Optimization with Partial Differential Equations
in Dieudonné-Rashevsky Form and Conjugate Problems

LAMBERTO CESARI

1.

In previous papers [la b ¢ d e] we have given existence theorems for problems
of optimization with partial differential equations and the usual constraints. In
particular, in [1d e] we have given existence theorems for the problem of the
minimum of an integral

I[z,u]=[F(, z,'_’u)dt,
G

) t=@Y..., 1), dt=dt'..dr, z=(',...,2"), u=@',...,u"),

in a fixed domain G < E, with differential equations (side conditions) written in the
Dieudonné-Rashevsky form

13

(2) —2%=f,-j(t,z,u), teG, i=1,...,n, j=1,...,v,
usual boundary conditions, and constraints ueU(t, z) < E,,, where the control
space U=U(t, z) is a given subset of E,. Here z=(z',..., z") are state variables
and u=(u!,..., ¥™) control variables.

As stated by P. K. RASHEVSKY [6], very general partial differential equations
and systems can be written locally in the form (2).

For instance, second order partial differential equations such as zl,+z! =
f(t, s, 2%, z}, 21, u) can be immediately written in the form

zl=2% zl=23, zl=v, zZi=w, zl=w, Z2=TFoxf(,s,z', 2% 2% u),
where z!, z2, z> are state variables and u, v, w are control variables, m=3, n=3,
v=2. Other examples are in [Sa b¢], [1d e], and some further ones are given at
the end of this paper. Systems of the form (2) have been studied by J. DIEUDONNE
[2a b], E. DuBinskY [3], and others, from a completely different viewpoint, as
particular cases of systems written in the form

dz
W—f(t, z,u),

where z, ¢ range in suitable Banach spaces, and dz/dt is the Fréchet derivative of z
with respect to t.

In [4a] A. 1. EGorov has considered abstract problems of optimization with
*“differential equations” (side conditions) written in the abstract form

3) Az=f(z,u),
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where z, v, f range in Banach spaces, and 4 is a linear, generally unbounded,
operator. A. I. EGOrROv has shown that, whenever we can write a suitable linear
problem which is “conjugate” to the given problem of optimization with equa-
tion (3) as side conditions, then abstract forms of the minimum property follow
(Pontryagin’s necessary condition).

In the present paper we give suitable forms for the ““‘conjugate linear problem”
for problems of optimization with differential equations in the Dieudonné-
Rashevsky form (2). Furthermore, in harmony with A. I. EGorov [4a], we prove
the minimum property in local form, under various sets of hypotheses. A.I.
EGorov’s general assumptions are replaced here by somewhat weaker ones in the
present situation. For instance, the solutions of the given equations as well as of
the conjugate problems need not be unique, and certain continuity hypotheses of
EGoORroV’s paper need be verified only under a coarser topology for the range space
(L, instead of W}).

For the sake of simplicity we shall limit ourselves to the case v=2. Thus, we
shall write (x, y) for ¢, and fi,...,f,, £1,..., &, for f;;. The results below can be
extended immediately to the case v>2.

2.

Let G be a Sobolev domain in the xy-plane E,, and let us consider the class
Q of all pairs z(x, y)=(z', ..., 2, u(x, y) =, ..., u™), with Z'e W3 (G), p= 1 (thus,
Z'eL,(G), 87'/0x, 02'/0yeL,(G)), (i=1,..., n), u(x, y)e UcE,,, v’ measurable in
G,j=1,..., m, where U is a fixed subset of E,, satisfying differential equations
and boundary conditions as follows. We require that the pairs z, # in Q satisfy
the 2n first order partial differential equations

©) 02')0x=f(x,y,z,u), 0z'[0y=g(x,y,z,u) ae.inG

(i=1,..., n), where f,, g; are real valued continuous functions on G x E,, x U. Let
B=0G denote the boundary of G, and let us assume that B can be divided into
finitely many nonoverlapping parts s,, #=1,..., N, which we shall call arcs s
of B, or sides s of G. We shall assume the usual conventions concerning the
orientation of the components of B.

Let o denote the arc length parameter on B starting from fixed arbitrary
points of B, 0<o <L, where L is the total Jordan length of B. Then ¢ =0 (x, y) for
(x, y)eB (with obvious conventions), and we denote by z'(c), or z(a(x, y)),
the values of z* for (x, y)eB, i=1,..., n.

We require that the pairs z, u in Q satisfy the boundary conditions

For each h=1,..., N and for every i of a collection {i}, of indices i=1,...,n
o) depending on h (which may be empty ), let
Z'(6)=¢,,(6) for ces, (ae).

Here the ¢, are functions on s, of class L,(s,). (See Section 6 for alternate bound-
ary conditions.)
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We shall consider the problem of the minimum in Q of the functional

N n
(6) I[z,u]l= 3 Y [[Pu(0)Z'(0)dx+0y,(0) 2 (@)dy],

h=1i=1 sp

where P,.(6), Q,:(c) are given functions P,;, Q,;eL,(s;), for some g1,
g '+p 1Ll h=1,...,N; i=1,...,n.
Let us denote by ¢=t(0) the tangent vector along the oriented arc s, and by

A ~ . . ~ ~
cos tx, cos ty the cosines directors of ¢; hence dx =(cos tx) da, dy =(cos ty) do.

Let
H,,,-(t):P,,,-(a)cos(t/;)+Q,,,-(6)cos(t/;), i=1,...,n,
so that
N n
I[z,u]=hz x {M,(0)z' (o) do.

=1i=1 s,

If a side s, of G is a segment parallel to the y-axis [x-axis], then P,;[Q,;] can be
given arbitrary values. We may assume them to be identically zero. Boundary
conditions (5) and the expression (6) for the functional do not interfere, that is,
we assume that, for every pair h, i with ie{i},, the corresponding functions
P,;, O, are identically zero.

The case in which the functional is given in the Lagrange form (1) can be
reduced to the situation above by suitable transformations which are given in
Section 10 for an interval.

As usual we say that a pair z,u in Q is optimal for the functional (6) if
I[z, u] £1[Z, u] for every pair Z, # in Q.

3. The Hamiltonian

If A=(21,..., 4), u=(y,..., it,) denote any two real vector variables, and
x, NeG, z=(z,..., Z")€E,, u=(u",..., u™)e U, we define the Hamiltonian H as
the real-valued function defined in G x U X Ej,,.

0 HG: 3,20 A= 3 T4 06 00200y 855 2],

j=

We shall consider different sets of hypotheses below. In each we shall be able to
use the first order partial derivatives df,/0z'=f,,s, 0g,/02° =g,,i, i,j=1,...,n,
and hence also the first order partial derivatives 0H/dz', i=1,..., n, of H.

4. The Linear Conjugate Problem

We shall denote by A(x,y)=(A,..., 4,), ulx, )=W,,..., u,) any pair of
functions defined in G, 4;, u;eW}(G), i=1,..., n. We shall denote by 4,,;(c) the
expression

P -\
Ayi(6)= —p(o)cos(tx)+ A, (o)cos(ty), oEsy,
23+
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where i=1,...,n; s=1,..., N. We shall assume that 4,, u;, i=1,..., n, satisfy the
system of n first order partial differential equations

®) %’j‘—i+~2—‘;= —%, i=1,...,n, (x,¥)€G (a.e.)

with boundary conditions

€) A (0)=II}(c), oes, (ae)

for every h=1,..., n, and for every i not in {i},. Note that we do not assign 4,
on sides s, for ie{i},. Note that if a side s is a segment parallel to the x-axis then

N\ N\
cos(?y)=0, cos (tx) =+ 1, and (9) reduces to
—w(0)=P,(0), aes,, i¢{i};.

If a side s is a segment parallel to the y-axis, then cos(t/)\c) =0, cos(t/;)= +1, and
(9) reduces to
4(0)=04i(0), oes,, i¢{i},.
We say that (8), (9) is the conjugate problem. System (8), or

ali/ax'l'a#i/ay: _Z[;l‘jszi(xa Y, Z(xa Y), u(x, y))+ﬂj gjz‘(x’ ya z(x, y)a u(x’ y))] ’

(i=1,...,n) is linear in A, p. Here z(x, y), u(x, y) denotes any given pair in Q.
Actually, we need consider (8), (9) only when, z, u is a given optimal pair.

We shall assume below that, for a given optimal pair z, u#, the conjugate
problem (8), (9) has at least one solution 4, u (with ;, ;e WX(G), i=1,..., n).

A pair z, u in @, together with a solution A, u of the corresponding conjugate
problem, is said to satisfy the minimum property (Pontryagin’s necessary condition
in local form) provided that

(10)  H(x, y, z(x, y), u(x, y), A(x, y), u(x, ) S H(x, y, z(x, ), u, A(x, y), u(x, y))
for almost all (x, y)eG and all ueU.

5. Formula for Increments

If z, uis a pair in @, if A, uis a solution of the corresponding conjugate problem,
and if z,, 4, denotes any pair in Q, then

Al=I[z,,u,]—1[z, u]

N n
=h;1 ;1 § 0, (0)(zi(0)—Z'(0))d o

™M=

(Y + Y ) u(z—zhdo,

=1 le{i}n i¢{i}n sn

where
i

,,=0, zi=Z, A(zi—z)=0 for aes,, ie{i},,
an I,,=4,, foraes,, i¢{i},.
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Then

A=Y (T + 3 )] du(cim)da

h=1 ief{iln ié{i}n sn

=Z Z § [—1:(0)(2'(0) = 2'(0)) d x + A(0)(2,(0) - Z'(9)) d y],

=1i=1 su

and by Green’s theorem

> oz, o7 0z, 0z
I R o o |

+Zn §§ (ﬁ’l—+—a—”i) (Z—zYdxdy=A,+4,.

iS1¢ \0x

(12)

If we denote by f;,, g;, the functions f;, z; where the pair z(x, y), u(x, y) is replaced
by z,(x, ), #,(x, ¥), then 4, becomes

Al=j(§z[Ai(fie_fi)"_”i(gis—gi)] dxdy
=[fTH(x,y, 2z, ue, L) —H(x, y,z,u, A, p)]dx dy
G
={f {H(x, Vs Zy Uy A ) —H (X, y, z,u, 4, @)]

(13) ¢
+Z(0H(x, Y,z U, 4, Il)/azi)(zf;-z’)

+Z[_—(x’y9z usaip’) a (X y9zul#)](z "Z)}dxd.}’;
=A1+ A+ 443,
where Z=2Z(x, y) denotes a point between z(x, y) and z,(x, y) in E,.
By formulas (12), (13), and comparison with (8), we obtain A,+4,,=0 and

(14) Al=A  +A=[{[HE, y,z,u,, A, W) —H(x,y,z,u, A, p]dxdy+n,
G

where

(15) n=A13=£IZ [—(x Vo Zy g, Ay ) — QI—(X Vs Z,u, A u)] [zi—z]dxdy.

6. Alternate Boundary Conditions
We shall now take into consideration boundary conditions for the original
problem which are more general than (5). Namely, we shall consider conditions
of the form

(16) Y, %i(0) 2 (@)=y(0), oes,(ae)

ie{iln
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for given functions a; in L,.(s,), p'Zp, and given functions ¢, in L,(s,) with
1/k=1/p+1/p’. Precisely, we shall assume that for every A=1, ..., N a correspond-
ing collection {i}, is assigned as before (which may be empty), and that for every 4,
one or more relations (16) are required, say v relations

an Y o (0) 2 (6)=¢4,(0), oces,(ae), y=1,...,v.
ie{i}n

As before, we assume that the boundary conditions (17) and the expression (6)
for the functional do not interfere, that is, we assume that for every pair, A,i
with ie{i},, the corresponding functions P,;, Q,; are identically zero.

The boundary conditions (17) contain conditions (5) as a particular case.
Indeed, if p denotes the number of elements in the collection {i},, we may well
require on §, that the u relations are satisfied

' (0)=¢ui(0), oEs,, ie{ils,

all of the form (16), namely &, ;=0 for j+i, a,; =1, 03;€L,,, k=p, ¢, =¢;;€L,.
These are exactly conditions (5).

Under the new conventions we shall define the conjugate problem by means of
the same linear partial differential equations (8) in the unknown functions
Ai(x, ), pi(x, »), i=1,..., n, as in Section 4, with the following extended set of
boundary conditions

(18a) Ayi(0)=1,;(0), oes,(a.e), ig¢{i},

and

A, (o), oesy, ie{i},, are so chosen that for every o €s), and any two systems
of numbers z'(0), ie{i},, z'(0), i€{i},, satisfying relations (17) we have also

(18b)

. Z(_} A,:(0)(2'(6)—Z'(0))=0.

ie{iln
Conditions (18a) are the same as conditions (9). On the other hand, under condi-
tions (5), z'(6)=Z'(0)=¢,:(6) for ges, and ie{i},; hence conditions (18b)
are identically satisfied. Thus, we see that whenever the new boundary
conditions (17) reduce to conditions (5), then the conjugate problem reduces to
the one considered in Section 4. Note that wherever on B=3JG conditions (17)
determine the boundary values of the functions z' then conditions (18b) are
identically satisfied and do not represent any further restriction on the boundary
values of 4;, u;.

In the present more general situation, with conditions (17), (182 b) replacing
(5), (9), we can repeat the argument of Section 5. Indeed, instead of (11), we have
now

I1,,=0 for ses,, ie{i};,
Y 4,(zi—2)=0 for ses,; M,;=4,, for oes,, ie{i},.
ie{lln
The remaining argument of Section 5 holds now with no further changes. Let us
consider examples of conditions (17) other than (5), and corresponding conditions
(18b).
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For instance, for =2 and (17) reduced to z'(¢)—2z*(s) =¢,(0), oges, (hence
o, =1, a5 =—1), then requirement (18b) actually reduces to 4, ,(¢) = —A4,,(0).
Indeed,

A1 (Z =2+ A2 =20 =4, (2" =2") 44, (2> = Z?)
=M1 9— A4, ¢=0.
For instance, for p =3 and (17) reduced to the two conditions
z2'(0)+2%(0)+2%(0)=0, 2z'(0)+3z%(0)+23(0)=0, oes,,

then requirement (18b) reduces to A, 4,,, 45 orthogonal to—2, 1, 1.

In general, for every u=1, if we require, say, on z!,..., z* a certain number
v, | Sv<y, of linear homogeneous relations of the form

a?(0) 2 (6)=0, y=1,...,v,

M=

i=1

then relations (18 b) reduce to

A4:(0) 2'(0)=0

M=

i=1

for all systems of numbers z!(0),..., z*(0) satisfying the v linear homogeneous
relations above. As in Sections 2 and 4 we shall assume that the pairs z, u of the
nonempty class Q satisfy the boundary value problem (4), (17), and that for a
given pair z, ¥ in Q there are functions 1;, ; as stated satisfying the boundary
value problem (8), (18a b).

7. The Case of an Interval Domain

For an interval domain, say G=[0<x<a, 0<y<b], we may prefer to write
the functional (6) in the form

I[z,u]= ; [(jf(P,-(x) 2'(x, b))+ 0y(x) 7'(x, 0)) dx
(19) \ |
(RO 7@, ) +S0) 20, y))dy] ,

where P;, O;, R;, S, are given functions, P;, 0;€L (0, a), R;, S;€L,(0, b), ¢=1,
pl+g7 =L

Let us assume N=4 and s, =[0<x=<a, y=b)], 5,=[05x=Za, y=0], s;=
[x=a, 0£y<b], 5,=[x=0, 05y<b], the four sides of G. Now s, 5,, 55, 5, are
oriented in the sense of increasing x or y. For every h=1, 2, 3, 4, and side s, of G
let {i}, denote any collection of indices i=1,..., n. The boundary conditions (5)
for the original problem are now of the form

20) Z=¢,, on s,, ieli},, h=1,2,3,4.
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The corresponding boundary conditions (9) for the conjugate problem can now
be written in the form

ti(x, B)=P(x), i¢{i};; m(x,0)=~0;(x), i¢{i}s;

@ 1@ =R, il 4O )= —S5,), i¢{i}a.

As expected, we need not assign the values of any 4,[u;] on sides y=0, or
y=>b[x=0, or x=a], and of course we do not assign the values of 4;, u; on sides
sy if ie{i},, i=1,...,n, h=1,2,3, 4.

Note that in the present situation and with the boundary conditions (20) and
(21), identity (11) of Section 5 can be proved by integration by parts, while
identity (12), written in the present notations, can be directly verified.

Let us now assume that boundary conditions (19) are replaced by more general
boundary conditions (17) for the original problem. Conditions (17) will now be
written in the form

(22) Y ahiz'=¢,, on s, y=1,...,v, h=1,2,3,4,

ie{i}n

where v as usual may well depend on 4, and af;, ¢, are known functions on s, as
in Section 6. Let us write the corresponding boundary conditions for the con-
jugate problem. Conditions (18a) are now replaced by conditions (20). Conditions
(18b) become

Y w(x, b)(Z'(x, b)—z'(x, b))=0, 0=x=Za,
ie{i}y

Y w(x0) (Z'(x, 0~ F(x, 0)=0, 0sx<a,
ie {i}2

Y. 4(a,9)(2'(a, y) -7 (a,»))=0, 0=y<b,
i€ {i}s

Y 400, ») (0, y)-7'(0,»))=0, 0<y<b,

ie{ila

(23)

where, in each equation, z, Z%, i e{i},, denote any two solutions of the correspond-
ing equation (22), =1, 2, 3, 4.

In the present situation — G an interval of the xy-plane, s,, h=1, 2, 3, 4, the
four sides of G — we can take into consideration boundary conditions even
slightly more general than (22) for the original problem. Indeed, we may require
instead of (22), that

Z azi(x)zi(xs b)+ Z ﬂZi(x)Zi(x10)=¢'y(x)’ Oéxéas V=1,---,V',

ie {i}y ie{i}2

Y 2@+ Y 8:0)Z0,»)=y,(»), 0=y<a, y=1,...,v",

ieli}s i€ {i}a

(24)

where v, v’ are two integers, and a};, i, vi:, 64:, ¢4, ¥, are given functions on
[0, a] or [0, b] analogous to the functions aj;, ¢,, of equations (17). Let us write
now the corresponding boundary conditions for the conjugate problem. Condi-
tions (18a) again are replaced by conditions (21). Conditions (18b) are now
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replaced by relations

Y w(x, b)(Z(x, b)=Z'(x, )+ Y wlx, 0)(z'(x,0)—z'(x,0))=0,

ie{i} ie{i}a
. 2{;) 2i(a, y)(2'(a, y)=2'(a, )+ ‘(/% 40, y)(2(0, y)—Z°(0, ))=0,
where z'(x, b), ie{i},, z'(x, 0), ie{i},, and Z'(x, b), ie{i},, Z'(x, 0), ie{i}, denote
any two systems of numbers satisfying the first equations (24), and an analogous
convention hold for the numbers z’(a, y), i€{i};, z(0, y), ie{i},, and Z'(a, ),
ie{i}s, 2'(0, ), ie{i},.

For instance, if relations (24) are

(25

Zi(xs b)=zi(x’0)a Zi(a,Y)=Zi(0,,V), i=1,-'-’n:
then relations (25) can be written in the form

wi(x, B)=p;(x,0), A(a, )=40,y), i=1,...,n.

Under the new boundary conditions (24), (21), (25), the proofs in Section 5 are
essentially the same as above.

8. Hypotheses

For the sake of simplicity, in this and following Sections we shall be concerned
with the problems (original and conjugate) as worded in Sections 2 and 4. We
leave it to the reader to make the obvious changes for the alternate problems of
Sections 6 and 7.

We shall consider different sets of independent hypotheses, say (H,), or (H,),
or (H,) below. In any case we make the following general assumptions:

(x) For a given pair z, « in Q (a given optimal pair in the proof of the necessary
condition), the linear conjugate problem (9), (10) has some solution A, u, (with
ZeW,(G), i=1,...,n, w measurable, j=1,...,m, 4;, ;e WHG), i=1,...,n,
g ' +p7 1)

(#) There are pairs z,, u, in Q for every u, obtained by modifying u as follows:
take any point (X, y) in the interior of G, a circle R of center (X, ) and radius
r>0 with R G, any point i€ U, any measurable subset E of R, and take u,(x, y)=
u(x,y)in G—E, u(x,y)=u in E.

We list now the alternate specific hypotheses:
(H,) (linear case). Here we assume p=1 and

(26)fi=ZAij(x, J’)Zj‘*‘ci(X, ¥, u)9 gj=zBij(xa J’)Zj+Di(x, Y, ll), l=1’ s 1y
i i

where the functions 4,;, B;; are continuous in G, the functions C;, D, are con-
tinuous in G x U, and U is compact.

Actually, much less is needed. Indeed, U may be any subset of E,,, and we need
require only that the functions 4,;, B;; are in L (G),q”'+p '<1; that the
functions C;, D; are measurable in x, y for every ueU, with C;, D;eL,(G) for
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every fixed ue U;

@7 IGIICiI"dxdy, IGJ'ID,-I"dxdyéM

for some constant M which may depend on u, and such that for almost all (X, y)eG
and every fixed ue U we have

(28) (nrz)_I”Ci(x,y,u)dxdy—»C,()_c,i,u), i=1,---’na
R

as r -0+ ; and that the same holds for D;,i=1,..., n. For p=1 we understand that
(27) is replaced by boundedness of C;, D; in G, i=1,..., n, for every fixed ueU.

(H,) (nonlinear case). We assume here p =g =2. We assume that the functions
f:, &; are continuous in G x E, x U with continuous partial derivatives df;/02' =f;,s,
dg,/0z' =g, ,i,j=1,..., n, and that these first order partial derivatives are Lipschit-
zian with respect to z and u of some constant K (and exponent one)in G x U x E,. In
addition to () we assume that, for every u, as mentioned, there is at least one z,
with (z,, 4,)eQ and |z,—z|| ., SL|u,—ul, for some fixed constant L. We assume
that the given functions P;, Q;, R;, S; are essentially bounded. In addition to («)
we assume that u, A, 4 are essentially bounded in G, or |u(x, y)|Em, | A(x, ¥)|,
| u(x, y)| Sm’ for almost all (x, y)eG and some m, m’ 20 (though the derivatives
Aixs Aiys Bix> Hiys i=1,..., n, may well be unbounded and belong to L (G)).

(H;) (nonlinear case). Here we make the same assumptions as in (H,), where
the first order partial derivatives f;,;, g;,s, i, j=1,..., n, are assumed to be Lip-
schitzian with respect to z and u with some constant K and exponent o, 0<a<1.
Here we take p>1, ¢>1 with (1+a)p~ ! +¢~ ! =1. No boundedness assumptions
for A, u are assumed here.

Remark. Other sets of conditions can be taken into consideration, where u
can be assumed to be not essentially bounded, and p can be taken equal to one.
(See, for instance, [7] for a hyperbolic system of partial differential equations.)

9. A Necessary Condition for a Minimum

Theorem. Under hypotheses (H,), if z, u is a given pair in Q, if 4, u is a solution
of the corresponding linear conjugate problem, then z, u is optimal if and only if
z,u, A, i satisfy the minimum property. Under hypotheses (H,), or (Hj), if z,u
is a given optimal pair in Q, and if A, p is a solution of the corresponding linear
conjugate problem, then z, u, A, u satisfy the minimum property.

Proof. (a) Let us assume that hypotheses (H,) hold, and let us prove the suf-

ficiency of the condition. Indeed under these hypotheses we have =0 and (14)
yields

(29) Al=([[H(x,y,z,u,, A, p)—H(x,y,z,u, A, p)]dxdy
G

for every pair z,,u, of Q@ (and z does not appear in (29)). Then (10) certainly
implies that the term in brackets in (29) is =0 for almost all (x, y)eG. Hence
AIZ0, or I[z,, u,]=I[z, u]. The sufficiency property is proved (under hypotheses
(H})).
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(b) Again, let us assume that hypothesis (H,) holds, and let us prove the
necessity of the condition. For any point (X, y) interior to G we shall denote by R
a circle of center (X, y) and radius r with R=G. Then e=nr? is the area of R. If
u denotes any point of U, then by u,(x, y) we shall denote the function defined by
taking u,(x, y) =u(x, y) in G— R and by u,(x, y)=uin R. Let z,(x, y) be a function z
so that the pair z,, 4, is in Q. Then =0, and (14) yields

0<AI=([[H(x,y,z,u, A 0)—H(x, y, z,u, A, p)]dx dy,
¢

where the bracket is zero in G— R. Then

0<e 'AI=e¢ ' [[[H(x,y,z,u,, A, W) —H(x,y,z,u, A, p)] dxdy,
R

and because of (26) also
Oég—l AI=8_1 g [Z lli(x, y)(C,-(X, Y, a)_ci(x, Y, u(x9 y)))

(30) +Z”i(x, y) (Di(x, ¥, ;l)—D,'(x9 Y, u(x, y)))] dxdy.

If U is compact and the functions C;(x, y, u), D;(x, y, u) are continuous in the
compact set G x U, hence bounded in G x U, the expressions

(31) Z_'li(x’ y)Ci(xs y’u(x’ y))’ Zﬂi(x9 y)Di(xa y,u(x, y))

are L, hence L;-integrable in G. By a theorem of Lebesgue there is a subset E
of points (X, 7) interior to G with meas(G — E) =0, such that

™! IRIZ& Cidxdy—Y 4(x, y) Ci(x, §, u(x, y))

42 oI -AGE B dx dy=0, i=1,.n,

as e >0+ for every (X, y)eE, and the same holds for the functions Z u; D; and
U;, i=1,..., n, respectively. On the other hand

e I X 4, ) Cilx, y,wydx dy =Y. 44X, Y) Ci(X, J, )
R i i
=£_'IRj'lli(x, Y=k I Clx, y,u)ydxdy
+h(x, ) -7 fICx, y, 0)=Ci(x, y, 0) | dx dy=4,+4,.
R

Because of the boundedness and continuity of the functions C;, we conclude that
Ay 0,4, -0 as ¢—>0 for every (%, 7)eE and ueU, and the same holds for
Ui, D; replacing 4;, C;. From (30) we conclude that

_IAI*Z 4G, YI(Cx, y, u) = Cilx, ¥, u(%, )

+Zui(x’ y)(D (x Y, “) Di(x y’u(xs y)))>0
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for all (%, y)eE and e U, or
H(X,,2(X, 7), u, A%, ¥), #(%, 7))
—H(X, y, 2(X, y), u(x, y), A(x,y), p(x,7))20
for the same (X, j)eE and ueU.
If U is not necessarily compact and C;, D; are not necessarily continuous, but

(27), (28) hold, first we note that functions (31) are certainly L,-integrable in G as
differences between f;(x, y, z(x, y), u(x, ))=8z'/dx and ¥ 4, ;(x, y)z’(x, ), and

(33)

. . J
between g;=0z'/0y and ) B;; z’, respectively. By the same Lebesgue theorem

J
we can choose E in such a way that (32) still holds together with the analogous
relation for u;, D, in such a way that (28) holds at every (X, y)eE, and in such a

WAy that 1[40 ) - ME PAdx dy 50, i=1,.,n,
R

as ¢ =0 for every (X, y)eE, together with the analogous relations for the functions
Ui, i=1,..., n. Then, using (27), (28) we conclude that again 4, -0, 4, -0 for
every (x, y)eE and all ueU. As before we conclude that (33) holds for every
(%, 7)eE and all ue U. We have proved the necessity of the condition under hypo-
theses (H,).

(¢) Let us prove the necessity of the condition under hypotheses (H,). Suppose
that the statement is not true. Then, there is a set E< G of positive measure where
(10) is not true (for all ueU). The functions z, u, 4, u are measurable (and L,-
integrable) in G; hence the set F of the points (x, y)eG of asymptotic continuity
has full measure. Hence ENF has also positive measure, and we take a point
(%, y)e ENF interior to G. Since (X, j)€E, there is some ue U and number ~A>0

such that HG, 7,7 4, 1, D)=H(, 3, 7, 4, 7, i)~ h

where Z=2(%, y), u =u(X, y), A=A(X, 7), i =pu(X, y). Since (X, y)e F and is interior
to G, there is a set E,= G of density one at (X, y) such that

H(x, y,z(x, y), , A(x, ), u(x, V) S H(x, y, 2(x, y), u(x, y), A(x, y), p(x, y))—h/2

for all (x, y)eE,. We can choose r>0 so that the circle R of center (X, ) and
radius r is interior to G, and such that meas(E, n R): meas R>1/2. If ¢=meas
R=nr?, then we have meas(E, N R)>¢/2.

Let us define the function u.(x, y), (x, y)eG, by taking u,(x, y)=u(x, y) in
G—Ey,NR, and u,(x, y)=u in E,n R. Then

H(x,y,z,u,, 4, u)—H(x, y,z,u, 4, u)=0 in G—E;nR,
<—h/2 in EgnR,

and the integral in the expression (14) of Al is then =<(—#4/2) meas(E,NR)=Z
—he/4. On the other hand, we can take m, m’ so that |ul, Ju,|Sm, |A], lu|=m’
in G, and then

f§lu(x, »)—u(x,y)|dxdy<2mmeas R=2me.

G
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If z,(x, ), (x, »)€G, denotes a solution of (4), (5) satisfying the requirement
stated in (H,), then

({1206, ) —z(x, WI*dxdy)*<2mLe.
G
Finally,
|77|=|,Lj.2[lj(sz‘(x’ Vs E’ ue)_sz‘(x’ Y, Z, u))
ij
+luj(gjz‘(x’ Vs E’ ue)—gjz'(x’ Y.z, u))] [Zi—Zi]dXdyI

<2n*m' K [[(lz,—z|+|u,—ul)|z,—z|dxdy
G

<2n*m' K[[f|z,—zP dxdy+([lu,—ul> dxdy}([[|z,—z|* dx d y)!]
G G G

Y omm K[(Lf|ue—uldxdy)?
G

+2m(flu,~uldxdy)(Lff|u,~uldxdy)]
G G
<2nm’ K[2(2me)*+Q2m)* L2me)t(2me)]
=8n’m?m’ KL(L&*+¢%).
Relation (14) now yields
(35) 0<AI< —4""he+8n*m* m' KL(Le* +¢?).

By taking r sufficiently small (hence & sufficiently small), this relation is contra-
dictory. We have proved that (10) holds for almost all (x, ¥)eG and all ucU. The
theorem is proved under hypotheses (H,).

(d) Let us prove the theorem under hypotheses (H;). The reasoning is the
same as in (c¢) but now (34) is replaced by

|'1|§2"2K[(yIilqudy)”"+(£j'lu|“dx dy)'] [ij(lzs—zl(“*'l)p'

+|ue_u|¢P'|Z£_le')dxdy]1/p"

where p'>1 is defined by (p)"'+(¢)"'=1. Then (') '=(1+a)(p)”?, or
(1+a) p'=p, 1<p’<p. If we take m"" =), + |lul.,, we have

]nl§2n2m”K[£j|ze—z|"dxdy
+([Flue—ul” dxdyy T ([f |z~ 2| dx dy)r],
<2n® m"K[(L.(f;j' |u,—uldxdy)?
+(@m) 7 [ lue—uldxdyy L] lu,~ul dxdy) ]

<2n*m” K{(2mLe)*+((2m)*~ ' 2me))’ *¥(2m Le)* ¥

SKI (sp/p’_l_&l +a/(1+a) p’)=K1 (81 +a+el +a/p)
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for a suitable constant K; >0. Then (35) is replaced by
0<SAIS —4" ' he+ K (' o417,

and the reasoning is now the same as for (H,).

10. The Functional in Lagrange Form
If the functional is written in the Lagrange form (1), and G is the interval
[0=sx=a,0=y=0], then

(36) I[z,u]=j|fbe(x,y,z,u)dxdy,
00

and the following transformations lead to a functional of the form (19). First,
we introduce an auxiliary variable z"*?! satisfying the differential equation

62 Zn+1
dx0dy

and boundary conditions z"* ! (x, 0)=0, z**1(0, y) =0, and then I[z, u] =z"* (a, b).
Now, let us introduce the variables z"*2, z"*3 by taking

=F(x,y,z,u)

azn+1 2 azn+2 azn+3
(3 ) 0x =2z ’ ox =0, Ox —F(X,)’,Z,u)a
7 n+1 n+2 nt+3
0z "3 oz _F(x,y,2,4), 0z —w,
ay ay ay

where v, w are new control variables. For z**1, z"*2, z2**3 we have the boundary
conditions

Zn+1(x’ O)=zn+2(x, 0)=0’ zn+1(0, y)=zn+3(0’ y)=0,

and the functional takes the forms

a b
I=2"""(a,b)=[2z""%(x,b)dx=[2""*(a, y)dy
(38) ° . ¢ b
=2"1[2""2(x, b)dx+2""2""*(a, y)dy.

o 0

If we now consider the vector Z=(z!, ..., z", 2"*1, 2**2, 2" *3) of n+ 3 state variables,
and the vector #=(ul,..., u™, v, w) of m+2 control variables, we have a unique
Dieudonné-Rashevsky system of 27+ 6 equations (4) and (37), we have a func-
tional (38) of the form (19), and a control space U=U x E,. Here all P;, Q; are
zero but one which is equal to one (or two equal to } each). The set U is not
bounded even if U is bounded, because, in general, we have no bounds for
v=0z""2/0x and w=0z""3/0y. Nevertheless, if we disregard these two equations
in the system of 2n+6 equations (second and sixth equations (37)), and we take
the corresponding multipliers identically to zero (see example (a) below), then v
and w will never appear in our discussion, and the results above apply with
trivial changes.
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11. Examples

(a) The problem of the minimum of /[z, u]=z(a, b) (z scalar) with differential
equation

(39) ny=f(X,y,Z,szZy,u), (x,y)eG=[0,a;0,b],

boundary conditions z(x, 0)=0, z(0, y)=0, and constraints ue U can be written
as the problem of the minimum of the functional I=z!(a, b) with differential
equations

zl=2%  zi=v, 23=f(x,y,2', 2% 2%, u),
(40) 1=z zz—f(x 1.2 .3 3_

y =2, y=fx,y, 2,25 27,u), z;=w,

boundary conditions z* (x, 0) =z*(x, 0)=0, z' (0, ) =2°(0, y) =0, and constraints
(u, v, wy)eU=U X E,. Then the functional

a b a b
I=2'(a,b)= [ 22(x, b)dx = [ 2°(a, y) dy=2"" [ 22(x, b) dx+ 27" | 2%(a, y) dy
4] V] (V] 0

has the fOl‘m (19) WIth Pl =O, P2 =%, P3 =0, Q1=Q2 =Q3=0, Rl =0, R2 =0,
R;=%, S, =5,=S5;=0. The Hamiltonian is

H=3 22+ 0+ A f+u 22+ pa f+psw
with six multipliers. Nevertheless, it is convenient to disregard the second and
sixth equations (33), and correspondingly take A, =0, u; =0 in G. Thus, we have

the boundary value problem in G=[0Zx=<q,0=y=<b]

1=22, z)=z2°, zZi=f, zl=f,
40 216, 0)=22(x, 0)=0, 2'(0,5)=2(0, y)=0,
and the Hamiltonian has now the reduced form

H=3 2+, 22 +(As+pa) f,

with four multipliers 4;, py, 45, ;. The control variable is again ueU. The
conjugate equations (8) and the corresponding boundary conditions (21) are now

0y |, Opy _ _
Ox + ay - (2‘3+I'l2)fz’
O,
= — A~y + 1) s
(42) ay, 1 ( 3 .uZ)fx
iy .
—ﬁ' =—.u1—(ﬂ'3+“2)fzy,

}'l(a,y)=0’ /"l(x’ b)=0: ”Z(X’ b)=13 }“S(a’y)=1'
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M. B. SURYANARAYANA [7] has studied in detail the present problem (with z a
vector) and has given sufficient conditions for the existence in Sobolev spaces of
solutions to the original boundary value problem (41) and the conjugate boundary
value problem (42). Also, he has shown that if L=21;+pu, is sufficiently smooth
and H* denotes the expression H* =Lf, then L satisfies

L « 0 D, x
W—Hz “‘—a‘;(Hzx)—'a—y*(sz)
with boundary conditions L, = —dH*/dz,for y=b,L,= —~0H*/0z, for x=a, and
L(a, b)=2. This is the special form of the linear conjugate problem used by
A. 1. EGorov in his previous paper [4b] for the problem of the present example.

(b) The problem of the minimum of I[z, u]= | z(a, y)dy, z scalar, with
differential equation 0

(43) zx=z”+f(x, V. Z,2,,U),

boundary conditions z(0, y) =0, z(x, 0)=z(x, a)=0, and constraints ue U, can be
written as the problem of the minimum of the functional /= jz (a, y) dy, with
differential equations

2 2
x

1 3
z,=2z°, Zy=v, ZIy=W,

(44

=z3, zl=w, zi=2"—f(x,y,z', 2% u),

3 2 3

y ¥y
boundary conditions z!'(0, y)=z3(0, »)=0, z'(x,0)=z*(x,0)=0, z!'(x,b)=
z%(x, ) =0, and constraints (u, v, w)e U=U x E,. Then the functional [ has the
form (19) with P,=P,=P;=0, 0,=0,=0,=0, R, =1, R,=0, R;=0, S,=
S, =S, =0, and the Hamiltonian is

H=2, 22+ 2,04+ A3 w+p, 2° +py wt s (22 —f).

It is convenient to disregard in (44) the second, third, and fifth equations, and
correspondingly to take 4, =1;=u,=0 in G. Thus, we have the boundary value
problem in G

1_ .2 1_.3 3_.2 1 3
=z  z,=2z°, zy,=z'—=f(x,y,2°,2°,u),

zi(x,0)=z%(x,0)=0, z'(x,b)=z>(x,b)=0, z'(0,y)=2°(0,)=0,

V4

(45)

and the Hamiltonian has now the reduced form

H=12,z+p, 2>+ p3(z* - f)
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with multipliers 4,, u,, u3 and constraints ue U. The conjugate equations (8) and
the corresponding boundary conditions (21) are now

04 , Oy _
Fx_’l"ﬁ_”-"f“
O0=—4;—p,,
46 d
( ) aﬁ? ==l +”3fzy’

Al(aay)=1’ [13()6, b)=0’ I“3(x:0)=0-

Note that if we take p; = —4,, the Hamiltonian reduces to H=1, f+ u, z> and the
conjugate system to
o,

04y | Opy _ _
Ox + ay _—llfz’ 7;—_”1+llfzy9

with boundary conditions 4, (a, y)=1, 1,(x, 0)=4,(x, b)=0. By eliminating u,
we obtain (formally) the equation

o0r, 94 P
I —‘a—)jz——}vlfz'*'g;(}»lfzy)-

(¢) The problem of the minimum of

a b
I[z,ul={ {fo(x,y,2,2,,2,,u)dxdy
bo
with differential equation
47 Zyxt2Zyy=f(X, ¥, 2, 25, 2, U),

boundary conditions z(x, 0)=z(x, b)=z(0, y)=z(a, y)=0, and constraints ue U,
can be written as the problem of minimum of the functional I'=z!(a, b) with
differential equations

Z:y=f0(xa V2,24, Zya u),
Zxx+zyy=f(x’ Vs 2, 2y, 2y, u)a

and boundary conditions z'(x, 0)=z!(0,y)=0, z(x,0)=z(x, b)=z(0,y)=
z(a, y)=0. Equivalently, by writing z* for z, we shall seek the minimum of the
functional

a b
I=z'(a,b)=2""[2%(x,b)dx+2"'z%(a, y)dy,
0 4]

with differential equations

1 2 2 ’ 3 4 5 6 4 5 5 6
zo=z% z.=v, zi=fo(x,y,2%,2°,2%u), zZ,=z°, z;=v, z;,=w,
1_ .3 2 4 5 _6 3__ s a___6 5
48) z,=z2", z,=fo(x,y,2°,2°,2",u), z;=w, z,=z°, z;=w,

zf= —U+f(x, ¥, 249 zS’ 26’ u),

24 Arch. Rational Mech. Anal., Vol. 33
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boundary conditions z'(x, 0)=z%(x, 0)=0, z'(0,y»)=z3(0,y)=0, z*(x.0)=
2°(x, 0)=0, z%(x, b)=2z°(x, b)=0, z*(0, y)=2%(0, y)=0, z*(a, y)=z%(a, y)=0,
and constraints (u, v', w', v, w)e U=Uu x E,. We shall denote the twelve multi-
pliers by Ay,..., 4gs U15-..» Ug. It is convenient to disregard the second, sixth,
ninth, and eleventh equations of (48), and correspondingly to take 4, =Ag=p;=
u#s=01in G. Then the Hamiltonian is

H=2, 2>+ 23 fo+As 2>+ As v+, 2° + iy fo+ 14 2° + ps(— v+ )

with eight multipliers, and the constraints are now (u, v)e U x E,. Here P, =0,
P,=1, Py=0, P,=Ps=Pg=0, 0, =0,=03=0,=05=0¢=0, R, =0, R,=0,
R3=1, R4=R5=R6=0, Sl =S2=S3=S4=S5=S6=0. The conjugate problem
is now (formally)

Azt g, =0
Hay=—
(49) Ay ==
Aaxtbay=—s+p2) for— s f:
Asx =—As—tefr.—(Aa+12) fo:,

Hey™= _ﬂ4'—ﬂ6fzy_(j'3+u2)fozy
where

}'l(a’y)r'o, )“3(a9y)=1’ /Is(aa.V):l
pr(x,0)=0, p,(x,b)=1, pe(x,b)=0
15(0,}’)-‘-0, us(x,0)=0.

We have above six first order partial differential equations in eight unknowns.
M. B. SURYANARAYANA [7] has proved the existence of solutions of the conjugate
problem (49).

This research was partially supported by AFOSR grant 942-65.
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