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Geometric and Analytic Views in Existence Theorems
for Optimal Control.
ll. Distributed and Boundary Controls*

L. Crsar?

Abstract. Existence theorems are proved for Lagrange problems
of optimization in a given domain G with possibly unbounded
distributed controls in G and on the boundary of G, and with
functional relations on G and on the boundary represented by
closed operators, not necessarily linear. The case where the functional
relations are partial differential equations is emphasized. Recent
work concerning the reduction or elimination of seminormality
requirements is taken into account. Many examples are given.
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1. Introduction

We are interested in existence theorems for nonlinear problems of
control with possibly unbounded strategies. We present here existence
theorems for problems with distributed and boundary controls of the
Lagrange type.

We shall make use here of recent results which have been obtained
in different directions.

First, it has been shown that drastic reductions, or complete
elimination, of seminormality properties can be achieved by requesting
simple properties—geometric in character—of the relevant sets,
properties which are already commonly required in controllability
theory (Cesari, Refs. 1-3).
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Secondly, extensive contributions have been made in the use of
seminormality conditions, as properties (K), (Q), and intermediate
(Q,), in connection with various closure and convergence properties of
the operators in Banach space and modes of convergence (Cesari, Ref, 4;
Cesari and Cowles, Ref. 5; Cesari and Kaiser, Ref. 6).

Finally, it has been shown that suitable analytic properties of the
relevant functions [Lipschitz-type and growth-type conditions (F), (G),
(H)] have relevant consequences on the character of the corresponding
Nemitsky’s operators, and again lead to closure and lower closure
theorems with no seminormality conditions (Cesari and Suryanayarana,
Refs. 7 and 8).

Concerning the continuity and convergence properties of the
operators under consideration, we shall need here definitions which
represent a finer analysis of these properties than in our previous paper
(Ref. 3): definitions of closure on a given set, closure of the graph prop-
erty, and convergence properties in connection with various topologies.

Also we need to emphasize in this paper the interplay of the
properties of the operators, the properties of the relevant sets O(t, v),
R(t,y), and the properties of the representative functions fo, [ =
(fise fe)s 805 8 = (&1 &). The stronger the topological properties
of the operators, and of the modes of convergence under consideration,
the weaker are the needed properties on the sets J, R and on the functions
f [} af » 8o &

We state here existence theorems for strong solutions. Analogous
theorems for weak solutions will be presented in a forthcoming paper
in this same Journal. Many examples are given to illustrate our
statements.

2. Lagrange-Type Problems with Distributed and Boundary
Controls

Problems of optimal control with distributed and boundary controls
often concern the minimum of a given integral expression over an open
set G of E¥, or over a part I' of the boundary G of G, or of a sum of two
integrals, one over G and one over I'. The latter case is of course more
general if we do not exclude that one or the other be zero. Each integral
may involve arbitrary measurable functions on G (distributed controls),
and on I' (boundary controls), whose values are assumed to belong to
given fixed or variable sets (control spaces). Finally, partial differential
equations must be satisfied on G (state equations on G); boundary data
or more partial differential equations must be satisfied on I' (state
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equations on I'). Often, I"is divided into parts on each of which different
boundary data or partial differential equations are assigned. Important
examples of such problems can be seen, for instance, in Butkovsky’s
book (Ref.9). However, it is convenient to formulate the general
problem in a slightly more general form.

Indeed, it would be enough to say that the functional to be minimized
is the finite sum

N

=Y fG Fdy,

g=1 i

of integrals, each over a measure space (G;, &, yy), J = l,..., IV, on
each of which we have a measure p;, a collection 7 of measurable
subsets, and certain functional relations Lz = N,[x, ;] to satisfy, each
involving certain p;-measurable control functions #; on G;, while the
unknown x is an element of some abstract topological space X.

The present paper, however, is meant to have practical significance
and thus we prefer to be more specific. We simply assume that one of the
spaces is a domain G of E¥ of points #, with Lebesgue measure df, and
a functional relation Lx = Nlx, u] to satisfy, involving a measurable
control function u with values in E™, and that there is only another space,
namely, a measure space (I, &, p) of points , with measure p, and a
functional relation [x = N'[x, ] to satisfy, involving a p-measurable
control function v with values in E™', Actually, in all applications and
examples G is a Morrey’s type domain, I is a part of the boundary of G
of some dimension 1 < o < v — 1, and u is simply the o-measure (area,
length, or in general o-area subsumed by G on I'). The specific interest
arises when X is a Sobolev space W, (G) on G, I is a part of the boundary
of G for which Sobolev’s imbedding theorems hold, and then the relative
dimensions v of G, o of I', and the indices / and p may have relevant
implications on the properties of the operators L on G and [ on I'. This
formulation seems to be rather easy to apply, as we shall see in the
examples. Any extension to more than two integrals and spaces would
be rather trivial. Instead, we shall give emphasis to the fact that L and |
may well represent systems of partial differential equations, or functional
relations, or data, and that the operators in the single equations may have
far different topological properties. We shall see in this paper that, by a
suitable and subtle analysis of their properties, the needed conditions of
convexity and seminormality to guarantee the existence of an absolute
minimum can be drastically reduced.

Let G be any measurable subset of E¥ with finite Lebesgue measure.
Let (I, d) be a metric space, and let (I, &/, ) be a finite, complete
measure space such that the c-algebra & contains the Borel sets of
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(I, d). Let (X, B) be any given topological space with S a given subset
of X. Let T'= (m(G))™ denote the collection of all measurable functions
u(t) = (u...,u™), t€ G, and let 7' = (m(I"))" denote the collection of
all u~-measurable functions v(7) = (o%,..., v™), 7€ I. Let L, M, ], K be
operators defined on .S, not necessarily linear, whose values are L-
integrable vector functions on G, and u~integrable vector functions on I’
namely L: S8 — (Ly(G)y, M: S — (Ly(G)p, J: S — (L))", K: S—
(Ly(IM)y*, where r, s, #', s’ 2> 0 are (nonnegative) integers. Actually, in
Theorem 8.1 below, we shall allow some (or even all) of the components
of L, M, ], K to have their values in the space m(G), or m(I"), of all
measurable functions on G, or p~measurable functions on I

As usual a subset A(2) of E* is assigned for every ¢ € G, and a subset
U(t, y) of E™ is assigned for every (, ) e 4 = [(t,y) | t € G, y € A(?)].
We denote by M the set of all (¢, y, «) with (¢, ¥) € 4, u € U(%, y), and by
Jolt, v, u), f (&, 3, u) = (fy ..., f,) given functions defined on M C Er+rim,
Analogously, a subset B(r) of E¥ is assigned for every r € I', and a subset
V(r, ¥) of E™' is assigned for every (v, ¥) € B = [(r, ) | 7 € I', y € B(7)].
We denote by M the set of all (r, 7, v) with (r, ) € B, v € V(z, 9),
and by gy(r, ¥, o), g(, ¥, v) = (g1,..., &) given functions defined on
MCT x Erm,

As usual, functions y(z) = (%,..., 5°), t € G, y €(L(G)), () € A(¢),
are said to be state functions on G; functions y(v) = (3%,..., %), 7 € I,
y (L (I, ¥(r) € B(r), are said to be state functions on I'. Also,
functions u(f) = (ut,..., u™), t € G, u € T, u(t) € U(, y(t)), are said to be
control functions on G, and functions v(7) = (2%,..., ™), re I, v € T,
o(7) € V(r, y(r)) are said to be control functions on I

We now consider the problem of finding elements x € S, v € T,
v € T which minimize the functional

Tis, o] = [ fult, Mata), ) de + [ gole, Ko, o sy (1)
subject to the state equations
La(t) = f(t, Mx(t), w(t)),  1€G, (ae), @)
Jx() = g(=, Kx(r), o(7)), re T, (pae), 3
and the constraints

Mx(t)ye At),  u(t)e U, Mx(), teG, (ae), )
Kx(r)eB(r), o()eV(r,Kx(r)), reT, (pae.). ()
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Here, f{(z, Y u) = (frsn ki) (Bysu) € M, g(r,9,0) = (g1, 8)
(r,¥,v)e M, and correspondingly we may write L = (Lq,...,L,),
J = J1se Jor)y withr = 0,7 = 0.

In applications, the functions fy , f, g, , g are continuous and the sets
A, M, B, M are closed. Actually, much less is needed. We say that the
sets A, M and the functions f; , f satisfy a Carathéodory-type condition
(C) on G if for every € > 0 there is a compact subset K of G such that
[G— K| <ethesets Ay = [(t,y)c A | te K]and Mg = [(t,y,u) €
M | te K] are closed, and the functions fi(t, y, u), f(2, v, u) restricted
to K are continuous. An analogous condition (C) on I" may be defined
for B, M, g, , g. This condition (C) on A4, M, B, M, f,, f, & , g will be
assumed throughout this paper.

We seek optimal solutions for problems (1-5), and these will be
denoted as usual strong optimal solutions. For weak optimal solutions,
state equations (2)—~(3) will be written in the corresponding weak form.

3. Topological View: Property (Q) and Variants

As in previous papers (Refs. 4-6, 10), we shall need properties of
the sets

O, ») = [(% 2) | 2° = folt, ¥, w), & = f(t, 3, w), ue U@, y)] C B4,
Rz, 3) = [(2% 2) | 2° = gofr, J, 0), = = glr, , v), ve V(r, )] C B+

The projections of these sets on the z-spaces E, or E”, are the sets
O y) =f(ty U ) CE, R(r, ) = g(r, 5, V(r, 7)) C E”. We state
the definitions below in terms of the sets 0. Analogous statements hold
for the sets R.

The sets O(¢, y) are said to satisfy property (K) at (£,, ¥,) with
respect to y provided

Oto, y0) = (Yl U Oty , ¥),

0 YEN(Yy)

where N(y,) = [y € 4A(ty), | ¥ — ¥o| < €]. The same sets O(t, y) are
said to satisfy property (Q) at (,, ¥,) with respect to y provided

G(to » Vo) = ﬂ cleco U ,@(to:y)~

0 YEN ()

Sets satisfying property {K) are closed; sets satisfying property (Q) are
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closed and convex. Property (Q) implies property (K). [Properties (K)
and (Q) were introduced by Kuratovsky (Ref. 11) and Cesari (Ref. 12).
See Refs. 12-13 for a discussion of these properties and simple criteria
for property (Q).]

There are intermediate properties (Q,), 0 < p < » -+ 1, between
properties (K) and (Q) above. To present them, let us decompose the
Z-space B, 2 = (29, 2) = (3" #%,..., &) into the product E* X Er+i-* of
the z-space E?, or EM, 2 = (2% 2., 21), and the 2®-space
Erit=e, or E®, 5 = (z7,..., g"). We say that the sets J(Z, y) satisfy
property (Q,) at (¢, , ¥,) with respect to y provided, for every 2 =
(RePyerey 297) € ErH1-2) we have

Oty s yo) N [E X {2,3]

=N Ncleod U Oty ) NIE X {27522 — 22| < 3.

0 850 YEN(yg)

For p = r + 1, we understand that the sets in brackets in the first
and second members of this relation coincide with E™, and property
(Qy+4) coincides with property (Q). For p = 0, property (Q,) coincides
with property (K). Owing to the special structure of the sets 0(z, ) we
consider here, if the sets ((¢, y) have property (K) or (Qy), they also
have property (Q,). Finally, for any integer p, 0 <C p < 7, property
(Q,1) implies property (Q,). (See Refs. 14-15 for proofs and details.)

‘This intermediate property (Q,), 0 < p < 7 + 1, can be actually
expressed as a property (Q) of suitably defined auxiliary sets (see Ref. 15).
Indeed, if we take

O*(t, 3, 2®) = O(t, y) N (B x {2%),

then the sets J(%, y) have property (Q,) with respect to y at (Z,, ¥y i
the sets O*(z, 3, 2®) have property (Q) with respect to (y, 2®) at
(o » &) for every 2 € Er+i-»,

To simplify the presentation, we have decomposed here E™ into
E¢ and Er+1- by using the coordinates 29, z%,..., 2! in E° and the
coordinates 2*,..., 5" in B+, Obviously, we could have used any two
complementary systems of p and # + 1 — p of the R 4 1 coordinates
2% &,..., 3"t We shall denote them as the first and second system of p
and r + 1 — p coordinates 2%,..., 27, respectively.

Below, we shall need properties (K), or (Q), or (Q,) to hold globally;
by this we mean that there is some subset T, of G of measure zero
(possibly empty) such that the sets J(z, y) have property (K), or (Q),
or (Q),) with respect to y at every (¢, y,) € 4, t,e G — T, .
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4. Geometric View: Property (P) and Variants

For the sake of simplicity, we present property (P) for the sets
O(t, y) as a global property (Ref. 1). For every N = 0, we shall denote
by V{0, N) the closed ball of center the origin in E” (or £7') and radius V.
For every (t,y) € A and z€Q(2, y), we denote by T(z; £, y) the scalar
function 7'(2; £, ¥) = Inf[20 | (29, ) € (2, ¥)]. We say that the sets O(¢, y)
satisfy property (P) with respect to y provided: (P1) there is a measurable
bounded function p(z), t € G, p: G — E’, say | p(f)| < o, and a constant
¢ > 0suchthat p(f) e O(¢, y) forall (t,v)e d,te G— Ty ; | T(z; 4, y) <¢
forall (,v) e 4,1t € G — Ty, 2 € O(t, y) N V{0, 26); (P2) for every
N > 0, the sets 3(t, v) N (E' X V{0, N)) have property (Q) with respect
to y at every (fy, ¥,) € 4, ty € G — T, [see Cesari, Ref. |, for details and
proofs on this property (P)].

First, a remark is relevant here. One is that (P2) implies that the sets
(¢, ) N [E* x V(0, N)], N > o, are closed and convex and hence the
sets O(t, y) themselves are closed and convex. Conversely, if we assume
that the sets O(t, y) are closed and convex, then the sets J(t, y) N
[E* x V(0, N)], N > o, are also closed and convex, and because of their
special structure, property (K) of the sets O(t, v) N [E* x V(0, N)]
implies property (Q) of the same sets. (This was proved in Ref. 15.)
Thus, if we assume that the sets J(¢, y) are closed and convex, it suffices
to require property (K) in (P2) above.

Note that property p(f) € O(f, v) is certainly satisfied if all sets
O(t, v) contain a fixed point ¥ € E”, say & = 0, the latter case being
rather common in applications. Note that the condition [T(z; 2, ¥)] < ¢
is certainly satisfied if f(#, v, u) > —c for all (¢, y, u) € M, and
Sfolt, v, u) < ¢ for all (¢, y, u) € M with | f(¢, ¥, u)] < 20. This condition
is also very mild and usually satisfied in application.

Finally, if we know that

(*)y for every t, fixed, {,€ G — T,, we have | f(ty, v, u)| — 400 as
|1 |~ oo, u e U{t, ), uniformly on every compact subset of A(ty),

then the sets Oz, y) N [E* x V(0, N)] certainly have property (K) with
respect to ¥ at every (¢, , ¥o) € 4, t, € G — T . This is a mere consequen-
ce of condition (C) as it has been proved in Ref. 1. Thus, all we have to
verify for (P2) is that the sets O(%, v) are closed and convex, because they
will have property (K) [as a consequence of property (C)], and property
{Q) (as a consequence of their special structure), as stated above.

We see that property (P) as explained above, is a very mild one,
similar to the one required in Filippov’s existence theorem for equi-
bounded controls (Ref. 16).

8og/15/4-0
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We come now to variants of property (P). We say that the sets
O(2, v) satisfy property (P,) with respect to v if (P1) holds as above and
(P2) is replaced by the analogous condition (P,2) with property (K) in-
stead of property (Q). Thus, if (P,) holds,all sets §(z, y) N [EL x V(0, N)],
N == o, are closed, and the sets Q(t, y) themselves are closed, but not
necessarily convex {(¢, y) € 4, t € G — T,). Conversely, as above, under
conditions (C) and (¥*), all we have to verify for (Py2) is that the sets
O(t, ») are closed (or the sets O(z, v) N [E* x (0, N)l, N =0, are
closed), (1, y)e 4, t€ G — T).

Finally, we say that the sets (¢, ) in Er+! satisfy the intermediate
property (P,), 0 < p <7 -~ 1, provided (P1) holds as above and (P2) is
replaced by the analogous condition (P,2), with property (Q,) instead of
property (Q). Note that property (P,,;) is equivalent to property (P),
that property (Py) corresponds to property (K), and that, for every p,
0 < p <7, property (P,,;) implies property (P,).

Note that, if (P,) holds, then all sets §(t, ) N [E! x ¥(0, N)],
N > o, are closed, and for every 2 = (2,..., 3") the sets J(¢, ¥) N
[E* X V{0, N)] N [E° x {2®}]] are convex, and consequently the sets
O(t, ) themselves are closed, and for every =@ the sets J(f, y) N
[E> % {2}] are convex ((t, ¥) € 4, t € G — T,). Conversely, as above,
under conditions (C) and (*), all we have to verify for (P,2) is that the
sets J(t, y) are closed and that, for every {2, the sets §(2, V) N [E° x {='}]
are convex (or the sets J(¢, y) N [E X (0, N)], N > o, are closed and
the sets J(z, y) N [E* X V(0, N)] x [E® x {z®}] are convex), (2, ¥) € 4,
te G — Ty

The following new variants of properties (P) and (P,) (Ref. 17) are
useful. The variants concern property (P1) and will be expressed in
terms of sequences of functions y,(¢), t € G, & = 1, 2,... (Inapplications,
this will be any minimizing sequence of state functions.)

We say that the sets §(¢, y) satisfy property (P'1) provided, for any
sequence y(t), t€ G, k = 1, 2,..., of measurable functions (or at least
for any minimizing sequence of state functions), v,(£) € A(¥), y,(t) — ¥(t)
in measure in G as & — oo, there are functions u(t), p(f), p(t), pi(?),
teG, k=1,2,.,u, w €Ly(G), p, p, € (L4(G)), such that

(D), ) €00, 3, 1€G, (ae),  E=1,2..,
pr—>p weakly in L (G),
Pr—>p strongly in (L,(G))" as k - o0,

Actually, it is enough that this occurs for sequences y;, with y;, — v, say
in L(G), or in L(G), as for minimizing sequences.
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We shall say that the sets J(¢, y) satisfy condition (P') [or (P,")],
provided the same sets satisfy condition (P'1) and (P2) {or (P'l) and
(P,2)], with N replaced by max(N, p(t)), where p € L)(G) and | pi()] <
p(2) for all k.

We conclude this section with the remark that the natural
geometrical properties required under (P1) allow a drastic reduction of
the seminormality requirements (Q) or {Q,). Under conditions (C) and
(*), no seminormality requirement is needed: only closedness and
suitable convexity properties.

5. Analytic View: Properties (F), (G}, (H)

In Refs. 7-8, Cesari and Suryanarayana took into consideration a
great many general analytic conditions on the functions f;, f, &, &
which are easy to verify and which dispense with properties (Q) or (P)
or their variants. [Actually, we proved in Ref. § that these analytic
conditions do imply weak forms of property (Q).]

We describe these properties in terms of the function f, but the
same statements hold for f, , g, , g. In any case, we assume that f,, f, g ,
g satisfy Carathéodory condition (C), and that U(z), ¥(r) depend on ¢,
7 only (not on v, or 7). Here are some of the properties of interest.
Below, y;. , u; denote state and control functions on G.

(F,) Forl <p < o, and v, y € (Ly(G)), lyp — yllp, = O as
k> 0, u € T, we have

Lf (5 3al®), wal®)) — £ (2, 3(2), a2
SFE w®) Wy — @), k=12, 1eG,

where A({) > 0,0 < { < o0, is a given monotone nondecreasing function
with A(0-) = 0, K{) < cf for all £ = {, = 0, and F(¢, u,(t)) € L,(G),
1/p" + 1jp = 1, ||Ft, w(t)ll,» < C, where {,, ¢, C are constants and
F(t, u) a given nonnegative function on G X E™,

(Fe) Fory, v, € LGP, | ¥ — ¥l > 0ask—> o0, € T, we
have

L 2a(0), w(8)) — F (3 (), el )]
SE0) K 0u®) — @), k=12, €6,

where A({} > 0,0 <{ { < o0, is a given monotone nondecreasing function
with #(0-+) = 0, and Fi(t) = 0, t € G, F;, € L(G), are given functions
with || F, [l; << C, a given constant.

(qu) FOI‘ 1 < P: q < 00, yk H y € (Lq(G))sﬁ Uy, € (Lq(G))m’
Il el <Lo, luglly <L,Ly, L given constants, y(f)— ¥(f)
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pointwise a.e. in G' as k — co, and there are constants ¢, ¢, «, B,
0 <a<p,0<B < g anda function (t) > 0, £ € G, ¢ € L,(G), such
that, for all (, v , u), (¢, ¥s , u) € M, we have

[fynsw) = f(& v, W)l <) + el yo |7+ [ 2 [772) + ¢ [u [P,

(Gug) For 1 < g < 0, y, 34 € (L G)), i € (LGN, | 3 ]l
[llo < Lo, Nl #lly < Ly Lo, L given constants, y,(t) — y(f) point-
wise a.e. in G as k— o0, and there are constants ¢, 8,0 <B < ¢, a
function §(t) > 0, t € G, ¢ € L,(G), and a monotone nondecreasing
function o({) > 0 0 < { < oo, such that for all (¢, v, , ), (¢, v, , u) € M,
we have

V631, w) = [ v, W)l <O (3 D)+ o(ya D) + ¢ Tul?

(Hy) Forl < g < oo, y, ¥ measurable, y,(¢) — y(f) in measure
in G as k — o0, uy, € (L(G))™, || uy ||, < L, a constant, there are constants
¢, B, 0 < B < ¢, and a function §(f) > 0, t € G, 4 € L(G), such that
for all (2, y1, u), (¢, y5, u) € M, we have

If(t’ylvu)’—f(ls}@’u)l < P(t) -+ ¢ fu|™F.

(He) For y, y;, measurable, y,(¢) — y(¢) in measure in G as
k — 00, u, € (Lo(G))™, || 4y lo < L, there are a function (z) > 0,
t € G, ¢ € Ly(G), and a monotone nondecreasing function o({) > 0,
0 < { < oo, such that for all (¢, y, u) € M, we have

LF@ 2y, w)] <3(8) o[ u [).

Whenever #, is bounded in norm, as for instance under hypotheses (G)
and (H) above, the requirements on f, may be relaxed (see Ref. 7).

6. Growth Cenditions on £, and g,

The following growth conditions on fy(t, y, u), or gy(r, §, ), are
relevant in our existence theorems below. The growth conditions are
stated here in terms of f(Z, y, «) and G only; analogous statements hold
for gy(r, ¥, v) and I

We say that f satisfies condition («) on G provided there is some
function ¥(t) = 0, t € G, ¢ € L\(G), so that fi(t, 5, u) = —y(t) for all
t,yv,uye M.

We say that f(¢, ¥, ) and another function A(z, y, u) satisfy condition
() on G if, for any given € > 0 there is some function ¢.(t) > 0, t € G,
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b, € Li(G), so that | &(t, y, u)| < $At) + <fo(, y, u) for all (2, y, u) € M.

If f, , h satisfy (), then, by taking e = 1, we see that £ also satisfies
(@) with $(2) = (1)

We say that fi(f,y,u) and a function A(t,y, u) satisfy growth
condition (8) on G if there is some function ) > 0, t € G, € Ly(G),
and a constant y > 0 so that fo(¢, v, u) = —(t) — v | A(t, , u)| for all
(¢, v, u)e M.

We say that f,(¢, v, u) and a function A(%, y, u) satisfy condition (y)
on G if there is some function (¢) > 0, ¢ € G, ¢ € L,(G), and constants
y =0,y >0,p > 1, sothat fi(t, y, u) = —h(t) — y | ht, y, w)| — v [ ¥ [P
for all (¢, y, u) e M.

7. Properties of Operators

Let o/ be an operator, not necessarily linear, from a subset S of a
topological space (X, B) into a topological space ¥ = (Y, &). To denote
that Y is not the empty space we say that &/ is not vacuous.

We say that the operator &Z: S — (¥, &), S C (X, 6) is closed on §
provided x, € S, k = 1, 2,..., x€ S, 5, > xin (X, G), &5, —y in (Y, &),
implies y = o/x. We say that &/: S — (¥, &), SC(X, 6) has the
closed graph property provided x;, € 8, k = 1,2,..., x € X, x, > x in
(X, B), Hx,—yin (Y, Z)implies x € Sand y = x.

We say that the operator &: S— (¥, %), SC(X,©), has the
convergence property [with respect to S, (X, B), (Y, &)] provided, if
x,€8, k= 1,2,., xe X, x,— x in (X, B), then the sequence #x;,
E = 1,2,.., has a convergent subsequence in (¥, Z); that is, there is
some y € Y and a [k,] such that o/w; — y as s — o in (Y, Z).

Below, whenever Y is a normed space, we denote by strong (weak)
closure in S, closedness of the graph, and convergence properties, the
properties above relative to S, the space (X, B), and the strong (weak)
topology in Y. Whenever Y is a space of measurable functions we shall
understand the properties with respect to convergence in measure
mn Y.

If S = X, that is, if &7 is defined on all of X, then closure in S and
closed graph property coincide. If (X, B) is a topological vector space, if S
is a linear subspace of X, if &/ is linear, and (Y, &) is a normed space,
then closure graph properties with respect to the strong and the weak
topologies in Y are identical, by force of Banach-Saks-Mazur theorem
(see Ref. 18, p. 120).

In most applications (X, B) is a Sobolev space W,™(G), m > 1,
p > 1, with the weak topology G, while Y is a product of spaces L,(G),
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LI, p = 1, each with either the weak or the strong topology, and of
spaces m(G), m(I") of measurable functions, a.e. finite, with the con-
vergence in measure topology. In most cases S = X, that is, the operators
are defined on all of X, but S may well be a proper subset of X. We shall
see examples of all these cases.

For general properties of operators, we refer here to Dunford and
Schwartz (Ref. 19), and also we mention the short presentation in
Section 2 of Burns’ paper (Ref. 20).

8. Existence Theorems for Lagrange Problems with State
Equations in the Strong Form

Existence theorems concerning only G have been stated in Part 1,
Section 3.2 (Ref. 3), and the same theorems hold for I" alone as well.
Because of Sobolev’s embedding theorems, which relate properties and
behavior at the boundary of G to the properties and behavior in G of
(Sobolev) functions in G, it is of practical interest to formulate the
existence theorems below involving both G and I, as the examples will
show. These theorems differ from those in Ref. 5 because of the ex-
tremely more general conditions on the relevant operators, the functions
J and g, and the relevant sets.

We shall now make full use of the notations of Section 2.

As usual, we say that a triple (v, %, v), xe SC(X,B), uc T, ve T
is admissible for problem (1-5), if relations (2-5) are satisfied, and
Jolos Mx(2), u(*)) € Ly(G), go(*, Kx(-), u(*)) e L(I"). For the concept of a
closed class £2 of admissible triples (x, u, v) we refer to Ref. 5. We
mention here that, given any class £ of such triples, then {x}, denotes
the set of all x € S such that (x, u, ) € 2 for some ue 7T, ve T.

We shall consider below a nonempty class £ of admissible triples
(%, u, v), and we shall denote by £, the nonempty subset of only those
(x, u, v) € 2 with I[x, u, v] << M, for some constant M, . We may denote
by 4, , 4, A the sets

4, = {xoo, = re X | (%, u, v) € 0y},
A ={(x, u)g, = {(x, ) e X X T|(x, 4, v) 2y},
A = {(x, )y, = {(, 0) € X x | (x, 0, 0) € Qy).

We denote here by .S a given subset of the topological space (X, ©),
and we consider operators L: 8 — (L,(G)Y, J: S — (Ly(I)y” with the
weak topology in the range spaces, and M: S — (m(G)y, K: S — (m(I"))*
with the convergence in measure topology in the range spaces.
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The vector functions f (¢, ¥, u), g(r, ¥, v) actually define Nemitsky’s
operators
Flx, u](®) = f(t, Mx(t), u(2)), teG,
Glx, 2)(7) = g(r, Kx(s), v(z)), reT.

Theorem 8.1. An Existence Theorem for Optimal Strong Solutions.
Let us assume that 4, M, f, , f satisfy condition (C) on G, and that B,
M, g, , g satisfy condition (C) on I'. Let us assume that f, , f satisfy
property (8) on G, and g, , g satisfy (8) on I'. Let us assume that the sets
J(t, y) in E+1 satisfy property (Q) with respect to y only at all (¢, y) € 4,
teG— T,,| Ty| = 0, and that the sets R(¢, 7) in Er'+? satisfy property
(Q) with respect to ¥ only at all (r, 9y € B, r e I' — Ty, u(T) = 0. Let
us assume that all operators L, [, M, K have the closure property on S,
and that at least one is not vacuous and has the closed graph property
on S. Also, let us assume (w,) that L and | have the weak convergence
property, and that (w,) M and K have the convergence in measure
property. Let £ and £, as above, and let us assume that 4, = {x}g is
relatively sequentially compact as a subset of (X, 6). Then the functional
I, u, v] has an absolute minimum in Q.

Property (Q) above can be replaced by either property (P) or (P').

If we know that the images F(A1) of A and G(4) of A are relatively
sequentially compact, then requirement (w,) can be omitted.

This statement is a particular case of the following one (Theorem
3.2) below.

To avoid repetitions, we assume that the # corponents of L and
corresponding components of f in (2) are associated into four groups of,
say ry, 7a, '3, 7y = O components, r; + #y ~} 73 + ¥4 = 7, 80 that
I = (Lm L® L& LO £ty u) = (f0, f@, fO, f@) L S —

corresponding group of equations is missing. Analogously, we assume
that the #' components of J and corresponding components of g in (3)
are associated into four groups of, say r{, 75, r3’, ¥,/ = 0 components,
r b1y vy by =7, sothat ] = (JO, J®, ], J@), g(z, 5, 0) =
(gM, g, g, @), [, : S—»(L ()Y, i = 1,2, 3, 4. As above, we shall
denote, for short, by T any subset of G of measure zero (or any subset
of I' of u-measure zero), which may be empty.
The vector functions f (2, y, u), gz, 9, v), i = 1,2, 3, 4, actually

define Nemitsky operators F®9, G,

Folx, dl(t) = fO(t, Mx(t), u()),  t€G,

G[x, v](r) == gW(=, Kx('r) (7)), rel,

Fo: 4 — (m(G)s, GO A m@)y, i=12734
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Theorem 8.2. An Existence Theorem for Optimal Strong Solutions.
Let us assume that 4, M, f,, f satisfy condition (C) on G, and that B,
M, g, , g satisfy condition (C) on I'. Let us write for the operators L, [
not necessarily linear and defined on some subset .S of (X, 6) the general
decomposition L = (LM, L@, L& L@, J = (JW, J@, &) @) above,
rydryFrygtrg=r>=0,r +r +r 4/ =r¢ =0, with the
convention that any of the numbers 7,, r, #,/, # may be zero. Let us
assume that the functions fj , (f©, f ¥} satisfy property (8) on G, and that
the functions g, , (g'V, g®) satisfy (8) on I'. Let us assume that the sets
Oz, ) in E™ satisfy property Q, 4, " with respect to ¥ only at all
(t,y)eH, teG—T,, | T,| = 0; and that the sets R(r,§) in Er+
satisfy property Q,; 1ry,, With respectto y only atall (r, y) e B,re I'—1,
w(Ty) = 0. Let us assume that J@, ), g‘3)(~r, ¥) are independent of the
controls u, v respectively. Let S be a given subset of the topological
space (X, 6). We consider operators LW: S — (L (G)ys, JO: S —
(L(G)ys, i = 1, 2, with the weak topology on the range spaces, operators
LY S — (m(G)y’, J9: § — (m(I)Y4, i = 3,4, M: S — (m(G)), K
S — (m(I"))*, with the convergence in measure topology on the range
spaces. We assume that all these operators LD, L®) L&) LW JO & &)
J®, J®, M, K have the closure in S property, that at least one of them
1s nonvacuous and has the closed graph property, and that L®, J@&,
L@, J® M, K have the convergence property. Let 2 be a nonempty
closed class of admissible triples (x, u, v), let £, be the nonempty subset
of only those (x, u, v) € 2 with I[x, u, v] < M, for some constant M,
and assume that A4, is relatively sequenually compact as a subset of
(X, B), and that the images F®(/) of A and GV(A) of A are relatively
sequentially compact subsets of (L,{(G)): and (L(I')", respectively. Then
the functional I[x, u, v] has an absolute minimum in Q.

Alternate Assumptions. Property (Q, ., ,) above can be
replaced by either property (P, ., .;), or (PTIMQ_H) The same holds for
property (Qr -y +1)

If the sets U(t) depend on £ only, and one of the conditions (F),
or (G), or (H) holds for f, , £, then conditions (Q,), or (P,) above need not
be verified for the sets J(t, y).

If £, and only some of the components f;, say for ¢ & {j}, a subset of
[1,..., ¥], satisfy conditions (F), or (G), or (H) (with requirements relative
to the whole vectors y, y, satisfied), then conditions (Q,), (P,) above can
be reduced by requiring only the corresponding properties (Q,"), (P,"),
p’ < p, obtained byincluding the componentsz?, i € {;}, inthesecond class.

The same remarks above hold for the sets V(r) and functions g,
&, or g, and some of the components of g.
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Proof. Let 7 be the infimum of I[x, %, 7] in the class £, and hence
also in the class £,, —oo <7 < My < -+ 0. We write

Ieyu ol =L+, I =fo0 &, 1, :-:frgo dp.

Let (xy,, uy,, o), B = 1, 2,..., be a sequence of elements in £, with
I, == Iy, uy, 03] — 7 as B — c0. Let Iy, Iy, bethevalues of I, I, computed
on the elements (x , u, , v,). Since &, € 4y C S, k = 1, 2,..., and 4, is
relatively sequentially compact [as a subset of (X, G)], there is a subse-
quence, say still [£], and an element x € X, such that x, — x in (X, B).
Let 2, £, denote the functions

2lt) =[O, yil), wilt)) = LO%(1), 1€ G, (ae),
Falr) = g9, Julr) vl7)) = JPmi(r), v el (pae)
i=12,3,4, k=1,2,..,

where y(t) = Mx(f), t € G, and §,{r) = Kx;(7), re [.

By hypothesis, the functions zy(#), t€G, & = 1,2,.., are in
(Ly(G)yn, this sequence has a weakly convergent subsequence, say still
[k], and thus there is some 2; € (Ly(G))* such that 2y, — z; weakly in
(L(G))r. Analogously, there is a further subsequence, say still [k], and
some £, € (L(I"))1 such that &, — &, weakly in (Ly(I'y1. Thus, LV, =
> %y, JWx, = 2y, — 3 as B — 0.

Since L®, J® have the weak convergence property, there is a
further subsequence, say still [k], such that 2z, — 2, , weakly in (Ly(G))™,
and 2y, — 2, weakly in (L,(I'yz By property (B) there are constants y,
y" 2= 0 such that

mlt) = folts yalt), wl)) = —(8) — ¥(| 20 + 1 22®))),  t€G,
ilr) = golr, ulm), o)) 2 —d(0) — ¥ (&) + 1 &), el

The second members have bounded norms. Thus, both Ij; and I,
k = 1, 2,..., are bounded below, hence I}, = I,;, + I, is bounded below,
and 7 = limy, I, is finite, — o0 < { < I, < M, < o0, with [}, —ias k—c0.

Since M and K have the convergence property, there is some
subsequence, say still [k], such that y, = Mx, — y in measure in
(m(G)Y, and ¥, = Kux;, — ¥ in measure in (m(I"))¥, for some y € (n(G))*
and y e (m{I"))*".

Since f4(t, ), gs(7, ¥} depend on (¢, ¥), (v, §) only, by property (C)
for almost all £ & G, f, is a continuous function of y, and for p-almost
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all eI, g5 is a continuous function of §. Then L® xy(t) = z4(f) =
Ja(t, y:(1)) converges in measure in G to 24(f) = f4(¢, ¥(£)), and analogously
J®x(r) = 2g(7) = gs(7, Jp{r)) converges in measure in I" to £,(7) =
&(r, 3(7)).

Since L% and [ have the convergence property, there is a sub-
sequence, say still [k], such that L®x,(t) = 2,,(¥) converges in measure
to some z,(#), t € G, 2, € (M(G)Y+, and JP®x,(f) = 3,,(7) converges in
measure to some £,(7), v € I, 2, € (m(I")ys.

At least one of the ten operators LW ..., J® M, K has the closed
graph property. This guarantees that x € S. Since the ten operators have
the closure property in S, we conclude that L¥x, — Lty = gz,
JP%, — JOx = &, Mx, — Mx = y, Kx, — Kx — 7 as k — o0,
i= 1234

By lower closure theorem (Ref. 15), we conclude that there are
measurable functions u(z), ¢ € G, and o(7), 7 € I', such that

Wty = Ma(tye A(t),  w(t) € Uz, Max(2)),
La(t) = f(t, Mx(t), u(?))  ae in G,
3(7) = Kz e B(r), (7)€ V{r, Kx{r}),
Jx(r) = g(r, Kn(z), v(r))  p—ae.in I,
Jolt, Mx(t), u(t)) € Ly(G),  golr; Ka(7), v(r)) € Ly(T'),

Ifx, u, o] = L £, Mx(2), u(t)) dt -+ fp go(r, Ka(r), o(7)) du <.

Thus, the triple (x, #, v) is admissible, and since £ is a closed class,
there is some admissible triple (x, , #, , vo) in £2 with I[x,, u,, v,] < 4.
Thus I[x,, uy, v5] = 7, and the existence theorem is thereby proved
under the main assumptions.

Under the set of alternate assumptions the proof is the same where
use is made of the lower closure theorems proved in Refs. 1, 4, 5, 15, 17.

Remark 8.1, There is a patural situation where S = X and all
operators L, J@ 4 = 1,2 3, 4, have convergence property and closure
property. This occurs, for instance, when (X, 6) is a Sobolev space
W, G), Il = 1,1 < p < oo, I'is a part of the boundary 8G of G,
Sobolev’s imbedding theorems hold, || x|, < v, for some constant y,
and all x € 4,, and the operators L%, i = 1, 2, are linear combinations
with bounded measurable coefficients of all derivatives Dox, 0 < | o | <,
for p > 1 [and even for p = 1 provided we know that the derivatives
of maximal order D, || ==/, are equiabsolutely integrable in G
(Ref. 21)]. In this situation, if the operators L9, i = 3,4, M and J®,
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i = 3,4, K are also linear combinations with bounded measurable
coefficients of all derivatives Dox, 0 < |a| <</ — 1, on G and on I
respectively, then the same operators can be thought of as being into
L, spaces, 1 << p < o0, on G and [, and the same operators then have
convergence property and closure property with respect to strong
convergence in L, . This situation was essentially considered in Ref. 5.

Remark 8.2, The set 4, = {x}p C (X, B) is certainly relatively
weakly compact, if for instance (X, 73’) is a Sobolev space W,{(G),
1 < p < o, > 1, with weak topology G, and it happens that x € {x}Q ,
I, u, v] < M, implies || xHé < M, for some constants 1 < g < o0,
M, > 0, and where || ||} denotes Sobolev norm in G.

The set 4, = {x}a, C (X, B) is also relatively weakly compact if, for
instance, (X, G)isa Soboley space W, (G) [ > 1, with weak topology G,
if x € {x}q, I[x, u, v] < M, implies | x ||{ < M, as before, and in addition
a suitable growth condition (:4.) holds guaranteeing that the derivatives
of maximal order y = [D(?), t€ G, | a| = I] for the same elements
x € A, are equiabsolutely integrable on G (see Refs. 5 and 10).

Both situation will be shown in the examples below.

The image F®(A) is certainly relatively compact in (L,(G))s, if f;,
f @ satisfy growth condition (¢.) (see Ref. 5) or if FV(A) lies in a bounded
part of some L(GY)i, 1 < ¢ < oo. The latter occurs, if for instance
(X, B) is a Sobolev space W, (G), 1 <p < 0,1 > 1, with weak topology
B, and || FOu, «]jl, <y | 2]y + o' for some constants y, y', 1 < ¢ < 0,
and all (x, u) € A.

The image Gﬂ)(zl) is certainly relatively weakly compactin (Zy(I))
if g, , gV satisfy a growth condition (), or if G (1)(/1) lies in a bounded
part of some (L, (F))Tl 1 < g < oo. The latter occurs, for instance, if
(X, B) is a Sobolev space W,XG), 1 < p < oo, with weak topology G,
if I is a part of the boundary 8G of G for which Sobolev’s imbedding
theorems hold, and a relation || GV[x, o], <y | =], +y" holds for
some constants v, ¢’ > 0, 1 < ¢ < o0, and all (x, v} € 4.

Remark 8.3. For the case in which f,, f (or gy, £) are linear in
the state variables y (or §), we have proved existence theorems without
convexity conditions (see Refs. 22-23).

Remark 8.4. Properties (P) and (P,) of the alternate set of
hypotheses of the existence Theorem 8.1 could be replaced by the
corresponding slightly extended properties taken into consideration by
M. B. Suryanarayana (see Ref. 17 for lower closure theorems).
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9. Some Nonlinear Operators with the Closed Graph Property
We begin with a simple statement in the form of a lemma.

Lemma 9.1. Let 4,(2), b(t), A(2), b(¢), 2(2), t€ G, k = 1, 2,..., be
given functions defined on the set of finite measure G in E*, | G | < oo,
A, , A measurable and finite a.e. in G, b;, , b, 2 € L(G), with 4, e L,(G5),
k=1,2,. If 4,— A in measure in G, b, — b weakly in L,(G), and
Ayby — z weakly in Ly(G) as k — o0, then 4b e Ly(G), and A(£)b(2) = =(2)
a.e. in G.

Proof. Since Ay — A in measure in G, given ¢ > 0 there is a
subsequence, still denoted by [k], and a compact subset K of G with
| G — K| < ¢ so that all functions A4, , 4 are continuous on K and
Aj,— A uniformly on K as k — co. Thus, if 8, = max{|4,(t) — A(¥)|
|teK,j >k} k=1,2,.,then §, — 0 as k — 0. Since b, — b weakly
in Li(GY), || by, I, < M, for some constant M, and all k, where | ||, is the
L, norm. Since &, — b and 4,b; — z weakly in L,(G), then b, — b and
Ayby — z weakly in Li(K) also. For every ¢ € L (G) with || ¢ |, < M, the
product A¢ € L,(K), and so

o = | [ (6u) = b0) 40 $t0) d | > 0

as k — oo. Since
[ 40 b 80 = | 40 b 900 at|

< [ 14u0) — A 1501 16600 -+ | [0t — b)) 40 800)
< SMM, + op, kR =1,2,.,

we conclude that 4;b, — Ab weakly in L,(K). Since A4, — = weakly
in Ly(K), we have 2(t) = A(#)b(¢) a.e. in K, and finally 2(¢) = A()b(¢)
a.e. in G. This proves our lemma.

Lemma 9.2. Let 4,5(2), b,(¢), 4%2), b(2), 2(t), t e G, k = 1, 2,...,
s = 1,..., N, be given functions defined on the set of finite measure G
in B, | G’ | < 00, 4;f, A° measurable and finite a.e. in G, b8, 8%, z € L,(G),
with Yoy AheL(G), k = 1,2,... If A4, — 4% in measure in G,
by — b* weakly in L(G) as k — @, § = = L, N, and Y3, 4,505 > =
weakly in Ly(G) as k — oo, then 0, A% € L,(G) and ¥, As() b5(t) =
3(t) a.e. in G.
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The proof is the same as above. The same lemmas extend to
measure spaces.

In a Sobolev space (X, 8) = W,G), 1 <p < 0,1 > 1, with weak
topology G, let us consider the nonlinear operator Lx = (D°x)(D?x), the
product of two derivatives D*x, Dfx of orders 0 < [«| << I — 1,
{a] < |B| < I Let S denote the subset of all elements x € W,YG)
such that Lx € L,{(G). It may well happen that S is only a proper part
of W,¥G). However, by Lemma 9.1, the operator L: .S — L;(G) has the
closed graph property on S [with respect to weak convergence on .S and
weak convergence on Ly(G)]. Indeed, if x;, x € W, G), x;, — x weakly
in W, {G), then Dewy, — Dex strongly in Ly(G), Dfx;— DPx in Ly(G),
(strongly if | o | < B < I, weakly if | o | < | 8| = [), and we know from
the lemma that, if (Dox,)(Dfx;) — & weakly in L, , then 3 = (Dw)(Dx)
a.e. in G.

If X = W;{G), G C B, let us consider the operator on G,

Lx =&Y, (0x/0t)) = x div «,
f==i

as an operator L: S — L,(G), defined on the subset S of W, of all
x € W,{G) such that Lx € L;(G). By force of Lemma 9.2, L: S — L,(G)
has the closed graph property on S; [with respect to weak convergence
on W, Y(G) and weak convergence on L,(G)].

Again, for X = WXG), G C E", the operator L: § — Ly(G),
S C WAG), defined by

Ly =Y (Ox/0t')? = |grad x |*
=1
on the subset S of W,2(G) of all x € W,%(G) such that Lx € L,(G), has the
closed graph property on S [with respect to weak convergence in both
W¥G) and Ly(G)].
Similarly, for X = W,¥G), G C E¥, the operator L: S — Ly(G),
S C W XG), defined by

Ly =Y, (afr)@/or7) = (grad v, V),

i=1

on the subset S of W%(G) of all x € W,%G) such that Lx € L,{G), has
the closed graph property on S.

Analogously, we may define the operator [: §— L,(I") by taking
Jx = x(dx/6n) and S the subset of all x € W;¥G) for which the product
x(0x/on) € L,(I"). Here dx/én denotes normal derivative and we assume G
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smooth and such that Sobolev’s embedding theorems hold. However, §

may well be a proper subset of W,*G). The same holds for the analogous

operator Jx: S — L(I'), S C W,¥G), defined by Jx = (6x/0n)?, where
= [x € W¥G) | Lx € Ly(G)].

Let G = [(§ n)| & 4+ 5? < 1] and let a(£, ) be a measurable
function on G, a.e. finite. Let (X, B) = W ¥G) with the weak topology,
and let L: § — L(G), S C W,XG), be the operator defined by Lx =
a(é, n)(x¢ + x,), on the subset S of WX(G) of all x € W,¥G) for which
a(§, n)(xe + x,) %, € Ly(G). Then L has the closed graph property on 8
[relatively to the weak convergences on W,%G) and L(G)].

Before considering the next example, we mention here the following
well-known lemma.

Lemma 9.3. Ifl1 <p < 0,b,eLl,(G),k=1,2,.,] b, <M,
for some constant M, , and b, — b in measure in G, then b, — b weakly
in L,(G) (Hewitt and Stromberg, Ref. 25).

Now let G be as above, (X, B) = W,¥G) with the weak topology,
and let L: S—Ly(G), SC W, ¥G), be the operator Lx = x,, on the
subset S of W, XG) of all x € W,¥G) for which || %, |l; = C for a given
constant C. We claim that the operator L: S — L,(G) has the closed
graph property on S with respect to weak convergence in W, % G) and
convergence in measure in L,(G). Indeed, if x, € S, x € W, %G), x, > x
weakly in W, *G), then certainly ., — &, weakly in L,(G) and
| % l, < M,y for some constant M, . If we know that x,, — 7y in
measure in G to some measurable function y on G, then by Lemma 9.3,
¥ = X, a.. in G, and wxy,, — %, in measure as well as weakly. Then
| ®4en | = | %, | in measure with || %, |, << M. Again, by Lemma 9.3,
we conclude that | x,, | — | %;, | weakly, and hence || xy,, [l; — || %en 1 -
Since || %3z, |ly = C, we have || x;,]l; = C, and L has the closed graph
property.

We refer to Ref. 18 for general properties of operators. We mention
here that some more examples of nonlinear operators with the closed
graph property are exhibited in Ref. 24,

10. Examples

A number of examples have been already given in Ref. 5. Here we
list some examples to which the present more general existence Theorem
8.1 applies. Given any function x on a domain G, we shall denote by
yx the values of ¥ on the boundary 8G of G, whenever they are defined.
Some of these examples have been elaborated in Ref. 26.
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Example 10.1. Let G be a connected bounded open subset of the
én-plane E? of Morrey’s class K (Ref. 21) so that the usual arc-length
measure ds is defined on 8G = I'. We are concerned with the problem
of the minimum of the functional

I = [[ Gt 1o+ L+ s, ) ded+ [ (@479 240 ds

where p > 2 is a fixed number, with constraint

a(€, m) % + b(€, m) % + (&, 1) %, = d(£, ),

where ¢ > 0 is a given constant, and 4, b, ¢, d are given measurable
bounded functions on G. In other words, we seek the minimum of

Ix, u, v, w}

=[] Etntiar b iul o) dd+ [ (@400 o

with state equations

Xg =Y, X,

p =7, a(f,m)x=d({n) —bEn)u—df v+,

and controls u, v, win G, (u, v, w) € U = [(4, v) € £2, w > 0]

Thus, Lix = x;, Loy = %,, Lgx = ax, Mx = x, Kx = vyx,
fi=u fo=9 fs=4d—bu—cv+w or f(§n xu v w) =
[#, v, d — bu — cv + w]. Also we have

flesmxuv,wy=E¢+n+lx|?4+u?+ 20| go = (& + P)(yx)%

Thus fy = ¢+, g =0 and f,, g, satisfy condition {a). Also, f;,
(f1» fo) satisfy a () growth condition on G (Section 6).

Let (X, B) be the Sobolev space X = W, (G) with weak topology.
Then the operators L, , L, , L are defined in S = X and have the weak
convergence and weak closure property, with range in L,(G). The
operators M and K are also defined in § = X and have the strong
convergence and strong closure property with range in L,(G) and L{(I'),
respectively.

Note that if 2 = {(x, %, v, w)} is the class of all admissible systems,
and Q, the subclass of only those with ITx, u, o, w] << M, for some M,
sufficiently large, then £2, is not empty, and 4, = {x}q, is made up of
elements x € W, {(G) with », % , 2, € L,(G), [ % |l + | ® ollp + 1 %, Lo <My
and finally || x |5 < M, for suitable constants M, M, depending only
on M, , p, and G. Because of property (), the derivatives x; , x, of the
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elements x € 4; = {x}o are equiabsolutely integrable. Thus, the class
Ay is weakly sequentlally relatively compact as a subset of X = W,Y(G).
Since v = 2, [ = 1, p > 2, we have » < [p. Hence, by Sobolev’s

imbedding theorem, the elements xe 4, = {x}o, are equibounded
continuous functions on cl G, say | x(&, )] < ¢, where ¢y depends only
on G, M,, e

Thus, for 2| << R, 2 = (2, &% 2%), that is, |(u, v, d — bu —
v + w)l << R, we certainly have ju | <R, |v | << R, and

E-+n < folésm ® u,v) < €41+ 6f + 2RP.

In other words, | T(z; &, 7, ®)} < ¢ for some constantcand all | 2 | < R
The sets Q(¢, 9, x) are here defined by

O, %) =z = (3%, 2%, 2%) |2 =u, 22 =0, B =d — bu — cv + w, (u,v,w) € U]

and thus p(§, n) € O(¢, 7, x) for all x if we take p(&, 7) = (0, 0, d(&, 7)),
a bounded measurable function p: G —> E3.

The sets (¢, », «) are here defined by
O m o) = [ 2525 ) (20 > £+ x4 |ulp 4 o,

=, 2% =0, =d — bu— cv - ],

where (1, v, w) € U = [(u, v) € B2, w > 0]. First, the sets J(¢, 7, x) are
convex since f is convex in u, v and f, , f,, f5 are linear in u, v, w, and
obviously closed. Let us prove that |f|-> -0 as |(%, v, w)] — +co.
Indeed,

fl=lul+loj+id—bu—cv—w|

and if D = sup {d|, B = max [sup | b |, sup|c|], then, given any
M >0, if wetake || + |v| + |w| > N= (B + 2) M + D, then
either [u| + |o| > Mand then |f]| > M;or |u| + |v| < M, and
then|w| > B+ 1)M+ D,and |f| > |w|—B(lu|+|v])— D>
(B+1)M + D — BM — D = M. We have proved that | f | — --00 as
lul 4+ o]+ |w]|— 0. WenawapplyTheoremSlWithr_3
ri=21r=0LfY=(f1,ih f® =f5,r3 =r, = 0,7 = 0. The sets
O(t, x) have here property (P) by the remarks inSection4. Thesets B(¢,7,7)
are the trivial sets [(2%, 2)| 2° > (€ + %?)(9)% 2 = 0], which certainly
are closed, and have property (K) [even property (Q)] with respect to
¥, ¥ € E* The functional under consideration has an absolute minimum.

Remark 10.1. The functional of Example 10.]1 has an absolute
minimum even for any fixed p > 1. In this situation we consider any
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minimizing sequence [x,], and y, = Mx, = x; . For some subsequence,
say still [k], we have x, — x weakly in W, YG), x,— x strongly in
L,(G), and if we take py(§, ) = p(£, 1) = (0,0, d(& 7)), mlésm) =

£+ 0+ lalé )P, W& ) = € 4+ n + | 2 ), we see that p, — p
strongly in (Ly(G)), py, — p strongly in L,(G), and that

(ealE: 1)y BlE, M) € O m, yilés )

for all (¢,7)€ G, k = 1, 2,... Thus, the sets § have property (P’), and
Theorem 8.1 still applies.

Example 10.2. Let G be as above, I' = G, and let us consider
the functional

I, u el = [ (Ebnblelr ot oelm+ |, 7+ [ u) de dy
+ [ L&+ )y 1 e 7 4 Ly 24 [0 [
for some fixed p > 1, with state equations

Bee Yy = EF 2+ |aP4 | x|? 4 |x, 7+ d(Emu on G,
a(é,m) ye + BE, ) yxe + (€, ) yx, = | yx [P+ |y |7+ [y, |7+ e(€ o

on [

and constraints
ixfi<cll ixni<02; (6)
[ G +iselr+ 119 dtdn < C, ™

The problem is immediately written in the form (1-5) with

L == %gp + %4y Mx = (x, x;, x,),
Jx = ayx -+ byx, + oyx,,  Kx = (yx, yx¢, v%,),
fo=E+n+lxlP+la P+ |x, "+ ]u], nel=FE,
8o = (& + Pl + (yx)* -+ (v, + o), ovelV =E,
f=8+n+x?+x|"+ | %, 7+ d(E nu,
g = (yx)f? -+ (yx, -+ (v, -+ el€, o,

where a, b, ¢, e are measurable bounded functions on I, d is a measurable
bounded function on G, and p, C, Cy, C, positive constants. Thus

8og/15/4~10
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r=¢v =1, s=s5 =3, m=m = 1. We take for X the Sobolev
space X = W XG). Here f; = 0, g, > 0, and thus f; , g, satisfy condition
(). Also fy, gy are convex in u and o, respectively, and £, g are linear
in u, v. Thus the sets § C E2, R C E? are certainly convex, and obviously
closed.

If 2 = {(x, u, v)} is the class of all admissible systems, and 2, the
subclass of only those with I[x, u, v] <X M, for M, sufficiently large, then
£y is not empty, and A, = {x}o is made up of elements x € W ¥ G) with
%5 < M, for a suitable constant M, which depends solely on M,
G, p, C.Sincev = 2,1 =2, p > 1, we have v < Ip. Hence, the clements
x € Ay are equibounded continuous functions on ¢l G, say [x(¢, 7)| < C,,
where C, dependssolely on G, M, , p. Here we assume d(§, 9) >y > 0,
e(£,m) = v" > 0 for some constants y, ' > 0. For y = (x, x, , %,), the
sets O(&, 1, y) are the sets Q(€,9,y) = [z = € + 7 + X + d(§ ),
ue B, where A= |x[? + | % |? + | x, 7. Hence, Q(¢, 9, y) = EY,
and for p(§, 7) = 0 we certainly have p(¢, n) € O(¢, 1, ¥) for all y. Also,
for || <R, or |2]=|8+n+ A+ d(& n)u < R, we certainly
have |u | < R’y with R' = R + £ -+ %% 4 ), and then

Etn<flémyu)<E+n+ CP+ CP + C2+ Ry

In other words, | 7(z; &, 7, ¥)| < ¢ for some constant cand all | 5 | < R.
Finally, | f| — oo as | # | —> oo. Thus, the sets § C E? satisfy property (P).
The same argument holds for the sets R C E? which, therefore, also
have property (P).

As before, A = {x}, is a subset of X = W,*G) which lies in a
bounded part of X. Since p > 1, the set A4 is relatively weakly sequentially
compact in W (G). The operators L, J, M, K are defined in § = X and
have the required properties. The problem above has an absolute
minimum.

Remark 10.2. The functional of Example 10.2 has an absolute
minimum even without constraints (6). In this situation, we consider a
minimizing sequence [x,], and v, = Mux, = (%, %, , &,). For some
subsequence, say still [£], we have x;, — x weakly in W, ¥ G), x4 — «,,
X, — %, strongly in L,(G), and if we take

i, ) = —dMENE + 4 [ 2 17+ | 2 [P+ | 3, 9),
P& m) = p(€, 1) =0,

€y m) = €+ 0+ dYE (& + 1)
A [0+ d7E I 5 12 4 | e 1P 4 | 3y, [P),
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then y, converges strongly in L, (G), and

(ual&, ), DL, ) € O, 5, yul&s 1)

for all (¢,7) € G, k = 1, 2,... Thus, the sets § have property (P’), and
Theorem 8.1 still applies.

Example 10.3. Let G be as above, and let us consider the
problem of the minimum of the functional

I=[[ (up+lal+inlt+laelo+ o+ la, ) ddr @®)
G

for some fixed p > 1, with the differential equation

xé’?} == {(57 s %y x§ y xn) (9)
and the constraint
[ 1xete miaedn = o (10)

Let (X, 8) = W,¥G) with the weak topology, and let
S = {2 e WAG) || 20l = Cob.
The problem above is the problem of the minimum of the functional
Iy, ) = [[ (17 4 [ P 4 Ly 7 [l 4 [0l + | wl) dE dy

with differential equations and constraints

Xee = U, Xen = Uy X

Xeg :f(g} By Xy X » xn)’ ” Xen pl = C{) .

Thus, we take here U = E8,

=w, (40, wel=F,

L% = (¢, %n Xnn), L®% = x,,, Mx = (%, %, %,),

7y == 0, ry =3, 7y =1, ry =0, 7 =4, s =3, m == 3,
and, if Mx = (y;, ¥s, ¥3), We actually have

JlE oy, ye, Vet v, w) = [y [P+ |9 17 [y |7 - [ [P+ fo|?+ (w7,
f<23(§, hHV1:Y2: Vs, % 0 w) = (u3 v, Z{}),
FOE D, 31, Ve ¥, 8 0, ) = f(&, N V1> Yo r Vo)
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Here fy 2> 0 and thus f satisfies condition («), and f® is independent
of the control variables. Here 4, = {x}o is weakly relatively sequentially
compact in W, *G), since we are minimizing the norm of W, ¥ G). The
operator L®® has the weak convergence property in .S and also has the
closed graph property on S, as proved in Section 9. The operator L®
is certainly closed in measure on S, and M has the convergence property
{with respect to convergence in measure). Also, L, and M have the
closure property. Finally, the sets

O m, 315925 75) = [(2% 24, 22, 22, 24)| 20
S PPl lur+ o+ wle,

dr=u22 =02 =w,

= f(& 31,92, @ v, w)e U = E7
have property (Q) = (Q,) by force of criterion (6.1) in Ref. 13. Thus, the

functional under consideration has an absolute minimum.

Example 10.4. The same as before, for the minimum of the
functional

I=[[ (xltlael - x P ] + [ol2+ [w7) dE dn,
for some p > 2 with the differential equations and constraint

Xeg = U, Xepy = O, X
Xz ::f(f, N Xy X xn)’ ﬁ Ken ”1 = C(} »

2+ 2, = a(&, n, x, %, , x,)o.

:w’

Here the control variables (u, v, w, w) take their values in U = E%, and
J&m, %, 2, x,), a(€, m, %, %, , x,) satisfy Carathéodory condition, with
a =y >0, v a constant. Here L'®, L® M are as in Example 10.3, we
have one more operator L) = x; + %, , 7, = 0,7, = 3,73 = 1,7, = 1,
r=5s5=3m=4,

Jol&smo iy 2y 955 1 9, @, @)
=[NP+ 1P+l ue?+ 0?4 (w7
FOE 091, 92, 55 % 0, 0, )
= alg, 0, V15 Yo s Vo),
and f @, £ are as in Example 10.3. The same discussion as before holds.

We can think of L as having range in L,(G), and L® has closure
property and strong convergence property. Here the sets O(¢, 9, v) C E5,
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v = (y1, V2, ¥s), are closed and convex, and have property (Qz) [but
not necessarily property (Q) = (Qj)].

Example 10.5. Let G = [(§7) | & + n? < 1], let I' = 0G, and
Jet s denote the arc length measure on I. We consider the problem of the
minimum of the functional

I, uy , 4y, v]

- fG (0% + 22 + 2,2 4 1? - w21 — wp)?) d€ dn + JT (yx — 17 ds,

with differential equations

a(f’ 'r])(xf + xn)xé'n =1 in G,
X, = Uy in G,
VX; = CO8 7, yX, = 8in v on [

where (u,, u,) € U = E?, v € V = E, in the class Q of all systems
(%, %, , 4y, 0), x€ S, with S = [x € W(G), «(§, n)(x; + x,)x €L4(G)],

u, , 4, measurable in G, v s-measurable on I', and

2ge lle + 1 en llp + 12 llp < C
Above (£, ) is a given measurable function on G (not necessarily
bounded or L,-integrable). Here the constant C is assumed to be sufh-
ciently large so that £2 is not empty. We take here X = W,¥G) with the
weak topology, and we set
LWy = o€, n)(xe + %)%, LWx = x2,, Mx = (x, %¢, 2.},
JBx = (yx, , y%,), Kx = yx,
andthusry = 1,7, = Lry =13 =
vy = 0,7 =2, =2, =1, m =1, and
Fol&y M yes ¥as Pt ) = 3% 99+ + 0?1 — us)?,
(l)(’f’ M V1 Yoo Vo Uy, Ua) = Uy, gl m, 9, 0) = (9 — 1)%,
(4)(§> N Y1s Ve Vso ¥y '“2) = Uy, g(‘i)(g’ 7 373 ?)) = (COS vy sin ‘Z))

The functions f, and f © satisfy condition (4) with 5, = . Also,
fo =0, g = 0, and thus f;, g, satisfy condition (x). For any sequence
[x,] of elements from 4, = {x}o there is a subsequence, say still [%],
such that x;, — x weakly in W, 2(G’) Here, L™ has the weak closed graph
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property on S as proved in Section 9. The operators L@, M, J¥, K can
be thought of as having range in L,(G) and L,(I") spaces, and have the
strong convergence and the strong closure property on S. Finally, the
sets

Q(f, 0 V15 Vs ¥s) = [(%% 3%, 8%) | 2% = 9% + 9 + »g® 4 0 + w1 — up)?,
2=y, 3% =, (U, ) € E?]

have property (Q) == (Q,) [but not property (Q) = (Qj,)] with respect to
(315 ¥2 > ¥s); the sets

R, ) =[(=% 2, )| > (P — 1% 22 = cos v, 22 =sin v, v € ET
Ui y

have property (Q;) [but neither property (Q,) nor property (Q) = (Q3)]
with respect to . Hence existence Theorem 8.1 applies, and the function-
al under consideration has an absolute minimum in £.

Example 10.6. In this example, we discuss a problem similar
to those considered by Butkovsky (Ref. 9). A thin metallic billet of
length L > 0 is moved (through a heating medium) in time 7' > 0 with
given velocity V(f) = 0, 0 <{ ¢ << T. The state of the material is charac-
terized by the temperature distribution function x(¢, £), 0 < ¢ < T,
0 < € <L. The process of internal heat transfer between the stationary
heating medium, characterized by the temperature distribution function
u(t, £), 0 <t < T, 0<€ <L, and the material passing through, is
given by the differential equation

bz, €)(0x[ot) + b(t, &) V(t)(0x[08) + x = u(t, &),

with boundary condition at the entrance of the heating zone x(z, 0) =
xo(2). 'The function b(¢, £) describes the thermophysical properties of the
metallic billet.

We assume that there are constants C;, C,, C; > 0 such that
0< V() <Crand C, < b(t, €) < Cyon (0, T)and on G = (0, T) X
(0, L), respectively. We seek the minimum of the functional

T,y 5] = [ (=212 4 |y |2 4 | [9) di d,

where p > 2 is a constant, x*(¢, £) a given function, x* € L,(G), with
differential equations

b, E)@xfor) + b(t, &) V(O(@x/0f) + x =y, 00)0F = uy
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in the class @ of all systems {(x, u; , #,), 4, , 4, measurable in G, x any
element of the set ' = [x € W,%(G) | x(t, 0) = x,(¢)] satisfying the above
relation and such that the integrand function in I is L,-integrable in G.
We take here (X, ) = W,XG) with weak topology, we take Mx = x,
and

Ly = [b(ox]ot) + bV (x/08) + x, 8%/9€],
sothatr, = 0,7, =2,73 = 0,7, = 0,7 = 2,s = 1,m = 2, and

o = 1x— 2%t P+ lw [P+ [w % O = (u, w)

Here f, > 0 and thus f, satisfies condition («). For any sequence x;,
k= 1,2,..., of elements x, € A, € {x}o , We certainly have

laells <Koy ol <K, Nugll, =1 008, < K
for some constant K, . Hence,
[} Oxyfot [l = || by, — %) — V{(0x/06)]l, < (20;1 + CPK, -

Thus, there is a sequence, still labelled [k], and an element
x € W,(G) so that x;, — « weakly in W, }(G), and a further subsequence,
say still [£], such that the boundary values x,(2, 0), 0 <\ ¢ < T, converge
strongly in L,[0, T] to x(¢, 0). (Actually, p > 2, or 0 <1 — 2/p, and,
by Sobolev’s imbedding theorems, (¢, 0)— x(#,0) uniformly in
[0, T1.) In any case, from x(t, 0) = x(f,) we derive x(Z, 0) = x(2).

Moreover, the operator L® has the weak convergence property and
the weak closure property on S, and M has the strong convergence
property and strong closure property; hence convergence in measure
property. Finally, the sets

O(t, & x) = [(% 2, ) | 2 > | o — a¥(t, §)IP + |y [P + | 9 |7

B =y, 2P == )

[for (u, , u,) € E?] have property (Q) with respect to x. Theorem 8.1
applies, and the functional under consideration has an absolute minimum.
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