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The Domain of Partial Attraction
of a Poisson Law

Sandor Csorgd' and Rossitza Dodunekova?
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Groshev gave a characterization of the union of domains of partial attraction of
all Poisson laws in 1941. His classical condition is expressed by the underlying
distribution function and disguises the role of the mean 1 of the attracting
distribution. In the present paper we start out from results of the recent
“probabilistic approach” and derive characterizations for any fixed 4>0 in
terms of the underlying quantile function. The approach identifies the portion of
the sample that contributes the limiting Poisson behavior of the sum, delineates
the effect of extreme values, and leads to necessary and sufficient conditions all
involving A. It turns out that the limiting Poisson distributions arise in two
qualitatively different ways depending upon whether A>1 or 1< 1. A concrete
construction, illustrating all the results, also shows that in the boundary case
when A=1 both possibilities may occur.
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INTRODUCTION, THE RESULTS, AND DISCUSSION

Let X, X,,... be independent random variables with the common distribu-
tion function F(x)=P{X<x}, xeR, and corresponding left-continuous
inverse distribution or quantile function

Q(s)=inf{x: F(x)>s} 0<s<1, Q0)=0(0+)

We say that F is in the domain of partial attraction of the Poisson distribu-
tion with mean 4 > 0 if there exist a subsequence {n'} of the sequence {n}
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170 Csirgé and Dodunekova

of the positive integers and normalizing and centering constants A4, >0
and C,.eR such that

1 (& y
A—{z Xj—cn,}—j—»n as n' = o (1.1)

n o Lji=1 -

@z . N . . . .
where —— denotes convergence in distribution and Y, is a Poisson
random variable with mean A, that is,

k

A ,
P{Yl:k}zae" k=0,1,2,.

In this case we shall write Fe D, (Poisson(4)). It is well known that {n'}
cannot be the whole sequence {n} in (1.1) because only stable distributions
have non-empty domains of attraction (cf. Gnedenko and Kolmogorov®
or Csérgd, Haeusler, and Mason,® abbreviated as CsHM from here on).
On the other hand, every infinitely divisible distribution has a non-empty
domain of partial attraction by a basic theorem of Khinchin (Gnedenko
and Kolmogorov,™® p.184) and hence D, (Poisson(1)) is not void.
Furthermore, the Poisson distribution is the most important infinitely
divisible distribution in the sense that the class of all infinitely divisible
distributions is the closure of the distributions of random variables of the
forme, Y; + --- +¢,, Y, , where cy,.., ¢, are constants and Y,,,.., ¥, are
independent, and closure is meant with respect to weak convergence
(Gnedenko and Kolmogorov,™ pp. 74-75). Therefore, the problem of the
characterization of D, (Poisson(4)) has a distinctive theoretical appeal.

Starting out from the classical general criterion of convergence to an
infinitely divisible distribution that involves a condition to set the variance
of the normal component and two conditions to set the Lévy measures of
the canonical Lévy form of the characteristic function of the limiting
distribution (Gnedenko and Kolmogorov, p. 124), Groshev® has proved
that

Fe |) D,(Poisson(4))

>0
if and only if
x2
lim inf 2dF(hx)/J- dF (hx)=0  foranye>0
hooo Jx—1=el+X x—1]<e

This nice looking condition (cited also in Gnedenko and Kolmogorov,®
p. 190) is not quite informative as it stands. The referee of the present paper
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has pointed out that it is equivalent to the following: For each ¢> 0 there
exists a sequence A, = h,(¢) such that

P{X>(1+¢e)h,}/P{X>(1—¢)h,} -0
E{X*(—h,<X<(1—¢)h,)}/(R2P{X>(1—~g)h,}) >0

and
P{X< —h,}/P{X>(1—¢)h,} >0

as n— 0, where I(-) is the indicator function. The proof of this fact is
elementary, and part of this observation is implicit in Groshev.

The recent study by CsHM®@ of a “probabilistic approach” to the
problem of convergence of centered and normalized sums of the form in
(1.1) revealed that whatever infinitely divisible random variable we have as
a limit in (1.1), there are two basic possibilities concerning the size of the
normalizing factor A4,. One is when, informally speaking, 4, is com-
parable to

a(n')=/n’ a(1/n’) (1.2)

where the “truncated variance” function ¢%(-) is defined for 0 <s <1 as

Uz(s)zfl—s fl_s (4 A v—w) dQ () dO (v)

s s

= 5{Q) + Q1 -9} +] Q)

8

-(s{Q(S)+Q(1~S)}+£1_SQ(u) du)2 (1.3)

with ¥ A v =min(, v), while the other is when a sequence A4, diverging to
infinity faster than a(n’) is needed, that is, when a(n')/4,, —» 0 as n' — 0.
For example, it is shown in CsHM® that for stochastically compact F’s
the correct normalizing sequence is always {a(n')}, but a rather com-
plicated construction also shows that the second possibility also occurs.
While the program of characterizing D, (Poisson(1)) within the
probabilistic approach of CsHM® has some interest in itself, and in fact
requires some augmentations, given in Csorgd™ (hereafter abbreviated
Cs), of the original theory, one of our primary motivations for the research
reported here was to see whether 4, = a(n') is always sufficient in (1.1) or
not.
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Let X, ,< --- <X, , denote the order statistics based on the sample
X,,.., X,,. The probabilistic approach in CsHM‘® generally allows to see
which portions of the sum Z’J’f:l X,,» contribute the ingredients of the
limiting infinitely divisible law or do not contribute anything at all. At the
same time, it also delineates the effect of extreme values. In order to cover
these in the present situation, we need some more notation.

Let E,, E,,... be independent random variables having the exponential
distribution with mean 1 and consider the standard left-continuous Poisson

process

N(u) = i IS,<u) u>0 (1.4)

j=

with jump-points S;=E;+ --- + E;, j=1, 2,.... Also, set

V)= Y IS,<i)+min(k+1,2)—4  i>0,k=0,1,2,.  (L5)

j=k+1

so that we have the distributional equality
V(A):=Vo(2) Z Y, +min(l, ) — A (1.6)

For a given A >0, we finally introduce
ri(A)=min{r: r integer and ri>1} (1.7)

so that r,(A1)=1 whenever A>1 and r,(1)=2.
Our first result, connecting the special Poisson situation with the
general theory in CSHM® and Cs,™ is the following:

Theorem 1. Fe D, (Poisson(4)) if and only if for each r>r (1) there
exists a genuine subsequence {n'} of the positive integers such that

) <i> >0 foreach s>0 (1.8)
a(rn’) n'
1 s o, if O<s<i
a(m')Q<1’?>_*{o if s> 4 (19)

as n’ — oo, where o, > 0 is some constant, and

o o(h/n’y . ' a(hin')
lim limsup ———= lim limsup Y———=0 1.10a
h - o n’—»oop 0-(1/("”')) h— oo n’—»oop d("}’l’) ( )
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If conditions (1.8), (1.9) and (1.10a) are satisfied, then

1oz

1—1/rn’ P 1—rA
[ —n' — A1
re PR Q(“)d”} “’(Y” ; ) (L1

as n’ > oo, and there exists a subsequence {n”} < {n'} such that

1
a(rn”)

{ 2 X,—n" jlfw Ou) du} 7, 0 V(2) (1.12)

1 1/n"

and, furthermore, there exists a sequence {/,. } of positive integers such that
L — o0, [,./n" — 0 and for each fixed integer k>0,

1 n” — Iy L— (e + 1)/n” P
i T X' ] Qa0 (1)

j=1 1/n

and

! { ik Xj,,,n—n”fl_(kﬂ)/n” Q(u)du}i»a,vku) (1.14)

"
a(rm”) o™ 1 L= e+ Lyn”
as n” — .

We note that condition (1.10a) may be replaced by
_olhm) V" olhjm) o) o (1.100)

bm Tim inf — fim liminf
o a(1/(rn’)) e a(rn')

Under (1.8), (1.9), and (1.10b) we generally have (1.11) only along a sub-
sequence {n"} < {n'} already, and (1.12), (1.13), and (1.14) hold along a
further subsequence {n”} < {n”}. This will be straightforward to see from
the proof given in Section 2, where an analysis will lead us to the following
main result of the paper.

Theorem 2. There exists a subsequence {n'} of the positive integers
such that conditions (1.8), (1.9), and (1.10a) hold, and hence
Fe D, (Poisson(4)), if and only if

.. oXes)+a%((A+8)s) + 50%(es)
1 f = < .
1rsnl(1)n S —2)s) 1 forevery 0 <e< 4/2 (1.15)

Using the fact that o2(es)/6*((4—e)s) =1 for any 0<e < 4/2 and s> 0
for which (4 —¢)s <1, and hence that this lim inf condition is equivalent to
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three lim inf conditions as in (1.18)—(1.20) below, the monotonicity of the
functions ¢(-) and Q(-) easily imply that (1.15) is equivalent to

lim ip &) + 0% (4 + &)/m) + Q*(e/n)/n _

1 fi <4
Im i (0 —e)n) orevery 0 <e< /2

(1.16)

Using again the fact that for any » >34 and 0 <¢< 4/2 this whole ratio is
never smaller than 1, and for each » large enough it is a nonincreasing
function of ¢ on (0, A/2] whenever Q(-) is negative near enough to 0
[otherwise Q*(¢/n)/n — 0 as n — o and hence the third term in the numerator
can completely be neglected ], a trivial modification of the argument in the
proof of Corollary 2 in CsHM® shows that condition (1.16) in turn holds
if and only if there exists a subsequence {n’'} of the positive integers such
that

_ a(e/n') +o*((A+e)/n) + Q% (e/m')n _

lim - =1 forevery 0 <e< /2
n —ow 02((1—8)/72)

(1.17)
which holds if and only if the three conditions

lim o¥(e/n)o ((A—e)n)=1 0<e<i/2 (1.18)
lim (2 +e)n)c™(2—e)/n')=0  0<e<i/2 (1.19)

lim Q%(e/n')/[n'a*((A—¢e)n'))]1=0 0<e<<i)2 (1.20)

hold simultaneously along the same {n'}.

The proofs will show that if we have (1.18)-(1.20) or, equivalently,
(1.17) along some {n'}, then (1.8)-(1.10a) and hence (1.11) hold along
some subsequence {n”} of the given {n’}. Conversely, if (1.1) holds along
some {n'}, then (1.8)-(1.10a) hold along a subsequence {n"} of the given
{n'} and (1.17) or, what is the same, (1.18)—(1.20) are satisfied along the
same subsequence {n"} < {n'}. Then (1.18) and (1.19), holding along sub-
sequences, will easily imply the second statement of the following.

Corollary. Suppose (1.1). If A>1, then for each subsequence
{n"} = {n'} there exist a further subsequence {rn"} c {n"} and a finite con-
stant 6 =6, >0 such that a(n")/4,~— 6 as n”" — oco. On the other hand,
if A<1, then a(n')/A, -0 as n — o0, and for each subsequence
{n"}c{n'} and each r>r/(4) there exist a further subsequence
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{n"} = {n"} and a finite constant 6 = & ,~, > 0 such that a(rn")/4,,. - J as

"t

n- — 0.

The corollary demonstrates that limiting Poisson distributions in (1.1)
arise in two qualitatively different ways depending on whether A>1 or
A< 1. The latter case provides what is probably the simplest possible
example for showing that Theorem 2 in CSHM® is not empty.

In Section 3, we illustrate the above results by a concrete construction
of a quantile function in the domain of partial attraction of a Poisson{1)
with particular reference to the Corollary. This construction works for all
A>0 and it turns out that the case when A=1 is a boundary case in the
sense that both possibilities in the behavior of the normalizing sequence
may in fact show up.

It follows from the transitivity theorem of Gnedenko'® (cited also in
Gnedenko and Kolmogorov,™® p. 189; for a new proof see Cs'*’) that if
Fe D, (Poisson(4)) for some 4> 0, then F is also in the domain of partial
attraction D,(2) of the normal law. Thus our necessary and sufficient con-
ditions should somehow imply that

lim inf ¢%(s/n)/c*(1/n)=1  forallO0<s<1 (1.21)

which, according to Corollary 2 in CsHM,® is necessary and sufficient for
Fe D,(2). At this point we meet again the principal difference between the
two cases A>1 and A< 1. Namely, if A>1, then (1.21) follows directly
from (2.10) below, that is, from conditions (1.8), (1.9), and (1.10a) with
r=1. The implication is not so direct if A <1 and can be seen only by extra
work.

While conditions expressed in terms of the underlying quantile
function are completely natural in our approach, it would perhaps be
interesting to obtain equivalent conditions expressed through F. These are
probably uninformative just as Groshev’s condition above and to produce
them appears to be a nontrivial analytic problem.

As a final remark we note that, starting out from Theorem 12 in Cs,V
it is possible to characterize in the manner of the present paper the set of
infinitely divisible laws partially attracted by a given Poisson law. We will
consider this elsewhere.

2. PROOFS

Let i be a nonpositive, nondecreasing, right-continuous function on
(0, 00) such that

foo Y*(s)ds< oo forany e>0
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In the notation of CSHM® and Cs,") for each integer k>0 consider the
random variable

oo Sk+1
Voul0 9, 0)= [ (V) =y dy ()= [ iy )

Sk+1

(S = Wl du— ()

= [ 0 ) dip () + I LN dp ()

RS )= [ W du— ()

where N(-) is the Poisson process defined in (1.4). For k=0, this is a
spectrally one-sided infinitely divisible random variable without a normal
component. For 1> 0, set

1 if O<u<i
Vilu)= { it w2
If 1< 1, then we have

Voul0 Y2 0)= [ N(u) i () + K (S5,1)

Sk+1
=I(Se 1 <A N = LS, <Ak
=18, ,<4) {Z I(S,<A)—k+ Z IS</1)}
j=1 i=k+1

S <D IS <D= 1501, <)}

HM»

7
Z H(S;<A)I(Sy 1< 4)
j=k+
Z I(Sj</1)
=k+
and if 4> 1, then, using the above lines in the last step, we have

Voul0 s 0= (N2 —4)— [ Nw) i )~ KIS, < 1)

min(k+1,4)
—f W) du+1
1
=N(A)—A—NA) [Siy =) —kI(S, , < A)+min(k + 1, 1)
=I(S; .1 <A) NA) = IS, <L)k +min(k +1, 1) — A
Y, I(S;<A)+min(k+1,4)— 4

J=k+1
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Putting the two cases together and recalling (1.5), we see that
Voi(0, ¢, 0=V, (1) A>0;k=0,1,2,. (2.1)

In particular, by (1.6),

Vool0,¥,,0)=V() Z Y, +min(1, ))—4  1>0 (2.2)

Now we are ready to use Theorem 6 of Cs) to prove Theorem 1 here.
If A>1, we are in case (ii) of that theorem, while if A< 1, we are in case
(iii). The ambiguity of the latter case will presently be resolved by the well-
known fact that if Y{",.., Y{ are independent copies of Y, then

FRERR

Y+ ... 4y0 2y, (2.3)

Proof of Theorem 1. To prove necessity, suppose (1.1). Take any
rzri(A), and let {X J(.’”)}j“: , be independent copies of the sequence
{X;}2 , m=1,.,r Then by (1.1) and (2.3),

1 n’ r
1—4—{2 <Z XJ‘.m))—rCn}——gi» . as n' >

n Jj=1 \m=1
Writing Z,, Z,,.. for the sequence X {",., X", XM . X . that is,
writing

Z(j,]),+m=Xj(-m) lﬁmgl’,]‘:l,z,m (2.4)

and introducing CY¥ =rC, — (1 —ri) 4,., the convergence relation can be
rewritten as

:41—{ y Zj—c;'s}—-”’:» V(rd)

j=1

Therefore, by (2.2), the fact that rA> 1, and by case (ii) of Theorem 6 in
Cs'" there exist an {n"} = {n’} and a constant «, >0 such that

lim Q<—t——>/a(rn"):0 >0

n’ — w rn"
t o O<t<ri
li 1—— =L
" s ¢ < rn”)/a(m ) {0 t>ri

and

1
lim lim sup o <i/>/a (—;) =0
h—o n”"—>»ow rn rn

860/4/1-12
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However, these three conditions are clearly equivalent to (1.8), (1.9), and
(1.10a) with »’ replaced by »".

Now we turn to the sufficiency statements. Assume (1.8), (1.9), and
(1.10a). Then by (2.2) and the sufficiency part of case (ii) of Theorem 6 in
Cs,) we have

{ Z z—m' [ 0w du} 2 0 V(rA)

/ra’

a(rn’)

as n' — oo, where Z,, Z,,... are independent with the common distribution
function F. Breaking up the sequence {Z;}%2, into the union of r
independent sequences {X (’")}“’1 of 1ndependent variables, m=1,.., r,
according to the rule in (2.4), this can be rewritten as

2 {5 =], owad ]

1

—@’ Z I:Yam)_i_l—r/ljl
r
=1

m

as n'—oo. This clearly implies (1.11) and hence also that Fe
D ,(Poisson(4)).
To prove the further statements, we rewrite (1.11) as

1 ul ~ 2
_ X —-C, A s

OCra(r_n,) {jz:l J n } —_— ( ) n 0
where

- 1—1/rn 1 _
C,,f=n’J Qu) du+(7’%—~min(1, /l)+/l> a,a(rn’)
1/rn’

and recall (2.2) again. If 4> 1, and hence we are in case (ii) of Theorem 6
in Cs™" or if A< 1 but we are in the first subcase of case (iii) of the same
theorem, then by necessity there exist a subsequence {n”}<{n’'} and a
constant , > 0 such that

1 Ky
i )0 =0
L oof1_2 0,54
a(n”)Q< —n—> —,(s) §>0,5#
a(nr/)

o,a(rn’)
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and

as n” — oo, and
L a(h/n")
lim lim su —=
h— o n"-*oop 6(1/’1,)

If, on the other hand, 2 <1 and we are in the second subcase of case (iii)
of Theorem 6 in Cs, " then, along some subsequence {n"} < {n’}, we have

! Q(%)—»O 5>0

a{rn”) n

—1_Q<1—iu>_)(xrlp/i(s) s>0,5#4
) n

a(rn”

a(n”)/a(rn”) -0

and

L Lo ("™ owydu—¢,L >0
L, 0wt

Using now the sufficiency part of Theorem 6 in Cs") once more, we obtain
all the three statements (1.12)-(1.13) along the chosen {n”} and hence the
whole theorem. O

The proof of Theorem 2 requires some preliminary lemmas, the first of
which is of some independent interest.

Lemma 1. If 0<s<z<1, then for an arbitrary quantile function

0*(s) = o (1) SUQ() = Q(s)* + H(Q(1 —5) = Q(1 — 1))
+20(Q(1) — Q(s)Q(1 — 5) — Q(1))
+20(Q(1 —5) = Q(1 = )(Q(1 — 1) — Q(1))

and

0%(5) = 0(1) 23 (1)~ Q) +3 (21 —5) = (1 = 1))’

+25%(Q(1) — Q()(Q(1 —5) — (1))
+2s1((Q(1 —5)— Q1 —))(Q(1 — 1) — Q(1))
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Proof. Using the definition in (1.3), as in identity (2.29) in CsHM,®
we have

o)~ a*(t)= j (u A ©— 1) dO (u) dO (1)

s s

.;.flisjl_s(u A v—uv)dQ (u) dQ (v)
1—1

1—1

e2{[ " a-u ([ oae ) d0 ()

] (] a-naow)ao w

1—1

=:1,(s, )+ Ip(s, 1)+ 2{Ls(s, t) + I4(s, 1)}

Clearly, 1,(s, t) < #(Q(t) — QO(s))? and

IGs r)=j'(1—u)(f”de (v)) 4O (u)

)

#f'u([ a-ndo ) dow

>s(1=0{[" (@00~ 051 d0 ) + | (©(1)- Q) @ (0}
= (1 {0211~ 0(5)) ~ (X — Q(s))}

N

25 (Q(1)— 0(s))*

N

Exactly the same way, using # A v—uv <1—u A v for the upper bound, we
obtain

% (Q(1=5)— (1 =)’ < L(s, N< UQ(1 —5) = Q(1 —1))°
Similarly,
sHQ(1) — Q()NQ(1 —5) — 0(1))
<Ia(s, 1) < UQ(1) = Q()Q(L —5) — O(1))

and
sHQ(1—5)— Q(1 — ) Q(1 — 1) - Q(1))
SIy(s, )<HQ(1—5) = 0(1 =) Q(1 — 1) — Q(2))

Collecting the upper and lower bounds, the lemma follows. O
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Let {n'} be a subsequence of the positive integers tending to infinity,
let x> 1 be any fixed number, and s >0 be an arbitrary number. Replacing
s by s/xn’ and ¢ by s/n’ and using (1.2), it will be advantageous to rewrite

the inequalities of Lemma 1 as

o2(s/xn’) — a*(s/n’)

a*(1/n")
Q(s/n') — Q(s/xn')\? Q(1 —s/xn’) — Q(1 —s/n")\?
<S< atn) > “( al) )
ey Q(s/n’) — Q(s/xn") Q(1 — s/xn") — Q(s/n’)
a(n’) a(n’)
ey Q1 —s/xn')— Q(1 —s5/n') Q(1 —s/n") — Q(s/r’)
a(n’) a(n')
and
a?(s/xn’) — o>(s/n’)
a*(1/n")
- & (G Q(S/xn')>2
“2x a(n’)
LS (Q(l —s/on') = Q(1 —s/n')>2
2x a(n')
4y 5 QUsin') = O(sfxn') Q1 — s/xm’) — Qls/n')
2.7 '
x°n a{n’) a(n’)
42 52 Q(1 —s/xn') — Q(1 —s/n’) Q(L —s/n") — O(s/n’)
xn’ a(n’) a(n')

which hold true for all »’' large enough.

Lemma 2. Let 4>1 be a fixed number and suppose that

Q(s/n'Ya(n’) -0 s>0

o if O<s<da

ot —myam)~ {5 U5

as n' — oo, where o> 0 is some constant, and

lim lim sup 6?(h/n’)/c?*(1/n')=0

h—o© n —ow

(2.5)

(2.6)

(2.7)

(2.8)
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Then, as n’ — oo,
a*(h/n')/a?(1/n') > 1 O<h<4 (2.10)

and
a2 (h/n')eX(1n') >0  h>A (2.11)

Proof. Notice first that if both s and s/x are on one and the same side
of A, that is, either s< A or s/x> A, then by (2.7) and (2.8) the upper
bound in (2.5) goes to zero as n' — .

Put s=1 in (2.5). Then we get

a*(1/xn’)a*(1/n') > 1 as n — o

for all x> 1, which implies (2.10) for all 0 <A < 1. If 1 </ < 4, then putting
s=hand x=hin (2.5) gives (2.10) for 1 <h < A.

To prove (2.11), let A> A4 and put s=xh in (2.5), where x>1 as
always. Then, since s/x > A, we get

_Phfn) k)

Sy () as. =0

which implies that

. *(hin') *(xhin’ _
o(h):= llif/nﬁs:p ;EIZ,; = hi,n_’sip %2(()6—1/{1’1,—)) =: i#(xh)

for each 1> A and x> 1. Now for each fixed 4> 0, v(xh) - 0 as x - oo by
(2.9), and hence (%) =0 for each A > A and this is nothing but (2.11). O

Lemma 3. Let 4>1 be a fixed number and suppose (2.10), (2.11)
and that

O(l/n')a(W') >0  as n'— o (2.12)
Then there exist a subsequence {n”} < {n'} and a constant « >0 such that
(2.7), (2.8), and (2.9) are satisfied with »n’ replaced by n”.

Proof. Take any s< A. Since also s/x < A, (2.10) implies that the
left-hand side of (2.6) goes to zero as »' — co. Because all the terms in
the lower bound there are nonnegative, they all go to zero separately. In
particular,

(Q(s/n"y— Q(s/xn’))/a(n’) >0 O<s<d,xz1 (213)
(Q(1 —s/xn")— O(1 —s/n'Y)/a(n') - 0 O<s<Ad, x=1 (2.14)
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as n’ — co0. Putting s =1 in (2.13), by (2.12) we obtain
Q(1/xn"Ya(n') -0 as n' —> oo, forallx =1

Now if s>0 is arbitrary, then we can choose x> 1 so that s> 1/x and,
provided that Q(-) is negative near enough to zero, we get

|Q(s/n")) fa(n’) < [Q(1/xn") | /a(n") = 0

If Q(-) is never negative, then of course (2.7) is trivial, and hence we have
(2.7) along the original {n'}.
Consider now an s> 4. Then, using (2.11),

Ot —s/n) _ QU1 —s/n') als/n') _
an’y i olsfn) ol

on account of the fact that the first ratio on the right-hand side is bounded
by Lemma 2.4 in CsHM.® Thus we have (2.8) for s> A, still along the
original {n’}.

Now we come to (2.8) for the case s < A. Again by Lemma 2.4 from
CsHM ) we can choose a subsequence {n”} < {n’} such that

as n' — o

o(1—1/n")a(n") -« as n"—>w
where o > 0. Setting s=1 in (2.14), we then have

O —1/xn")/a(n") > a as n" - o, x21
which implies

Q1 —s/n")/a(n")—a 0<s<l (2.15)

as n” — 0. If 1 <5< A, then we find an x > 1 so that s/x < 1. Using (2.15)
in conjunction with (2.14), we see that (2.15) also holds for 1 <s< A. Thus
we have (2.8) also for all 0 <5 < 4, along {n"}, with a possibly zero limit «.

We claim that « > 0. Suppose, on the contrary, that o« =0. Then the
already proved (2.7) and (2.8), holding along {n"}, the latter with o =0,
imply in accordance with case (i) of Theorem 1 in CSHM® or Theorem 1*
in Cs™ that

1
a(n//

n 1—1/n" .
{Z Xj_””f Q(u)du}—j>N(0,1) as n" - oo

j=1 1/n”

Thus, by an application of the augmented case (ii) of the same theorem
(Theorem 1* in Cs?), we also have
o?(h/n") a’(h/n")

li Iiminf ——~=1= 1 i SETPURETN
A i inf o = 1= Jim limsup 500
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Since {n"} = {n'}, this obviously contradicts (2.11). Therefore a >0, and
we have (2.7) and (2.8) along {n"}.

Finally, it is trivial that (2.11) implies (2.9) along the original {n'},
which then holds along {n"} a fortiori. O

Lemma 4. Suppose that (2.10), (2.11), and (2.12}) hold true for some
A>1and {#n'}. Then we have (1.18), (1.19), and (1.20), and hence (1.17),
for the same {n’} and with A replaced by 4.

Proof. Consider any 0 <¢< 4/2. Then by (2.10),

o’(e/n’) _o*e/n’) (62((/1 —&)/n’)
o (A—e)n) oA\ (1))

-1
) -1 as n —w

that is, we have (1.18) with A= A. Further, by (2.10) and (2.11),

o ((A+e)n) _o*((A+e)/n) <62((/1 - 8)/n’)> o

o ((A—e)n)y o> (1/n') o*(1/n)

as n’ — oo, that is, we have (1.19) with A= 4. Finally, we know from the
proof of Lemma 3 that (2.10) and (2.12) imply that (2.7) holds along {n'}.
Therefore, by (2.7) and (2.10) again,

Q(e/n)  _Q%(e/n) (02((/1 —&)/n’)
n'eX(A—e)n’)  a*(n) a*(1/n')

—1
) -0 as n' - w

which is (1.20) with A= 4. O

Lemma 5. Suppose that (1.17), and hence (1.18), (1.19), and (1.20)
hold true for some A=A4>2 and {n’}. Then we have (2.10), (2.11), and
(2.12) for the same {n'} and A.

Proof. Since A — 1>1o0r A—1>4/2, by (1.18) with A=A we have

c>(e/n’) - c?(g/n’)

<o) SaA—omy L 0t

and

2 ’ 2 ;
<(72(1/nl)< 2a(l/n) :
a’(¢/n’) ~ o ((A—=1)/n)
which together give

-1 l<e<A/2

a*(e/n’)

az(l/n’)q as n'—w,0<e<<4)2 (2.16)
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Also, by (1.18) again and (2.16),

02((/1—8)/’1’)_< o*(e/n’) )“102(8/"’)_>1
o*(Un') N\ (A~e)n)) o*(Un)

as n’ - oo, and now (2.16) and (2.17) together imply (2.10).
Furthermore, using (1.19) with A=A and (2.17),

o (A4 +e)n) _o?((A+e)/n’) a*((4—e)/n’)
o’(In’) o ((A—e)n) o (l/n)

0<e<A)2 (2.17)

-0 O0<e<d)2

as n' — oo. Since for any 2> one can find a small ¢>0 such that
A+ &< h, this clearly implies (2.11).
Finally, putting ¢ =1 < A4/2 in (1.20), assumed with A= 4, we have

Q*(yn) _ Q*(/n) _ Q) 0

2wy Sw((A—Tyy 0 o

which is (2.12). )

Proof of Theorem 2. First assume (1.8), (1.9), and (1.10a) for some
2>0, a fixed r =r,(2) of (1.7), and some {n'}. Then we have

O(t/rn’ ) a(rn') -0 t>0 (2.18)
Q1 —t/rn")a(rn’) - {g ?: :; rh (2.19)

as n’' — o0, and
lim lim sup 62(h/rn’)/c*(1/rn') =0 (2.20)

h—>o n'—>w
Using Lemma 2 for the subsequence {rn'} and 4 =ri>1, we obtain

1 O<h<ri

o' yo*(1rm') {0 o<t (221)
and, as a special case of (2.18),
O(1/rn’)/a(rn’) > 0 (2.22)

as n’ - oo. Lemma 4, also used with {rn'} and A4 =rA, now gives

lim a*(n/rn’) + o™((rd + n)/rn") + (1) Qz(r]/rn’)z
- oo a*((rd —n)/rn’)

1 0<n<rif2
(2.23)
Setting & = #/r, this is nothing but (1.17) which implies (1.15).
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To prove the converse, assume (1.15). Then we have (1.17) for some
{n'}. Let
r=ry(4)=min{m: m integer and mi>2}>r,(4)

and with this r set # = re in (1.17) to obtain (2.23). Applying Lemma 5 with
A=rA>2and {rn'}, we obtain (2.21) and (2.22). Now Lemma 3, used for
{rm'} and A=ri>2, yields (2.18), (2.19), and (2.20) with »’ replaced by
n', where {n"} < {n’}. Since (1.10a} is equivalent to (2.20), the substitution
s=t/r finally gives (1.8), (1.9), and (1.10a) with »n' replaced by n", and
hence the theorem. O

Proof of the Corollary. The first statement follows from Theorem 5 in
CsHM @ because if A > 1, the function ¥, in (2.2) is not identically zero on
the half-line [ 1, o0).

As to the second statement, assume (1.1) for some {n'} and A< L.
Then it holds along an arbitrary subsequence {n"} < {n'}. As described
before the Corollary, we then have (1.8), (1.9), and (1.10a) along some
{n”} < {n"}, and hence also (1.18) and (1.19) along the same {n"}. Thus,
for any &> 0 for which A+e<1,

a*(1n") _ a*(l/n") ( o*(e/n”) )—1
a*(e/n™) o ((A—e)/n") \a*((A—¢e)/n")

- c*((A+e)/n") ( o?(g/n") >‘1 -0
T2 ((A—e)n"Y\o*((A—¢e)/n")

as n” — oo. Let

, 1
r>max <r1(/t), 1—:7>

so that, in particular, A+ (1/r)<1. Since (1.1) and (l.11) pow hold
jointly along {n"}, the convergence of types theorem (Gnedenko and
Kolmogorov, pp. 40-42) implies that a(rn”)/A,.— & as n” — co, where
0 < 6 < co0. Therefore,

a(n///)_ a(rn//!) ()_(l/n//l)

= —
A A Jro(rn")

Since {n"} = {n’'} was arbitrary, it follows that a(n’)/4,, =0 as n" - c0.[]

as n”" -0

3. A CONSTRUCTION
Consider a number 0 <c <1 and set

ijzj(c)zczizj ]:0, 1, 2,...
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Then we have t=c¢/2 and 1,/t;_, — 0 as j— 0. Also, set

92/

L

byj=bi(c)=(t;—t;,1)" :;‘(T:ZTZT)

and note that b;/b, | —> o0 as j— oo. Now we introduce the quantile
function

)= 0 if 0<u<l—1,
Qlu) = b, if 1—ty<u<l—t,,,,k=0,1,2,.
or, what is the same,
0 if <1<
O(1—1)= Lo _
bk lf tk+1<t<tk,k—0, 1,2,...

Fix A> 0. The crucial element of the construction is the choice of the
subsequence

ne=ni(4, ¢)=[A/t, | =min{/: [ integer, [ > 4/t } k=0,1,2,.

By elementary considerations we obtain that for all k large enough,

Lo v 1 < 8/n, <ty if s<i
Lo <Al <ty if At <[ A/t a1
o1 <Afme=1y if A=/t .
lk<S/nk<tk71 if S>/1
Setting now 4, = b,, we obviously have
Q(s/ne)/A,, -0 $>0 (3.2)
and from (3.1),
1 s< i
oU ~siman =y 1 ()

as k —» oo,

The next step is to analyze the function o?(h/n,), #>0, and in doing
so, we have to separate three cases. We always use first the second formula
for 6(-) given in (1.3), then the corresponding case of (3.1), and the final
asymptotic equalities are obtained by simple computation.
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If h< A, or h=24 and A/t, <[ A/t;], then for all £ large enough,

() (I e

Ry Ny k
h h 1 — ki 2
—(—Q(1——>+j Q(u)du)
Ay Ay 1—1
k h
——b2 pUESOLS 1+<zk—~>b2
i— ny
h 2
( bk+z ( j l+<[k__—>bk)
a3
Lo (34)
¢
If h=24 and A/t, =] 1/t,7, then for all k large enough,
A A k
0'2 <n_k> =n———k b12{~1 +j§1 (ZJ, 17 lj) bjg—l
}, k 2
- (n_ b1+ '21 (t—1—1) bj-l)
=
1 £ 2/-1 —2/-1
Y 2¥ -2 ) (3.5)
cj:1

Finally, if 4> A, then for all £ large enough,

-1

0'2<—h')“_bk (t Z( ) - 1+(tk 1 :k)b/2h1

s
/’l k—1 h 2
- (—bk1+ Z ('tj—l_tj)bj—1+<tk——1_—> bk~1)
03 Ry

J=1

1 e
~=2% (3.6)
4

Now we are in the position to draw the conclusions, distinguishing
four cases.

Case 1. A> 1. Combining (3.6) and (3.4), for all #> 1 we obtain that
o (hjne)/o*(1m) ~ 22 = 0
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and by (3.4),

a*(ng)  ngo?(1/ny)
A,z: =k b2 Ly} as k- w

for all 0 <e<1. These relations together with (3.2) and (3.3) provide an
illustration of Theorem 1 and the first case of the corollary.

Case 2. A< 1. Again by (34), with h=1/r< 1, where r=r,(4), we
have

a(rnk)~@22k~\/a be= /70 A,
o(h/ng)/e(1/rn,) — 0 for all A>1 by (3.4) and (3.6), and, finally,
a(n /A2, ~A2¥2¥ ' 2¥ 50

for all 0<ec<1, as k— o0. Together with (3.2) and (3.3) again, these
illustrate Theorem 1 and the second case of the corollary.

Case 3. A=1 and we choose 0 <c¢ <1 so that I/c is not an integer.
By (3.4),

1 e+
a*(ny,) ~5 22 b= A2

and by (3.6) and (3.4), for all 2> 1,
o (hin)e?(n) ~ 227" 2% -0

as k — . Together with (3.2) and (3.3), these show that we are in the
situation of Case 1.

Case 4. A=1 and we choose ¢= 1. We have by (3.5) that

a(n) _mea*(lny) 223k 2¥7(1-2777

2 2 k+1
Ank bk 22

<22¥277'NF*T S50 as k- oo

Furthermore, for each r =2, by (3.4)

a*(rm,) ~ 2% ~by=A]
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and for all 2> 1, by (3.6) and (3.4),
o(hiny)oc* (1)~ 2% 2% 50 as k- o

These, taken together with (3.2) and (3.3), show that we are in the
situation of Case 2.
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