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Nemitsky’s Operators and Lower Closure Theorems'

L. CESARI*> AND M. B. SURYANARAYANA®

Abstract. This paper focuses on certain analytic criteria given by the
authors in earlier works, for the geometrie property of upper semicon-
tinuity of set-valued functions, used in the proofs of lower closure
theorems, and hence in existence theory. In particular, it is observed
that, under Filippov-type condition (namely, when the set of controls is
bounded in measure or in norm), mere Carathéodory-type continuity of
the relevant functions f is sufficient to guarantee a weak form of
property (Q), and in turn the lower closure theorems.
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1. Intreduction

The role of upper semicontinuity properties of sets, in relation to
closure and lower closure theorems in optimal control theory, has been
studied by several authors such as Filippov (Ref. 1), Cesari (Refs. 2-6),
Cesari and Suryanarayana (Refs. 7-8), Olech (Ref. 9), Lasota and Olech
(Ref. 10), Bidaut (Ref. 11), Berkovitz (Refs. 12-14), and others. Recently,
such semicontinuity conditions have been drastically reduced or eliminated
by the use of simple geometric properties of the sets (Cesari, Ref. 5, and
Suryanarayana, Ref. 15), or by the use of analytic conditions on the relevant
functions f; and f (Cesari and Suryanarayana, Refs. 7-8), or by a combina-
tion of the two ideas. The purpose of this paper is to highlight certain
remarks concerning analytic criteria which are found in earlier work of the
authors and have not been explicitly stated (Refs. 4, 5, 7, 8). These remarks
have recently gathered considerable interest in applications; as such, this
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paper tries to give them their due emphasis and perspective. The proofs
remain the same as in our previous papers, though for some statements also
alternate proofs are given here.

First, we shall point out here that closure and lower closure theorems
under only usual Carathéodory continuity conditions on f, and f are
essentially proved in our papers under the sole hypothesis that the sequence
of minimizing controls are bounded in the L,-norm. Indeed, convergence in
measure to zero of the usual differences

8(1) = f(t, xi (1), w () — f (5, x(0), we (1))

implies the weak form of property (Q) which we mentioned in Ref. 8 and
which is sufficient to ensure closure and lower closure theorems.

It was also noticed in Ref. 5 that, in the case of Mayer optimal control
problems, that is, when

Qt, x)=f(t,x, UR)CE’, with U(t) CE™,

the sets Q(s, x) have property (K) provided f is continuous and | f(z, x, u)| >
00 as |u|~>c0 uniformly for (¢, x)€ A (more detailed and less demanding
statements can be found in Ref. 5). However, this growth condition is not
needed if we know that the sequence of minimizing controls are bounded in
the L;-norm. The same holds for Lagrange problems under usual lower-
bound conditions on the integrand f, of the cost functional {e.g., fo=0).
Several examples are given to illustrate our statements.

2. Preliminaries

Let G be a given measurable subset of the ¢-space E” of finite measure,
t=(",...,t"); for every te G, let A(t) be a given nonempty subset of the
x-space E”, x =(x",..., x"), and let

A={(tx)|te G, xe A1)}

Foreach(t, x)e A, let Q(z, x) be a given subset of the £ = (z°, z)-space E T+
z=(z',...,z"), and let Q(¢, x) be its projection on the z-space E’. Let
H, < G denote asubset of G of measure zero. We assume that A(f} is closed
for te G—H,. As usual, we say that the sets Q(f, x), x € A{f), for a fixed
f € G, satisfy property (K) with respect to x at £ € A(f) if

Qf, %)= ﬂocl u{Q(, x)||x—%|<8,xc A(D}; (1)

and we say that they satisfy property (Q) if (1) holds with cl replaced by cl co.
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In the proofs of closure and lower closure theorems, the following
weaker form of property (Q) has been used (see Refs. 4, 5, 7, 8). We say that,
for fixed € G, the sets Q(1, x), x € A(t) satisfy property (Q7) at ¥ € A(¥) if,
for every sequence of points x, € A(f), x, » X as k00, and, for every
sequence of points z,, k=1, 2, ..., with z, € Q(i, x,), there exists a subse-
quence z;, such that

QG, £ deo U {ze, s=h). @
h=1

The following criterion for property (Q7) is of interest.

Lemma 2.1. Letfe G and x€ A(f), and let Q(f, x) be closed and

convex. Let us assume that, for every sequence (x;, z), k=1,2,..., with
x. € A(f) and z, € Q(t, x¢), x,.—> X, there is another sequence %, k=
1,2,...,of points Z; € Q(f, X), and a subsequence k; such that z, —Z,, >0

as s » 0. Then, the sets Q(f, x), x € A([), satisfy property (Q7) at %.

Proof. The subsequence z;_, guaranteed by the hypothesis, satisfies
Eq. (2). Indeed, let z* be any point of the right-hand side of relation
(2). Then

ny
% 1
z° = hm Z (cli.Z,(Si)3
>0, 09
where
CI,'ZO anchli=1.
Since z,, — Z,, = 0, we also have

ny
6= 2 CiZis,>2" as [ > 00.
i=1

Here 6,€ Q(f, x), since Q(f, x) is convex, and Z,_ € Q(f, ¥). Then, z*¢
Q(i, x), since 6, z* and Q(, %) is closed. This proves (2) and property
(Q)atxiecA).

Theorem 2.1. Let G, A(1t), Hy be as above. For te G, let U@t) CE™
be a nonempty subset of the u-space E™. Let

M:{(l‘, X, u)lte G,xeA(t), uc U(t)}cEV+n+m.
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Let f: M= E’ be a given function satisfying the following Carathéodory-
type condition:

(C) Given €>0, there exists a compact subset KC G—H,; with
|G — K| < e and such that the sets

Mg ={(t, x,u)e M|te K} and Agx={(t,x)eAlteK}

are closed and f is continuous on M.
Let

Qt, x)={z|z=f(t, x, u), ue U(t)}.

Let x,. (1), ue (1), x(1),t€ G, k=1,2, ..., bea.e. finite, measurable functions
on G with x,(t)-> x(t) in measure in G, and such that the functions

8 (1) = (8, % (1), wi ()~ £(1, x (1), wi (1))

converge in measure to zero. Let us also assume that the sets Q(¢, x(1)) are
closed and convex for almost all € G. Then, there is a subsequence [k,],
such that x,_(f) > x(¢) pointwise a.e. in G as s - o0; and, for almost all t € G,
we also have

QU x(1) > Fﬂ el co {f(5, xi, (1), e (1) = k). 3)

Proof. The proof is found in Ref. 8. In that paper, the functions 5, (f)
were assumed to converge strongly to zero, but the proof in Ref. 8 uses only
the convergence in measure.

Remark 2.1. See Example 5.4 for the case where §, - 0 weakly, but
above relation (3) does not hold.

Remark 2.2. Statements analogous to the ones above are also valid
for the sets

Ot x) ={(z°, 2)|2°= folt, x, u), z = f(t, x, u), ue U(1)}.

More precisely, let the sets U(r) depend only on ¢, let f =(fo, ) =F(t, x, u)
satisfy condition (C), let x(¢), x,(¢), ux(6), t€ G, k=1, 2, ..., be measurable
functions, let the sets Q(t, x(1)) be closed and convex for almost all t € G, and
let 5, (1) = (83(¢), 8 (1)) be defined as usual by

5.(6) =F(t, x (0, we()) = F(t, x (), w (1))

If both §,>0 and x, - x in measure in G as k-0, then there is a
subsequence k;, s =1, 2, ..., such that x,_(f) > x(f) pointwise a.e. in G as
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s~ 00; and, for almost all t € G, we also have
O, x(0) D M clco{(z°, 2)]2°= folt, %, (1), 11, (1)),
h=1

z zf(tv xks(r)s uks(t))a x= h'}

Following is an analogue of a Nemitsky’s theorem (see Lemma 2.1, p.
20, Ref. 16, and Theorem 17.4, p. 355, Ref. 17).

Theorem2.2. Let GCE’, HyC G, A(t), U(t), M and f as in Theorem
2.1. Inparticular, f satisfies property (C); and, for € G~ H,, A(t) is a closed
subsetof E™. Let x{1), x (), u(£),t€ G, k=1,2,. .., bea.c. finite, measur-
able functions on G with x,—>x in measure in G as k>0, and u, ¢
(LG " lulh<L,k=1,2,...,forsome constant L. Then, the functions

8 () = f(8, % (1), i (D) — (1, x(1), wie (1))
converge to zero in measure in G as k - 0,
Proof. Given €>0 and % >0, we have to prove that there exists
No(e, n) such that k > Ny(e, ) implies that
meas {t € G||6,(t)| > n}<e.

Since x{¢) is a.e. finite, there is an N, >0 such that, whenever N> N,
the set

S(x, N)={t|[x(t)| < N}
satisfies the condition
|G—S(x, N)|<e/4.
Since llu, |, <L, for each N>0, the set
S(w, N)={1e Gllu (t)|< N}

satisfies
|G —S(u, N)|<L/N.

Let N,>0 be such that L/N, <e/4.
Let KC G be a compact subset of G such that |G —K|<e¢/4 and f
restricted to the set M, be continuous. Then, the set

M(K, Ny, No)={(t, x, e M|t e K, x| < N1 +1, [u| < Np}

is compact and f is continuous, hence uniformly continuous, on
M(K, N;, N,). Let 0<8 <1 be so chosen that

(&% w)— (¢, x", u)| <8
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implies that
if(c X, u) _f(l!, xlv u’)‘ <7

for (ty X, u), (t,: x,’ u’)e M(K: le N2)
Since x,(#) > x(¢) in measure, there exists Ni(e, 8) such that the set

SCu, x, 8) ={t|xi () —x(r)| < 8}
satisfies
|G—S(x, x, 8)| < €/4
for k > N;(e, 8). Now, for k > N;(e, 6) and for
teS=KnS(x, x,8) NS, Ni)nS(ue, Ny),

we have
EAGESIOIES
and
[x|=Ny,  |x]sNi+1,  |w|<sN,,
and
| £t %1 (2), wie(8) — (8, x(2), we ()| <m.
But,

|G—S|<e/d+e/4+e/4<e,
and Theorem 2.2 is thereby proved.

Remark 2.3. In the above theorem, we need less than L,-
boundedness of the controls u,. Indeed, we need only boundedness in

measure; that is, given € >0, there is L, >0 such that
meas {te Gllu (t)|=L.}r<e forallk=1,2,....

3. Closure Theorems

The following closure theorems for orientor fields (Theorem 3.1) and
Mayer problems (Theorem 3.2) are valid in view of the remarks in Ref. 4
(see also Ref. 7). Alternate direct proofs are omitted here, since these
theorems can be considered as particular cases of the lower closure theorems

of the next section.
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Theorem 3.1. Let GCE”, |G|<0, HyCG, |Hy|=0, and let A(r)C
E", Q(t, x) C E" be given nonempty subsets for t € G, x € A(1). Let &(1), x(t),
£, &), 8.(1), k=1,2, ..., be measurable functions such that

£ & (LG, x(NeAl), E&MeQtx(®),
S (=&()-&(), teGae., k=1,2,...,

and &~ ¢ weakly in (L,{(G))" and 8, -0 in measure in G as k - c0; and
finally, let the sets Q(z, x(f)) be closed and convex for € G— H,. Then,

et x(t), teGae.

Remark 3.1. An aspect of the above theorem is highlighted by
introducing the notion of approximate weak convergence. We shall say that a
sequence &, in (L(G)) converges to £ (L,(G))" approximately weakly, if
there exists a sequence &.(¢) in (L,(G))" such that (i) & — & converges to
zero in measure and (ii) & converges to £ weakly in (L;{(G))".

With this notion, the above theorem can now be considered as a closure
theorem under approximate weak convergence; thus, if £.(¢) € Q(¢t, x(t)) and

& —~ £ approximately weakly in {L{(G))", then &(¢) € Q(t, x(1)) a.e.

Remark 3.2. It is to be noted that there are no constraints on &%),
except those required by the definition of approximate weak convergence.
In view of this, we obtain the following corollary.

Corollary3.1. Let G, Hy, A(1), £(1), x(1), &.(1), &(1), and Q(1, x(1)) be
as in Theorem 3.1. Further, let there exist functions ¢, (), ¥ (¢), $(2), ¥(t) in
(Ly(G)) such that (i) &()—&(O)=e()+¢(D), k=1, 2, ..., and (ii)
o (1) => () in measure in G and ¢, > ¢ weakly in (L,(G))". Then,

En—e(t)— (e O, x(1), teGae.

Proof. Let & (1)=& (O~ (t)—¢(t) and 8 () =@ () —(t), k=
1,2,....Then, £, £~ —¢ weakly in (L{(G))" and 6, 0 in measure as
k -»c0. Thus, by Theorem 3.1, £(t) ~ ¢ (t) ~ @{t) e Q@, x(1)), te G a.e.

Remark 3.3. In the above corollary, & — & may not converge to zero
in measure, even if ¢(t) = (1) =0.

The following closure theorem for Mayer problems follows directly
from Theorem 3.1.

Theorem 3.2. Let G, A, M, f, H,, Q(t, x) be as in Theorem 2.1. Let
x (), x(8), &), &), wlt), 8.(t), te G, k=1, 2,..., be measurable
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functions, such that
£&e(L(G), x@eAl), w()eU),
&) = f(t, xi (1), w (1)),
8. (1) = f(t, x: (1), w (1)) — (1, x(2), ur (1)), te G k=1,2,...,
and let
% - x and 8, > 0in measure in G and &, > £ weaklyin (L,(G))" as k - 0.

Let Q(t, x(¢)) be convex and closed for t€ G a.e. Then, there exists a
measurable function u(t), t € G, such that

x(t)e A1), u(t)e U(t), £ty = flt, x(1), u(t)), te Gae.

Remark 3.4. In the above theorem, we have more information on the
sequence &(t), which can be used to obtain convergence (to zero in
measure) of 8,(¢) under the assumption of boundedness (in norm or in
measure) of the sequence u, of controls. Also, in the above theorem, we
have x, () A(t), x, - x in measure. By a suitable choice of subsequences
and omitting sets of measure zero, we obtain x,(f) > x(¢) for almost all .
Since A{1) is closed, it follows that x(f)e A(¢) a.e.

4. Lower Closure Theorems

The following theorem is valid in view of Theorem 2.1 above, Remark 7
of Ref. 4, and the remarks immediately preceding Theorem (7.iv) of Ref. 4.
However, we present here for convenience a direct proof which essentially is
the proof of Theorem (5.i) of Ref. 4.

: Theorem 4.1. Let GCE” be of finite measure, and let A(r) CE",
Q(t, x)C Ei"” be given nonempty subsets for t€ G, x € A(1). Let x(1), &.(1),
£, m(1), &), (D), A (8), A() be a.e. finite, measurable functions on G.
Let

EbuEe(L(G), x(DeA®), M), &1)eQ@ x(1),
teGae.,, k=1,2,...,
and let 5, denote (8%, &) with
S=&—&  and 8= — M

Let & - £ weakly in (L,(G))" and 5k -0 in measure in G as k - 00,

00 < j = lim inf J— T (£) dt <00,
k>0 G
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Let m ()= A (8), A, A€ Li(G), A > weakly in Ly(G) as k—>co. Let
Q(t, x(¢)) be closed and convex for almost all te G. Then, there exists a
function n(¢), te G, n ¢ L,(G), such that

(@), £)e O, x(1)), teGae., and f n(t) dt<i.
G

Proof. Let
o= maod
G
so that
l:hgi glf Jre-

By choosing a suitable subsequence, we may assume that j, - i as k-» 0.
Thus, there exists a set H; C G of measure zero such that for te G—H,,
x(t)e A1), x(1) is finite, Q¢ x(¢)) is convex and closed, and 8,(1)~ 0 as
k—>o0.Foreachs=1,2,..., letusconsider the sequences Ay, &4, K =1,
2, ..., which converge weakly to A and £ as k>0 in L;(G) and (L(G))’,
respectively. Then, by Mazur theorem, there are convex combinations

AR() = Z cRhsic(t),  ER(D= Z chlt),  teG,
N=1,2,...,suchthat Ay > A and £ > ¢ in the L,-norm as N -> 0. This is
true for each s. Hence, there exists a set H, of measure zero and a sequence

of integers N, h=1,2,...., such that, for te G— H,, both A() and £(¢)
are finite and

AQD>A@),  EQN->EH), ash->o.

Since
(1) = A (1), Lnk(t) dt=j, k=1,2,...,
we have, fors=1,2,... , N=1,2,...,
AR O=A9@1), teG, i—pssLnﬁf,)(t) dt<i+p,,

where 7$(2) is constructed by the same convex combination as A $(¢) and

ps=max{j,—il,k=s+1}->0 ass->c0.
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For N= N}’ and h - 00, using Fatou’s lemma, we have

() = lim inf ne=A(), teGae,

J 1(t) dt <lim inf J S dt=i+p, s=1,2,....

G hoo Jg

Thus, 7(¢) is finite in G — H, with|H!| = 0 andis also in L,(G). Finally, let
() =liminf (1), teG,

o that again

n(t)y=A1), te G, J 7n(t) dr<1.
G

Thus, n(1) is finite a.c. in G. Let Hp be the set of points t for which n(1) is not
finite, and hence | Hg| = 0. Let H denote the union of Hy, H;, H, and all sets
H, and H,. Then, |H|=0. Let to€ G— H and x,= x(f,). Then, 8,(t,)~> 0 as
k - 00. also,

Eri(to) =8 (to) = E41(t))  and ’f)s+k(to)_5g+k(to):"_Is+k(to),

so that, by convexity of @(to, Xo), we have

N =
( ) CNk(nsﬁ—k(‘tO) 8%, ilto), k; i W Esn(to) — 5s+k(10))) € Q(tp, x). (4)
Finally, for N = N’ and h - 00, the points in the first member of (4) form a
sequence for which (°)(ty), £(to)) is an accumulation pointin E**". Itis to be

noted that 5, -0 and that n®(ty), &(to) are both finite. Thus, (n°(to),
£(1)) € Olto, Xo). Finally,

n(to) = lim inf 1(to)
is finite, and hence (n(1,), (1) O(t,, xo). Theorem 4.1 s thereby proved.
Remark 4.1. Asin Corollary 3.1, we may have Bk & + i with

B = (0% @), ¥ = (Y7, i), $x > ¢ in measure, and gy > § weaklyin L,(G).
Then,

(m~¢"~¢", e~ —)e 01 x(1) ae.,
| o -o° - g0y =i

In particular, some of the coordinates LY i=0,...,r may be zero.
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The following thecrem is a direct consequence of Theorem 4.1.
Theorem4.2. Let GCE”,|G|<o, HyCG, |H|=0, A(t), te G be as
above. Let U(t) CE™ and
M={(t, x, u)|te G,xe A(t), uc Ut)}
as in Theorem 2.1. Let f=(fo, f) : M- E'*" satisfy property (C). Let
Q) ={(z", 2)[2°=fo,z=f},  xcAQ).

Let f(t)~ x(t)a gk(t)y xk(t)> T)k(t)a uk(t)7 /\(t)v /\k(t)7 fe G7 k = 17 27 sy be a.c.
finite, measurable functions such that

¢ & e(L(Q)), M € Li(G), x (e A(t), u(t)e U(1),
(M (1), 6(0) = F(t, 20, (D), 80 =, 3 (0), we () = 1, x(2), (1)),
where
Be=(8080)  andf=(fo,f).
Let O(1, x(¢)) be convex and closed for t€ G — H,. Let
&~ Eweaklyin (L{(G))", x, > x and 5k - (in measure,

() = A (2), A A e Li(G), A > A weakly in L,(G),
—oo<i=limian N (1) dt <00,
k->00 G

Then, there exists a measurable function u(t), t € G such that

x(f)e A(1), u(t)e U(1), ) =f(t, x(1), u(n);
and if
n(0)=fo(t, x(1), u(®)), teG,

then jG 7n(t) dt exists {finite or —o0) and is < i.

Remark 4.2. Inview of Theorem 2.2, since f satisfies property (C), the
functions 8, -0 in measure if x, -~ x in measure and the sequence u, is
bounded in the L;-norm, say ||u|l; <L, for some constant L, k=1, 2, ... .

Remark 4.3. We can say that n(t)e L,(G) provided f,=0 or f,
satisfies any one of the weaker conditions (ag), (Bo), (vo), (8¢) of Remark 11
of Ref. 4.

Remark 4.4. Theorem 4.2 above includes the results presented by
Berkovitz in Ref. 13 as well as Ref. 14. In particular, we do not require the
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norm boundedness of the trajectories x,. Also, we require the convexity of
the sets Q(t, x) only for x = x(t), that is, along the limiting trajectory alone.
Another point of departure from Ref. 14 is that we work with L,-spaces
which definitely includes the situation with L, -spaces, p; =1, since the
domain G is of finite measure.

Remark 4.5. As observed in Ref. 7, no condition on §, is needed if &
are known to converge strongly or in measure to some £, This is certainly the
case in control problems where &, denote the partial derivatives of order less
than or equal to some integer, say d, of the trajectories x, and we assume x;
to converge weakly in some Sobolev space of order larger than d.

Remark 4.6. In Theorem 4.1 (and correspondingly others), we have
used a weak form of property (Q) in assuming &, -0 in measure. In a
different approach (see Ref. 5), the same conclusions are obtained using
property (Q) merely of the sections Q(t, x) " (E* X V(0, N)) rather than of
the whole sets Q(t, x); here, V(0, N) denotes the ball of radius N around the
origin in E’. This assumption on the sections is satisfied under property (K)
and boundedness below. Under this weak form, we need an additional
assumption of the form p()e Q(t, x). x€ A(t), t€ G, a.e., for some pe
(L,(G))"*". Variations of this geometric condition are found in Ref. 14.

5. Examples

The following examples illustrate the various aspects of the theorems
above. Analogous examples are found in Refs. 2, 4, 5, 7, 8 and collected in
Ref. 17.

Example 5.1. In reference to Theorem 2.2, we observe that §, may
converge to zero in measure even if the sequence [lu.l;, k=1, 2, ..., is not
bounded. Indeed, let

G={t|0=¢t=<1},
A(=U)=E', tef0,1],
f(t, x, u) = xu for (¢, x, u) in M =[0, 1]x E?,
x()=k%  teG,

and

wie (1) = ke (1),
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where
e()=+1  forik '=st<(2i+1)(2k)7,
and
o) =-1 for Qi+ 1)(2k) 'st<(i+ 1Dk,

with i=0,...,n—1, k=1,2,.... Then, [lul;=k and is clearly not
bounded. However, x, - 0 uniformly, and hence in measure, and also

8e(8) = f(t, xic(1), i () = f(t, x(0), (1) = 5, (D (1) = k" 9 (£) > 0

uniformly, and hence in measure.

Example 5.2. Same as above, but with
=k for0<t<k™,
x(t)=0 fork '<it=<1,
u (H=k, tef0, 1].
Then,
x(t)=0, Ost<1,
and
8e(t) = x, (Du () —0=k? forO0<t<k™,
8 (1)=0 fork '<i<1.
Clearly, 8,(t)~ 0 in measure but not weakly.
Example 5.3. This is to show that, in the notations of Theorem 3.2
above, if §,(f) converges to zero in measure but not weakly, then Theorem

3.2 can be applied but not Theorem 5.ii of Ref. 7. Let G=]0, 1] and
A(t)=U(t) = E" as above. Let

ft, x,u)=0 if x=u,
ftt,x,u)=u—x fu=x.
Clearly, f is continuous on M =[0, 1]x E*. Let
x()=uw()=k for0<t<k™,
() =u(t)=0 fork'<r=<1.
Then,
f&, % (8), wi (1)) =0
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and x. () > x(t) in measure with

x(1)=0, 0=st=<l],
so that

ft, x(1), wi (1)) = wy (1)
and

8ic(1) = —u (1),
which converges to zero in measure but not weakly. In this case,
& (1) = f(t, xi (1), u (1) = 0,

and thus £,(f) > £(t) weakly with £(f) = 0. Theorem 3.2 applies, and there
exists a measurable u(t) with

) =f(t, x(1), u(r);
indeed, we may choose

u(t)=0, Osr=<1.

Example 5.4. This is to show that, if the sequence §,(t) does not
converge to zero in measure, then Theorem 3.2 above cannot be applied, but
we can apply Theorem 5.ii of Ref. 7 if §, -0 weakly in L. As before, let

G=[0,1, AWO=UW®=E", f(tx, u)=xu,

and
x()=k™".

Let u,(t)= ke, (t) as in Example 5.1 above. Then, |lu|l; = k and x(¢)=0.
Also,

8 (1) = f(t, x, (1), we (1)) — f(8, x(8), we (1)) = f(t, xi(2), (1))
=& () = x (D (1) = @i (1),

with ¢, (¢) as in Example 5.1. Thus, 8,(¢) = &(t) = ¢, () converges weakly in
L(G) to 0 as k»>00. Hence, £ =0, and Theorem 5.ii of Ref. 7 applies.
Indeed, £(t)=x(f)u(t) with u(t)=1 for t€[0, 1]. However, Theorem 3.2
does not apply since 8, (¢) does not converge to () in measure. Note that Eq.
(3) does not hold in this case.

Example 5.5. This is to show that Theorem 3.2 (and similarly
Theorem 5.1) can be applied if the sets

Q(t, x(1) = f(t, x(2), u(?))
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are closed and convex, while Q(s, x) for other x may not be convex. Let

G=[0,11 andA(=E', U@={-1,+1}
Let

f(t, x, u) = xu,
which is clearly continuous on M =[0, 11X E* x{~1, +1}. Let
(=1 forOst<k™, x()=0 fork'<r<l.

Let u, () = ¢ (?), where ¢, (t) are as in Example 5.1. Here,

() =ft, x (1), w () =+1  for0O=<t<(2k)™",

&(=—-1  for(Qk)'st<k™,
£@)=0 fork 'st<1.

Also, x, () x(¢) with x(¢) = 0for 0=t < 1. Thus, §, = &, and both converge
to O strongly and in measure. Thus, £(¢) =0, and we can apply Theorem 4
above. In fact, £(t) = x(¢)u(t) with u(t) =+1, 0t < 1. Here, the sets Q(t, x)
are {—x, x} and are not convex, unless x =0.

Example 5.6. This is to show that, if , does not converge to 0 either
weakly or in measure, then the closure property may not hold. Let

G=[0,11 andA()=U(t)=E'
and
f(t, x, u)=xu forall (¢, x, u)e M=[0, 1]x E*.

Let

P (N=t—ik™"  forik 'st<ik'+(2k),

() =>+Dk =t for Qi+ DQ2k)'st<(i+Dk,

withi=0,...,n—1,k=1,2,.... Let

x.(8) =24 (1) and u, (1) =k, Osr=1.
Then,

&(0) = f(t, xi (1), w (1)) =2k (1)

and

0=<&()=<1, L &) dt=2"".
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Here, &, - £ weakly in L,(G) and x, - x uniformly in [0, 1]if £(f) =27 and
x(t)=0, 0= = 1. In this case, there is no measurable function u(¢) such that
£ =x(t)u(t) a.e. in G, because ¢ =2"" and x = 0. Also, the sets Q(t, x(t))
are f(t, x(¢), U(t)) ={0} and are clearly closed and convex for all ¢. In fact,
Q(t,x)=E" for x#0 and Q(t,0)={0}. Theorems 3.2 of this paper and
Theorem 5.ii of Ref. 7 fail because §,(¢) = &.(¢) and 8, does not converge to
0in measure and &, converges weakly to 27" and not to 0 (see Corollary 3.1).

Example 5.7. This is to show that property (C) of f as a function of
(¢, x, u)isrelevant. Let G, A(t), U(t), and M be as in the above example. Let
ft, x,u)=x if u==+nm/2,
fex,u)=xtanu otherwise.

Let &, xi, 8, be as above. Let u, () = arc tan (k), 0= t<< 1. Inthis case, x, > x
and & - ¢ with x(1)=0 and £(t)=2"". Again, £(f) cannot be written as
f(t, x(1), u(r)) for any measurable function u(f), t€ G. Here, once again §;
converges to zero neither in measure nor weakly. The function f does not
satisfy property (C).

Example 5.8. This is to show the relevance of convexity of the sets
Q(t, x(1)). Let
G=[0,1],
and let

A@W={x:x=0}, U@®={1,-1} forallze[0,1].
Let
x()=k forOsi<k™,
x()=0 fork'<rs1.

Let u, (1) = @ (1), where ¢, are as in Example 5.1. Then, x;, - 0 in measure
and u; > 0 weakly. Let

ft,x,u)=u +x.
Then,
&(1) = £(t, 5 (), w (1)) = i (D) + (1))
converges weakly to 0 in L;{(G). Indeed,

1
[ ot d=kt50  askw.
(1]
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Also,
Bi(t) = (i () + (e ()1 = (e () +0) = (ke (D)
converges to zero strongly and in measure. Here, £ =0 and x = (, so that
E0=u(®)+ ()

only if u(t)=0, 0sst=<1; and, since U(¢t) ={1, —1}, this control function is
not admissible. Theorem 3.2 and Theorem 5.ii of Ref. 7 do not apply,
because Q(t, x(1))={1, —1} are not convex. It is to be noted that, if U(z) is
chosen to be [~1, 1] (the closed interval), then the sets Q(t, x(t)) are closed
and convex, and Theorem 3.2 applies.

Example 5.9. This is to illustrate the lower bound restrictions on the
integrands of cost functionals in the lower closure theorems. Let

G=[0,1, A@®=U@®=E'' 0<t<l.
For (1, x, u)e M=[0, 11X E*, let
f(t, x, uy=0, folt, x, u)= ut™ for0<r=<1,and fo(0, x, u) =0.
Let
) =x()=0 forO=t=<1,
w()y=1t* for2*'<sr<27k
w(t)=0 otherwise.

Then, u, -> u strongly in L;([0, 1]) if u(¢) =0, t € G. In this case,
1 i
[ ot v, wp di=-t0g2  and [ fo x(0), u(o) e =0.
o (3]
Thus, the function u(t) =0, ¢ €[0, 1], which is the strong limit of u, (¢), is not

the measurable function guaranteed by Theorem 4.2. However, if we choose

u(h=c, t€[0,1], withc<—27"log2,

then

J folt, x(1), u(n)) dt<lim ian' folt, x (1), u (1)) dt.
o 0

It is to be noted that here f, is not bounded below (by an L,-function)
uniformly in u.
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Example 5.10. This is to illustrate that a choice of u(¢) as in the above
example may make it inadmissible. Let

G=[0,1], AM®=U@=E"
For (t, x, u)e M= G x E*, let
(e, x,u)=x+u, folt, x, u)=xut * for0<i=1,
and fo(0, x, u) =0.
Let
x(1)=1 and u, () = —t* for2 ¥ l<i<27F
3B =u()=0 otherwise.
Then, x,(t) > x(¢) in measure if x(1) =0, t€[0, 1]. Also,
&) =x () +u (1)>0

strongly in L,([0, 1]), so that £(¢) = 0. Now, &(r) = f(t, x(1), u(t)) is true only if
u(t)=0, t[0, 1]. But, in this case,

folt, x(8), u(t)) =0
and [, fo(t, x(t), u(1)) dt is not less than

1
lim inf J fo(t, xk(t), uk(t)) dt = _log 2.
0

Here, once again, f, is not bounded below uniformly in u by an L,-function.
Moreover, it is not possible to choose a weakly convergent sequence A, (f)
such that

M (1) = folt, xe (1), wie (1)) = A (0).
It is to be noted, however, that
S =(x; +u)—(x+u)->0
as k -» 00 in measure and
8= (xu —xu )t ==t for2 ¥ lsi=<27k
5% =0 otherwise,

and thus 87— 0 in measure.
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