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1. Introduction

We state and prove here a new set of existence theorems for problems
of optimal control in Banach spaces. These theorems come from work
done recently in three different directions. There is the work done
by the use of property (Q), Kuratowsky’s property (K), and inter-
mediate properties (Q*) (Cesari, Refs. 1-4); and Cesari and Cowles,
Ref. 5) in connection with various closure and convergence properties
of operators in Banach spaces (Cesari and Kaiser, Ref. 6; and Kaiser and
Suryanarayana, Refs. 7-8). There is the work done in the line of geo-
metrical properties of the relevant sets [property (P) and variants],
which are similar to the familiar ones in Filippov’s existence theorem
(Cesari, Refs. 9-10). There is finally the work done in the line of
Krasnoselski’s approach to Nemitsky’s operators, based on analytical
properties of the relevant functions [Lipschitz-type and growth-type
conditions (F), (G), (H)] and no use of seminormality conditions (Cesari
and Suryanarayana, Refs. 1]1-12). Work of Berkovitz (Ref. 13) [on the
connections between closure and covergence properties and on the use
of properties of the type (F)] is parallel to that mentioned in the first
and third of the viewpoints above.
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In the present paper, we consider problems in a Banach space
setting, having mainly in mind multidimensional problems with distribu-
ted parameters (though usual one-dimensional problems are well
included). In Part 2, we shall consider problems with distributed and
boundary controls in Sobolev spaces.

In independent papers, Cesari (Ref. 14) and Suryanararyana
(Ref. 15) will prove existence theorems for linear problems without
convexity requirements, and Suryanarayana will also prove that convexity
and monotonicity-type properties imply property (Q).

2. Mayer-Type Problems

2.1, Definitions. We deal here with a topological space (X, 7),
with a Banach space B with norm | ||, and with metric spaces (G, p),
(Y, d), (U, d'). In most applications, X will be also a Banach space and =
its weak topology. We assume that G is also a finite, complete measure
space (G, «, p) such that the o-algebra « contains the Borel sets of (G, p)
and p is regular. Concerning Y and U, we assume that they are o~com-
pact, that is, the countable union of compact subsets. Let 4 be any
subset in G X Y such that, forany ¢ € G, theset A(t) = [y e Y, (t, y) € 4]
is nonempty. For every (¢, ¥) € 4, let U(t, y) be a given nonempty subset
of U. Let f(¢, y, u) be a given function defined on the set

S =[(ty,)eG x Y x Ult,y)e 4, ue U, y)]

with values in B, or f: § — B.

We assume that 4, S, and the function f satisfy a Carathéodory
condition (C) on G, that is, given e > 0, there is a compact subset K C G
such that u(G — K) < e, the sets

A =[(t,y)ed|te K], Sk =[(y,u)yeS|teK]

are closed [in the product topologies of (G, p) X (Y, d) and (G, p) X
(Y, d) x (U, d"), respectively], and that f restricted to Sg is continuous
(in the weak topology of B). Thus, thereisaset TC G, Te o, o(T) =0,
such that, for all t € G — T, the sets

AW =[yeYitnedl, SO =I[»nweY xUlty,u)es]

are closed, and f(t, -, ) is continuous on S(t). We shall denote below by
Ty,someset Ty C G, Toeoa, u(Ty) =0, TCT,.
For any Hausdorff space H, we shall denote by (G, H) the set of
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all u-measurable functions on G with values in H. For any Banach space,
B, we denote by L(G, B) the set of all strongly integrable u-measurable
functions z on G with values in B.

For any p, | <p << o, we denote by L,(G, B) the set of all
ze€L(G, B) with [|2(-)| €L,(G, E') and then [z, has the usual
definition. Usual conventions hold for p = co. Thus,

Lo(G, B)CL,(G, B)CL,(G, B)C u(G, B).

Let L, M be two operators (not necessarily linear) with domains
D(L), D(M) C X and values in L,(G, B), (G, Y), respectively, and let
X, CD(L) N D(M) be a given nonempty part of their intersection. We
shall consider the restrictions of L and M on X, or

L: Xy~ L (G, B), M:X,— u(G,Y).

We shall say that a pair %, # is admissible provided xe X,
u e u(G, U), and

Mx(e) e A(E),  u(t) e Uz, Mx(t)),
Lu(t) = f(t, Mx(t), u(t)), pae inG.

Then we say that y = Mxeu(G, Y) is a state function, and that
u € p(G, U) is a strategy, or control function.

We shall consider a given collection £ of admissible pairs x, u.
Then, we shall denote by {x}, the collection

{x}o = {x e Xy, (x, u) € 2 for some u},

and we have {x}, C X, C X.

Finally we assume that a lower semicontinuous functional [/ is
defined in {x},, that is, I: {x}o — E', or in a larger class of elements
x € X,. We say that the class £ is closed (with respect to the Mayer
problem under consideration) provided, whenever (x , u;) € 2 (that is,
xe{xto), kR =1,2,., %, —=xin (X,7) as k— o0, xe X, and there
is some u € u(G, U) such that x, « is admissible, then there is also some
%€ w(G, U) with (x, #) € 2, thus x € {x}, , and

I[x] < lim klilof; I[x,].

Actually, in most Mayer problems, [ is continuous on {x}, in the topology
7 of X relatively to X .
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2.2. Geometric-Type Condition (P): A Drastic Reduction of
Property (Q). For (¢, y) € A, we shall consider below the sets

Ot,y) = f(ty, Ul y)) = [ Bz = f(t, 5, u), ue U, y)].

We say that the sets Q(, y) satisfy property (Q) with respect to y at the
point (4, , ¥,) € A provided

Q(to ’3’0) == ﬂ clco U Q(to ,J’),

>0 veNelyg)

where
Ndyo) = [y € A(to), (3, 3) < €].

We say that, for a given £, € G, the sets O(#, y) have property (Q) with
respect to y in A(#,) provided the property above holds for all y, € A(z,).
Sets having property (Q) are necessarily convex and closed.

Property (Q) is an upper semicontinuity property for convex sets
(Ref. 3, Part 1) and was proved in Ref. 3, Part 2, to be an extension
of usual seminormality conditions for free problems of calculus of
variations (see also Ref. 7). Property (Q) is a variant of the analogous
Kuratowsky’s upper semicontinuity hypothesis for closed sets, or
property (K), which in the present terminology [property (K) with
respect to y at (t,, y,)] reads

Q(tﬂ a)’o) = U cl U Q(it} ’y)-

>0  yeNelyg)

Sets having property (K) are necessarily closed.

In Ref. 7, an intermediate property (Q*) was introduced. To this
end, let B = B, X B, , where B, and B, are both Banach spaces. We
say that the sets O(¢, y) satisfy property (Q*) relative to B, [or (B;, By)]
at the point (¢, , y,) € 4 provided, for any b, = (b}, bs*) € B = B, X B,,

Otg » yo) N {(BY, by?)| b* € By}

= Neteo| U O, n i@, 115 — b2 < 3].
>0 550 yeNelyg)

This condition (Q*) reduces to (Q) for B, = {0} and to (K) for B, = {0}.
On the other hand, property (Q*) can be expressed in terms of property
(Q) and suitably auxiliary sets, as it was shown in Ref. 7.

In the following, for any given N > 0, we denote by V(0, N) the
subset of the Banach space B defined by [z € B ||| 2| << N].

For sets O(t, v) which are closed and convex, the following geometric
type conditions (P) represent a drastic reduction of property (Q).

We say that the sets Q(¢, y), ¥ € A(¢), satisfy condition (P1) if
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there is a bounded p-measurable function p(2), te€ G, peu(G, B),
p: G—> B, l|p(ly <o for all teG, such that p(¢) € Q(t, y} for all
teG— Ty, ve A(s).

We say that the sets O(t, y), v € 4(2), also satisfy condition (P2) if,
for every t€ G — T, and N > o, (o as in P1), the convex closed equi-
bounded sets O(t, ) N V(0, N) satisfy property (Q) with respect to y
in A(z).

Property (P1) is certainly satisfied if, for instance, all sets Q(f, y)
contain the origin of B [or all sets U(¢, ¥) contain the origin of U and
Jf(t, »,0) = 0]. This condition is usually satisfied in applications.

Concerning (P2), we only note that, for B = E", Y = Es, U = E™,
the sets O(¢, ¥) N V(0, N) are convex, equibounded, and compact, and
the less demanding property (K) can well replace property (Q) in (P2).
Moreover, property (P2) is then certainly satisfied if | f(¢, v, #)] — o0 as
{u|—> - oo uniformly on any bounded subset of A(t) [as a consequence
of the mere continuity of f on S(¢) for £ G — T;]. For convex equi-
bounded compact sets in Euclidean spaces, property (Q) is equivalent to
upper semicontinuity by set inclusion, and thus (P2) is similar to the
analogous requirement in Filippov’s existence theorem.

2.3. Properties of Operators. Let (X, 7) be any topological
space , Z a Banach space, X, a subset of X, and 4: X, — Z a given
operator, not necessarily linear.

The operator 4 is said to have the strong {(weak) closure property on
X, with respect to (X, 7) provided v, € X, , k=1, 2,..., %, — x in (X, 7)
as k— oo, x € X, , Ax, — y strongly (weakly) in Z implies that 4x = y.

The operator A is said to have the strong (weak) closed graph
property on X, with respect to (X, 7) provided x,e X, k=1, 2,...
x,—x in (X, 1) as k— o, xe X, Ax;, — y strongly (weakly) in Z
implies that x € X, and Ax = y.

We mention here that, whenever X, = X, closure property and
closed graph property coincide. In our previous paper (Ref. 5), it was
always assumed that Xy = X; and, in all examples in Ref. 5 concerning
some Sobolev space X, the closure property was satisfied.

The operator 4 is said to have the strong(weak)convergence property
on X, with respect to (X, v} provided x,€ X, 2= 1, 2,..., ¥, —> x in
(X, 7) as k-»> o0, implies that there is a subsequence [k,] such that
Ay, , s = 1, 2,.., is strongly (weakly) convergent in Z.

If (G, o, p) is a finite measure space and Z = u(G, M) is the space
of all p-measurable functions over G with values in a metric space
(M, d) and 4: X; — Z, then we can define the convergence in measure
propesty on X, with respect to (X, 7).

80g/14/5-5
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If (G, o, p) is as above and Z = L,(G, B) is the space of all
p-integrable functions over G with values in a Banach space B, and A4:
X, — Z, then we can define a strong (weak) L, -convergence property
on X, with respect to (X, 7).

If XpoCX,CX and, in the properties above we assume that
x, € X9, B =1, 2,... (but x is still required to be in Xj), then we say
that the properties above hold relatively to X, .

If v, € Xog, %, — « in (X, 7) implies that x € X, then we say that
the closure of X, in {X, 7) is contained in X, or briefly ¢l X, C X,
[with respect to the space (X, 7)]. This property is trivial if X; = X.

If 2 is a class of admissible pairs x, u with x e {x}, C X; C X
u € u(G, U), we say that f has the strong (weak) convergence property
in L (G, B) for some p, 1 <<p <o, provided (x,,u,)ef, k=
1,2, &, — « in (X, 7) as k — oo implies that, for

2(t) = f(, 0(0), m(), te€Gk=1,2,..,

we have z;, € L,(G, B), and there is a subsequence [k,] such that z, — %
strongly (weakly) in L (G, B) as s — o0.

In some of the alternate conditions in Section 2.3 with ¥ and U
Banach spaces, we shall need also the following very mild continuity
condition (I") on f: there are a constant y > 0, a u-measurable function
I'(t) >0, te G, I"'e (G, EY), and a monotone nondecreasing function
hE =0, 0< ¢ <o, B0+) =0, such that, for all (¢, y,,u),
(2, y2,u) €S, with [ y1lly, | y2lly > lully <y, we have

e s u) — f(t, 32 wlip < F(t)h(E}yl — ¥ liy)-

This condition (I") is a consequence of condition (C)if ¥ = Es, U = E™
are both Euclidean spaces.

Concerning the measure space G and the Banach space B, we shall
need in some of our alternate conditions one or another of the following
properties:

(R1) Any sequence z,(?), t€ G, 2, €L,(G, B), k= 1,2,..., with
(| 2 llw << N for all k = 1, 2,..., possesses a subsequence which is weakly
convergent in L(G, B) [the same property for 5, € L (G, B), 1 <p << o0,
will be denoted by (R1),].

(R2) Any sequence g(t), t € G, 2, € Ly(G, B), k = 1, 2,..., which
is weakly convergent in L,(G, B) is equiabsolutely integrable in G.

(R3) Any sequence z(t), t€ G, z,€Ly(G, B), k = 1, 2,..., which
is equiabsolutely integrable in G (and thus also equibounded in L,),
possesses a subsequence which is weaklt convergent in Ly(G, B).

For B a Euclidean space, (R1) is well known, and (R3) is a restate-
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ment of the Dunford-Pettis theorem for finite measure spaces. For
1 < p << o0, (R1), is true for any separable reflexive Banach space B.

2.4. Existence Statement for Mayer Problems. Let 4, S, f
satisfy condition (C). Let us assume that 2 is not empty and closed,
that {x}, is sequentially relatively compact in (X, 7), and that [[x] is
bounded below on {x}o. Let us assume that both operators L and M
have the closure property in X, and that at least one of them has the
closed graph property in X, . Then the functional I{x] has an absolute
minimum in {x},, provided any of the following alternate assumptions
below holds.

Alternate Hypotheses. We list here only a few of the possible
alternate hypotheses. Requirements (AQ) to (AQ**) use variants
of property (Q); requirements (AP) to (AP)**) are of the geometric
type; requirements (F,), (G,,), (H,) are analytic conditions.

(AQ) B Banach, Y, U metric. We assume that (i) {x}, C X, C X;
(i) L: X, — L,(G, B) has weak convergence property relatively to {x}g;
(iify M: X, — (G, Y) has convergence in measure property relatively
to {x}o . We assume finally that, for every 1€ G — T, the sets O, )
are closed, convex, and have property (Q) with respect to v in A(?).

Alternatively, if we assume that f has weak convergence property
in L,(G, B), then (ii) can be deleted.

(AK) B Banach, Y, U metric. We assume that (i) {x}o C X, C X;
(i) L: Xy — L,(G, B) has strong convergence property relatively to {x}o;
(and 1i1) M: X, — u(G,Y) has convergence in measure property
relatively to {a},. We assume finally that, for every te G — T,
the sets O(¢, ¥) are closed and have property (K) with respect to y in A(?).

Alternatively, if we assume that f has strong convergence property
in Ly(G, B), then (ii) can be deleted.

(AQ*) B=PB; x B, Banach, Y, U metric; L=1L, X L,,
f=U b i §— By Lis Xy Ly(G, By), i = 1,2, M: Xy — (G, Y),
and equation Lx = f is replaced by L;x(t) = fi(t, Mx(¢), u(z)), t C G,
t = 1, 2. We assume that (i) {x}, C X, C X; (ii) L, has weak convergence
property; (iii) L, has strong convergence property; and (iv) M has
convergence in measure property (all L, , L, , M relatively to {x},). We
assume fipally that, for every te G — T, the sets O(¢, y) satisfy the
property (Q*) with respect to y in A(¢) and relatively to (B, Bj)
(see definition of property (Q*} in Section 2.2). Here we assume that
all operators L, , L, , M have the closure property in X, and that at
least one of them has the closed graph property in X, .
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The condition (Q*) reduces to (Q) for B, = {0}, and to (K) for
B, = {0}

Alternatively, if we assume that f; has weak convergence property
in Ly(G, By), then (ii) can be deleted.

Another combination of the various hypotheses, is, for instance, as
follows.

(AQ**) B = By x By X By x B, Banach, Y, U metric; L =
Ly X Ly X Ly X Ly, f = (f1, fa  fa s fah Jir S — By, Lyt Xy — Ly(G, By),

Lx(t) = f{t, Mx(t)), u(t)), i = 1,2, 3,4. Spaces B,, B,, B, may be
trivial, but B, is not. We assume that L, has weak convergence property,
Lg has closure in measure property, L, and M have convergence in
measure property (all relatively to {x},). We assume that f; has the weak
convergence property in L,(G, B;), and that f(¢, ) is independent of u.
Finally, we assume that, for every te G — T, the sets O(¢, y) satisfy
property (Q*) with respect to y in A(f) relatively to (B; < By, By X B,).
Here we assume that all operators L, , L, , Ly, L, , M have the closure
property in X, , and that at least one of them (is not trivial and) has the
closed graph property in X .

(AP) B Banach with properties (R1), (R2); Y, U metric. We
assume that (1) {x}, C X, C X; and (i) L: Xy — L(G, B) has weak
convergence property relatively to {x}o; M: X; — w(G, Y) has con-
vergence in measure property relatively to {x}o . We assume that the
sets Q(t, y) are closed and convex, and satisfy geometric type conditions
(P1), (P2).

Alternatively, if we assume that f has weak convergence property
in L,(G, B), then (ii) can be deleted.

(AP*) B = B, X B, as (AQ*), B, with properties (R1), (R2),
Y, Umetric; L =L, X Ly, f = (f1,fs) [; » Ly » M as in (AQ*). Proper-
ties (i) to (iv) as in (AQ¥*). We assume properties (P1), as in Section 2.2,
with the sets Oz, y) N V(0, N) having property (Q*) with respect to y
in A(t) relatively to (B, By).

Again, if f; has weak convergence property in Ly(G, B;), then
(ii) can be deleted.

(AP**) B = B, X By X By X By as in (AQ*¥), B, with prop-
erties (R1), (R2), and the same other properties for L;, f;, M as in
(AQ**). We assume properties (P1), as in Section 2.2, with the sets
O(t, ) n V(0, N) having property (Q¥*) with respect to y in A(?)
relatively to (B; X B,, By X B,).

(F;), 1 <p <. Here, both B and Y are Banach spaces, U
metric. (1) {x}, C X, C X; (ii) L: X, — L,(G, B) has weak convergence
property relatively to {x}o; and (iii) M: X, — L{(G, Y) has strong



JOTA: VOL. 14, NO. 5, NOVEMBER 1974 513

L, -convergence property relatively to {x}, . The sets U(t) depend on ¢
only, the sets O(f,y) are closed and convex. If 1 <\ p < oo, there
are constants ¢, vy, {,, p’ constants with ¢ >0, {, =0, 0 <y < p,
p=p(p—y)ytif0 <y < p,p = o ify = p, and functions F(z) = 0,
teG, FeLu(G, EY), k{), 0 <{ < o, h monotone nondecreasing,
HOY) = 0, k(L) < | { " for L = {,,suchthat, forall(z, y, , u), (£, y,,u) € S,
te G — T,, wehave

1Sy, uw) — (5 3y, Wlle < F@) Ay — v lv): (1)

For p = oo, this same relation holds for seme F(f) >0, 1€G,
FeL(G, EY, k), 0<{< o, h monotone nondecreasing, with
h(0*) = 0. Requirement (1) is slightly more restrictive than (I').

(Gue) 1 <p,¢ << 0. Here, B, Y, Uare Banach spaces, strategies
are elements u € L (G, U) with [ u ||, < N for some N > 0, and (1), (ii),
(iii) hold as in (F,). The sets U(t) depend on ¢ only, the sets Q(¢, y) are
closed and convex. Also, f satisfies continuity property (I"). Moreover,
for 1 < p, ¢ < oo, there are constants ¢, ¢’ > 0,0 <o <{p, 0 < B < g,
and a function F(t) > 0, t € G, F € L;(G, E*) such that, for all (¢, y, , u),
(t,ve,uye S, teG — T, , we have

[ft v 0) = [y, Wlls SE@) + iy ¥+l F) +Clule’. (@)

For p = o0, 1 < ¢ < o0, there are constants ¢’ 220, 0 <8 < g, and
functions F' as above, and o({) > 0, 0 << { < o0, o monotone nonde-
creasing such that

1t yasw) — (& 32 0 <F@) o(lyally + 132 lly) + e Il 3)

If g = oo, then a term o(]| # ||y) replaces ¢’ || |5 in the relations above.

Note that ¢ is not required to satisfy o(0%) = 0 and, therefore, these
analytic conditions on f are essentially growth properties.

(Hy), 1 <g<oo. Here, B, U are Banach spaces, Y metric,
strategies are elements u € L (G, U) with |||, < N, for some N =0,
and (i) {x}o, C X, C X; (ii) L: X, — Ly(G, B) has weak convergence
property; and (iii) M: X, — u(G, Y) has convergence in measure
property. Also, f satisfies continuity property (I7). Moreover, if
1 << ¢ << w, there are constants ¢’ 2 0, 0 << 8 <{ ¢, and a function
F() >0, t e G, FeL(G, E') such that, for all (¢, y,, u), (¢, vs, %) €S,
we have

1t yusu) — f(t, 30, w)lls SFQ@) + ¢ lul5™ 4)
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For ¢ = oo, there are functions F as above and o({) > 0,0 < { < o0,
¢ monotone nondecreasing such that

1f@ a1, u) — f(5 32, Wiz < FQ@) o up).

Note that o is not required to satisfy o¢(0*) = 0 and, therefore,
these analytic conditions are essentially growth conditions.

2.5. Case of f Linear in u. We assume here that U(#) depends
on  only, that B, Y, U are Banach spaces, and that f (¢, y, u) is linear in #,
that is, of the form

[t 3, w) = Ct, y)u + D(t, 3)-

Thus, D: A— B, C: A— ¥ = ¥(U, B), the Banach space of all bounded
linear operators from U to B. The statement in Section 2.4 still holds
under each of the alternate hypotheses (AQ) to (H,).

The following assumptions on C, D imply the corresponding assump-
tions on f.

Carathéodory’s condition (C) on f certainly holds if we assume:

(C') Given € > 0, there is some compact subset K of G such that
(G — K) < ¢, the sets

A =[(t,)]te K,y AB]CG X Y,
Sx=1[¢y,u)teK, yeA@),ucURJCG XY X U

are closed, and D(t, ), C(t, y) are continuous on Ay .
Condition (I") of Section 2.3 on f certainly holds if we assume:

(I"y 'There is a constant y > 0, a u-measurable function I'(¢) = 0
te G, I'e w(G, EY), and a monotone nondecreasing function A({) > 0,
0 < ¢ < o0, A(0%) == 0, such that, for all (¢, y;), (¢, y5) € A with || 3, |},
| %2 || <y, we have

| C(t, y) — Ct, y)lle 1 D(t, 1) — D(t, yo)lla <T@ Bl 31 — 32 llv)- (5)

If Y = Es, U = E™, then (C') implies .

The statement in Section 2.4 holds in the present situation, with
(C") replacing (C) and the corresponding alternate assumptions [(I™)
replacing (I") whenever needed].

Conditions (G,,) to (H) can be replaced by analogous conditions,
say (Gp,) to (H,) on C and D. For instance, (G,,) is the same as (G,,),
with the following assumption replacing (2):
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(G,p) There are constants ¢ >0, 0 <<« < p, and a function
F(t) >0, t€ G, FeL(G, EY), such that, for all {,y,),(f,5,) € 4, we
have

1CE e <o 1D 31) — D(t, ya)is <F(8) + cllyn 1Y -+ 1132157
Condition (G,,) on C, D implies condition (G,,) on f.

Finally, new alternate conditions can now be stated fot f linear in 4,
as for instance, the following one:

(Gpo)y 1 < p,q < 0. Here, B, Y, U are Banach spaces, strategies
in Q are elements u € L(G, U) with |jul, <N for some N >0, L:
Xy — Ly(G, B) has the weak closure property, and M: X, — L,(G, Y)
has the strong L, -convergence property, relatively to {x}, . The sets U(¥)
depend on ¢ only, and the sets O(f, y) are closed and convex. Here,
f = C(t, yyu + D(t, y), with C, D satisfying conditions (C’) and (I").
Moreover, if 1 < p < o0, there are constants ¢ >0, 0 <o <p,
p=p(p— ) tif0 <a <p,p = coif a = p, and functions F(z) > 0,
Fy(t) >0, te G, FeL,(G, EY), FyeL,(G, E*), such that, for all (¢, y),
(t’ yl)’ (t’ yz) € A, we have

NCEWe <, || Dt yy) — D(t, yo)liz < F(E) + (3215 + 1311777,
[ D(t, Ylls < Folt) +clly 1%

Here, we assume that property (R1), holds for G, U, and (R1), for
G, Y. If p = oo, then we assume that there are functions F(¢) > 0,
te G, Fel (G, EY, o), 0 < { < w, ¢ monotone nondecreasing, we
assume that relations above hold with second members ¢, F(#) o(|| 3, lly +
1o lly), and F(2) o(]| ¥ |ly), respectively, and we assume property (R1).
for G, Y.

Note that here the conditions imply that f has the weak convergence
property in L,{G, B).

2.6. Proof of Statements in Sections 2.4 and 2.5. Since
I[x] is bounded below on {x}, , the infimum ¢ of Ix] on {x}, is finite, and
we take a sequence %, €{x},, k=1, 2,..., with I[x,] -7 as &k — co.
Then, for each k%, there is some element u;, such that (»,, #,) € 2. By
compactness hypothesis of {x},, there is a subsequence, say [£], such
that x,, — x in (X, 7) and thus x € X. Under any of the alternate assump-
tions, we can derive that x € X, and that there is a subsequence, say
still [%], such that Lx;, — Lx weakly in L,(G, B), and moreover Mx,, — Mx
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in the corresponding mode as indicated in the assumption. The existence
of an element u such that x, u is admissible is a consequence of closure
theorems. Under assumptions (AQ), (AQ*), (AQ**), we use the closure
theorem proved in Ref. 8 in terms of Banach spaces. Under assumptions
(AP), (AP*), (AP**), we use closure theorems proved in Ref. 9 in terms of
Euclidean spaces, but the proofs for Banach spaces are the same under
the specific hypotheses (1), (R123). Under assumptions (F), (G), (H),
we use closure theorems proved in Ref. 11 in terms of Euclidean spaces,
but the proofs in Banach spaces again are the same. By the closure
property of Q, there is (x, #) € 2 with I[x] < 7. Thus, x € {x}o, I[x] > 1,
and, hence, I[x] = 7. The statements in Section 2.5 follow easily.

3. Lagrange-Type Problems

3.1. Definitions. AsinSection 2.1, we dealwith atopologicalspace
(X, 7), with a Banach space B with norm [/ ||, and with metric spaces
(G, p), (Y, d), (U,d"). Again, G is also a measure space (G, o, p) as
detailed in Section 2.1. Also, Y, U, 4, A(t), U(t, ), S are as in Section
2.1, and besides f: S —> B we have here a real-valued function fi(%, y, )
on S, or f,: S— E'. We assume that 4, S, and both f; and f satisfy a
Carathéodory property (C). For every (¢, y) € A, we consider here the
set

é(t, y) =[(="=2)eE X B|&° >f0(tv.yr u), & :f(t’ v, u), u € Uz, y)]

As in Section 2.1, L and M denote operators, not necessarily linear,
L: X, —Ly(G, B), M: Xy — (G, Y), with X, C D(L) n D(M)C X. We
say that a pair x, # is admissible provided x € X, , u € (G, U),

Max(t) e A(2), u(t) e U(t, Mx(t)),  Lx(t) = f(t, Mx({t}, u(t)),
p-a.e. in G, and  fo(*, Mx(-), u(*)) € L(G, EY),

and thus the integral
1o, u] = [ folt, Ma(2), u(t)) du
G

has a finite value for every admissible pair (x, u).

We shall consider a given class £2 of admissible pairs (x, #); and thus
T is a functional defined on £2, or I: Q2 — E.

As in Section 2.1, we denote by {x}, the collection {x}o = {x € X,
(%, #) € Q for some u}, so that {x}, C X; C X. We shall say that the class
0 is closed (with respect to the Lagrange problem under consideration)
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provided, whenever (x;, , u,) €2, k = 1, 2,..., %, — xin (X, 7) as k — o0,
x € X,, and there is some u € (G, U) such that (w, %) is admissible,
then there is also some # € w(G, U) such that

(x, @y f2, Iz 4] < liminfI{x, , u].

In some of our statements below, we shall need one or another of
the following growth conditions:

(#h) Given e > 0 there is J(t) = 0, t € G, ¢, € L,(G, £') such that
LF (8, 3, w)lls < $l8) + ofo(t, 3, u) for all (4,3, 4) € S.

(o) There is (t) = 0, t € G, € L,(G, E*) such that fi(t, v, u) =
—J(z) for all (¢, y, u) € S.

(B) 'There are §(t) >0, t € G, s € L,(G, E') and a constant b = 0
such that f(f, v, u) = —(t) — bl f(t, v, u)||p for all (¢, y, u)e S.

Obviously, () implies («) (and hence also (B)), since from (¢) for

e = | we derive fy > —iy(7). Condition () is certainly satisfied under
usual growth conditions, as for instance:

(g) Given e >0, there are N >0, P >0 such that, for all
(¢, v, u) € M, we have

f&y,uwlls <P i flulg <N,
176y, vl < folt,y,w) 3wy > N.
Conditions (P12) shall now be replaced by the following hypotheses:

(P1) There is a bounded p-measurable function A(f) =
(P8, p(), t€ G, p: G— E* X B, say | p°(t)l, || p(¥)ll < o, such that
for every e G — T, we have j(t) € O(¢, y(¢)) for all y € A(%).

(?2) There are constants ¢ >= 0, d > 0 such that 2° > —¢ for all
(2% ) e g(t: y) with | 2l < d.

(P3) For every te G — T, and N > o [with o as in (P1)], the

convex closed sets O(z, v) N [E' x V{0, N)] satisfy property (Q) with
respect to y in A(#).

Property (f’l) is certainly satisfied if, for instance, the sets U(t, )
contain the origin of U and f(£, y, 0) = 0, f (t ¥, 0) = 0. Then, property
(P2) is also satisfied if f, is bounded below in S. Concerning (P3), we
only note that, for B = E”, Y = Es5, U/ = E™, the sets

O(t, ) N[EL x V(O,N)], veA(),
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are convex, closed, and contained in the fixed cylinder [(29, 2} | 2 s E%, |
[ 2] < N], and then the property (Q) is certainly satisfied provided
[ f(t, y,u)] > +o0 as |u|~—> co0 uniformly on any bounded subsets
of A(%) [as a consequence of the mere continuity of f; , f on S(#)].

3.2. Existence Statement for Lagrange Problems. Let
A, S, f, f, satisfy conditions (C) and («). Let us assume that £ is not
empty and closed, and that {x}, is sequentially relatively compact in
(X, 7). Let us assume that both operators L and M have the closure
property in X, and that at least one of them has the closed graph
property in X, . Then, the function I{x, u] has an absolute minimum in
£ provided any of the following alternate assumptions holds.

Whenever it is known that I{x, 4] is bounded below in £, or that f
has the weak convergence property, then condition (8) can be required
instead of («).

Alternate Hypotheses

(AQ) The same hypotheses on L and M as in (AQ) of Section 2.4
and, for all e G — T, , the sets O(¢, y) have property (Q) with respect
to v in A(#) (in particular, these sets are convex and closed).

Alternately, we may assume that f has weak convergence property
in L,(G, B), and then (ii) can be deleted. The condition of f is certainly
satisfied if f, , f satisfy growth condition () and property (R3) holds
for G, B.

(AK) The same assumptions on L, M as in (AK) of Section 2.4.
For every t € G — T, , the sets §(¢, y) have property (K) with y in A(Z).
The same alternate condition holds as in (AK).

(AQ*) The same assumptions onL = L; X Ly, M, B = B, X B,,
f as in (AQ¥*) of Section 2.4. For every t € G — T, the sets O(t, y) are
now supposed to have property (Q*) with respect to y in A(#) and
(E* X By, B,) as in (AQ*) of Section 2.3. The same alternate condition
holds as in (AQ*). 5

(AQ**) The same as (AQ*) with L, M, B, f as in (AQ*¥) of
Section 2.4, and the sets O(t, y) satisfying property (Q*) with respect
to y in A(f) and (E' X By X By, By X B,). The condition on f; is
certainly verified if we assume that f; , f; satisfy growth condition ()
and G, B, satisfy (R3).

(AP) The same assumptions on L, M, G, and B as in (AP) of
Section 2.4. We assume now that the sets J(¢, y) are convex and closed,
and have geometric properties (P1), (B2), (P3). The same alternate
condition holds asin (AQ).
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(AP*) The same as in (AP¥) of Section 2.4. The sets O(t, v) are
assumed to satisfy properties (P1), (P2), and (P3) with the ~ sets
O(t, ) N [E' x V(0, N)] satisfying property (Q*) with respect to y in
A(#) relatively to (E* x By, B,). The same alternate condition holds as
in (AQ)

(AP*%) The same as in (AP**) of Section 2.4. The sets O(t, v) are
assumed to satisfy properties (P1), (P2), and (P3) with the sets
O(z, y) N [E* x V{0, N)] satisfying property (Q*) with respect to y in
A(t) relatively to (E* X B; X By, By X By).

Conditions (F,), (G,,), (FL). The same as (F,), (G,,), (H,) of
Section 2.4, where now the sets U(t) depend only on ¢, the sets O(t, v)
are closed and convex, and both f;, f satisfy the analytic conditions
stated in (F,), (G,,), (H,), respectively.

3.3. Case of f Linecar and f, Convex in u, We assume here that
U(t) depends on ¢ only, that B, Y, U are Banach spaces, that fi(t, y, u)
is convex in u for every (¢, v) € 4, and that f (¢, y, u) = C(¢, y)u + D(t, )
is linear in #, with C, D as in Section 2.5.

Statement 3.2 still holds in the present situation, with f satisfying
(C') and f, satisfying (C), and the correspondent alternate assumptions
[f, satisfying (I") and f satisfying (I"') whenever needed, and both f, and
f satisfying (G,,) whenever needed].

In the present situation, more alternate assumptions can be for-
mulated, as follows:

(Gpg) 1 <p, g < 0. The same as (G,,) of Section 2.5, where f,
is convex in u, f is lmear in u; f, satisfies (C), (I'), and the analytic con-
ditions in (G, ); f satisfies (C"), (I""), and the analytic conditions.

Note that here the conditions imply that f has the weak convergence
property in L,(G, B). Thus, we did not need condition (i) to guarantee
this property.

3.4. Proof of Statements 3.2 and 3.3, The proof is the same
as for Sections 2.4 and 2.5, where used is made of the lower closure
theorems proved in the same papers (Refs. 8, 9, 11) mentioned in
Sections 2.6.
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