n<ro} then it is clear that rA" >rA. It follows now
from (3.20) that

+
/ B AT _ AUB A
rm—rm>(rm—rm) =ry, I, -

By translation invariance E [r,;‘/UB - r,ﬁ,‘/] =1, whence the result follows. [

Lemma 3.5. Suppose ¢ satisfies the conditions of Lemma 3.2 and
a(q) >0 is the corresponding wave speed for the Markov chain ¢, as given
in Lemma 3.3. Then if 0 < g’ <gq there is the inequality a(g’) —a(g) >

9—q".

Proof. Let ¢ be the Markov chain ¢, with parameter g. We can
define the chains ¢, and {ml on the same state space as follows: For neZ
let Y,, Z, be independent Bernoulli variables where Y, =0 with probabil-
ity ¢ and Z, =0 with probability ¢’/q. Then { 41 is determined from ¢
by taking the variables X, in (3.2) to be X, =Y, Whlle { 41 is determined
from ;‘m by putting X, _mm{Yn +Z,, 1}

We con51der o and g“m with initial condmon ot (n) —{m (n)=1, n<0,
{m(n) —{m (n)=0, n>0. It is evident that ;m )=o), neZ,m>0. Let
r and rj, be defined as in (3.18). Then er >r}. We define the stopping
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time 7 to be T =inf{m > 0:r% > 77}, Evidently if 7 <oo then P4 >0 41
It follows then from Lemma 3.4 that

EFdic<m] > E[rblt<m]+1.
It is easy to see that
P(r>m)<[l-q(1-q'/pI".

Putting the last two inequalities together we conclude

Elrd] > E[FS1+1-[1—q(—¢'/)]"
= E[ri]+m(g—q)+ 0((q —q/)z).

Hence by a telescoping argument we have for any 0<q¢’' <q, m>1,
E[rin 1> Elrm]+m(q —q").

whence the result follows. |

We have already observed that a(q) <1, 0<g < 1. The next lemma
shows that lim,_,ga(q)=1.

Lemma 3.6. There are universal constants c¢j,c; > 0 such that if
0<g<cy <1 then

a(g)=>1+4cy/logg.

Proof. We consider the chain ¢,, of (3.2) with initial data ¢o(n) =1,
n<0,¢m)=0, n>0. Let X, ,, n,meZ, m>0, be i.i.d. Bernoulli vari-
ables with P(X, , =0)=gq. Then &, (n) is determined by the values of the
Bernoulli variables. For any (n,m) e Z? let On.m be the square centered at
(n, m) with side of length 1. For integer M >1 let Sy, be the set,

SM = U Qn,m

{(n,m):0<m<M, & (n)=1}

We define the region Qy C R? to be the connected component of the
set {(x,y) € R2:0< y<M, x <M+ 1} — Sy which contains the point
(M +3/4, 1/2). Evidently €2, is with probability 1 a finite region. The
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boundary 9Qj, of Q) contains the 3 line segments {(M +1, y):0<y < M},
{(,0):12<x <M+ 1}, {(x, M):ppr+1/2<x <M+ 1}, where py is an
integer satisfying pp < M. The remainder of the boundary 92y, consists of
sides of squares Q, ,, with ¢,(n)=1. Let Ay be the set of (n,m) € 72 with
¢m(n) =1 and such that a side of the square Q, , is part of the boundary
Q. Let By C Ay be those (n, m) with X, ,, =0. We shall obtain inequal-
ities relating |Ay|, |Buyl, oy and M.

We apply the divergence theorem in €2j,. Thus if u denotes the out-
ward normal on 92, we have that

[ (e1+ey)-udS=0,
IQu

where e, ey are unit vectors in the x and y directions. Evaluating the inte-
gral on the line segments we conclude that,

—/ (e1+e)-udS=M—py. (3.21)
0y NSy

Observe that for the square Qg the half side { (%, ¥):0<y< %} belongs to
9Q2)s. Similarly the half side {(pop + % y):M— % <y < M} belongs to 9Q2y,.
We include (0,0) in the Ay, and in By if Xo,0=0, but exclude (py, M).
Suppose now (n,m) € Ay — By. Then Q,,, has a side in 92y, with nor-
mal parallel to e;. Further, if one moves along this side in the direction
of e, the next side of a square forming part of 9y has normal u=e;.
Observe also that if the side of a square Q, ,, belongs to 92y and u=—e;
on that side then (n,m) € By;. We conclude then from (3.21) that |By| >
M — pyr. If we apply the divergence theorem to the vector field e then we
obtain the identity,

/ € -u dS:,OM.
Q2 NSy

This yields the inequality |Aj — By | < |Buy|+ py, whence we have the two
inequalities,

|AMI<2[By|+M, |Bul=ZM—pum. (3.22)

Let § >0 and consider the configurations such that py < M (1—3). Letting
N =|By| we see from (3.22) that N > M§ and |Apy|<2N + M. Now the
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number of regions Q2 satisfying |Ay| <2N + M is bounded by 4*N+M,
Hence

0]

Poy<M(1=8)< ) 4N+tMgN,
N=M3s

It is clear that if ¢ satisfies 20g <1 and we take § = —[1 +1n4]/[2In4 +
Ing], then there is the inequality,

P(py<M(1=8)<5eM,

The result follows from the Borel-Cantelli lemma. |

Proposition 3.1. Assume A, ¢, n are as in Proposition 2.1. Let ¢(o)
be the wave speed for the stochastic FKPP equation as given in Theorem
1.1. Then there are positive constants C > 1, § <1, such that if ol < 8n
then c(o)>2/A—Co2/n.

Proof. This follows from Lemmas 3.1 and 3.6. We put &(n)=1, n<
0, &m)=0,n>0. For any p >0 we define ¢y by ¢o(n) =1 for n >
[a(g) — pIM, ¢o(n)=0, n <[a(g) — p]M, where M is a positive integer. Let
Cm.m, m =0, be the Markov chain with this initial data. Then by Lemma
3.3 we have that

Jim P (Zsom) Ear () =0> =0.

nez

Hence from Lemma 3.1 we have that
lim P (&§y(n)=0, n=[alg)—p]M)=0.
M— o0

Hence from (3.1) we have that c(o) > 2[a(g) — p]/A. The result follows
from Lemma 3.6 on letting p— 0. |

4. CONTINUITY OF THE WAVE SPEED

In this section we prove the continuity of the wave speed c(o) at 0 =0
by establishing the lower bound for inequality (1.8) of Theorem 1.2. We have
already observed that ¢(0) =2 and that c(o) < c(0). Hence to prove conti-
nuity we need to find a lower bound on c(o) which increases to 2 as o — 0.
Our initial goal will be to obtain a refinement of Proposition 2.1. Towards
that we consider the deterministic case o =0.
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Lemma 4.1. Let >0, A>2, and u(x,t) be the solution of (1.3)

for 0 =0 with initial condition u(x, 0). Suppose Av_1 1)[u(-,0)]>=n. Then

there are universal positive constants Ci, Cy such that u(x, A) >n for x
satisfying

|x|§2A[1—neC1‘/Z]—C210gA. 4.1

Proof. We may assume wlog that u(x,0) =uo(x) where ug(x) =0,

|x| > 1, and Av1 1[uo]l=n. Then u(x,t) is given by the Feymann-Kac
formula,

t
ulx,n)=E, |:exp {/ 1 —u(B(s),t —s)ds} ug(B(t))i| , 4.2)
0

where B(r) is Brownian motion with B(0)=x and E.[{B(r) — B(0)}*]=2r.
Evidently we have that

1
ou)<8/}G@—wJﬁm@M%

where G is given by (2.1). Hence there is a universal constant C such that

2
u(x,t)éCnexp[él—);+t:|, x| <2, t>1. 4.3)
We can rewrite (4.2) as
w0 = [ 6=y D HE Y 00y, (4.4)

where
t
H(x,y,1)=E [exp {/ 1—u(B(s),t—s)ds} ’B(O):x, B(t):yi| (4.5)
0
It is well known that Brownian motion B(s), 0<s <¢, conditioned on
B(0)=x, B(r)=y has the same law as B'(s) — 3 B'(t)+ (1 — ¥)x +% y, where

B'(s), s>0, is Brownian motion with B’(0)=0, E[B’(s)?]=2s. Now there
is a universal constant ¢y > 0 such that,

P ( sup
O<s<t

B’(s)—;B’(t)‘ <¢?) >l (4.6)
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If we write the conditional Brownian motion B(s)= (1 —§)x +z, it is clear
from (4.3) that

x2 zx ZZ
u(B(s),t —s) < Cnexp [(’_S) {I_E] _5_4(t—s)]

Thus if 2t — /t <|x| <2t, |yl <1, |B'(s) — % B'(t)| < /1, there is the
inequality,

u(B(s),t—s)gC’nez*ﬁ, 0<s<r—1
for some universal constant C’. It follows now from (4.5), (4.6) that

H(x,y,t) > clexp[(;_l){l_c/nezﬁ”,
2— Vi<l <, I, o> 1.

From this last inequality and (4.4) we conclude,

2cie”3 1 2
u(x, 1> e nexp|:t{I—C/nez“/;}—zlogt—x—:|,

amr 4t

2t — V1< |x| <2, 1>1.

Let us assume now that ne3\ﬁ < 1. Then from the previous inequality we
see that there is a universal constant C3 > 1 such that u(x, ) >n provided
(x,t) lies in the region,

2r—ﬁ<|x|<2t[1—c’nezﬁ]—1ogr, 1> C;. 4.7)

To complete the proof of the lemma it is sufficient to show that for any
L >1 there exists T(L) > 1, depending only on L, such that

ulx,ty=zn, |x|<L, t=T(L). (4.8)

The inequality (4.8) follows from Lemma 2.1. It is clear now that (4.1)
with C;=3,C,=1 is a consequence of (4.7), (4.8). 1
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We consider the stochastic equation
Uy =tyy +2ux+u(l—u)+o/u(l—u) W 4.9)

with initial data u(x, 0) satisfying u(x,0)=0, |x| > 1. We shall be interested
in solutions of (4.9) on intervals [—L, L], L >2, with Dirichlet boundary
conditions. Let G be the Dirichlet Green’s function for the equation u; =
uyx +2u, on the interval [—L, L]. Evidently there is the inequality,

1 1
Gr(x,y,1) < ——ex |:——(x— +2t)2:|, t>0. 4.10

Define Ny (x,t) by

L '
NL(x,t)=/ dy/ ds e(’_s)GL(x,y,t—s)\/u(y,s)[l—u(y,s)] W(y,s),
—L 0
4.11)

where u is the solution to (4.9). Then we have the following generalization
of Lemma 2.2:

Lemma 4.2. Let L, o >2. There is a universal constant C >0 such
that,

P< sup |NL(x,t)|>ae2L‘/Av(_1,1)[u(.,0)]>

[¥|<LO0<r<L?

|
<CLexp [—Emin {az, o/ Av_1uC, O)]/GL}] .

Proof. We proceed as in Lemma 2.2. Thus we need to estimate
(exp[262Vy (x,1)]) where

L t
VL(x,t)=/ dyf ds ez(l_S)G%(x,y,t—s)u(y,s). (4.12)
—L 0

This expectation only increases if we assume u(x,t) is the solution to the
equation,

U=ty +2uy+u+oSu W (4.13)
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on [—L, L] with Dirichlet boundary conditions and the same initial data
as in (4.9). Let ¢:[—L, L] x (0, 00) = R be non-negative and consider the
variable V, (),

L t
V(p(t)szdy/O ds (y,s)u(y,s),

where u(x, 1) is the solution to (4.13) on [—L, L] with Dirichlet boundary
conditions and initial data u(-, 0) with support in [—1, 1]. Then

L

(exp[Vy (1)]) =exp [ f

u(x,O)v(x,O)dx:| , (4.14)
-L

where v(x,s), s <t, |x| < L, satisfies the initial-boundary value problem,

9 2
8—v+vxx—2vx+v+%v2+(p=0, s<t, (4.15)
S

v(x,t)=0, |x|<L, v(x,s)=0, |x|=L, s<t.

Letting, X (s) be Brownian motion with drift —2 in [—L, L] and killed on
the boundary then the solution v(x,s) of (4.14) is a fixed point of the
mapping 7 of (2.9). Suppose now that ¢ satisfies for some x with |x| <L
the inequality,

o=

|¢(y»s)|<ﬁm

where >0 is a constant. For a function v:[—L, L] x[0,]— R let

Gr(x,y, t—s), ly|<L, 0<s<t, (4.16)

lvll=" sup  Ju(x" 9.
RISAN

Then we have from (2.9) that

2 ; .
|Tv(x',s)| < exp %HUH(t—s) / ds'e* —sf dy
s -L

t—s

xGr(y,x',s' —s)———Gr(x, v, t —s
Ly )/3 — L(x,y )
o2 s , 2/t —s

= exp 7||U||(l—5) e GrL(x,x' t—ys) 5
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From (4.10) we see that

et_SGL(x,x/,t—s)Z\/:g%eZL, lx|, |x'| <L, 4.17)
whence we conclude that
Q2L o2
ITvll < ﬂfeXp [Tllvllt] (4.18)

Now let Sp g={v:[-L, L] x [0, ]—R:]v] <e*l/B}. Then if B satisfies g >

2¢2Lt it follows that T maps Sp g into Sz g. In a similar way to the der-
ivation of (4.18) one can see that T is also a contraction mapping on Sz g
whence there is a unique solution ve Sz, g to the equation v=Tv. We con-
clude that if ¢ satisfies (4.16) then

(exP[Vy (0]) < exp [ 26* Av i1, -, 01/ (4.19)
provided B> o2e*!t. We apply (4.19) to (4.12). Thus 202V (x, 1) = V(1)

where we can take 8 = /me 2L/6% from (4.17). We have therefore the
inequality,

(exp[207 VL (x, )]) <exp [292e4LAv<_1,1>[u<~, 0)1/ﬁ] . (420)

provided 6%¢*'r < /7 /o?. From (4.20) we see that

P (INL(x, 0> e et | Avy plu(-, 0] )

<2exp|:——m1n{ a \JAv1 plu(, 0)] / \f” 4.21)

provided |x| <L, t>0.

Next we obtain an estimate on the difference Ny (x,t) — Np(x,t—§)
where 0 <8 <t/3. To do this we need to estimate the LHS of (4.14) where
¢(y,s) is given by

0(1.9)=20%1"9G3 (x,y,t—5), |yl<L, t—8<s<t, (4.22)

2
0(8) =202 G L,y =9) = @Gy =5 =-9)]
lyl<L, O<s<t—34.
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Proceeding as before we define for a function v:[—L, L] x[0,¢]— R the
norm ||v|s as

lolls= sup  (t4+8—9)"?|v(x,5)l.
[x]<L,0<s <t

If we use the inequality

3 2 cet
_ t—=s) _ PO X _
{8se Gr(x,y,t s)} \(t—s)5/2e Gr(x,y, t—s)

for some universal constant C, it follows that with ¢ as in (4.22) then
there is the inequality,

170l < C16%8" 26 exp | C1o? [vllsv1
for some universal constant Ci. Let Sp s be the set
So.s= [u:[—L, L] [0, ]— R: |Jvls <2C19281/264L}.

If C%@%%“L(ra)l/z <1/4 then T maps Sp.s to Sp,s and one can easily see
that T is a contraction. We conclude then that,

(exp[0 {NL(x, 1) — Np(x, 1 = 8)I])
<exp [4C167(8/0) 2 v uC, 0)]].

Arguing as before we conclude that

p <|NL(x, 1) = NL(x.t —8)| > a e [Avyp[uC- 0)] )
o> a\/Av(_l,n[u(nm]H 423)

<2exp[—32c1 mm{((?/t)l/z’ o010 Vi

Finally we need to obtain an estimate on the difference Np(x +
8172 1) = N(x,1). To do this we use the inequality,

9 (I—S)G ( t ) ? < C€2L 1 + 1 Z—SG ( ¢t )
—e X, y,t—s§ < e X,y,t—s§
0x LIy JE—s§ (t—y9) L%y
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for some universal constant C. If 0 <8 <7/3 <1 then we can argue as in
Lemma 2.2 to obtain an estimate similar to (4.23),

P (|NL(x+51/2,t)—NL(x,t)|>ae2L‘/Av(_1,1)[u(-,0)] )
{ o? Ol\/AU(l,l)[u('»O)]}i| (4.24)

Ci

|
<2exp [——mm DL /00 Ji

for some universal constant Cj. Suppose now 0 <8 <1, 7>3. Then in the
same way we derived (4.21) we have the inequality,

P<|NL(x+51/2,t)—NL(x,t)|>0‘62L Av(*l’l)[u(.’o)])
{ o> o /Av1,p[u(, 0] H >

S+ G6/02 [5+6/0 P 0 i

1
<2exp |:—C— min
1

The result follows from the inequalities (4.21), (4.23), (4.24), (4.25). 1
Lemma 4.3. There is a universal constant ¢ > 0 such that for
|x|, |y| < L/2 there is the inequality,
eLZGL(x, v, LZ) > % e’ .
Proof. 'This follows from the representation of conditional Brownian
motion given in Lemma 4.1 and the inequality (4.6). |

Lemma 4.4. Let u(x,t) be a solution of (4.9) on the interval
[-L, L] with Dirichlet boundary conditions and initial data u(x,0) satis-
fying Av_1,1)[u(-,0)]=n. Then there are universal constants cy, C2, C3 >0,
such that for |x| < L/2, there is the inequality,

u(x, L?) > cinexp [—x — CanzezL —log L] -7 (4.26)

with probability at least

-1
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Proof. We proceed as in the proof of Proposition 2.1. First we
assume wlog that u(x,0)=0 for |x|>1 and Av_y ju(-,0)=n. We apply
Lemma 4.2 with a = /fe > /o. It follows that

sup Np(x,t)<n/o (4.28)
IX|<L,0<e<L?

with probability (4.27). If we apply the analogue of (2.20) with y =1 we
obtain the inequality,

sup  u(x, 1) <Cone?t
Ix|<L, 1<t L?

with probability at least (4.27). The result follows by applying the analogue
of (2.20) again, this time with y =1 — Cyne?l and using Lemma 4.3. 1

Proof of Theorem 1.2, inequality (1.8). In Lemma 4.4 we take n=
o,L= %|loga|. With this choice it follows that if o is sufficiently small
and x e[—logL — 1, —log L + 1] then u(x, L*) >7 with probability at least
1 —exp[—1/C3/0].

To finish the proof we proceed as in section 3. Thus in analogy to
(3.1) we define &, for a solution u(x,t) of (1.3) by,

- 2
Emm)=1 i Av, 012 210 1)-1.n@L2—210g Ly+ [ ML) =1,

. 2
En() =0 if Avi, 012 2108 1)—1.n2L2—210g L)+ 1)1, ML) <.

If we define ¢, as in (3.2) with ¢ =exp[—1/C3./0] then the results of Sec-
tion 3 apply to &, and ¢,. If the initial data for u(x,?) is u(x,0)=1,x <
0,u(x,0)=0,x >0, then it follows in particular from Lemma 3.6 that,

liminf [sup{n € Z:&,(n)=1}/m]>1- Cyo (4.29)
m—
for some universal constant C > 0. The result follows now from (4.29). |

5. EXISTENCE OF WAVE SPEED

We first show that the limit (1.6) of Theorem 1.2 exists as t — oo
through the integers.
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Lemma 5.1. Let u be a solution of (1.3) such that —oo < a(0) <
b(0) <oo. Then there is a constant c¢(o) > —oo depending only on o such
that,

lim M =c(0)

m—o0o0 m

with probability 1, as m € Z goes to infinity.

Proof. We first consider the case when a(0)=5(0), whence we may
assume u(x,0)=1, x <0 and u(x,0)=0, x >0. For m=0,1,2,..., we
define the random variable X, by Xo, =b(m). We also define random
variables X, 1 <r<m. To do this let u(x,?), t >r, be the solution of
(1.3) with initial condition u(x,r)=1, x <b(r), u(x,r)=0, x>b(r). Then
we put

X;.m=sup{x eR:u(x,m) >0} —b(r).

Evidently one has that Xg,, < Xo,+ X,m, 0<r<m. It is also clear that
for each k >1 the variables X(,—1)t,mk, m =1, are independent identi-
cally distributed. Further, for each m >0 the set of variables {X,, u+k:k>
0} have the same distribution as {X,,+1, m+k+1:k > 0}. Finally one notes
from!) that E[X{,] < oco. The result follows now from the subadditive
ergodic theorem, Theorem 2.6 of Chapter VI of ref. 11. To generalize to
the case b(0) —a(0) >0, let by (m) denote the values of b(m) for the Heav-
iside initial data just considered. It follows now from ref. 18 that

b (m) +a(0) <b(m) <by(m)+b0), m=1,2,...,

whence the result for Heaviside initial data implies the general result. ||

To extend the limit in Lemma 5.1 to all r — co we use a result of
ref. 20 which directly applies to the situation here.

Lemmab.2. Let 0 <t <1, a>0. Then there is a constant C(o)
depending only on o, such that

C(o) —a?
p [Oililzt{b(s) —b(0)} > a} < A exp [W] )

Proof. Same as for Proposition 3.2 of ref. 20. |
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Lemma 5.3. Let u be a solution of (1.3) such that —oo < a(0) <
b(0) <oo. Then there is a constant c(o) > —oo depending only on o such
that,

lim @ =c(0)
—00
with probability 1.
Proof. 1t follows from Lemma 5.2 that for m=1,2, ..., there is the

inequality,

P|: sup {b(s+m)—b(m),b(m+1)—b(s+m)}>ﬂi|

0<s<1
< C(o)exp[—m/8].

Hence the result follows from the Borel-Cantelli lemma. [}

Lemma 5.4. Let c(o) be the wave speed as defined in Lemma 5.3.
Then c(o) >0.

Proof. We can assume wlog that a(0) =0, whence

0

<ulx,t)> = / G(x—y,t)dy.
o0

Thus for x <0,

]

1 —z2
<1—u(x,t)></ ——exp| — |dz
x| V4t p|: 4t :|

< " x -
SV T |

> 1
Z P (u(—m2/3, m) < E) < 00.
m=1

We conclude from Borel-Cantelli that

It follows that

1
liminf u(—m?3,m) > =
m—00 2

with probability 1. The result follows. |
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Next we wish to show that c(o) > 0. First we show that this is the
case for a discrete version of (1.3). Proceeding as in ref. 5 we discretize
the x axis with lattice spacing & to obtain the system of equations,

8uf‘;§ 0= h_Dz b Ce+h, 0)=2ux, )+ulx —h, )]
+yulx, H[1 —ulx, )]+ %\/M(X, DI —u(x, n] W(x, 1),

.1

where the W(x,t), x € hZ, are independent copies of white noise. It
was shown in ref. 5 that expectations of polynomials in the variables
u(x,t), x € hZ, are equal to expectations for a dual process N(t): Z —
Z7 where ZT denotes the non-negative integers. Let N(t) = (..., N;_1 (1),
N;i(t), Nix1(),...), where N;(¢) is the number of particles at site i € Z.
The Markov chain N(z) is defined by the transition rates at which parti-
cles are born, coagulate and diffuse. Birth, for which A— A+ A, occurs at
rate y. Coagulation, for which A+ A — A, occurs at rate o2/h. A particle
diffuses from i € Z to i +1 at rate D/h* and also from i to i — 1 at rate
D/hz. Let u(x,t) be the solution of (5.1) with initial data u(x,0)=1,x <0,
u(x,0)=0, x>0. Then from ref. 5 we have the identity,

<u(x,t)>
=P[N;j(1)>0 for some j<O0 | N;j(0)=0,i#x/h, Nen(0)=1].
(5.2)

We can bound from below the probability on the RHS of (5.2) by the
probability for a Markov chain on iZ x {1, 2}. The transitions in the chain
occur at exponential rates as follows:

(x,2) = (x,1) at rate 02/h +2D/h2,
(x,2) > (x—h,1) at rate 2D/ h,
(x,1) = (x,2) at rate y,

(x,1) > (x+h,1) at rate D/h>,
(x,1) > (x—h,1) at rate D/h> .

Let [X (), s(t)] with X (¢) e hZ, s(t) €{],2} be the position at time ¢ of the
Markov chain with these transition rates.
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Lemma 5.5. There is the inequality,

PIX()<0 | X(0)=x, s(0)=1]<P[N;(t)>0 for some j<O0 | N;(0)=0,
i#x/h, Nejp(0)=1].

Proof. We do this by a coupling argument. Consider the initial state
N(0) of the Markov chain N(¢) to consist of 1 red particle at site x/h e Z.
The state at time ¢ consists of black particles and 1 red particle or black
particles and 2 red particles on the same site. The transitions between
black and red particles are as follows:

(a) Black particles give birth to black particles, and 2 black particles
coagulate to 1 black particle.

(b) A black particle and a red particle coagulate to 1 red particle,
while 2 red particles coagulate to 1 red particle.

(¢c) If there is just 1 red particle it gives birth to a second red
particle. If there are 2 red particles on the same site they give birth to
black particles.

(d) Suppose there are 2 red particles at i € Z. If one of the red parti-
cles moves to i +1 it becomes black. If one of the red particles moves to
i — 1 it remains red but the red particle left at site i now becomes black.

Let X(¢)/h € Z be the position of the red particles at time ¢ and s(¢)
be the number. Thus X () ehZ, s(t) €{1,2}, X(0)=x, s(0)=1. It is clear
that [X(¢),s(t)] € hZ x {1,2} has the same law as the Markov chain we
already defined, whence the result. ||

Lemma 5.6. Suppose x >0, >0 and put p =2Dyt/[c% + yh +
4D/h]—x. There is a constant C(D, y, h) >0 depending only on D, y,h,
such that if p >0 there is the inequality,

B B C(D,y,h) "
P(X®)>0 | X (0)=x, s(O)—1)<TCXP|: C(D,)/,h)t]‘

Proof. Let f:hZ x {1,2} — R be a bounded function and v(x, s, t)
be given for x e hZ, s€{l,2},t>0 by

v(x,s,t):E[f(X(t),s(t)) | X(0)=x, s(O):s].
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Then v(x,s,t) is a solution to the equations,

ad D
a—l;(x, l,t)=ﬁ[v(x+h, 1,t) —2v(x, 1,t) +v(x —h, 1,1)]

+y[v(x,2, 1 —v(x, l,t)], (5.3)
2—’;(x, 2.0 = Zh—D[v(x —h 1.0 —v(x 2, t):l
2
+ (% + i—?) [v(x, 1,6) —v(x, 2, t)]

with initial condition v(x,s,0) = f(x,s). Since the equations are transla-
tion invariant we can solve them by going to Fourier variables. Thus for
&e[—n/h,m/h] we define D(&,s,t) by

DE, s.)=h Y vx,s.1) e

x€hZ

Then we have that
a ﬁ($7 1’t) IA)(E’ 17t)
Fm =A(§) ,
0(§,2,1) 0(§,2,1)

where A(§) is the 2 x 2 matrix,

— —i—?[l—coshé], y
Ag)=

2 . 2
o” 4 2D ihgy  —o” _ 4D
T + 02 [1+e"], T 72

Let a(&) be given by

2 D S))
a(g)z\/{g—h+%+ﬁ[l+coshé]} + hzy isinh& (5.4)
where we take the square root with positive real part. Then the eigenvalues
Ay (§), A—(&) of A(§) are given by,

2 2D D
k+($),/\—(§)=—{;—h+%+h—2+h—2[1—cosh§]}ia(s). (5.5)
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Define B(&) by

B)= y o D[1+cosh§]
2 2h k2 '
Then the eigenvectors corresponding to A (§), A_ (&) are given by [y, B(§)*
a(£)]". Hence the solution to the initial value problem (5.3) is given by

BE D) = [%ﬂs, D+ 5 e 2>} exp A4 (6)1]

a®)+BE) , o
[T@)f(é, 1) — mf(él)] exp[A_(®)1] ,

o?(E) - BAE) a(§)+BE)
— ol BB e )
206 fE D+ ()

206y _ o2(E) . _ .
| B =@ pe 1y L @O =BE) 2 o) lexpir_@nl.
2ya(§)

(5.6)
0(§,2,1) = [ f(SJ)} exp[A+(§)1]

2a(8)
We take now f(x,s)=e"%, x>0, f(x,s)=0, x <0, for any § >0, whence

f (&, 5)=h/[1 —explh(i& —8))]. (5.7)

With f given by (5.7) we need now to estimate,

1 w/h R it
v(x,l,t):E p v, 1,t)e d§.
-

We shall obtain estimates on v(x, 1, ) which are independent of § as § — 0.
We first consider

w/h

f(&, s)exp[r_(&)rle ¥ de

Z —n/h
1 n/h .
=— Re /0 (&, s)exp[r_(&)t]le "5 dE .

Observe that

h(l —e=%") + he=%" (1 — cos h&)

(1 —e=9m)2 4 2e=8h(]1 —cosh&) ’
he=%" sin h&

(1—e9m)2 4 2e=8"(1 —cosh&)

Re f(&,s) =

Im f(&s) =
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Hence there is a universal constant C >0 such that
w/h . R
/ [Re f(&,5)|+|sinhE Im f(&,5)|ds <C. (5.8)
0

We conclude that there is a constant C(D, y, h) independent of o such
that,

w/h .
|Re /0 f (.5 explr—(©)rle ™ de
SCD,y,W)[h+|x|+1]exp[—y1/2]. (5.9)
Using a similar argument we see that the terms on the RHS of (5.6)
involving exp[A_(&§)t] are bounded by the RHS of (5.9).
In order to estimate the terms on the RHS of (5.6) which involve
exp[r4(&)t] we first need to show that the real part of A, (&) is strictly

negative for & e[—n/h, w/h], £ £0. We write A4 (§) =—a(&) +«(§) where
a(&) >0 and a(&) is given by (5.4). Thus,

R (€)= -a®) +[Rea(®P | /la(®) + Rea(®)).

Observing that

[Rea(é)]2=%Ha(é)lz—i—Rea(é)z},
we conclude that,
Rew+()={—a®) — Rea®’]-a@?+|a@F | /2(a®) + Rea(®)).
From (5.4), (5.5) we have that

o? 4D | 2D
a(§)> — Rea(§)’ = {7+y + ﬁ} ﬁ[l —cosh&]>0.

Hence,

2
Rek+(€)={—([a(é)2—Rea($)2]+a($)2) +|a<s)|4} /
20a(®)+ Rea(®)} {[a(©)? - Rea ()] +a®)’ +1a(®)12}
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The numerator of the last expression can be rewritten as

—4a(€)’[a(¢)’ — Rea(®)*]+[Ima(€)*)

3
o2 4p|" 2D 4D%y*
<=1 —4y+—1 [l —cosh&]+ sin” h§

h h? h? h
4DV 4Dy?)] 2D
< - y+ﬁ 2 ﬁ[l—cosh§]<0.

Hence Rer (&) <0 for E€[—n/h,/h], £#0. In fact one easily sees that
there is a constant C(D, y, h) >0 independent of o such that

Rer (§)<—C(D,y,h)[l —cosh&], &e[—m/h,m/h] (5.10)

Next we need to analytically continue A (¢), & € R, into the complex
plane. To do this we use the identity,

Ay (§) = det[A(§)]/A—(§)

02+ +4D 20[1 he] 2Dy
=|1— —1 =—[1 —cosh&]—
TR W% 12

isinh$:| /A_(é).

(5.11)

It is clear from (5.11) that there are positive constants no(D,y,h),
C(D, y, h) such that A, (£ +in) is analytic as a function of & 4+in € C pro-
vided |n| <no(D, y, h), and

A4 (6) — A+ (E+in<C(D,y, h)nl (5.12)

in this region. It is also clear that for any 5 satisfying 0 <n <no(D, y, h)
there is the identity,

w/h

1 ~ .
3 f &, s)exp[hy(E)rle "4 dg
T Jn/h

w/h

=5 F&+in,s)explri(E +int]exp[—ixé +xnldé .
T J_n/h

For x >0, t >0, we define p by

p:2Dyt/ [02+yh +4D/h] —x,
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and assume p >0. Hence n=¢p/2D¢ lies in the interval 0 <n <ny(D, y, h)
for all >0, provided & >0 is chosen sufficiently small depending only on
D, y, h. Observe now the inequalities,

|f(E+in,s)l <e“+”>h/<8+n),

w/h R .
/ |Re f(§+in, s)|+[sinhé Im f(E+in,s)|dE<C, (5.13)
—7/h

where the second inequality is just a restatement of (5.8) with § > 0
replaced by § +n. From these inequalities, (5.10), (5.12) we get a sim-
ilar inequality to (5.9). Thus there is an interval I, =[—C|(D, y, h)./e,
Ci1(D,y,h) /€] and constants Co(D, v, h), c3(D, y, h) such that

& [ f (& +in. s) explr (€ +in)rlexpl—ixé +xnld§
[=7/h.m/h]—I¢

< Cy(D, y, h)[h+ |x|+t]exp[—c3(D, y, h)et] . (5.14)

Finally we need to estimate the integral on the interval I, where we
may assume k& is small. To do this we write

XPL (& +imi)=exp | Re hos (€ +imi+i Im iy ()]
< {1+ (expli Im (o (E+in)—ry@EW]—D) . (5.15)

Observe that there is a constant C4(D, y, h), such that

‘ hO) |, 2DyhiG+in)

N gc Da 7h ) 2
A_(E+in) 02+ yh+4D/h)? 4(D,y, W& +in]

Hence from (5.11) there is the inequality,

A in)— —— <" S T _
e = T4 @2+ yh+4D/h)?

<Cs(D,y, h)|E+inl .

2Dyi(E +in) D:I 4Dy2h

}<s+in)2

Thus for e sufficiently small, depending only on D,y,h there is the
inequality,

2Dyn

DEg? 5
Re A i< ———+4+2Dp*— ———"1
e rr(§+in) 5 t2Dn o2+ h 14D/
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From the previous inequality one has that
Re Ay (E+in)t+xn<—D&%)2—e(1—e)p>/2Dt . (5.16)

The result follows now from (5.13), (5.14), (5.15), (5.16). |}
Corollary 5.1. Let ¢;(0) be the wave speed for the discretized equa-
tion (5.1). Then there is the inequality,

cn(0)=2Dy /o> +yh+4D/h] .

Proof. We proceed as in Lemma 5.4 and use Lemma 5.5 and
Lemma 5.6. Thus from (5.2) one has for 0 <x <2Dyt/[c> 4+ yh+4D/h]
the inequality,

<1 —u(x, t)>< CD,y.h ex |: —r’ :| .

it C(D,y,h)it

Now we follow the argument of Lemma 5.4. |I

Remark 1. The lower bound on ¢, (o) in Corollary 5.1 is consistent
with the conjecture ¢;(0) ~2Dy /o> as o — oo stated in ref. 5.

The lower bound on c¢; (o) in Corollary 5.1 goes to 0 as 2 — 0. In
order to get a positive lower bound on c(c) we need an estimate which
remains positive as h#— 0. To do this we define a Markov chain similar to
but somewhat more complicated than the Markov chain studied in Lemma
5.6. The state space for the chain is hZU (hZ x hZ). The transitions in the
chain occur at exponential rates as follows:

x — x+h at rate D/hz, xehZ,
x — x —h at rate D/hz, x €hZ,
x —> (x,x)ehZ x hZ at rate y, xehZ,
(x,y) = (x+h,y) at rate D/hz, X,YEhL,
(x,y) = (x—h,y) at rate D/h>, x,y€ehZ, (5.17)
(x,y) = (x,y+h) at rate D/h®>, x,y€ehZ,
(x,y) = (x,y—h) at rate D/hz, X,YEhLZ,
(x,x) — x€hZ at rate oz/h, x ehZ,
(x,y) = min[x, y]e hZ at rate Ay, x,y€hZ.
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The final rate A, >0 has yet to be determined. Any positive value of
Ao yields a positive lower bound on ¢(o). We shall see later how to choose
Ao to obtain an optimal lower bound on c¢(o) for large o.

Lemma 5.7. Let X;,(r) be the Markov chain on hZ U (hZ x hZ)
defined by the transition rates (5.17). Then there is the inequality,

P[X 1 (¢) has at least one coordinate which is not positive ]Xh 0)=x ehZ]
<P[N;j(t)>0forsome j<O0|N;(0)=0, iz#x/h, Nep(0)=1].

Proof. We proceed as in Lemma 5.5. Thus for the many particle sys-
tem all but 1 or 2 particles are black and the remainder red. The transition
(x, y) — min[x, y] corresponds to the right most of 2 red particles turning
black. |

We wish now to estimate the probability that the Markov chain Xy, (¢)
started at x € hZ has all co-ordinates positive. Since the chain is more
complicated than the one considered in Lemma 5.6 we shall proceed
differently. We define random variables 1, Yj;(¢), t <15, as follows: Con-
sider X (z) with A, =0 started at (0,0) € hZ x hZ. Then 1, =inf{r > 0:
X, (t)ehZ}. For 0 <t <1, the variable Y, (¢) is the minimum of the 2 co-
ordinates of X, () e hZ x hZ. We define functions ay, by, as

ah(G,t)zE[eXp{GYh(t)} : t<rh], 0,t>0,
bn@.0) = Elexp o] | m=1]. 6,10,

With A, as in (5.17) let T1,T»,..., be ii.d. exponential variables with
parameter A,. Let 7.1, 72, ..., be 1.i.d variables which have the same dis-
tribution as the variable t; defined above.

Lemma 5.8. Let 7, be an exponential variable with parameter y.
Then for 6 >0 there is the inequality,

P(all coordinates of X (¢) are positive | X, (0)=x€ehZ)

o0 m
<Y (mn-:k>E{Hah(9,T,) sup @y (6, 5)

m, k=0 r=1 0<s<Tpy1
. 2D
X l_[ bn (0, T r) exXp [—Aa{rh’l—}—. . .+rh,k}] exp |:h—2{cosh(9h)—1}{t—Th,m,k}}
r=1
(l‘_Th,m,k)+ (ys)erkfl
x / "
(

e”yds} :
I Ty~ Ty~ Ty (M Ak —=1)!
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where T}, 18 the random variable,
Thmpe=T1+---+Ty+tHh1+- -+ Thk. (5.18)

The term in the summation corresponding to m =k=0 is given by

exp |:2h—12){cosh(9h) — 1}ti| E |: sup ap®,s); T, +T1 > t:| . (5.19)

O<s<Ti At

Proof. We need to show that the RHS of the inequality is an upper
bound for

E [exp{0Xn(D)} | Xp(0)=x€hZ],

where X}, (¢) is the minimum of the co-ordinates of X;(¢). We consider first
the situation where X, (s) €hZ, 0<s <t. It is evident that

E|:exp{9}_(h(t)} |X4(0) = 0, X (s) ehZ, 0<s<ti|

= exp |:2h—12){cosh(9h) — l}t] ,
P(Xp(s)ehZ, 0<s<t) = P(T,>1) . (5.20)

Next we consider the case where a particle is created at time T, <t and
Xp(s)ehZ x hZ for T, <s <t. This corresponds to the inequalities,

T, <t<T, +min[T7, 7j,1]- (5.21)

Suppose now T,,, T are fixed and we take the expectation on the event
(5.21),

E [exp{6 X4 (1)}; no particle deletion before time ¢ | X;(0)=0, T, Ti]
2D
=exp [ﬁ{cosh(Gh) — l}T),i| ap@,t—T,)

<exp [Zh—lz){cosh(eh) — 1}ti| sup ap(0,s) . (5.22)

O<s<Ti At

We conclude then from (5.20), (5.22) that
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E [exp{# X, (t)}; at most 1 particle creation and no deletion by time
t | Xn(0)=0]

2D
<exp [ﬁ{cosh(eh) — 1}t] E |: sup ap,s); T,+T >t:| .

O<s<TiAt

The RHS of the last inequality is the same as (5.19).

We consider now the situation where there are m+k > 1 particle dele-
tions before time 7, m of these occurring by virtue of the final transition
in (5.17) and k of them by virtue of the penultimate transition of (5.17).

Note that there are
m-+k
m

ways of ordering the particle deletions. Let T1,..., T, be the times from
creation to deletion for particles which are deleted by virtue of the final
transition in (5.17). Then Ti, ..., T, are independent exponential variables
with parameter A,. Similarly let 7 1, ..., 7t be the times from creation
to deletion for particles deleted by virtue of the penultimate transition of
(5.17). The variables tj 1, ..., T are i.i.d. with distribution the same as
7;,. Then we have

E |:exp {0X4()}; m+k particle creations and m + k particle
deletions before time ¢, m of the deletions being by virtue of

the final transition of (5.17) ‘ Xn(0)=0, T1,..., Ty, thi,.-. ,rh,k]

m k
- (’"“‘) [ [an®, T[] 216, th.r) exp [—ka{fh,l +‘“+’h»k}]
r=1

m
r=1

X exp [2}1_12) {cosh(0h) — 1} {1 — Th,m,k}j| , (5.23)

where Tj, k<t is given by (5.18). For n>0 let T, ,, be a Gamma variable
with parameters (n,y). The event in (5.23) corresponds to the inequality,

Tnvi,y + Thomx <t <Ty + Tty + Thom k- (5.24)
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The situation where there are m +k + 1 particle creations and m +k parti-
cle deletions before time ¢ corresponds to the inequality,

Ty + Tty + Thmx <t <min[Tyy1, Thpp1]+ Ty + Tnrksy + Thom k-
(5.25)

We have then the identity,

E [ exp {0 X, (1)} ; m+k+1 particle creations andm +k particle deletions
before time ¢, m of the deletions being by virtue of the final transition

of (5.17)) Xp(0)=0, T1,..., Tnt1, s> Thks Ty Ttkyy i|

Mk m
= ( m ) Hah(g, T:)ap (97 r— Ty - Tm—i—k,y - Th,m,k)

r=1

k
X 1_[ bp(0, th,r) eXp [— Aoftni+---+ Th,k}]

r=1

2D
X exp [ﬁ {cosh(0h) — B {T, + Tntk,y }] (5.26)
Observe now that in view of (5.25) one has

ah(Q,I—Ty _Tm+k,y _Th,m,k)< sup  ap(0,s).
0<s<Tnt1

We also have from (5.25) that T, + Tyuyk,y <t — Tpm k. Observe also that
the events (5.24), (5.25) are disjoint and that the union of these events is
contained in the event,

r— Th,m,k - Ty - Tm+1 < Tm+k,y <t— Th,m,k .

We conclude then that
E[exp {9}_(;, (t)} ; m+k or m+k+1 particle creations and m +k deletions

before time ¢, m of the deletions being by virtue of the final transition of
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(5.17) ( Xp(0) =0, Tivoo\ Tysts Thts--.  This Tyi|

<(’”+">1_[ah(9 1) sup an(®.s)

0<s<Thp41

o6 e [ = ottt il
r=1

x 6Xp [zh—'f {cosh(@h) — 1} {r — Th»nuk}]

t=Thmi)™ (ys)m-‘rk—l
| =T
(

—ys
y ds .
t*nr.m,k*Ty*Tmﬁ—l)*— (m +k - 1)'

The result follows from this last inequality on taking the expectation and
summing w.r.t. m, k. |

We need to estimate the RHS of the inequality in the statement of
Lemma 5.8 in such a way that our estimates are uniform as 2 — 0. We
begin with the function a; (6, t). To do this we define a Markov chain with
state space {(y1, y2) €EhZ x hZ.:y| > y>}. The transitions in the chain occur
at exponential rates as follows:

(v1.y2) = (yi+h,y2) at rate D/h?, y >y,

(v1.y2) = (y1—h,y2) at rate D/h?, y >y,

O1,y2) = (y1,y2+h) at rate D/h?, y; >y,

O1,y2) — 1, y2—h)  at rate D/h?, y; > y2, (5.27)
(v1,y2) = (v1+h,y2) at rate 2D/ W%, y; =y,

(1, y2) = (y1,y2—h) at rate 2D/h%, y; =y,

(y1,y2) — Kkilled at rate oz/h, Y=y,

Let 75, be the killing time for the Markov chain defined by (5.27). Then if
the position of the walk at time ¢ is (¥, 1(¢), Ys.2(t)) € hZ x hZ, one has
the identity,

an(®,0)=E [exp{—0Y, 1D}t <t | ¥3,1(0)=Y;2(0)=0].

Let f be a real valued function on the state space of the chain (5.27) and
consider

un(1, y2. D=E [ f (Y1), Ya2(0)) st <t | Yi1(0)=y1, ¥2(0)=)].
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Then uy, satisfies the partial difference equation,

uy, D
W()’l, 2, 1) = ﬁ[uh()’l +h, o, t) Fup(y1 —h, y2,t) Fup(y1, y2+h, t)

+uh(y17Y2—h,t)—4uh()’1,y27t)], yi>y2, (5.28)

duy, 2D
W()’lv}’Zat) =7 up(y1+h, y2.6) +up(y1, y2 —h, t) = 2up(y1, y2, t)
o2

for ¢t > 0 with initial condition,

un(y1, 52, 0= f (1, y2), »m =2y (5.29)

Next we define a Markov chain with state space {z € hZ:z>0}. The
transitions in the chain occur at exponential rates as follows:

7 — z+hat rate 2D/h2, z>0,
z — z—hat rate 2D/h2, z>0,
0 — hat rate 4D/ h?,

0 — killed at rate o2/h.

(5.30)

Let Z,(t) be the position of the walk at time ¢ determined by (5.30). For
a real valued function g on the state space of the chain (5.30) we put,

vz, ) =E [g(Zn(0);t <th | Zn(0)=2], (5.31)

where 7, is the killing time for the chain. Then wvj satisfies the partial
difference equation,

el 2D
%(z,t) = h—2[vh(z+h,t)+vh(z—h,t)—2vh(z,t)], z>0,

9 4D 2
%(0, 0 = T [on(h. ) =04 0.0 - %vh 0, 1), (5.32)
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for ¢t >0 with initial condition,
un(z,00=¢g(z), z=>0. (5.33)

Observe that there is a relation between the chains (5.27), (5.30). Thus if
vp(z,1) is a solution of (5.32) with initial condition (5.33) then u,(y;, y2,1t)
=vp(y1 —y2, 1) is a solution of (5.28) with initial condition (5.29) given by
fO1,y2)= g(y1 —y2). In terms of expectations we have the identity,

E[g(Yn1(t) =Yho®) it <t | Yn1(0)=y1, Y;2(0)=y]
=E[g(Zn0);t <t | Zn(0)=y1—y2]. (5.34)

We can extend the identity (5.34) by an inequality when the function
f(y1, y2) is no longer just a function of y; — y».
Lemma 5.9. Let u; be the solution of (5.28) with initial condition
f given by
FO1y)=e P02 gy —yy), = (5.35)

Let vy be the solution of (5.32) with the diffusion constant D in the
equation replaced by D cosh(64/2) and with the initial condition (5.33).
Then there is the identity,

up(y1, y2,1) = GXP[—G(Yl +y2)/2

4D Oh
+ﬁ {COSh <7> - 1}l]vh,9(y1 =y2,1), y1=y2, t>0.
(5.36)

Proof. 1f we take uj to be the RHS of (5.36) then one can easily see
that it has initial condition (5.35). One can also see that for this function
the LHS of (5.28) is larger than the RHS. The inequality (5.36) follows
now by the maximum principle. ||

Lemma 5.9 will enable us to estimate the function a;(0,t). Next we
turn to the problem of estimating the function by (0, t). To do this we con-
sider an elliptic problem. Let f be a real valued function on the state
space of the chain (5.27) and for any A >0 consider

un(1,2) = E | £ (Y1 (@), Yi2()) e

V1@ =1, Y20 =]
(5.37)
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Then uy, satisfies the partial difference equation,

4D D
57 TH)un(. y2) = h—z[uh(yl +h, y2) +un(yr —h, y2)

Hup (Y1, y2+h)+up(y1, yz—h)], 1> y2,
(5.38)

4D o2 2D N N
52 T A O y2) = o7 lni+hy y2) +un(yr, y2 = bl
o2

to fOLY). yi=x .

If we take f=1 in (5.37) then we obtain an identity analogous to (5.34).
That is one has uy(y1, y2) =vi(y1 — y2) where vy, (z), z>0, satisfies the par-
tial difference equation,

4D 2D
<ﬁ+)‘-)vh(z)=ﬁ[vh(z—i_h)_‘_vh(z_h)]’ Z>07

4D o? 2D o?

Lemma 5.10. Let u; be the solution of (5.38) with the function f
given by

—0(y1 +y2)/2’

fO1, ) =e yi=y2,

and A satisfying the inequality

4D 6h
A> 5 |:cosh <7> — 1i| .

Let v, be the solution of (5.39) with the diffusion constant D in the
equation replaced by D cosh(6h/2) and A in the equation replaced by A —
%[cosh(@h/Z) —1]. Then there is the identity,

)= e 001+y2)/2

up(y1, y2 vro(Y1—Y2), Y122
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Proof. Substitute the ansatz for uj into (5.38) and use (5.39) to ver-
ify that (5.38) holds. |

We can use Lemmas 5.9 and 5.10 to bound the terms on the RHS of
the inequality in Lemma 5.8.

Lemma 5.11. Let ¢®* Y, Ay be the RHS of the inequality in
the statement of Lemma 5.8. Let Z;(¢) be the walk defined by (5.30) with
the diffusion constant D replaced by D cosh(6h/2). Let &5, (6) be defined
by,

8,0 () :/ E[1—exp{—0Zy(t)/2}:t <t|Z1(0)=0]e " Asdt.
0

(5.40)
Then for N=0,1,2,..., there is the inequality,
Y Ami <exp [%{cosh(@h) - 1}:} {1=8n00)}"
m+k=N
« /0 t E)z/\/S)—Nl_)t ey ds. (5.41)

Proof. For N =0 the integral in (5.41) is not part of the inequality.
It follows now from (5.19), (5.36) and the inequality,

4D Oh

= {cosh (7) - 1} gzh—lz){cosh Oh)—1}, (5.42)

that (5.41) holds for N =0. Consider now N >1 and m, k fixed with m +
k= N. Then there is the inequality,

k 2D
Am i < (m;l— ) exp [ﬁ{cosh(eh) - 1}ti|

m

<[]k [ah(e, T.)exp [—zh—l;{cosh(eh) - 1}T,H

r=1

k
0
xXE [ sup  an(0, S)} l_[ E[exp{ 5 (Y1 @Thr) + Ya2 (Tn) ]

O<s<Tpp1 At r=1

_ [xg n Zh—];{cosh(eh) _ 1}} rh,,} ‘ Yh,l(O)zyh,z(O)zo}

t (}/S)N_l
o (N=1)

e yds .
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By Lemma 5.9 and (5.42) there is the inequality,

2D
E [ah(Q, T,) exp [—h—z{cosh(Oh) — 1}Tr:|]
</ E[exp{—0Zy(1)/2};t <7y | Z;,(O):O]e_)\"t)\(7 dt
0
=/ P(t <t | Zu(0)=0)e "%y di —8,0(6),
0

where Z; is the random walk defined by (5.30) but with the diffusion con-
stant D replaced by D cosh(6h/2). From Lemma 5.10 and (5.42) there is
the inequality,

0 2D
E|:GXP {—5 [Yn1(@nr) + Ya2(thr) ] — |:)L0 + ﬁ{COSh(Qh) - 1}:| Th,r}
‘ Y,1(0) =Y 2(0) =0:| <E[e7™|Zy(0)=0] .

where again Zj is the random walk defined by (5.30) with D replaced by
D cosh(6h/2). Observe now that

o0
/ P(t<t | Zn(0)=0)e"Ay dt+E[e ™ | Z,(0)=0]=1.
0

The inequality (5.41) follows now from the previous inequalities. [

Lemma 5.11 enables us to find a bound on the probability in the
statement of Lemma 5.8. This bound grows however exponentially in ¢ as
t — 0o. By a slight modification of the argument of Lemma 5.11 we can
obtain a bound which decays exponentially in # as ¢t — oo.

Lemma 5.12. Let « satisfy the inequalities 0 <« < 1, ay < A,.
Define ;5.4 (6) by (5.40) but with A, replaced by A, —ay > 0. Suppose
« also satisfies the inequality,

a[l+y/re]<h0,a(0). (5.43)
Then there is the inequality,

P (all coordinates of Xj(r) are positive | X;(0)=x€hZ)
_ a e (1—a)
S a2y Ao Bh0.a(®) —a(y + )

4D
exp [Hx + ﬁ{cosh(éh) — 1} - ayt] .
(5.44)
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Proof. We use the notation of Lemma 5.11. From the inequality,
OV IN=DI<A =) M expl(1 —a)ys],

we have that for m+k=N>1,

(t=Thmp)™ s)NV-1
E [/ (V ) e—ys,y dS ‘ Th,m,k}
(

t*Tth.k*Ty*TnH—l)*- (N - 1)'

exp [—ayt +ay T mi] E [explay (Ty + TuiD}] .-
(5.45)

<—
a(l —a)N-1

Since T}, and T, are exponential variables with parameters y, A, respec-
tively one has that

Ao

E [explay (Ty + T} = A=) —ay)

where we have used the assumptions @ <1, ay <Xi,. We conclude that the
expectation on the LHS of (5.45) is bounded by

1
a(l—a)N Ly —ay

exp [ay Thmi —ayt].

Proceeding as in Lemma 5.11 we have now instead of the inequality (5.41)
the inequality,

o
A 4D
E Ami < A—U exp |:—2{cosh(9h) — 1}t —ayt}
mAk=N a(de —ay) h

N
y {M} _ (5.46)

(o —ay)(I—a)

The inequality (5.46) evidently also holds for N =0. In view of (5.43) the
sum of the RHS of (5.46) w.r.t. N is convergent, whence we obtain (5.44). |

Next we wish to take the continuum limit # — 0 of Lemma 5.12.
In order to do this we find the continuum limit of the function §j »(6)
defined by (5.40).
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Lemma 5.13. For the function §; ,(0) of (5.40) there is the limit,

Ai%ah,g(e)zzuem/ [02+2\/2)\0D ] [\/ZJF@,/D/Z ] (5.47)

Proof. Let Z;(t) be the walk defined by (5.30) with the diffusion
constant D replaced by D cosh(6h/2). Let g be a bounded function on the
state space of the chain determined by (5.30) and define v, (z) by

o (2) = /0 ElsZuit < | Zu®=z]e ™1 dr,

where A >0 is an arbitrary parameter. It follows from (5.31), (5.32), (5.33)
that v, (z) satisfies the difference equation,

w%hz(eh/z)[zvh(z)—vh(z+h)—vh(z—h)]+)»Uh(z)=)‘g(z)’ 2>0,
(5.48)
4D cosh(6h/2 ’
% [vA (0) — va (W)]+ (% +A) v (0) =4g(0).

For 7/ ehZ, 7/ >0, let vy(z) = Gy n(z,Z') be the solution of (5.48) when
1g(z) is the Kronecker delta Ag(z)=h~18(z —z’). By standard calculation
one sees that G, ; is given by the formula,

/h
Gin(z,7) = Bp(@) [1+Uh2—h 2v +v2h? ]Z , 227,
/h
Gin(z.2) = Ch(@) [1 +uh? + 1y 2u+02h2 ]Z
[ h
+Eh(Z’)[1+vh2—hm]z ., 0<z<7,

where v=21/4D cosh(6h/2),

h 14+vh2—hy/2v+02h2 /0
S IR Mo | R VAR
? A V20 £ U

(5.49)
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02 /4D cosh(0h/2) —/2v + v2h?
02/4D cosh(0h/2) +/2v + vZh?

Ep(Z)=— { } Cu(@) , (5.50)
27 /h
BL(Z)=Ch(2) [1 +Uh2+h\/2v+vzh2] LB . (551
Note that in view of the fact that

%H\/2v+v2h2—vh] <1,

the coefficient of C,(z’) in (5.49) is strictly positive. It is evident that the
limit of the function G, j exists as h— 0 and is given by the formula,

A‘ /
G,(z,2)=B()exp [—z D ] 727, (5.52)
Gi(z,7) =C()exp z,/—)L +E(Z)exp —z,/—k 0<z<7
A ) 2D 2D ’ X ’

where

/ 1 ;| A
C(Z) = exp|:—z — :|

220D 2D
2_2J2.D
E@)=-Z"Y22 ), (5.53)
02 4+24/2AD

N o / / L /
B(z')) = C(Z)exp |:2z ‘/2D i|+E(z ).

Suppose now g:R™ — R is a continuous bounded function satisfying
£(0)=0. Then the solution of (5.48) is given by the formula,

vm@=r Y, h Gk ew) .
7ehZ, 77>0

Evidently one has that

lim vy (z) =v(z) =X f G (z,2)g(2)d7 .
h—0 0
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Note also that v(z) is the solution to the boundary value problem which
is the continuum limit of (5.48),

—2Dv"(2) + a(z)=rg(z), z>0, (5.54)
V' (0) = o2 v(0)/4D.

Now to compute the limit of 8, ,(9) as h— 0 we observe that 8, ,(0) =
v;(0) where the function g is given by

g(@)=1—exp[—6z/2], z=0.
Since g(0)=0 we have that
o0 ’
lim 8. (0) =xf G1.(0,7) [1 et /2] dz’.
h—0 0
One can easily compute the RHS of this last equation from (5.52), (5.53),

to obtain (5.47). |

Remark 2. A boundary value problem similar to (5.54) has been
previously studied in the context of particle systems (see ref. 17).

Lemma 5.13 enables us to take the continuum limit of Lemma 5.12.
We do this under the assumption that solutions of the discretized equation
(5.1) converge in distribution to solutions of the continuous equation,

2—’:(x,t)=Duxx+yu(l—u)—i—a\/u(l—u) Wx,t) , (5.55)

as h— 0.

Lemma 5.14. Let u(x,7) be the solution of (5.55) with initial con-
dition u(x,0)=1, x <0, u(x,0)=0, x>0. Let « satisfy the inequalities,
0O<a<l, ay <i,. Define 8, 4(0) by

50.0(60) =2D@ﬁ/ [02 +2V20D ] [ﬁ+9\/D/2 ] ,
where A =1, —ay > 0. Suppose « also satisfies the inequality,

a[l+y/rs] <85.a(0). (5.56)
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Then there is the inequality,

a I (1—a)
O(Zy + Ao, (0) —a(y +As)

(I—u(x, )< exp[fx +2D6%t —ay1] .

(5.57)

Proof. The result follows from Lemma 5.12, Lemma 5.13, the iden-
tity (5.2) and Lemma 5.7. |

The following lemma now completes the proof of inequality (1.7) of
Theorem 1.2.

Lemma 5.15. Let ¢(o) be the wave speed for the equation (5.55) as
defined in Lemma 5.3. Then c(o) >0 for o >0 and there is the inequality,

liminf o2 ¢(o) =2Dy . (5.58)

o —> 00

Proof. We apply the argument of Lemma 5.4 and we use Lemma
5.14. Let a(o, ) be the value of « determined by equality in (5.56). Then
one has that

lim a(0,0)/0 =2D/[0? +2v2AD J[1+y/rs]=a(0).

By choosing 6 in (5.57) to be sufficiently small and independent of ¢t we
see that c(o) > a(o)y provided 0 <a(o) <1, a(o)y <As. By choosing A, =
o2 and letting o — oo we obtain the inequality (5.58). |
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