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Characterization of the Darboux Point
for Particular Classes of Problems'
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Abstract. A minimal sufficient condition for global optimality involv-
ing the Darboux point, analogous to the minimal sufficient condition of
local optimality involving the conjugate point, is preseated. The Dar-
boux point is then characterized for optimal control problems with
linear dynamics, cost functionals with a general terminal state term and
an integrand quadratic in the state and control, and general terminal
conditions. The Darboux point is shown to be the supremum of a
sequence of conjugate points. If the terminal state term is quadratic,
along with a scalar quadratic boundary condition, then the Darboux
point is also the time at which the Riccati matrix becomes unbounded,
giving a characterization of the unboundedness of the Riccati matrix at
points which are not in general conjugate points.
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1. Intreduction and Preliminaries

The concept of a Darboux point was formalized in Ref. 1, and several
related properties have been proved for a general class of problems (Refs.
1-2). The Darboux point appears as an extension to global optimality of the
conjugate point concept, in the sense that it allows a minimal sufficient
condition for global optimality (i.e., the gap between necessary and sufficient
conditions is minimal). The following definition was proposed.*
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Definition 1.1. Let x*(¢), t € [#o, t7], be a trajectory which satisfies the
minimum principle. A point #p € [to, tf) is called a Darboux point if the
following conditions are satisfied’:

(i) for all t,€ (tp, tF), there does not exist an admissible trajectory
x(t), te[tp, k], with x(t,) = x*(t,), giving a smaller value to the cost func-
tional between £, and # than x*(¢) between ¢, and ¢f;

(ii) for all t; €[ty, tp), there exists an admissible trajectory £(¢), t€
[t2, ], with x(z1)=x*(t;), giving a smaller value to the cost functional
between ¢; and #; than x*(¢) between # and ¢F.

It follows that a Darboux point on (t,, %) indicates nonglobal optimality.
One can make a distinction between two types of Darboux points: Type-1
Darboux points, indicating only the loss of global optimality; and Type-2
Darboux points, indicating also the loss of the existence of a solution to the
problem (see Refs. 1-2 for details and examples).

In this paper, a method is proposed to characterize Darboux points for
problems with linear dynamics, quadratic cost functionals, and analytic
terminal constraints. A sufficient condition for global optimality will be
presented in Section 2, and several formulas for the Darboux point will be
obtained in Sections 3-6 for various classes of terminal conditions. Exam-
ples will be given to illustrate pertinent aspects of the Darboux point and its
characterizations.

We shall consider problems of the following form: minimize the func-
tional

J= g(xf)+% f : [xTC(e)x +uTE(t)u] dt, o)
subject to
¥=A(x+B()u, tefto, 7], 2)
x(to) = xo, 3)
Y(xp)=0, @

where xeR" ueR™ m=n,ycR",p<n,to and f are prescribed,
A(D), B(t), C(¢), and E(¢) are continuous matrices on [to, #] of dimensions
consistent with the dimensions of x and u. The matrices C(t) and E(t) are
symmetric. The following assumptions are made.

(A.1) The problem is normal (Ref. 3).

(A.2) The matrix E(¢) is positive definite on [to, ] (strengthened
Legendre—Clebsch condition).

5 When tp = to, condition (ii) can be verified only if the trajectory x*(¢) can be extended on a
small interval [#—¢, to).
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(A.3) The system (A, B) is completely controllable, i.e., the matrix

W(t, 12)= J

t

" bt OBOB (b1, 1) di

is positive definite for all #, t;, with o<1, <ty =, where ¢{t 1p) is the
transition matrix of ¥ = A(¢)x.

(A.4) The functions g{(- ) and (- ),7=1,...,p, are analytic on the
terminal set 8 £ {x;: ¢ (x;)=0}.

Because of Assumption (A.2), there is no loss of generality in assuming
no mixed term in the integrand of (1) (see Ref. 4).

First-order necessary conditions for an admissible pair (i, x) [i.e., con-
straints (2), (3), (4) are satisfied] to be optimal are that there exist an
absolutely continuous function A(r)e R”, t€[t,, #], and a constant v R?
such that

X()=—CHx(®)—=ATOA@),  te]to, t7], (5)
E@u@®)+BT(OA()=0, {6)
A(t)) = [dg(xs)/ dxg)™ + [dy(xs)/ dxs] . )

Suppose that we have an extremal pair (u™(r), x*(¢)), t € [to, %], and let
A*(t), t[to, ], and v* be the associated multiplier function and constant
Lagrange multiplier. The definition of a Darboux point given above implies
the following sufficient condition for global optimality.

Theorem 1.1. Sufficient Condition. An admissible pair (u*(t), x*(t)),
teto, ], is a globally optimal pair if

(i) the first-order necessary conditions are satisfied;
(i) E(¢)is positive definite on [#, ¥];
(iii) there is no Darboux point on x*(¢) for t € [to, £).

This sufficient condition is minimal, since the only difference with
necessary conditions lies in (i), where E(¢) is required to be positive
semidefinite on [#, #], and in (iii), where a Darboux point is not allowed on
(to, %) for global optimality. In this paper, we shall develop a characteriza-
tion of the Darboux point which allows a test of (iii).

Define the n X n matrix F(q) and the p X n matrix T(q) as

Flq)=2 éz A/kN@"/dx NG xF, v*)(g —xF)<, (&)
T"@)=[Tia).- .., T,(@), ®

T@)= I AR D@D, j=1....p (10)
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in tensor notation, xf = x*(;), ¢ is a constant n-dimensional vector with
values in the terminal set 6, and G(x;, v*) is defined as

Gxp, v*)2 g(xp)+ v* Y (xy). (11)
Note that, for any g € 8, Assumption (A.4) and Egs. (8)~(10) imply that
Glq, v*)= G(xf, v*)+(d/dx)G(x}, v*) g~ xF)+3(q—x}) Flg)q—x),
(12)
@)= (D) + T(@)g—x). (13)
Now, let the matrices $(t, ), R(¢, q), and Q{t, q) be the solutions of

§=-SA(N)-AT(O)S-C()+SBME (B (S,  S(t 9)=F(a),

(14)

d=—[AT(t)-S(t, ) BOE'(t)BT(NIR, R 9)=T"(g), (15)

QO=R"(t, 9)BMOE' ()BT (NR(t,q), O, q)=0, (16)
and define

M(t, )2 5(t, q)—R(t,9)Q'(t, 9)R" (¢, q). 17)

Let t,,; and #., designate the first times when the matrices $(z, ¢) and M(t, q)
become infinite® when integrated backward from # (f,, and ., may be equal
to —0), Notice that, when g = x*(;),

F(q)=(d*/dx)GGf, v™],  T(@)=(d/dxpy(x),

and the matrices $(1, q), R(¢, q), Q(t, q) reduce to the usual §, R, Q matrices
used to test for conjugate points (see Ref. 5, Chapter 6). Thus, the first
backward conjugate point on x*(¢) is given by £.,+, where g* = x*(¢;).

We shall close this section by presenting a property which will be used
later.

Lemma 1.1. Given an extremal trajectory x*(¢), ¢ € [t #], if there
exists another extremal trajectory going through x*(#;) for some #; € (¢, #)
and giving the same value to the cost functional between #, and # as x*
between #; and ¢, then the trajectory x* is not globally optimal on [#, #].

A proof of this lemma is given in Ref. 2, Appendix D.

2. Sufficient Condition for Global Optimality

Using the assumptions and notation defined in Section 1, we have the
following property.

5 A matrix is infinite if at least one of its elements is infinite.
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Lemma 2.1, i, for a given g € 6, the matrix M(¢, ¢} is finite on {1y, ),
then the trajectory x*(¢), £ € [to, ], gives a strictly smaller value to the cost
functional than any other admissible trajectory terminating at q [i.e.,
x(t)=ql.

The proof of this lemma is given in Appendix A. A consequence of
Lemma 2.1 is the following sufficient condition for global optimality,

Theorem 2.1. Sufficient Condition. An admissible pair (u*(¢), x*(1)),
t € [to, 4], is a proper globally optimal pair if

(i) the first-order necessary conditions are satisfied;
(iiy E(t)is positive definite on [z, #];
(iil) to>supges leg.

Proof. Condition (iii) implies that M(z, g) is finite on [#, #) for all
g € 6,and Theorem 2.1 follows from Lemma 2.1, .

We will see in the following sections that the sufficient condition of
Theorem 2.1 is equivalent to the minimal sufficient condition of Theorem
1.1 under certain conditions.

3. Case of Linear Terminal Constraints
Suppose that g(xs) and ¢(x;) have the following form:

g(x)=3x/Fx; (18)
i (xr) = Txs + o, (19)

where F is a symmetric n X n matrix, T is a p X n matrix of maximal rank,
and ¢ is a p-dimensional constant vector. The problem defined in Section 1
is then a linear—quadratic problem (LLQP), and the properties of a conjugate
point (Ref. 4), together with Definition 1.1 of a Darboux point, imply the
following theorem.

Theorem 3.1. For a linear-quadratic problem, a Darboux point on an
extremal trajectory occurs at the first backward conjugate point.

Note that the matrices F(q)and T(q) of Section 1 reduce respectively to
F and T, and M(t, q) is independent of q. Thus, we have

SUP leg = £ = Ip,
qef

a Darboux point. This result will be generalized in the next section.
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4. Case of n-1 Terminal Constraints

Suppose that p=rn —~w and g{xs), ¥;(x5),j =1, ..., n—1, are arbitrary
analytic functions on 6. We make the following assumption:

(A.5) rank[T(q)] =p for all g in 6.

We will now show that supge £, is a Darboux point on x*. Theorem 2.1
indicates that condition (i) of Definition 1.1 is satisfied, and it remains to be
shown that condition (ii) is also satisfied. Given g € 6, consider the following
(LQP): minimize

3

I, =%y,?F(q)yf+% j [yTC(t)y +9TE(t)v] dt,
£

0

subject to
y=A@y+B@®)v, ylto)=yo T(q)ys=0.

This problem is denoted by the abbreviation (LQP),.
We have the following lemma.

Lemmad4.1. If, foragiven q € 6, the matrix M(?, ¢) becomes infinite at
t.q € (to, ty), then there exists an extremal trajectory of (LQP), going from
y=0att=r,t0q—x*(t)att=4

Proof. Obviously, ., is a conjugate point of (LQP), on the trajectory
y*=0. It can be shown (Ref. 2, Theorem 3.1) that there exists at least a
one-parameter family of extemal trajectories y,(t), t € [t t], of (LQP),
going through y*(z,,) = 0 at ¢ = 1.,. Now, because of Assumption (A.5), the
terminal set

8. £{ys: T(q)ys =0}

of (LQP), is an (n—p)-dimensional hyperplane in R"; since p=
n—1, g—x*(),and y*(t;) = 0 are in 4, this set reduces to the line (0, ¢ — x¥)
in R™. Thus, the vectors y,(t)— y*(t) and (g —xF)— y*(t;) have the same
direction and a, which is proportional to the magnitude of y.(#)— y*(#;) (see
Ref. 2, proof of Theorem 3.1), can always be chosen, say a = &, so that

ya(ty)=q—x¥. U
The trajectory
xg ()2 ye(6)+x*(1),

where y; has been defined above, is such that x, () = g and is admissible on
[, t] for the original problem, since both ys(z) and x*(¢) satisfy (2) and q
satisfies (4). We have, furthermore, the following lemma.
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Lemma 4.2, Foragiven q € 6, the trajectory x,(¢) defined above gives
the same value to the cost functional J (of the original problem) between ¢,
and f; as x™ between £, and t.

The proof is given in Appendix A.

Now, we can show that x* is no longer globally optimal if one of the
matrices M(t, q) is infinite on (¢, #).

Theorem 4.1. If there exists g€ # such that t, €(t, &), then the
trajectory x*(¢) is not globally optimal on [z, #].

Proof. If the trajectory x,(¢) (defined before Lemma 4.2) is extremal
on [, 4], then the result follows from Lemmas 4.2 and 1.1. If x, is not
extremal on [£., #], it is certainly not globally optimal from (x*(t.,), f.), and
one can find an admissible trajectory from (x*(14), t.4)) giving a smaller
value to the cost functional than x,. Then, Theorem 4.1 follows from Lemma
4.2, 0

Finally, Theorems 2.1, 4.1, and Definition 1.1 imply the following
theorem.

Theorem 4.2. For the class of problems defined in Section 1 with
p = n—1 terminal constraints, a Darboux point on the trajectory x* occurs
at

Ip = sup I,
qeé

This theorem implies that the sufficient condition of Theorem 2.1 is
equivalent to the minimal sufficient condition of Theorem 1.1.

Example 4.1. Consider the case when
n=m=2, to=0, !le,

ao=co=[, o  Bo=r0=[; 1]

0
xo:[l}, gx)=0,  Yxp)=x3r—xr+x1;—1

in Egs. (1}-(4). Actually, this example is a minimum distance problem from
the point x, to the curve

Y(x)=0.

An extremal solution is

u*(t)=m, x*(t)[lit}, A= —ut(t),  vF=—1,
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and it can be shown that, for any

o~[2es

qz
we have
0 0
S(t’q)z[o -—1/(t—1+1/2q2)]’
Mo 1
&= i A+ @@= D)
[t—1+1/2qz (g5-1)/24> ]
@3-1)/2q, t—1+(g5—1)/2q>
Then,’

ty=1-1/2qs,  ta=1~(1+(q3-1))/242,

tp=Supfy= sup I,=0.523 (given by g,=1.1).

aeo a2&(0, +e0)
Note that a conjugate point on x* is given by #.,+, that is,
leq* = (teg)az=0 = —0,
which illustrates the possibility of the existence of a Darboux point without
the existence of a conjugate point.
Example 4.2. Consider the case when
n=m=1, p=0,
A(1)=0, ci)=-1, B{t)=E()=1, tety, 7],
x0=0,  glxp)=3x}lexp(-x7)—1]
in Egs. (1)~(4). An extremal solution is
w*@)=x*@)=1*@)=0, teto, 7},
and we have
F(q)=exp(—q)—1.

This can be obtained by using the relation

exp(-ap)= T (-1} (xF/k1).

7 By definition, fs <t =1 and we can restrict g, to belong to [0, +0).
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Then,

P exp(q)
SR =]

and

Ip=  Sup fg=3w/4.
ge(—w, +u)
It can be proved that the problem does not have a solution when
to<3m/4. The choice

¥ = const = q, x=a{t—1)

makes the cost functional as small as desired when « is large enough. This
indicates that 15 is a Type-2 Darboux point.

We notice that, in Example 4.1, sup #, was attained (given by g, =1.1),
while it was not attained in Example 4.2. This observation holds in general.

Theorem 4.3, For a Type-1 Darboux point, the supremum of z., is
attained, i.e.,
fp =max .
geé
Proof, Suppose that fp is a Type-1 Darboux point on x*. If 15 is a
conjugate point on x*, then #p = f,,+ (see Section 1) and

SUp leg = Ip = feg*
qeo

is attained with

q=q%=x*(t).
If #p is not a conjugate point on x*, then a property of Type-1 Darboux
points (Ref. 1, Theorem 4.1) implies that there exists a trajectory £(z), t €
[tp, 7], distinct from x™*, globally optimal on [#p, #]. Let § = X{f;). We have

lig SSUP by = Ip.

qeé

But, if 73 <tp, Lemma 2.1 implies that x* gives a smaller value to the cost
functional J than % between #p and f; which is in contradiction with the
optimality of X between tp and #. Thus, we have

Icq = fpy = sup fcq,
qed

which completes the proof. O

Remark 4.1. For a Type-2 Darboux point, the supremum of ¢, may
be attained (see Section 3) or may not be attained (see Example 4.2).
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5. General Case

Suppose now that p is an arbitrary integer, O=p=n, that
g(xp), ¥i(xp), j=1,...,p, are arbitrary analytic functions on 6, and that
Assumption (A.5) is satisfied. We wish to investigate a generalization of the
result of Theorem 4.2. The approach used in Section 4 to show that the
trajectory x* is not globally optimal on [#, #;] when #, < fp is no longer valid,
since Lemma 4.1 is not necessarily true, as shown in the example below.

Example 5.1. Consider the case when

n=m=2, p=0,

AG%{O 0

0 0}, B(€)=~C(t)=E(t)=[l O], telto, 7,

0 1
— 0 .3 ,1.4
Xo={, ) glxp)=xip+2x5f
in Egs. (1)-(4). An extremal solution is

wO=x*0=2*0=[(],  reto

and we have
[q7+2g,+tan¢]
M(s, q)=S(t, q)=| [1-(¢3 +2q2) tan ] for all g = [qJ &R,
0 tan ¢ 4

It follows that
feg= sup{g, tan '[1/(g1+ 2611)]}
and

sup=sup{~§, esup )tan_l[l/(q§+2q1)}}=317/4.
a3

qe8 {00, 400

It can be shown (Ref. 2, Example 5.3) that the trajectory y.(¢)in the proof
of Lemma 4.1 is
—a sin(t —tq)
yAﬂ=[ 0 ”}

It follows that & can be chosen such that y1,(#) has a given value q; — x(¥),
but y,, (#) cannot be made to have an arbitrary value g, — x5 (t). This shows
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that Lemma 4.1 is not necessarily true when the number p of terminal
constraints is arbitrary.
Notice, however, that

is such that
teg = leq
and that ys(tr), where
& =—q /sin(t; —t.y)
satisfies Lemma 4.1 with g = §. Then, Theorem 4.1 holds with g =g, and

th = th

implies that x* is not globally optimal when #, <t It follows that the
Darboux point is still given by sup,eq 4 This result can be checked by
noticing that the problem considered can be separated into two independent
problems of the type considered in Section 4 (i.e., p=n—1).

In general, for a given g € 6, there does not necessarily exist a g as above
(i.e., satisfying Lemma 4.1 and ¢,; = t.,), and we cannot say a priori that the
Darboux point is given by sup,ecqf, For a given q in 6, let Vi, i=
1,...,n—p—1, be a set of vectors in the (n —1)-dimensional subspace of
R" orthogonal to the line (g, x}), such that the vectors Ti{q),j=1,...,p,
and V7{ are linearly independent [this choice is always possible, since the
vectors T;(q) are linearly independent, from Assumption (A.5)]. Let (LQP),
be the problem similar to (LQP), defined in Section 4, but with the extra
terminal conditions

Viy =0, i=1,...,n—p—1,

and define 7, as follows.

Definition 5.1. 7, is the first backward conjugate point of (LQP), on
the trajectory y*(¢)=0.
We have the following theorem.

Theorem 5.1. For the class of problems defined in Section 1 with an
arbitrary number p, 0 <p <n, of terminal constraints, a Darboux point on
the trajectory x* occurs at

tp =sup ¥
qeé
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Proof. Suppose that
sup I, € (2o, tf);
qe6
let
ty=sup I, —€;
qed
then, for € small enough, there exists § € 8 such that
fcq ={i.
From Lemma 4.1 [note that (LQP), has n —1 terminal constraints], there
exists an extremal trajectory y(¢) of (LQP), such that
¥(Tz)=0  and j(t)=q—x*().
The trajectory
(O£ 5O +x*(1)

is admissible on [t1, #;] for the original problem, since £(¢) satisfies (2) and
%(t;)= g satisfies (4). Then, Lemma 4.2 and Theorem 4.1 hold, and condi-
tion (ii) of Definition 1.1 is satisfied.

Now, let

12> Sup Fog;
qef
it follows that the trajectory
y*(0)=0,  telto, 4],

is proper globally optimal on [#, ] for all (LQP),, q € 6. Suppose that
condition (i) of Definition 1.1 is not satisfied; then, there exists a trajectory
£(t), admissible on [#,, ], of the original problem giving a smaller value to
the cost functional between ¢, and # than x*. The trajectory

FEZ(E)—x*(0)

is obviously admissible on [1,, #7] for (LQP), where § = £(¥;), and § gives a
smaller value to the cost I; of (LQP); than y* between ¢ and #, which is a
contradiction with #,>1.;. To show that § gives a negative value of I,
consider

ki
AT = G(4, v¥)~ G(x*, v)—A*T(t;) Axs+3 j (AxTC Ax +Au"E Au) dt,
t2
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where AJ is the difference between the values of the cost functional given by
£(t) and x*(¢) between £, and #,

Ax()22()—x*@), Au@)2a@)—u*@)
(see Appendix A, proof of Lemma 4.,2). Then,
%
aT=4yfF@w+i [ 6y +o B di
4

2

where

y(O=28x@¢), o()=Aau()

have been used. Therefore, AJ is the value between #, and ¥ of the cost
functional I; of (LQP); and the result follows from AJ <0. The proof of
Theorem 5.1 is thus complete. O

Remark 5.1. It can be shown (Ref. 2} that f,, < ¢, forany g € 4, and it
follows that

Ip =sup Iy =SUp fp
qeé qeé

For the problem of Example 5.1, it can be shown that

Kis

feg= sup{-j, tan’li(q?+q§)/q?(q%+2611)]}

and that
tp =sup f, =3w/4 =sup t,,
qef geé

as expected.

Remark 5.2. 7, is the first time when the matrix M(Z, g) becomes
infinite when integrated backward. M(t, q) is defined as

M(ts q)= S(t! Q)“B(t, q)Q—I(t’ q)B T(t’ q)a

where S(¢,q), R(t, q), and Q(t, q) are solutions of Egs. (14)-(16), when
R(t, q) is replaced by

Rt )=[T"(@: V"], VT=[Vi..., Vil
Thus, for an arbitrary number of terminal constraints, a Darboux point 75 is
less than or equal t0 supgeq fy. A case when

tp = Sup feq
qeé
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will be investigated in the next section. The particular structure is such that a
Darbousx point is easily calculated and, furthermore, is related to the Riccati
matrix of the LQP.

6. Case of One Quadratic Terminal Constraint

Suppose that g(x) and ¥ (x;) have the following form:
g(xr)=3x{Foxy, 20)
W (xr)=3xfFixs+ Txs + o, 3Y)
where Fy and f, are symmetric n X n matrices, F1 #0 (ie., e TFe # 0 for all

ecR” e#0), Tisa 1xn vector {(p=1), and ¢ is a scalar. The matrices
F(g) and T(q) are

F(q)=Fo+v*F,, v*eR’,
and
T(q)=3(q+xH)'F.i+T,

respectively; thus, S(z, g) does not depend on q. Accordingly, we shall
designate S{t, g) by §(¢) and ¢, by ¢.

The major result of this section is that ¢, is a Darboux point. In this
direction, the following corollary of Theorem 2.1 implies that condition (i) of
the Darboux point definition (Definition 1.1) is satisfied.

Corollary 6.1. A sufficient condition for an extremal trajectory
x*(t), t € [to, t7], to be proper globally optimal is that t,> ¢,

Proof. Itcan be shown (Ref. 2, Theorem 3.7)that £, = ¢, forallgc 6.
Thus,

to >ty ZSUP Ly,
qep

and the result follows from Theorem 2.1. O
We will now follow several steps to show that condition (ii) of Definition
1.1 is satisfied. Let (¢, t,) be the 2n X 2n transition matrix of

. [ A ~B(z)E‘1(t)BT(t>Jx
—C() ~AT@®) ’

and denote by Q; (1, to), i, j = 1, 2, the block of Q(z, t,) partitioned into four
n %X n blocks. Suppose that 4 € (fo, #). Then, there exists a nonzero vector
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e € R" in the null space of

Sts, 1r)= Qa8 15)~ S () Qa8 1) (22)

(see Ref. 2, Section 3.3). Let (x.{?), A, (?)) be the solution on [, #] of Egs.
(2), (5), where (6) and Assumption (A.2) have been used to eliminate u, with
initial conditions

x(t)=x*@t),  Alt)=A*(t)+ae, (23)
where « is a scalar parameter. We have
Xa ()= 00t £)57*(8)+ Quall, 1A (1) = x* (1) + aQa(t, 1),
Aa(8)=Qa1(t, t)x* (8 )+ Qa(t, 1A (8) = A * (1) + a Qa(s, 1, )e,

and the following lemma.

24)

Lemma 6.1. If there exists a # 0 such that x, () € 6, then the trajec-
tory x,(¢), t € {t,, 7], is extremal.

Proof. Since (x,, A, ) satisfies Egs. (2), (4), (5), and (6), we only need to
show that (7) is satisfied with A, (%) and x.{(#) for some »,. Using (24), we
have

A (tf)"‘ Fo+ vaFl)x,,(tf)— Vo y /\*(tf)"" (Fo + zz*Fl)x*(tf)~ v T
- (V,;r - V*){Fx[x*(tf)"i‘ Ofﬂlz(tf, ts)t?] + TT}
+a [sz([f, f,) - (Fg -+ V*F;)Qn(tf, ts)]e.

Then, the satisfaction of (7} with x, (%), Ao {#), v follows from the definition
of e, the choice v, = »*, and the satisfaction of (7) with x*(t), A*(#), »*. [

Next, we examine the existence of an a # 0 such that x,(f)e 8. This
requires, using (24), that

0=[x(t)]=32[x*(t)+aQuaty, 1)l Filx* () + @ Qualty, 1,)e]
-+ T[x*(tf)+ aﬂu(tf, ts)e] + =0,

or
0=¢[x* ()] +3 e [Qua(ty 1)e] Fi[Qua(t; 1,)e]
+a[x*T(()F + TQu(t, 4 )e,
with ¢[x*(#)] = 0. Let v represent the vector {15(#; ¢, Je. Then, & must be the
solution of

a( Fio)+2(xFTF+ TN =0.
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We have four cases:
Case (i): v"Fiv #0 and (x}“TFl + TYo #0; then, the solution is

=20 Fy) x} F,+ Ty #0.
Case (ii): v"Fyv #0 and (x}"F; + T)v = 0; then, the only solution is
a =0,
Case (iii): v"F1v = 0 and (x}7F, + T)v # 0; then, the only solution is
« = 400,
Case (iv): v"Fiv =0 and (x}"Fy+ T)v = 0; then,
a = any real number.

Case (iv) corresponds to the case where 6 consists of two hyperplanes (¢
is the product of two affine functions), one of them containing v. Case (iii)
corresponds to the case where x,(f) is at infinity (for instance, if 6 is a
parabola and v is in the direction of the principal axis) and is not realistic,
since it means that x,(#) is attained in the finite amount of time # — £ from
x*(t,), with
nxa (tf)“x*(ts)ﬂ =00,

However, we will consider this case and view the corresponding trajectory as
the limit of x, (¢} as & goes to infinity. Case (it) corresponds to the case where
t; is a conjugate point, as shown below.

_ Lemma 6.2. If there exists a nonzero vector e in the null space of
S(t. t) such that
(x}“TFl + T)\qu(l‘f, ts)e =,

then ¢, is a conjugate point on the trajectory x*.

Proof. Consider
V(7)) = [Qaa(r, t.)— M(7)Q12(7, 1;)]e,
where
M(7)=M(7,q =x)

is the matrix used to test for conjugate points on x* (as noted in Section 1).
Using (17) and the definition of ¢, we have

V(7)) = [Qaa(r, £.)— S(7)Qs2(7, t.)]e + R(1)Q ()R T(7)Qua(r, 1,)e,
V(r)=~R(r)Q {(r)R T (r)a(r, t,)e.
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Define
p(r)2 R (1) Qua(7, 1)e;
we have
6(7)=R"Qua(r, t)e + RTQyy(7, t,)e
=—R"(A—BE'B"8§)Q,(r, t.)e
+RT[AQ(7, t,)~ BE ' B " On(r, t,)]e

==R"BE ™' B"[Qna(r, )= S(r) (7, 1)) =0,
where the expression for
WU, 1) = (3/7)Ur, t,)
is easily derived from the definition of Q(t, £5). Thus, we have
p(r)=plty) forallr e (¥, 4],
but
p()=RT ()21, .)e = R7(t, ¢ = xF)Qualty, t,)e = T(g = x7)Qu(t; t)e,
or
p(t) = (xF Fi+ T)Qua(ty, £.)e = 0.
Since R(7)Q () is finite® for all 7 (1, #;), it follows that
Vi{r)=0 forall Te (¢, &).
Then, M(t,) is infinite (see Ref. 2, Section 3.3), and the result follows, since

M(z,)infinite implies a conjugate point (Ref. 6). O

Remark 6.1. Lemma 6.2 gives a sufficient condition for # to be a
conjugate point; however, this condition is not necessary, as will be seen in
Example 6.2.

Thus far, we have seen that either ¢ is a conjugate point on x* or there
exists an extremal trajectory x,(a # 0, @ may be unbounded), distinct from
x*, with associated Lagrange multiplier », = »* and going through x*(1,) at
t =t We have, furthermore, the following lemma.

Lemma 6.3. If two extremal trajectories with the same Lagrange
multiplier v go through the same point at some time ¢;, then they give the
same value to the cost functional between ¢#; and #.

8 R(1Q7Yr) is finite for all 7¢ {t.q*, ), see Ref. 6, and the result follows from t, = fegn.
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Proof. Letx(t)and x™(¢), t € [ty, ], be two extremal trajectories such
that

f(t1)=x*(t1) and 7 = »*,

The argument used at the beginning of the proof of Lemma 4.2 (see
Appendix A) is applicable, with x,(¢) replaced by %(¢), and we have

AT =3 Ax{F(q=%(t)) Axp~3 AT (1) Axy,

where AJ is the difference between the values of the cost functional between
t; and ¢ given by ¥ and x*,

Ax()2E(O)—x*C),  AAOR2A(N=-A*(),
A(t) being the multiplier function associated with £(¢). But
A(ty) = (Fo+ #F)Z () + T,
A¥ ()= (Fo+v*F)x*(t)+v*T,

= L]

p=p
imply
AAT () Axp = Ax [ (Fo+ v*Fy) Ax;.
Then,
AJ=0
follows from
F(q)=Fo+v*F,. O

Remark 6.2. In the case (iii) mentioned earlier, (¢) is the limit of a
sequence of trajectories x,{t) as a goes to infinity. For each x,(¢), the same
argument as in the proof above would give

AJa = "V*‘l/(xa(tf))'

Since x,(#) is not in 8, the term —v*¥(x,(#)) # 0 must be added to compen-
sate for G (x. (%), v*) used in AJ, ; see proof of Lemma 4.2 in Appendix A.
At the limit,

AJ = lim AJ, = lim — v*(x. () =0,

ax—=>0 o> 00

since

lim x. ()< 6.

a0
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Recapitulating the varous results obtained, it can be seen that the
trajectory x*(¢)is not globally optimal on [#, fr] when 1, < £,. Indeed, either 1,
is a conjugate point and x* is not even locally optimal on [#o, #], or ¢, isnot a
conjugate point and the result follows from Lemmas 6.1, 6.3, and 1.1. Then,
Corollary 6.1 and Definition 1.1 imply the following theorem.

Theorem 6.1. For the class of problems considered in this section, a
Darboux point occurs on an extremal trajectory at f, that is, when the
corresponding $-matrix becomes infinite.

Note that we have

Ip = £, = SUP leg
qeé

Indeed, 1., < 1 (see Ref. 2) implies
SUP log = L,
qe8
and the result follows from:
tp =SUp g =SUP [ =45
geb qed

(see Section 5). We shall now present two illustrative examples.

Example 6.1. Consider the case when
n=m=2, to=0, =1,
0 07 10
A= t =[ J, 1) == =!: ],
0=co=|, o BO=EO=| |

-0.5 0 0 0 0
x"”[—o.s}’ F"*{o o]’ Fl‘[o 2]’ T=[2,01.  4o=-3

in Egs. (1)~(4) and (20)-(21). This example is a minimum-distance problem
from a point to a parabola. An extremal solution is

WH(t)= @ ¥ (e)= gg:g] refo,1],
MO =—u@),  vF=-3
We have

0o —1yi-s]
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and

M, q)= 1 [ t—3 3(g2+1) ]

(=Dl ~3+&(g+ D) (g2+1) t—-1+8(g+1)

g= [ql] eé.
q>

t.=% andt,=3-§(ga+1).

for all

It follows that

Note that
SUp fg = SUP lg=3=1,.
qs8 g2e(—, +x0)
The Darboux point
tb=t=3

is of Type-1. Also, note that there exists a trajectory £, distinct from x*,
giving the same value to the cost functional between #p and # as x* between
tp and # (see Fig. 1).

Now, suppose that

Fig. 1. Darboux points in Example 6.1.
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An extremal solution is
3 2 . L,
ﬁ(t)z[o}’ f(t)=[0}) /\(t)=—'ii(t), p= —3.
We have

Qatsn=[; ] o= 2]

Then,
- 1 0

where § is defined in (22). This matrix becomes singular when

It follows that
T —‘% 0 ¢
FFF+ T)Qua(ty 1)e =2, 0]{ 0 »2][1] =0
3

It may be shown that the Darbous point
b=t=}

on X is also a conjugate point, as expected from Lemma 6.2 (see Fig. 1), thus
providing an illustration of a Darboux point which is also a conjugate point.

Example 6.2. Consider the same problem as Example 6.1, but with

2 0 I ~0.5]
= = O = e = .
F [0 2}’ T=[0,0  go=-2,  xo=| g
The terminal set 8 is now a circle. The pair (#*(¢), x*(¢)) of Example 6.1 is
also extremal for this example with the same multipliers A*(¢), »*. The
Darboux point is still
i

Ip =1 =3,

but it is also a conjugate point. We have

1-3(1~%) 0 )}‘

§(tsstf)=[ O 1_%(1_ts
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When

§ becomes identically zero, and any vector e € R is in its null space. In
particular, choose
- [1]
e=|, s

_2
(cETFL+ TYuaty 1)e = [2, 2][ g] — 8.,
-3

it follows that

which shows that the condition of Lemma 6.2 is not necessary for £ (the
Darboux point) to also be a conjugate point.

7. Conclusions

In this paper, characterizations of the Darboux point for particular
classes of problems (linear dynamics and quadratic integrand in the cost
functional, along with certain analyticity assumptions) have been deter-
mined. The Darboux point was shown to be the supremum of a sequence of
conjugate points. This approach allows a connection between the conjugate
point and the Darboux point on an extremal trajectory, namely, that a
conjugate point is a first-order approximation to a Darboux point. When the
terminal constraints are limited to a single quadratic constraint, a Darboux
point occurs when the Riccati matrix (i.e., the S-matrix) associated with the
trajectory becomes unbounded. This notable property makes the Darboux
point test very simple for this type of problem. To the best of the authors’
knowledge, it is the first time that § - c0 has been characterized in problems
with terminal constraints.

The various results concerning the characterizations of the Darboux
point for the classes of problems considered are summarized in Table 1,
where ¢, is the first backward conjugate point, # is the time when the Riccati
matrix becomes infinite, and f.4, Ty, ¢, 6 are defined in the text.

Table 1. Darboux point characterizations.

Terminal constraints (number and form)

O=p=n, O=p=n-1 p=n-1, p=1,
linear arbitrary arbitrary quadratic
Darboux point occurs at t sup iy SUp feq t

qef g8
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8. Appendix A: Proof of Lemmas 2.1 and 4.2

Proof of Lemma 2.1.° Given q, let £(2), t € [to, ], be an admissible
trajectory starting at £(fo) = xo and terminating at X(ff) = g. It can be shown
from (1) that

J—J*= g()’c'f)—g(x}k)-!"%J. ' (Ax"C Ax+Au"E Au) dt

to

i
+j (x*7C Ax +u*"E Au) ds,

0

where J and J* are the values of the cost functional given respectively by the
trajectories ¥ and x*,

Ax ()2 X ()~ x*(t), Au()2 ()~ u*(),

(1), t € [to, #], being the control associated with £. Add the identically zero
quantity

0=v*T(W (&) (xH]+3 J 1 AxTM(t, g)(A Ax +B Au—Ax) dt
+j "B AXTS( q)

1

+,TRT A 1T i
v t, ) (A Ax+B Au—Ax)dr+35v" [Q(ty, q)+ (¢, q) dt]y,
' (25)

where » € R” is a constant to be chosen later and # € (2, &) is such that the
matrix S(4, q) is defined on [#, #]. The existence of such #; sufficiently close
to # is implied by the existence of S(z). It follows from (15) and (16) that
R(t,q) and Q(z, q) are defined on [#, #]. Thus, (25) is well defined, since
M(t, q) is finite on [fo, t;]. After integrating by parts and using [through
necessary conditions (5), (6), (7), and Eq. (11)]

L

¥ 3
f (x*TC Ax +u*"E Au) dt = ~J (d/dt)A*T Ax) dt = —2*T(t) Ax;

0

=—(d/dx))G(x}, v*) Ax;,

® This proof was suggested by similar proofs due to McReynolds (Ref. 7) and Wood (Ref. 8).
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we have
T—=T*= G, v*)~ G(x}, v*)—(d/dx)G(x}, v*) Axy—3 AxTM(t1, q) Dx;
~3Ax{S(ty, q) Axy
—v R (t;, q) Axs+3 AxTS(t1, ) Ax1+ v "R (11, q) Axa
+3v7Q(t, q)v
+3 f [AxT(C+MA +A™ +M)Ax +Ax "MBAu + Au"B"MAx
to

+Au’E Au) dt

8f .
+%J [AxT(C+SA+ATS+8)Ax +AxTSB Au+AuTBTS Ax

+Au"E Au
+2rT(RTA+RT) Ax +20"R™B Au+»"Qv] dt,

where Axi=Ax(f;) and M,S,R,Q in the integrands stand for
M(t, q), S(1, q), etc. Then, using (14)-(16), we have

T=T*=G(q, v*)— G(x}, v*)~(d/dx))G(x}, v*) Axs—3 Ax[F(q) Ax;
—vTTT(q) Ax;
+3Ax{R(t1, 9)Q (11, )R (t, q) Ax1+ v "R (11, q) Axy
+3070(t1, q)v

+3 j ' [Au+E'B™M(t, q) Ax]"E[Au+E "'B™M(t, q) Ax] dt
¥

0

%

+3 j {Au+ET'BT[S(t, q) Ax +R(t, q)v]}"E{Au

to
+E'BY[S(t, ) Ax +R(t, q)v]} dt.

Now, using Assumption (A.4), Egs. {(12)-(13), the condition

¥(@)=v*(f)=0,
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which implies
TT(‘I JAxs =0,
and choosing
v = '_le(tla q)R T(tlS Q) Ax(tl)9

we are left with the two integrals appearing in the above expression of J —J*,
Then, Assumption {A.2) implies

F—-J*=0.

Also, the first integral above, between ¢, and #,, cannot be zero; this would
imply that

Au(t)=—E'B™M(t, q) Ax(¢) a.e.on {1, t1],
which, together with (2), M(t, q) finite on [£o, #:], and Ax(t,) = 0 would imply
Ax(t)y=0, relt, 1),

a contradiction. Hence the result of Lemma 2.1 follows. 0

Proof of Lemma 4.2. Let
AJ %Jq[tcm tf] "'J*[lcq: zf}

be the difference between the values of the cost functional given by the
trajectories x, and x* between #, and #, and define
Ax(O)2x, (D)~ x*(1),  Au(®)2u(t)—u*(2),

where u,(t) is the control associated with x,(¢). Note that Ax and Au are the
quantities ys and v, in the proof of Lemma 4.1. since x,(#) = q and x *(t;) are
in 8, we can write

AT =G(q, v*)~ G(x}, v*)+3 J

23

1,

T oALT T
(Ax"CAx+Au'E Au) dt

I
+[ (*7C Ax +u*"E Au) dt,

cq

where G(xy, v*) was defined in (11).
By construction, Ax(¢) satisfies the first-order necessary conditions for
optimality of (LQP), with some multiplier function AA (¢). It follows that
Au(t)y=—E" ()BT (t) Ar(t)
and
Ax"C Ax +Au"E Au=—(d/d)[ALT Ax],

x*TC Ax + u*"E Au = —(d/d0)[A*T Ax].
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Then,
AT =G(g, v*) = G(xf, v*)=A*(tr) Axp—3 DA T () Axy;
and, using (7), (11), and (12), we have
AT =3 Ax[F(q) Axs—3 AT () Axy.
Using
AA ()= F(q) Ax (1) + T (q)»,
for some v, yields
AJ==3v"T(q) Axy=—3v"T(g)(g —x§)=0. a
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