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1. Introduction

In the theory of optimization, in connection with ordinary and partial dif-
ferential equations, a number of closure and lower closure theorems have been
obtained in different contexts and under a variety of conditions and modes of
convergence. In particular “seminormality” conditions (property (Q) and its
variants) have played different roles. In this paper we first prove closure and
lower closure theorems for orientor fields in a rather abstract context, all based
on weak convergence and MAZUR’s theorem (§§4 and 5). In the context of orientor
fields, these theorems can be given the most satisfactory formulation and simplest
proofs (see, e.g., th. (4.i), (5.0)). Furthermore, in the present new approach, the
interplay of “‘seminormality” conditions and modes of convergence can be easily
seen: the stronger the mode of convergence, the weaker are the *seminormality”
conditions that are needed. From these theorems we then derive, as corollaries,
closure and lower closure statements for Mayer and Lagrange problems (§§6 and 7)
and lower semicontinuity statements for free problems (§8). Under suitable
hypotheses, no seminormality condition (or property (Q)) is needed. Further
theorems without seminormality conditions, as well as other details, are discussed
in [3]. In particular, we show that seminormality conditions can be removed,
not only under standard Lipschitz requirements, as expected, but also under
much more satisfactory simple growth conditions, as proposed some time ago
by E. H. ROTHE for free problems. Applications to multidimensional Lagrange
problems are discussed in [8].

2. Notations

We shall denote by cl Z and co Z the closure and the convex hull of any
arbitrary subset Z of Ey, and we denote by | Z| its Lebesgue measure if Z is
measurable.

Let A denote any set of the tx-space E, X E,, t=(t!,..., "), x=(x!, ..., X");
for any teE, let A(t)=[xeE,|(t, x)eA] and let 4, denote the set of all ¢ for
which A4(t) =0 (A4, is the projection of 4 on E,). Let G be any measurable subset
of E, with finite measure, G A, E,. For every (¢, x)eA let Q(t, x) be a given
subset of the z-space E,, z=(z%, ..., z").
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We shall consider pairs £(¢)=(¢, ..., &), x(£)=(x!, ..., X"), teG, of measur-
able functions on G such that

2.1 EHeQ(t,x(r)), teG (a.e).

We call (2.1) an abstract orientor field equation. In most applications, of course,
£ is actually related to x by some differential or more general relation. We shall
mention this situation whenever it is relevant.

For every (1, X)e4 and >0 we denote by N,(t, X) [N, (%] the set of all
points (z, x)e A[(t, x)e 4] at a distance £ from (z, X). The following concepts
of upper semicontinuity of variable sets are of interest here. We say that the sets
Q(1, x) satisfy property (K) with respect to (7, x) at a point (¢, ¥)e 4 (i.e. Kura-
towsky’s upper semicontinuity condition), provided

(2.2) o, %)=_Nec U o, x).
>0 (1, x)eNs(7, ¥)

We say that the sets Q(¢, x) satisfy property (Q) with respect to (7, x) at a point
(1, X)e 4, provided
(2.3) 01, ®=cico U QO x).

>0 ¢, x)eNs(F, %)
We say that the sets Q(¢, x) satisfy property (K), or (Q), with respect to x only
at (, ) provided relation (2.2), or (2.3), holds with N; (%) replacing N;(?, X). We
shall say that the sets Q(z, x) satisfy property (X), or property (Q), with respect
to (¢, x), or with respect to x only, in a subset 4" of 4, if the corresponding pro-
perties hold at every (¢, x)eA'".

Sets Q(¢, x) possessing property (K) are closed since they are intersections of
closed sets; sets possessing property (Q) are closed and convex since they are
intersections of closed and convex sets.

We introduced property (Q) in [1a], where we also proved a number of state-
ments relating properties (K) and (Q) (property (K) was called property (U) in
[La]). In [I bcd] we stated a number of criteria in order that the sets which are
relevant in Lagrange problems have property (Q). For equibounded compact sets
property (K) reduces to the usual metric upper semicontinuity of sets; for equi-
bounded compact convex sets property (Q) also reduces to metric upper semi-
continuity. .

In [1cd] we proved that property (Q) for Lagrange problems is the extension
of ToNELLI'S and MCSHANE’s seminormality condition for free problems,

3. Closure Theorems with respect to Uniform Convergence and Variants

These theorems have been proved in earlier papers [1ab] for the case v=1,
r=n, G=[a, b], a fixed interval in E,, x absolutely continuous (AC), and £(¢)=
x'(1), tela, b] (a.e.).

(3.) (L. Cesari [1a]). If' 4 is closed and contained in E| x E,, if T, is a subset
of Ay of measure zero, TocAg<E,, with G=|a,bicd,, Hy=An(Tyx E,),
Ag=AN(GXE,), if the sets Q(t, x) satisfy property (Q) with respect to (¢, x) in
Ag— Hg, if x(t), %, (t), a<t=b, are absolutely continuous, if

(& x(D)eA, te[a,b]l, x(DeQ(t,x (1), te[a,b] (ae),
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k=1,2,..., and if x,,(£) - x(¢t) uniformly in [a, b] as k — o0, then
(t,x())eA, te[a,b], x'(eQ(t,x(®), te[a,b] (a.e).

Remark 1. We have shown in ([le], p. 313) by means of an example that
property (Q) “with respect to (¢, x)” is essential in (3.i). In the example in [le],
A=l[a, bl x[c,d], v=r=n=1, and there is a partition [aq, b]=S,uUS,, with
S;nS,=0, S, open, S, closed, both S; and S, of positive measure, the sets
Q(?) independent of x, such that, if 4,=S;x[c, d], i=1, 2, then the sets Q(¢)
satisfy property (Q) both in 4, and in 4, (but not in A4), and the contention of
(3.i) is not true. Thus in (3.0) property (Q) ‘“with respect to x only” would not
suffice. Also note that (in view of §4 below) in (3.i) the uniform convergence
X, (1) - x(t) does not imply weak convergence of the derivatives x; toward x’ in
L,, as the following trivial example shows: v=r=n=1,x(t)=0, x, (t)=k ! sin k2¢,
0=t=2m k=1, 2, ..., where the derivatives x;(¢#)=k cos k*¢ are not bounded in
the L,-norm and certainly do not converge weakly to zero.

4. Closure Theorems for Orientor Fields with Respect to Weak Convergence
of the Derivatives

We shall use the same notations as in §2. Thus points in the E,, E,, E, spaces
will be denoted by ¢t=(t',..., "), x=(x', ..., x"), £E=(¢, ..., &). Also, 4 is a
subset of E, x E,, A, the projection of 4 on E,, and A(¢)=[x€eE,|(t, x)e A]. For
every (¢, x)eA a subset Q(¢, x) of F, is assigned. We shall denote by G and T,
given subsets of 4, in E,, T, < G; then 4; and H, are the sets A;=A4AN(GXE,)
and Hy=An (T, x E,). We shall finally denote by x(¢)=(x!, ..., ¥") and ¢()=
(&, ..., &), teG, given functions on G.

(4.i0) If G is a measurable set with finite measure and T, has measure zero, if
the sets A(t) are closed for te G—T,, if the sets Q(t, X) satisfy property (Q) with
respect to x in Ag— H,, if £(), x(t), £.(2), %, (¢), t€G, k=1, 2, ..., are measurable
functions, &, (L (G, if

“.1n x(DeA(), &MeQ(t, x (1), teG(ae), k=12,..,
and if & — & weakly in (L (G)) and x,(t) - x(t) in measure in G as k — oo, then
4.2) x(DeA(), E(NeQ(t, x(), teG(a.e).

Proof. By extraction of a suitable subsquence we may assume that x, (¢) — x(¢)
pointwise a.e. in G. Let T be the subset of measure zero of all teG where x, ()
does not converge or does not converge to x(t), or where x(¢) is not finite. Then
x(t)eA(t) for all teG—(T,LTy). For every s=1,2,..., let us consider the
sequence [£,..(2), teG, k=1, 2, ...]. By virtue of the Banach-Saks-Mazur theorem
(see S. MAZzUR [9], or M. DAy [5], p. 46, or K. Yosipa [11], p. 120), there is a

N

set of real numbers c{}20, k=1,2,..., N, N=1,2,..., with } c¢{i=1, such
that if k=1

N
61(:)(0: Z c}:}c s+k(t)r tGG’ N=1, 2: seey
k=1
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then £ (r)— £(2) strongly in (L, (G))" (that is, in the L,-norm in G), this being
true for every s=1, 2, .... Then for every s there is also a subset T of measure
zero of points in G, and a sequence of integers N9, 1=1, 2, ..., with N{® - o0,
such that, for teG—T,, £(t) is finite and éfv’?;) — £(t) as A— o0, Let T denote the
subset of measure zero in G which is the union of all sets Ty, Tg, T,, s=1, 2, ....

Now let #, be any point in G—7, and take x,=x(f,). Then (¢, x;(t5))—
(10, xo)€A, the sets Q(¢, x) have property (Q) with respect to x at (o, Xp),
and, given >0, there is some s, such that | x,(¢;)— x| <& for all s=s,. For s=s,
we have then

E41(t0)eQ(to, xs+k(’0))’ [Xs1x(t0)—xol<e&, k=1,2,...,
and hence

N
k;cm Ssrx(to)eco U Qt, x).

xeNe, ¢ (X0}
Finally, for N=N, and 1 — co, we have

S(to)eclco U Qlto, x),
xeNg, ,o(xo)

where ¢>0 is arbitrary. By property (Q) with respect to x only at (¢,, x,) we have
E(t)€Q (8o, Xo). We have proved that £(2)eQ(t, x(¢)) for all teG—T, that is, a.e.
in G. Statement (4.i) is thereby proved.

Note that in the proof of (4.i)) we do not need the full force of property (Q)
with respect to x. All we need is that there is a subsequence k, such that (i)
x;, () — x(¢) pointwise a.e. in G and (ii) for almost all 7€ G we have

o(t, x(D)= hﬂlcl co { U g’k,(t)}.
= s=h
The same remark holds for theorem (4.ii) below.

Remark 2. In the situation of §3, with v=1, r=n, G=[a, b], a fixed interval
in E,, x, x; absolutely continuous, and £(t)=x'(?), &, (t)=x;(¢), tela, b] (a.e.),
then the weak convergence &, — & (that is, x; — x’ weakly in L, ([a, b])) required
in (4.i) together with the convergence x,(t) - x(t) at least at one point ¢, certainly
implies the uniform convergence x; —x in [a, b). Indeed for every te[a, b] we

_ t
have x,(t)=x,(t)+ {x;(z) dz, and the weak convergence x;—x' in L, implies
t

the pointwise convergence of x,(¢) at every . On the other hand, by a theorem
of DUNFORD-PETTIS [6] (see also R. E. EDWARDS [7], p. 274) the functions x; are
equiabsolutely integrable in [q, b]; hence the functions x;, are equiabsolutely
continuous in [a, b] and the convergence x;— x is therefore uniform. In this
situation, if we have A closed, property (Q) with respect to x in 4 — Hy, (¢, x,(t))e 4,
tela, b], x;(t)eQ(t, x,(t)), te[a, b] (a.e), and x;—>x" weakly in (L,(G))" as
k — oo, then certainly (¢, x(1))ed, te[a, b], and x'(1)eQ(¢, x(1)), tela, b] (a.e.).

(4.i) Let the hypotheses of (4.0) hold, except that the sets Q(t, x) satisfy only
property (K) with respect to x in Ag— H,, the functions &, x, &, x, are only measur-
able in G, and E.(t) = E(t), x,(t) —» x(t) pointwise a.e. in G. Then the conclusion
of (4.i) also holds.
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Proof. Let T be the subset of measure zero of all te G where x,(¢f) does not
converge to x(2), or & (z) does not converge to £(¢). Since A4 is closed we have
(¢, x())e 4 a.e. in G, as in the proof of (4.i). The set T'=T, U Tg also has measure
zero in G. For every toe G—T put xq=x(t,), and note that, given £>0, there is
ko>0 such that |x,(t,)—xo!<¢ for all k=k,. Then, for k=k,, from &, (¢,)e
O(to, x,(t5)) we derive

Lt)e U QUo,x),  k2k,.

xeNe, ¢y (%0)
Finally, as k — o0,

E(to)ecl U Q(tg, %)

X€Ne, ¢ (x0)

This relation holds for all £>0; hence by property (K) at (¢,, x,) With respect to
x only, we have

é(tO)e ﬂ Cl U Q(to’ X)=Q(to, xO)'

>0 xeNg, co(xo)

We have proved that £(r)eQ (¢, x(1)) a.e. in G.

Remark 3. Theorem (4.iii) below concerns the case where the pairs & (2),
x (1), te G, satisfying & (1)eQ(t, x,. (1)), teG (a.e.), k=1, 2, ..., with & — & weakly
in (L1 (G)Y, and x,(r) »x(¢) pointwise a.e. in G, can be replaced by modified
pairs &, (¢), x(?), teG, satisfying &,(1)eQ(¢, x(1)), teG (a.e), k=1,2, ..., where
&, still converges to ¢ weakly in (L, (G)) as k — oo and thus 8, (t) =&, () — fk(t) -0
weakly in (L, (G)) as k— co. This situation actually occurs in a large class of
problems (see Remark 8 in §6 below); in this situation the sets Q(¢, x) need be
assumed only convex and closed (the properties (Q) or (K) are not required).

(4.iii) Let the hypotheses of (4.1) hold, except that the sets Q(t, x) are assumed
to be only closed and convex for every (t, x)e Ag— H,, the functions &, &,.e(L,(G)),
x is only measurable, x,(t)=x(t) for all t and k, and &, — & weakly in (L, (G)).
Then the conclusion of (4.1) also holds.

Proof. Let T, be the subset of measure zero in G defined in the proof of (4.i)
relative to the weak convergence of &, to & for s=1. Then the set T=T,uT,
also has measure zero in G. For every t,eG—T let x,=x(f;), and note that
14 1+,‘(to)eQ(to, xo), k=1, 2, ..., where the set Q(¢,, x,) is convex. Hence by using
the numbers ¢} =0, k=1, . N, defined in the proof of (4.1)) we have

N
Z cy}? E1ex(t0)€Q (g, xo) forall N.
k=1

For N=N{V, i— oo, the first member of this relation approaches &(#,). Since
Q (1o, X,) is closed, we have &(t,)eQ (, X,). We have proved that £(¢)eQ(t, x(1))
a.e. in G.

Remark 4. D. E. CowLEs [4] introduced properties (Q,) intermediate between
property (@) and property (K). These intermediate properties can also be used
in connection with the closure and lower closure theorems of the present paper.
as P. KAiser will show in [8].
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5. Lower Closure Theorems for Orientor Fields with Respect
to Weak Convergence of the Derivatives

We shall use essentially the same notation as in §2 and in §4. Thus points in
E‘,, E,,, E.., spaces will be denoted by t=(t%, ..., "), x=(x1, ..., x"), (% 2)=
2% 2%, ..., 27, or (n, E)=(n, £, ..., &), respectively. Also as before 4 is a subset
of E, x E,,, Ag is the projection of 4 on E,, and A(¢)=[xeE,|(¢t, x)e A]. A subset
Q(t x)of E, . is ass1gned for every (¢, x)e A. Again we shall denote by G and T,
given subsets of A, in E,; then Ag=4N(Gx E,) and H0 =An (T, x E,). We shall
denote by x(¢)=(x!, ... x") and (n(t), @)=, &', ..., &), teG, given functions
on G.

(5.i) If G is a measurable set with finite measure, and T, has measure zero, if
the sets A(t) are closed for te G—T,, if the sets Q(t x) satisfy property (Q) with
respect to x in Ag—Ho, and if (1), x(2), n,(2), & (1), x(2), A(2), A4(2), teG,
k=1,2, ..., are measurable functions, &, £,€(Ly(G)Y, meL,(G), such that

(5.1) x(Hed®, (m®, &®)el(t X)), 1eG(ae), k=1,2,..,
(5.2) —oo<i=lim [n(Hdt<co,

k= G
(5.3) &> & weakly in (Ly(G)), x,(t)— x(t) in measure in G as k — oo, and
(54) m(OZ4(@), A, 4eL,(G), A2 weakly inL,(G),

then there is a function n(t), teG, neL, (G), such that
(5.5) x(Ned@®), (@, J:(t))eé(t, x(®), teG(a.e) and [nHdtZi.
G

In this formulation of (5.i), 4, — A weakly in L, (G); hence || A, ||, is a bounded
sequence, and the part i > — oo of requirement (5.2) is a consequence of (5.4).

Remark 5. Lower closure theorems are usually applied in situations where it
is well known that

i=lim [n(Hdt<oco.
k—+w G

Functions 4, 4, satisfying (5.4) of statement (5.i) are easily found (consequently
i > — o0) if we know, for instance, that one of the following conditions is verified :

(«) There is a real valued function l//(t)>0 teG, yeL,(G), such that we have
2°2 —y(2) for every (1, x)eAg and (2°, 2)e (1, x).

Indeed, we have then 7, (1) 4 ()= -y (¢), teG, k=1,2,...,and A=,

(B) There is a real valued function l/l(t)>0 teG, Yel, (G), and a constant
y20 such that for all (¢, x)eAg and (2°, 2)e0(t, x) we have z°= —y (1) —7y | z|.

Indeed, we have then 7, (1) = A, ()= —y¥ (@)—7 | &), teG, k=1, 2, .... Since
& — & weakly in (L,(G)) by hypothesis, by the Dunford-Pettis theorem the
functions &, are equiabsolutely the integrable in G. Hence by the same theorem
the sequence | £, (2)], teG, k=1, 2, ..., is weakly compact in L (G), and there is,
therefore, a subsequence [k,] such that 4, (£)=—y (1) —7y | &, (D], teG, k=1,2, ...,
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is weakly convergent in L, (G) toward some function —y/(¢)—yo(¢), 6(1) 20, teG.
We can thus apply (5.i).

(y) The functions x and x, are in (L,(G))", [|x,—x}|,—0 as k— co for some p,
1Sp<oo, and there is a real valued function ¥ (£)20, teG, yeL,(G), and a
pa1r of constants y, ' =0 such that for all (¢, x)e 4 and (z°, z)eQ(t x) we have
20> =y () —y'|x[P—ylzl.

The argument is similar to the one above, since || x; — x|, — 0 implies

Hxl?—1x171 = 0;

thus the sequence A, ()= — Y (1) —y' | X, (DIP =y &), teG, k=1, 2, ..., certainly
possesses a weakly convergent subsequence in L, (G). Instead of the requirement
x, x:&(L,(G), |x—x{,—0, we may require xj, x’eL,(G), ||xi—x']|,,—~0 for
different p,, 1<p;<o0, i=1,...,n. This remark holds throughout this and the
following sections.

(8) The functions x, are in (L, (G))", 1%/l S Los (L (@), &kl =Ly for
given constants Ly, L,, and there exists a real valued function ¥ (¢)20, 1eG,
YeL,(G), and a real valued monotone nondecreasing function ¢(¢), 0=¢< + oo,
such that for all (¢, x)e4 and (z°, z)eQ(t x) we have z°= —y(¢) (| x| +|z]).

The argument is similar to the one above.

In Remark 5 below we shall show by means of an example that conclusion
(5.5) may not hold without requirement (5.4)

Proof of (5.i). Let j,= [n,(t)dt, k=1, 2, .... By taking a suitable subsequence
G

we may assume that j, —i and x,(t) — x(¢) pointwise a.e. in G as k— 0. Here
— oo <i< o0, so that, if p, denotes the maximum of |, —i| for k=s+1, we have
ps—0as s— 0.

Let T, be the subset of measure zero of all e G where x,(¢) does not converge,
or does not converge to x(t), or x(¢) is not finite. Then x(¢)e 4 (¢) for all teG
(TouTy). For every s=1, 2, ..., let us consider the sequences

A, Eni(t), teG, k=1,2,..,

which converge weakly to A(2), f(t) in (L, (G)y*" as k—co. As in the proof of
(4.i), by Mazur’s theorem there is a set of real numbers ¢{)>0, k=1, .
N

N=1,2,..., with ) c{l=1, such that if
N k=t N
Ag)(t):‘ Z Cgilwk(t)’ 65\5)(’): z CI(\}s;c s+k(t)9 tEG’ N=192, ey
k=1 k=1

then A — 1 strongly in L, (G) and & — ¢ strongly in (L, (G)Y, this being true
for every s=1, 2, .... Then, for every s, there is also a subset 7, of measure zero
of points reG, and a sequence of integers N, h=1,2, ..., with N9 - 0, such
that, for t€G—T, both A(z) and &(¢) are finite and 1§ (£)—A(2), EQ () - £(t) as
h— oo. Let T denote the subset of measure zero in G which is the union of all
sets Ty, T, T, s=1, 2, .... Note that

nk(t).Z_.)"k(t)5 tGG, ,"nk(t)dt=jk: k=17 2’-'-’
G
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so that, for all s=1,2, ..., N=1, 2, ..., we also have
(5.6 W OZAY®, teG, i—p,s (4P @Odt<i+p,
G

For N=N{® and h— 0, relations (5.6) and Fatou’s lemma imply

()= hmn"’(t);i(t), teG,

jn‘s)(t)dt< im (7 (Ddt<i+p, s=1,2,....

h—=w0 G
Thus 5®(?) is finite a.e. in G and of class L, (G).
Let T denote the set of measure zero of all points z€G where n®(¢) is not
finite. If
n()=1limn®(), teG,

s ®

then again we have
n(O2A(), teG, [ndrsi
G

Thus, n(2) is finite a.e. in G and of class L, (G). Let T’ denote the set of measure
zero of all points 7€ G where 7 is not finite.

Let T denote the set of measure zero in G which is the union of all sets T,
7§, Tg', Ty, Ty, s=1,2, ... Let 2, be any point in G—T, and put xo=x(%,). Then
(to> xx (to))—>(to, Xo)EA, the sets O(¢, x) have property (Q) with respect to x at
(to, Xo), and given £>0 there is some s, such that | x,(fo)—x,| ¢ for s=s,. For
§=5, we have now

(ﬂs+k(t0)’ €s+k(t))eQ~(t0’ xs+k(t0))s Ixs+k(t0)"x0l§8’ k=1, 29 seey

and hence

N N .
6D (TeRnn®. T dEat)ew U 6.

xeNe, t,(x0)

Finally, for N=N} and h - oo, the points in the first member of (5.7) form a
sequence possessing (11(%,), £ (%)) as an element of accumulation in E, ., (both
n(to) and &(t,) are finite). Thus

(5.8) (1), E(to))eclco U Q(te,x),  $Z5o.

xeNe, ¢4(x0)

Note that n(t,)= hm n(‘)(to) is finite, so that (n(t,), £(to)) is certamly a pomt of

accumulation - of the sequence (7 (1), £(o)), s=1,2,.... Since the second
member of (5.8) is closed, we have

(n(to) EGto))eclco U O, %).

x€Ng, to(xo)
Since £>0 is arbitrary, by property (Q) we have
(10t E)eNeleo U Oltosx)=0lte, Xo)

xeNe, ¢4(x0)

24 Arch. Rat. Mech. Anal., Vol. 55
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We have shown that (n(r), & (t))eQ(t, x(t)) for teG—T, that is, a.e. in G. State-
ment (5.i) is thereby proved.

Theorem (5.i) has alternate forms of some interest. To formulate them we need
a few more notations. For every (t x)eA let Q(t, x) denote the projection of
Q(t x) on the z-space E,. Thus, (2°, z)eQ(t x) implies zeQ(t, x), and for every
zeQ(t, x) the set A(t, x, 2)=[z° eEll(z 2)eQ(t, x)] is not empty. For every
(t, x)eA let A'(t, x, z)=Inf [z°] (z°, 2)e O (¢, x)] and

A" (8, x, 2)=Sup [2°| (z°, 2)e 0 (5, %)].
Thus, for every (¢, x)e A and zeQ(¢, x) we have
—0=SA(t, x,2)SA”(t, x, 2)L 00,

where A’ and A"’ cannot both be — oo or both be + <o at any point.

We shall denote by {a, b} any closed interval in E,, finite or infinite, that is,
any interval of one of the forms [g, b], [a, + ), (—, b], (—, + ). Note
that if Q(t x) is convex, then also Q(z, x) is convex, and for every zeQ(1, x) the
set A(t, x, z) is an interval in E,. Moreover, if the set 0(z, x) is convex and closed,
then for every zeQ(t, x) we have A(¢, x, z)={A'(1, x, 2), A" (¢, x, 2)}.

We may extend the functions A’, A” to all of E, x E,x E, by taking, say,
A'(t, x,2)=A" (¢, x, z)= — oo for all (¢, x, z) which are not of the form (¢, x)e 4,
zeQ(t, x) Whenever the sets Q(t x) are closed and convex, the set valued function
(1, )= (¢, x) is defined by the real valued functions A’, A” (with possible values
—oo and + o0). Instead of introducing the usual general concept of measurable
set valued functions, we shall simply say here that the set valued function (¢, x) -
o, x) (with values 01, x) closed and convex) is B-measurable provided the real
valued functions A’, A" are B-measurable.

We say that the sets 0(z, x) have the upper property provxded that for every
(z, x)eA and °, 2)el, x) any other_point (2% 2) with z°=2° also belongs to
0(t, x). Thus for closed convex sets Q(t x) with the upper property, we have
—oSA'(t, x,2)<A" (1, x, z)=c0 for all (¢, x)eA and zeQ(, x).

A real valued function f(t), teQ, is said to be of class L™ (G) [L* (G)] provided
Jfis measurable on G and its Lebesgue integral [f(f)d exists and is either finite

¢

or —oo [+ oc]. Note that for feL™ (G) we allow f to attain the value — oo in any
measurable subset of G, and the value + oo in a set of measure zero. An analogous
convention holds for feL* (G).
We can now formulate the following further theorems which are analogous
to statement (5.i):
(5.1 Let the hypotheses of (5.1) hold, except that the set valued function (t, x) -
(t x) is B-measurable, and (5.4) is replaced by

MmO Z4(@), 4@)ZA+1(), A()— A1) pointwise as k- oo,
(M), &(®)el(t, x,(2)), 1€G(ae), k=1,2,....

Then there is a function n(t), teG, neL™(G), n(2) finite almost everywhere in G,
such that (5.5) holds.

(5.9)
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Note that in (5.9) the functions A, A, are measurable, but not necessarily
L-integrable in G. Thus (5.9) implies that the functions A, have finite values a.e.
in G, while 4 may have the value — oo even in a set of positive measure, and 4,
MeL™(G) (with [A(t)dt<i, as will be shown in the proof). If AeL,(G), then

G

also the function # in statement (5.i)’ is of class L, (G). As will become apparent
in the proof of (5.i) the following requirement can replace (5.9): 4, 4,eL™ (G),
M ()= A1), A ()~ A(r) pointwise a.e., (4.(2), Ck(t))eQ(t X (), teG(a e.),
j' A@)de<i.

(5.0)"" Let the hypotheses of (5.1) hold, except that we make the additional re-
quirement

(5.9)* Thereis another sequence of functions A" (1), A’ (t), teG, k=1, 2, ..., with

M@OSA®), AW O=S451¢), A (@)—2A"(t) pointwise as k— oo,
and

(A (1), &(D)el(t, x (1), teG(a.e), k=1,2,....

Then the conclusion of (5.1) holds with neL,(G).

In particular, we can guarantee that neL, (G) if we know that the sets é(t, x)
have the upper property.

Proof of (5.i)’. We proceed as in the proof of (5.i), except now we apply MAZUR’s
theorem to the sequences &,.,(¢), teG, k=1, 2, ..., and we define, as in the
proof of (5.i), the real numbers ¢} =0, the integers N{®, and the sets T, of measure
zero, s=1,2, .

Note that the functions A,(z), A(?), teG, are only measurable now. Never-
theless, the relations n(£)24,(¢), A (®)=A+.(), A @IAQ@) imply ()2
L@®ZA@), teG, k=1, 2, .... Since the functions n, are of class L, (G), we con-
clude that the functions A,, A are of class L™ (G), where 1 may have the value
— oo in a set of positive measure. Moreover, for every k we have

— 05 [AWAIS [HOAIS | d1Si+p,
G G G .

where the first two integrals may have value —oo0. Fors=1,2,...and N=1,2, ...,
let

l(S)(t) = Z C(S) )'x-i-k(t)! te Gs

so that
~0SADSIPO= A4 1 (DSn,44(D),  teG.

If we now define
L® ()= lim A (’)(t), teG, s=1,2,...,

h— oo

L(=HimL®(), 1eG,

we have again
—0SAOSLOYO=S A1 (O=204:(0,  1eG.

24
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Since A ()] A(¢) as s— 00, we conclude that —o0 LA(#)=L'(t)< o0 for every
teG, and that
—w= (AW di=[L{Hdt<i.
G G

Note that for every (¢, x)e Ag— H,, the sets Q(t, x) have property (Q) with
respect to x; hence they are closed and convex Thercfore for every zeQ(t, x)
we have (z°, z)eQ(t x) for every real number z°%, — oo <z%< o0, with A'(¢, x, 2)<

Z°< A" (¢, x, 2). Let

L,(0)=A"(t, x(1), E@)), L*(1)=A"(t, x(t), £(t)), teG.

Since A’, A" are B-measurable, both L, and L* are measurable in G. We shall
prove below that

(5.10) —0<SL,()SASL*(t)<c0, teG—T.

Let ¢, be any point in G—T, and put x,=x(%,). Since x,(t;) = x, as k — o0, we
see that, given £>0, there is some 5, such that s=s, implies |x,(¢,)— x| <e.
Hence,

(A's-f-k(to): Y ()]= é (t0s Xs+x(t0)) =S, (to)

for every k=1, 2, ..., and s=s,, where

S(to)=clco U O(to, %).

xeNe, ¢o(x0)
Then for every A=1, 2, ... and s= s, We also have

(5.11) (AR (10), ERN(t0))ES, (10),

where &) (t0) — E(t,) as h—oo. If A(%,) is finite, so are the numbers L'¢(t,),
s§=59, and for every s=s, there is a sequence of integers [A,] such that A, — oo
and A§)(t,) » L' ¥ (t,). Now (5.11) written for h=h,, yields as w - o0

(L,(S) (tO)’ é(tO))ESe (tO)’ N g. Sp-
As ¢—0 and s— o0 we have, by property (Q),

(Ato), E(to)) e Qos,(ro)=Q"(to, Xo)

and hence —w0 L, (1)SA(te)SL* (1)< 0.
If }.(to) —oo0, choose any fixed point (29, £(1,)) €0 (t,, o), and another
point z2°<Z Then there is some s, =5, such that for s= 5, we have

—0=At)SL®(ty)<z’ <z

and again, for every s s, there is a sequence [A,] of integers, and real numbers
oy, 0<a, <1, such that h, — 0, A1) () > L'® (1),

L®(t)< ,1",30(:0) <z%<z° < L (ty),
A (to)+(1— 0,)Z%=
(2% 2 dl_(t) + (1 —a,) £ (1)) S (20)-
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ASs w— c0, we have

(Zoa ‘:(to))esz(to)),
and this holds for every £>0. Thus again, by property (Q), we have

(2° Eto))e N S(to)= O (2o, Xo)»

and this holds for every z%, —o0 <z%<Zz°. In other words, Ly (t,)=A(t5)= — c0.
Relation (5.10) has been proved for every teG—T.

Since ieL™ (G), then for every integer u=0 the function
[A()]-,=max (A(t), —p), 1eG,
is of class L,(G), and we can choose p so large that {[A(2)]- #4dt=i. Having
proved that —co SA(f)<L*(¢), teG, we may define n(t):;te G, by

(5-12) n@=41) if —uSAOSL*()S o,
(5.13) n)=—p if —0ZA()<—psL*()s o,
(5.14) n@=L*@) if —oSMOSL*O)S—p.

Then —oo <n(t)<[A(t)]-,; hence neL™ (G) and [n(¢f)dr<i. On the other hand,
G

we can have A(f)=L*(t)=o00 at most in a set of measure zero, so that 5(¢) is
finite almost everywhere in the set of points teG where (5.12) occurs. Also,
L*(t)> — oo by definition; hence #(¢) is always finite in the set of points where
(5.14) occurs. Thus (n(), £())eQ(t, x(1)) a.e. in G.

Proof of (5.i)”. The functions A", 1;" are only measurable, and the relations
MO SO S 45, 4147 imply m (S 4/()SA7 ()= o, teG, A, 4'eL* (G);
the function A" may have the value + oo in a set of positive measure in G. More-
over, we have

i—p = [m(Ddts [A/ (A= [A () dt=L oo,
G G G

As in the proof of (5.i) we put
L'O)=lim y®P(), teG, s=1,2,...,
h— o
L'()=1mL'®@), teG,

8§20

so that
N1 (DS (HSLOMSA (S0,  teG.

Since A, (£)TA"(¢), teG, as s — o0, we conclude that
—wZL'O=1"()L£0, tegq,
is{L'(dt= ' (f)dt< 0.
G G
Finally, we can prove as in (5.i)’ that
—w0=L (SIS ()SL* ()0, teG-T.
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Now we have AeL™ (G), A”eL* (G); we define u as in the proof of (5.i), and we
define 7(), teG, by

(5.15) n@)y=i) if —pSA@)SA' ()=,
(5.16) nt)y=—p if —0SA)S—pugA'(t)= 00,
(5.17) nO=4"@t) if —oA(HOSIMS—u

If S, S5, S5 denote the sets of points 1€G where the cases (5.15), (5.16), (5.17)
occur, then A(2)= —p on S, and the fact that AeL™ (G) implies 1eL,(S,). Also
n is a constant on S,. Finally 1”eL*(G), A”< —p on S; so that 1" eL,(S,);
hence neL,(S3). Thus neL,(G). The relation n(t)<[A(2)]-, implies _{n(t)dtgi
as in the proof of (5.i), but now we know that neL,(G).

Note that if the sets Q(t x) have the upper property, then we can take ;" (¢)=
Max [n,(2), ..., 1 (1)), teG, k=1, 2, ..., and the sequence A’ satisfies all require-
ments of (5.i)".

Remark 6. In statement (5.i), the requirement (5.4) cannot be disregarded,
even if we replace (5.2) by the stronger condition j Ine(®)|dt < M,. This is shown

by the following example. Take v=n=r=1, 0<t<1 0=x<1, (t x)=
[(z°% 2)|2°=0,z=0] if 0<t<]1, 0Zx<1, t+x<1; Q(t x)=[(z°, z)|z°2 —x"1,
z=0] if 0<t<1, 0<x<1, t+x21; @1, x)=E, x{0}. Then all sets Q(z, x) are
closed half lines, or lines, and have property (Q) with respect to x everywhere.
Letustake £ (1) =£&(1)=0, x,())=k !, x(#)=0,0=5ts 1, (1) =0for0<t <1 -k !

1 1
andfort=1,n,(t)=—kfor1 —k~'<r<1.Then [n,(t)dt=—1and [|n,(t)|dt=1,
(1] 1]
k=1,2,.... For x(1)=0, 0<t<1, we must have n(¢)=0 for all 0<¢t<1. Hence
1
_[ n(t)dt=0, and relations (5.5) cannot be satisfied.
0

This example also shows that condition (5.9) cannot be disregarded in (5.i)".
Here the sets O(r, x) have the upper property, and condition (5.9)* is certainly
satisfied.

(5.ii) Let the hypotheses of (5.1) hold, except that the subsets Q(t, xX)of E, .,
satisfy only property (K) with respect to x in Ag— H,, and &.(t)— E(t) pointwise
a.e. in G as k — oo. Then the conclusion of (5.1) also holds.

Again, as for statement (5.i), functions A, i, satisfying (5.4) can be found
immediately (with the consequent inequality i> — c0) under the conditions (a),
(B) with y=0, (y) with y=0, and (6) of Remark 5 above.

Conditions (#) and (y) with y>0 do not apply, however. To see this we may
consider the countercxample of Remark 6 with the following modification.
Define Q(t x) as in Remark 6 for 0=1<1, 0<x<1 t+x<1, and for =1,
0<x=1, but take instead Q(r, x)=[(z° z)Izog—x ,z==—x"1] for 0=¢<«1,
0<x<l1, t+x=1. Correspondingly, choose #,(¢) as in Remark 6, and put
L) =m(t), £E(1)=0, 0<r<1. Now &.(t) = &(r) pointwise in [0,1] as k— o
and condition (f) holds for ¥ (¢#)=0, y=1, yet the conclusions of (5.i, ii) do not
hold.
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Remark 7. Theorem (5.iii) below concerns the case where the sequences 7,(¢),
&), x(t), teG, k=1,2,..., satisfying (m.(t), &(1))eQ(s, xi(1)), teG (a.e),
with &, — & weakly in (L1 (G)) hm_[rh‘(t)dt—z, x, ()= x(¢) a.e. in G as k— 0,

can be replaced by a modified sequence (), Ek(t), x(t), teG, k=1,2,.

satlsfymg (@), &(®)ed(t, x(), teG (a.e.), where &, still converges to 6

weakly in (L, (G))" and lim [7,(¢)dr=i. In other words, we need to know that
G

S (8) =8u(t)—&i(#) » O weakly in (L, (G)) and 82(r)=n, () —7(r) >0 weakly in
L,(G) as k— oo. This situation actually occurs in a large class of problems (see
Remark 12 below), and in this situation the sets O(t, x) need be assumed only
convex and closed (properties (Q) or (X) are not required).

(5.iii) Let the hypotheses of (5.1) hold, except that the subsets Q (t,x) of E,+,
are only assumed to be closed and convex for every (t, x)e Ag— Hy, where &, — &
weakly in (L, (G)) as k— oo, and x,(t)=x(t) for all t and k. Then the conclusion
of (5.1) holds.

For this statement (5.iii) too there are functions A, A; satisfying (5.4), with
consequent inequality i> — co, under the same conditions («), or (f) with y=0,
or (y) with y=0, or () of Remark 5 above (exactly as for (5.i)).

6. Closure Theorems for Mayer Problems

We shall use essentially the notation of §2. Points in E,, E,, E,, E, spaces
will bedenoted by r=(¢!, ..., "), x=(x}, ..., X", u= (@, ..., w™),and z=(z4, ..., 2"),
or E=(&, ..., &), respectively. Also as before A is a subset of E, x E,, 4, is the
projection of A on E,, and A(t)=[xekE,|(t, x)eA]. A subset U(t, x) of E, is
assigned for every (¢, x)e 4, and we put M=|[(t, x, w)|(t, x)e A, ue U(t, X)]cE, x
E,x E,. Here f(t, x,u)=(fi,..., f,) is a given function on M, and, for every
(t, x)e A, O(t, x) will denote the subset of E, defined by

Q(t, x)=f(t, x, U(t, x))=[z€E,|z=f(t, x, u), ue U(¢, x)].

We shall denote by G and T, given subsets of 4, in E,; then 4; and H, are the
sets Ag=AN(GXE,) and Hy=An (T, x E,). Finally we shall denote by x(¢)=
Y .., XM, u@ =0, ..., u™), E@)=(E, ..., &), teG, given functions on G.

Measurable functions x(t), teG, with values x(#)eA(t) a.e. in G, are said
to be state functions; measurable functions u(t), zeG, with values u(z)e U(t, x(2))
a.e. in G, are said to be controls relative to the state function x(z), reG.

In [lab] we have already proved closure theorems for Mayer problems for
v=1 by direct application of statement (3.i) (or variants of this given in Remark 2)
and the use of the MCSHANE-WARFIELD implicit function theorem [10]. Analogously,
we have proved [1 ghi] similar closure theorems for v>1. We shall not, however,
discuss them here.

In the following we shall need only a very mild closure and continuity require-
ment on 4, M, and f, which we refer to as property (C) (Carathéodory type
condition). We shall say that condition (C) is satisfied, provided that given an
e¢>0 there is a compact subset K of G such that |G—K|<g, the sets Adgx=
[(#, x)eAd|teK] and My=[(t, x, u)e M|teK] are closed, and f(¢, x, u) is contin-
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uous on My. This requirement will suffice for the application of the MCSHANE-
WARFIELD theorem. On the other hand, property (C) certainly implies that the
sets A(2) are closed for almost all teG. For the sake of brevity, we shall say
that f satisfies property (C) when the above conditions are satisfied.

Statements (4.i), (4.ii), (4.iii) and the McShane-Warfield theorem yield the
following statements (6.i-iii).

(6.i) If G is a measurable set with finite measure and T, has measure zero, if
f(t, x, u) satisfies the continuity property (C) on M, if the corresponding sets
Q(t, x)=f(t, x, U(t, x)) defined above satisfy property (Q) with respect to x in
Ag—Hy, if (1), x (1), E(t), x (1), u, (2), teG, k=1, 2, ..., are measurable functions,
¢, (L, O, if

6.0) x(edA@®), wu)eU(t, x (),

E@=f(t, x, (), w(?)), teG(ae), k=12,..,

and if x,(t) - x(t) in measure in G and & — & weakly in (L, (G))' as k— oo, then
there is some measurable function u(t), te G, such that

(6.2) x(ed@), u@eU@ x(), E@O=F(tx@),u()), G (a.e.).

Note that for (6.1) to hold we do not need the full force of property (Q) with
respect to x. All we need is the existence of a subsequence k, such that
X, (£) - x(t) pointwise a.e. in G, and such that for almost all 7eG we have

o(t, x (1) :hficl co { ghf (t, % (1), uks(t))}.

The same remark holds for theorem (6.ii) below.

Remark 8. Statement (6.i) has the usual modifications in the situation of
Remark 1 with v=1, r=n, cl G=[a,b]l=afixed interval in E,, x, x, AC, E(t)=x"(2),
@) =xi(2), te[a, b] (a.e.), and (1, x,(1))e A4, w,(DeU(t, x, (1)), xx()=1 (8, x,(2),
uk(t)), tela, b] (a.e.), k=1, 2, .... Again, if the sets Q(z, x) have property (Q)
with respect to x only, if x;— x’ weakly in L, ([a, b]), and if x,() - x(¢) at least
at one point £, then the uniform convergence x,— x in [a, b] follows, and there
is a measurable function u(t), tela, b], such that (¢, x(¢))ed, u()eU(t, x(1)),
X ()=f(t, x(1), u(1)), tela, b] (a.e.).

(6.ii) Let the hypotheses of (6.i) hold, except that the sets Q(t, x) satisfy only
property (K) with respect to x in Ag—H,, where £, &, are only measurable, and
where £ (1) — E(t), x;(t)— x(2) pointwise a.e. in G as k — 0. Then the conclusion
of (6.1) holds.

If we assume that the sets U(z) depend on ¢ only, if (1), &.(2), x(2), x:(2),
u (1), teG, k=1,2,..., are measurable functions, and if, as usual, x,(t)eA4(?),
u(DelU@), &@) =_[(t, (), u, (1)), teG (ae), k=1, 2, ..., we may consider the
auxiliary functions &,(#)=/(t, x(¢), u,(¢)), t€G, and the differences

6.3) =1t (D), w()—f(t, x(1), w (2)), teG, k=1,2,...,

which exist because U(?) depends on ¢ only. In view of Remark 3 we should try
to prove that 5, —0 weakly in (L, (G))'. Actually, there are natural hypotheses
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which guarantee that &, —0 strongly in (L, (G)). Also the following statement
was proved in [3]:

(*) Solely under the Carathéodory type continuity condition (C), if x(z),
x, (1), u.(t), teG, are measurable functions, u,e(L,(G)"), |l ll; S M,=constant,
x(®), x,()eA@), u()eU@), teG(a.e), k=1,2,..., and if x,(r)-x(¢) in
measure in G as k — oo, then 8, — 0 strongly in (L, (G))" if and only if the same
functions &,(2), teG, k=1, 2, ..., are equiabsolutely integrable in G.

In Remark 9 below we list a few conditions under which d, — 0 strongly in
(L1(G)Y. Further conditions, details and proofs are given in [3].

The following simple closure theorem, in which no condition (Q) or (K) is
required, is now a corollary of (4.iii). Instead of the orientor field relations
& ®eQ(t, x,.(1)), teG (ae.), we simply consider the orientor field relations
E()eQ(s, x (1)), teG (a.e.), k=1, 2, ..., and apply (4.iii).

(6.ii1) Let the hypotheses of (6.1) hold, except that the sets U(t) depend on t
only, the sets Q(t, x) are assumed to be only convex and closed for every (t, x)e
Ag—Hy, where &, &, 8,6(L (G)Y, & — &, 6, — O weakly in (L (G))', and x,(£) = x(t)
pointwise a.e. in G as k — oo, Then the conclusion of (6.1) holds.

Remark 9. A great many particular conditions guarantee that 6, — 0 strongly
in (L,(G)). We mention here, for example, Lipschitz-type hypotheses such as
(F,), (F,) below, and growth-type hypotheses such as (G,,), (G, below. The
latter type has been proposed by F. E. BROWDER (Arch. Rational Mech. Anal. 20,
1965, 251-258) and by E. H. ROTHE (Arch. Rational Mech. Anal. 21,1966, 151-162)
for free problems of the calculus of variations. We list briefly some of these
hypotheses here, referring to [3] for further conditions and details. In any case,
we assume that f satisfies the continuity condition (C). -

(F,) For 1<p< 0, we have x;, xe(L,(G))", lx,—x|,—0, and
L (6 5 @)=/ (& x@), N S F( ) B x(O)—x @), 1€G, k=12, ...,

where h(£)20, 0<é< + o0, is a given monotone nondecreasing function with
RO+)=0, h(&)Sc& for all £>¢,20, and F(t, u (1))eL, (G, 1jp’+1/p=1,
||F(t, u, (D)), = C, where &, ¢, C are constants and F(¢, u) is a giveri non-negative
function defined on G x E,,.

(F,) We have x;, xeL_(G), ||x,~x||— 0, and

[£(t, % (@), m () —f (&, x(8), . ())| SF(t, (D)) (| (D) —x(D)]), 1€,
where £ is as in (F,), and F(t, u, (1))eL,(G), [F(t, u,(8))dt<C.
G

(qu) FOl‘ 1§P; ‘I<°0, xlu xe(Lp(G))", uk’ uE(Lp(G))m’ ”x"p’ ”xk"péLm ”u"q9
lul, <L, Lo, L given constants, we have x,(f)—x(¢) pointwise a.e. in G as
k— o0, and there are constants ¢, ¢, «, f, 0<a=<p, 0<B=gq, and a function
Y ()20, teG, yeL,(G), such that for all (¢, x, w), (t, y, u)e M we have

Lt %, w) =18 y, W) ISP O+ (X7 75+ ]y [P+ |ul* 7.

(Gaoq) FOI' 1§‘I<°0, X, xkE(Loo (G))ns u, uke(Lq(G))ms “xuoos "xk"wéLO’ "u"q’
lwll,=L, L, L, given constants, we have x,(¢) - x(#) pointwise a.e. in G as
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k — o0, and there are constants ¢’, B, 0<f<q, a function Y ()20, teG, yeL,(G),
and a monotone nondecreasing function ¢(£)20, 0<£< + o0, such that for all
@, x, u), (t, y, uye M we have

£t x, w)—f(t, y, ISP O (@ xD+a(lyD)+¢ lul* ™"

Note that in (G,,), (G, ,) we do not assume that 6(0+)=0. These conditions
are only growth conditions, the continuity of f (property (C) having the main
role in the proof that 6,—0). Note that, for f linear in x, that is, of the form
f(t, x,u)=B(t, ) x+ C(t, u), where B=[b;;(t, x)], C=[c;(t, x)] are matrices of
the types rxn, rx1, with |b;;(t,u)| <P (t) for #(2)20, teG, PeL,(G), con-
dition (F,) is certainly satisfied.

Remark 10. In applications (see, e.g., [1ij], [2]) we may have to consider a
topological space S of elements y, operators L: S—(L,(G)), M: S—(L,(G)),
and a class 7 of measurable controls u(?), teG, such that if x(¢£}=(My)(2),
E@)=(Ly)(t), teG, then x(t)eA(t), u()eU(t, x(t)), E@)=f(t x(), u(1)),
teG (a.e.), that is, we may have to satisfy the constraints (M y)(t)eA(?), u(t)e
U(t, (M y)(¢)), and the system of equations (L y) (1) =/ (t, (M y)(2), u(1)), teG (a.e.).
We then take into consideration a functional I[y, u], or I: @ —» E,, defined in a
suitable subset 2 of S x T. If the functional I can be expressed in terms of x only,
that is, if I is of the form I[x], we may say that we have an abstract Mayer problem.
As shown in [1ijk] suitable requirements on L and M are as follows: If y,—»y
in S (that is, in the topology of S), then Ly, — Ly weakly in (L; (G)), and My, —
My strongly in (L,(G))", that is, & —¢ weakly, and x, —x strongly. Then, a
corresponding requirement on the Mayer functional I[x] is that I[x,]— I{x] as
k — 0. Closure theorems of the present §6 apply to abstract Mayer problems of
this type. We refer to [1ijk] for details and more general formulations.

7. Lower Closure Theorems for Lagrange Problems

We shall use essentially the notations of §2. Points in E,, E,, E,, E,., spaces
will be denoted by r=(t!, ..., "), x=(x!, ..., x"), u=(@’, ..., u™), and (2°, 2)=
%z, ..., 20, 0r (n, E)=(n, &1, ..., &N, respectively. Also, 4 is a subset of E, x E,,
A the projection of 4 on E,, and A(t)=[xeE,|(t, x)e A]. For every (¢, x)e A4
a subset U(t, x) of E,, is assigned, and M denotes the set [(z, x, u)| (¢, x)eA,
ueU(t, x)]<E, x E,x E,,. Here fo(t, x, u), f (¢, x, u)=(fi, ..., f;) are given func-
tions on M, and, for every (¢, x)e 4, Q(¢, x) denotes the subset of E, ., defined by

01, x)=[(z°% 21 2°2fo (1, x, w), z=1(t, x, u), ue U(t, x)].

We shall denote by G and T, given subsets of A, in E; then 4A; and H, are the
sets Ag=AN(GXE,), Hy=An(T,x E,). Finally, we shall denote by x(¢)=
L, u(@) =@t ..., u™), E()=(EL, ..., &™), n(t), teG, given functions on G.

(7.1) If G is a measurable set with finite measure, and T, has measure zero, if
Solt, x,w), (¢, x, w)=(f1, ..., [,) satisfy the continuity property (C) on M, if the
corresponding subsets é(t, x) of E,., defined above satisfy property (Q) with
respect to x in Ag— Hy, if €(1), x(t), &), m(t), x (1), w (1), A(2), 2 (2), teC,
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k=1, 2, ..., are measurable functions, &, ﬁke(Ll(G))', neL, (@), if
x(DeAQ), u(DeU(t x. (1),

7.
-H SO=1( 5D u®) MO=Fo(t, %40, w ()
7.2 —oo<i=lim {n(f)dt<oo,
k= o G
(1.3 & — & weakly in (L, (G)Y, x,(t)— x(t) in measure in G as k ~ oo,
(1.9 D= 4@), A 4el (G), i,— A weaklyinL,(G),

then there is some measurable function u(t), te G, such that, if n(t)=f,(t, x (1), u(?)),
teG, then nel™ (G), and

x(NeA@), u@®eU(t,x(), &M=f(t,x@®),u(®), teG(a.e),
[adigi=lim [y (ndt.
G k-0 G

Proof. In view of (5.i) there is a function (), teG, neL,(G), such that
x(ed®, @@, (t))eé(t, x(1)), teG,(a.e), [n(ndtLi
G

By the McShane-Warficld theorem there is a measurable function u(¢), teG,
such that

x(Ded(®), u@®eU(,x(®), &EO=f(x(®),u)),
folt, x(D, u())=n (1), teG (a.e.).

n@®)=fo(t, x(t), u(®)), teG,

nM=<n@), teG, [n@®diz{n(Ode<i,
G G

Finally, by taking

we have

and 5 is certainly measurable and of class L™ (G). In any case, relations (7.5)
hold, and statement (7.i) is proved.

Note that, for (7.i) to hold, we do not need the full force of property (Q)
with respect to x. All we need is that there is a subsequence &, such that x, (¢) — x(t)
pointwise a.e. in G, and such that, for almost all e G, we have

é(t, x(H))> ;.51(:1 co { Qh]'(t, x;, (1), uk,(t))}.

where f =(fo, /)=(fo. fi» .., f.). The same remark holds for theorem (7.ii) below

Remark 11. Requirement (7.4) and the L-integrability of n in statement (7.i)
can be guaranteed under a variety of conditions, for instance, any of the following.

(o) There is a real valued function Y (¢)=0, teG, YeL,(G), such that
Jolt, x, W)= =y (¢) for all (¢, x, e M.

Indeed, as in §5 under («) of Remark 5, we have 1, (#)2 4, (#)=—¢ (1), teG,
k=1, 2, .... Theninthe proof of (7.i) we have —y () Sn(#) =/, (¢, x(£), u()) <7 (),
teG, where both  and 7 are L-integrable; hence neL, (G).



350 L. CesARI

(Bo) There exists a real valued function ¥ ()20, teG, YyeL,(G), and a con-
stant y=0 such that fo(t, x, )= -y (t)—7 | (L, x, w)| for all (¢, x, u)e M.

Indeed, as in §5, under (8) of Remark 5, we have #,(£)= A4, ()= -y ()—
y1 & (®)]; then, as we have noticed there, there is a subsequence [4,,] which con-
verges weakly in L,(G) toward some L-integrable function —y(t)—yao(t),
0(2)=0, teG. On the other hand, in the proof of (7.i), we have —y(£)—y|E(1)| <
n(t)=ro(t, x(2), u(t))<7(t), teG, where V¥, |£|, neL,(G), and hence neL,(G).

(yo) We have x, x,e(L,(G), llx,—x|,—0, & &e(L (G, &— & weakly in
(L1(G)Y, for some p, 1 <p<co, and there exists a real valued function ¥ ()20,
teG, YeL,(G), and constants y, y'=0 such that f,(¢, x, )= — (&) —y|x|’—
Y| f(¢, x, w)] for all (¢, x, wye M.

Indeed, as in §5, under (y) of Remark 5, we have n,(£)=A4,(1)=—y (1) —
yIx. @)=y 1 & (2)|; also we noticed there that there is a subsequence [4,,] which
converges weakly in L, (G) toward some L-integrable function —y(¢#)—y|x(t)| -
Y6 (1), 6(t)=0, teG. On the other hand, in the proof of (7.i), we have —y(¢)—
PIx@) =7 1E@Sn()=1o(t, x(2), u(t))<7(¢), teG, and again neL,(G).

(60) We have x,&(Lo @), Ix%ilo=Ly, &e(Lo(G)), 1&loSL, for given
constants L, L,, and there exists a real valued function ¥ (¢)=0, teG, YyeL,(G),
and a real valued monotone nondecreasing function ¢(£)=0, 0 &< oo, such
that fo (¢, x, W)= — Y (1) a(lxl +1£(t, x, u)|) for all (¢, x, wye M.

Other analogous cases can be treated similarly.

Remark 12, Statement (7.i) is usually applied to sequences for which it is
known that

i=lim [n(Hdt<co.
k—=wo G

The complementary inequality i> — oo required in statement (7.i) is certainly
satisfied under any one of the conditions (), (Bo), (7o), (d,) stated in Remark 11.
These cases reduce to the cases (2 —J) of Remark 5.

Remark 13. Solely under the hypotheses of statement (7.i), the function
n(t)=f(t, x(¢), u(?)), teG, may not be L-integrable in G. This can be seen in the
two examples below.

Example 1. Take v=n=m=r=1, U=E,, A=[0,1]xE,, M=AXE,,
S, x,wy=u, and fo(t, x, )=0 for t=0, fo(z, x, W)=t (W —1) for O<t=<1.
Condition (C) is obviously satisfied. We take now x,(t)=1—ilk, w4 (t)=1 for
ilk<t<ilk+12k, x,(t)=G+D/k—t, uw(@)=-1 for ik+12k=5tZ(i+1)/k,
k=1,2,..., so that g ()=/fo(t, x,(2), 4,(£))=0, & ()= (t), teG. Here x,(t)
converges uniformly in [0, 1] to x(#)=0, and &,(¢) converges weakly in L, (G)
to £(2)=0. Now we have 0= C(t)-f(t x(t), u(t)) only for u()=0, 0<¢<1, and
finally, n(t)=fo(t, x(t), u(t))=—t"' is not L-integrable in [0, 1]. Note that
& — & weakly, and u —u weakly in L, (as well as in any L,, p=1). Finally, the
sets Q(¢) are here the sets Q(t) [(z° 2)|2° =11 (22 — 1)}, certainly closed, convex,
and satisfying property (Q) for every te(0, 1]. Note that, if # denotes the function
of statement (5.i), then 7 is zero for 0<¢< 1, and thus % is L-integrable, but 7 is not.
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Example 2. Take v=n=m=r=1, U=E,, A=[0, []xE,, f(t, x, u)=tu*—1,
folt, x, )=1-2(1+)u* +t(1+1t)u*, so that both f, and f are now continuous
on M=AxE,. We take x,(t)=t—ilk, u,(t)=212¢"12 for ilk<t<ilk+1]2k,
X ()=0+Djk—t, (¢)=0forilk+ 12kt S+ Dk, i=1, ..., k—1, k=12, ...,
so that & (£)=f(¢, x,(?), u(¢))=1, or = —1, according as ¢ lies in one or the other
set of intervals. Thus, x,(¢) conveges uniformly in [0, 1] to x(¢)=0, and &,(2)
converges weakly in L,(G) to &(¢)=0. Now we have 0=£(2)=f(2, x(1), u(¢))
only for u(f)=+t" "%, 0<¢<1, and finally n(t)=/£,(t, x(t), u(t))=—1"" is not
L-integrable in [0, 1]. Note that the sets Q(t) are here the sets Q(t)= [(z° 2)|2°=
1—s5+52z%, —152< 4], s=1+¢"! certainly convex, closed, and satisfying
property (Q) for every re(0, 1]. Also, note that n,(¢)=/f, (¢, x(?), u.(t))=1 for
all te[0, 1], (a.e.). The function 7 of statement (5.i) is here equal to 1, and % is
L-integrable while # is not.

Remark 14. Let us consider the following condition (y;)’, weaker than con-
dition (y,) of Remark 11.

(o) We have x,&(L, (G, Ixul,SL1, &E(L (G, 1€l <L, for given con-
stants p, q, L,, L,, 1<p, g<o0, and there exists a real valued function ¥ (¢)=0,
teG, YyeL,(G), and constants y, y'=0 such that f,(¢, x, )= -y (@)—y|x|"—
Y 1@, x, w2 for all (¢, x, w)e M.

The condition (y,)’ certainly guarantees that the function # in (7.i) is L-inte-
grable. Indeed, in the proof of (7.i)) we have —y(¢)—7y|x(O)|P—y €@ =n(t)=
JSo(t, x(2), u(1))S7 (1), teG, where ¥, |x|?, [{|%eL,(G), and hence neL,(G).
Nevertheless, from the condition (y,) for g>1 we cannot derive functions 4,
AeL,(G), such that n, = 1,, 4, — 4 weakly in L, (G), as required in (7.4) of (7.i).
Indeed, for ¢>1, the conclusion of (7.i) may fail to be valid under the weak con-
dition (y,)’ for g>1 without requirement (7.4), and this may happen even if we
assume as in (7o) that |x,—x|,—0 and, of course, & —¢& weakly in (L (G)).
This is shown by the following example for g=2.

Example. Take v=n=m=r=1, G=[t|0=t<1], A()=[x|0=x=1], 4=
Gx[0,1], U={0}, f(t x,0)=(=f)"'%, fo(t,x,00=0 for 0<t<l, 0<xsl,
t4+x<15 ot x, 0)=2x"2(1—t—x) for 051<1, 0x<1, t+x21; £ (1, x, 0)=0
for 0<x<1. Obviously, f and f, satisfy property (C), the sets é(t, x) are all
half-straight lines, namely, Q(z, x)=[(z° 2)]z°20, z=0} in the first instance,
0, x)=[(° 2)|2°2 — 2%, z=(—2x"2(1 —t—x))/?] in the second instance, and
O, ¥)=[(z° 2)|2°20, z=0] in the third. Obviously, these sets have property (Q)
with respect to x for all . We take x,()=k™1, 4, ()=0, & ()=(—n(D))'?
for0<1<1,m,(t)=0for 0Lt<1 -k, g ()=2k*(1 -t —k YHfor 1 -k~ '<rL1,
1

{n(H)dt=—1. Here we have x(t)=0, &(t)=0, n(t)=0, xe—xl, =k~ 1—>0,

o 1

&, —¢Ell,=2%%3"1k" 1250 as k— 0. On the other hand, [n(¢)dt=0 and (7.5)
(4]

does not hold. Note that here we have neL,(G), and f,= —f?; hence, condition
(7o)’ holds for g=2, yet the conclusion of (7.i) does not hold. We prove now that
&, —0 weakly in L, (G). Indeed,

E()=0 for 0<t<1—k~1, &()=(—2k*(—1—k")? for 1-k~ =11,
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and for any fixed function ¢(¢), 0<t<1, pel,(G), we have

1 1/2 1 1/2 1 1/2
g[ § 5,‘fdt] [ f (pzdt] =[ ] <p2dt] .
1 1-k-1 1=kt

—-k-1

1
gfk(t)‘l’(t)dt

Since @%eL,(G) is absolutely integrable, the last integral approaches zero as
k — . Thus, &, — 0 weakly in L, (G).

(7.1i) Let the hypotheses of (1.i) hold, except that the sets Q(t, x) are required
to satisfy only property (K) with respect to x in Ag— Hy, and &, (t) — £(t) pointwise
a.e. in G as k— o0. Then the conclusion of (7.i) holds.

The proof is the same as for (7.i), where use is made of (5.ii).

Requirement (7.4) and the L-integrability of n in statement (7.ii) can be
guaranteed under the same conditions, that is (x,), or (B,) with y=0, or (y,)
with y=0, or (8,) of Remark 11. Conditions (8,) with y>0, and (y,) with y>0
do not apply to statement (7.ii) (cfr. discussion in § 5).

(7.ii1) Let the hypotheses of (1.i) hold, except that the sets Q~(t, x) are only
assumed to be convex and closed, and &, — & weakly in (L,(G)Y as k— oo, and
X (t)=x(t) for all t and k. Then the conclusion of (1.1) holds.

The proof is the same as for (7.i), where use is made of (5.iii). Requirement
(7.4) and the L-integrability of the function # in statement (7.iii) can again be
guaranteed under the same conditions, that is (x,), or (B,) with y=0, or (y,)
with y=0, or (J,) of Remark 11 (exactly as for (7.1)).

Soley under the continuity condition (C) for f and f;,, and as in §6, if the sets
U(t) depend on t only, and &(2), x(2), & (t), ne(2), x,(2), 14,(2), teG, k=1,2, ...,
are measurable functions, ¢, &e(L,(Q)), meL(G), (1, x(1))eA, u()eU(r),

GO=/tx @), w (1), m@®)=fo(t, %), w (1)), teG, k=12, ..,
mj’h(”dt:i,
G

we may consider the differences
6k(t) =f(t’ xk(t)’ uk(t)) _f(t’ X(t), uk (t))’

51?(0 =f0 (t’ xk(t)! uk(t)) —fO (t’ x(t), uk(t)), te Gs k= 1; 2; cen

which exist because U(¢) depends on 7 only. We shall assume asin (7.i) that x, (z) —
x(t) pointwise a.e. in G, that ¢, — & weaklyin (L, (G)) as k — co, and that — oo <
i< + c0. In addition let us assume here that

8, >0 weaklyin (L,(G)),
(7.6) o> lim [ 85 (£)d 1 20.
G

This occurs under natural conditions, as mentioned in Remark 9 (see also [3]).
Actually, under such conditions 8, —0 strongly in (L, (G)), 67— 0 strongly in
L, (G), and thus (7.6) holds trivially. Under assumption (7.6), then, for the analo-
gous functions

Ek(t) =f(t’ x(t)’ uk(t))’
;ik(t)=f0(ts X(t), uk(t))9 tEG’ k=1’ 2; s>
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we have

GO=&O-6,0), MmO=mH-6®), teG, k=12,...
Hence, &, — ¢ weakly in (L, (G)Y,
lim {n,(dt<i,
G

and statement (5.1ii) applies. The following simple lower closure theorem, where

reither property (Q) nor property (K) is required, is now a corollary of (5.iii).
(7.iv) Let_the hypotheses of (1.i) hold, except that the sets U(t) depend on t

only, the sets Q(t, x) are only assumed to be convex and closedfor every (t,x)e Ag— H,,

and Where 69 éln 5ke(L1 (G))'s nb (SI?GLI (G)a ék—’és 6};"'0 weakly in (LI (G))'9
69—0 weakly in L, (G), — oo <i=lim [n,(1)dt< + 00, and x,(t)— x(t) pointwise
G

a.e. in G. Then the conclusion of (7.i) holds.
We have seen that actually it is enough that (7.6) holds.

Remark 15. In the present situation, the lower closure theorem (7.i) essentially
contains as a particular case (indeed, the particular case (ay) under Remark 11
with U a fixed set) an analogous proposition recently stated by M. F. BipAut
(Quelques résultats d’existence pour des problémes de contréle optimal. C. R.
Acad. Sci. Paris, t. 274, 1972, 62-65). As we have shown in §5, moreover, these
theorems can be formulated in the more general and more satisfactory context
of orientor fields. — Added in proof: Two papers by L. D. BERKovITZ have been
brought to my attention: Existence theorems in problems of optimal control.
Studia Math. 44, 1972, 275-285; and Existence and lower closure theorems for
abstract control problems. SIAM J. Control 12, 1974, 27-42. These papers deal
with closure and lower closure theorems for weak convergence, under either
property (Q) with respect to x only, or Lipschitz-type hypotheses. Essentially
analogous comments (as above) hold for these papers. See also Remark 9 and
the results in [3].

Remark 16. In applications (see, e.g., [1ij], [2]) we may have to consider a
topological space S of elements y, operators L: S—(L,(G)), M: S—(L,(®))",
and a class T of controls u(t), teG, as stated in Remark 9, and we may have to
consider a functional /[y, ], or I: 2 E, defined in a suitable subset £ of Sx 7,
of the form I[y, ul= | fo(t, (My)(¢r), u(t))dt. This may be called an abstract

& .

Lagrange problem. The requirements on the operators L and-M have been
mentioned in Remark 10. The lower closure theorems of the present §7 apply,
and essentially prove, under suitable closure properties of the class £, that, as
Y=y in S, €T, (3, )€, there is some ueT, such that (y, u)ef, and I[y, u] <
lim I[y,, 1] as k— oo.

8. Lower Semicontinuity Theorems
We shall use essentially the notations of §7. Points in E,, E,, E,, E, spaces
will be denoted by t=(t?, ..., t"), x=(x!, ..., x"), u=(u!, ..., u™), and z° or 7,
respectively. As usual, A4 is a subset of E, x E,, A, the projection of 4 on E,, and
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A(t)=[xeE,|(t, x)eA). For every (t, x)eA a subset U(t, x) of E, is assigned,
and M denotes the set [(2, x, u)|(t, x)e A, ue U(t, x)]< E, x E, x E,,. Here f, (¢, x, )
is a given real valued function on M. We denote as usual by G and T, given subsets
of A, in E,; then A; and H, are the sets Ag=AN(GXE,), Hy=An (T, x E,).
Finally, we denote by x(¢)=(x!, ..., ¥, u(t)=@?", ..., u™), n(¢), teG, given func-
tions on G.

In other words, we have the situation of §7 minus the function f. Namely,
we are particularizing §7 by assuming r=m, f(t, x, )=u. Thus, the sets Q of §7
are here the sets

QO (t9 X)= [(ZO, u)lzo gfo (t’ X u)a ue U(ta x)]

By assuming that f; satisfies condition (C), we know that there is a set 7, of
measure zero such that the sets A4(¢) are closed for all 1eG—T,, the sets M,=
[(x, w)|(t, x, W)e M] are also closed, and f,(z, x, u), as a function of (x,w), is
continuous on M,. It is easy to see that, for any teG—T,, the sets Q, (¢, x) are
closed and satisfy property (K) with respect to x in 4(z).

In [1cd] we expressed property (Q) in terms of *‘seminormality” conditions.
In the particular case under consideration (r=m, f=u), and using the notations
in [lcd], we say that for any given teG—T, the function f, (¢, x, u), thought of
as a function of (x, ) in M,, is seminormal with respect to u at the point (%, @),
(xeA(r), ue U(t, X)), provided that given ¢>0 there are real numbers >0, and
r, b=(b,, ..., b,) such that

Jot,x,u)=c+bu forall xeN,; (X)) and ueU(t,x);
fo(t, X, 0)<c+bii+e.

Here bu denotes the usual inner product in E,. Again, for any given teG—T,,
Jo(t, x, u) is said to be seminormal with respect to u in A(¢), provided f, (¢, x, u)
is seminormal with respect to u at every point (X, 1), Xe A(z), ieU(t, X).

The seminormality condition we have just defined is a slight extension of
TONELLI’S and MCSHANE’S seminormality condition for free problems of the
calculus of variations.

For the particular sets Q, (¢, x) defined above, our results in [1cd] yield:

(*) For any given te G—T, the sets Q, (¢, x), xe A(t), have property (Q) with
respect to x in 4(¢) if and only if £ (¢, x, u), thought of as a function of (x, u) in
M, is ““seminormal” with respect to u for xe A(t).

The following lower semicontinuity theorems correspond to the lower closure
statements (7.i-iii). Here f=u; hence, in the notations of §7, &é(t)=u(r), &(1)=
u (2).

(8.i) If G is a measurable set of finite measure, and T, has measure zero, if
Jo(t, x, u) satisfies the continuity condition (C), if the sets U(t, x) are convex for
every (t, x)e Ag— Hy, if fo(t, x, u) is convex with respect to u in U(t, x), and the
sets Qq(t, x) satisfy condition (Q) with respect to x in Ag— H, (or, equivalently,
Jor every teG~T,, fo(t, x, u) is seminormal with respect to u for xeA(t)), if
me(2), x(2), u(t), x, (1), w,(2), A(t), 4(), teG, k=1, 2, ..., are measurable functions
with x,()eA(t), w()eU(t, x, (1)), mO)=fo(t, x(2), u, (), teG (a.e), if u,
u.e(Ly (G))", meL,(G), u,—u weakly in (L, (G))", x,(t) > x(t) in measure, and



Closure Theorems 355

— oo <i=lim _[nk(t)dt<oo @) =4(t), 4, el (G), A, — A weakly in L,(G),

then x(t)eA(t) u()eU(t, x(t)), teG (a.e.), and if n(t)=fo(t, x(t), u(?)), teG,
then neL™ (G), and j'n(t)dt<z

As in Remark 11 of §7, under either of the conditions (x,), (8,) there are
functions A, A, satisfying the requirements above with neL,(G).

(8.ii) Let the hypotheses of (8.1) hold, except that f,(t, x, u) only satisfies prop-
erty (C) and is convex with respect to u for all (t, x)e Ag— H, (no property (Q)
or seminormality required), and suppose neL,(G), u(t)—=u(t), x,(t)—x(t)
pointwise in a.e. in G as k — o0, and — 00 <i< 0. Then the conclusion of (8.i) also
holds.

In statement (8.ii) we can again determine functions 1, 4, satisfying the corre-
sponding requirements in (8.i), so as to guarantee that nelL,(G), under either
condition (,), or condition (8,) with y=0 of Remark 11.

(8.iii) Let the hypotheses of (8.i) hold, except that f,(t, x, u) is only assumed to
be convex with respect to u for all (t, x)e Ag— Hy (no seminormality required), and
MLy (G), u, e(L (G, up—u weakly in (L, (G)Y", and x,(t)=x(t) for all t
and k.

In statement (8.iii)) we can again determine functions A, /, satisfying the
corresponding requirements in (8.i), so as to guarantee that nelL,(G), under
either condition (a,), or condition (8,) with =0 of Remark 11 (exactly as for
(8.0).

We assume now that the sets U(z) depend on ¢ only, and we consider the
differences

SO =Ffo(t, (1), u D)~ fo(t, x(D, u, (D), teG, k=1,2,...,

(8.iv) Let the hypotheses of (8.1) be satisfied, except that the sets U(t) depend
on t only and are convex, f,(t, x, u) only satisfies property (C) and is convex with
respect to u in U(t) for every (t, x)e Ag—H, (no property (Q) or seminormality
required), and nyeL,(G), uy—u weakly in (L (G)", 63—0 weakly in L,(G),
X, (1) — x(t) pointwise a.e. in G as k— o0, and — o0 <i< oo, Then the conclusion
of (8.1) holds.

These statements (8.i-iii) are corollaries of the corresponding statements
(7.i~i).

Remark 17. If S, 7, L, M are as in Remarks 10 and 16, then we may consider
abstract free problems with the functional 7[y] of the form

I[y]= g’ Jo(t, M y)(®), (Ly)(D)dt,

or equivalently I[y, ul= [ fo(t, (M y)(¢), u(t))dt, where y and u are related by the
G

equations (Ly)(t)=u(?), teG (a.e.) (and the usual constraint relations (My)(t)e
A(@t), u(t)eU(t, (My)(1)), teG (a.e.) are satisfied). The lower semicontinuity
theorems of the present section then apply to these problems.

Added in proof: By consistent use of the method and results of the present
paper, and under suitable conditions of geometric character, we have further
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reduced, -or eliminated, the requirements concerning property (@) in closure,
lower closure, and semicontinuity theorems, in this paper: cf. L. CESARI, Lower
semicontinuity and lower closure theorems without seminormality conditions.
Annali Matem. pura appl. 98, 1974, 381-397.

This research was partially supported by AFOSR Research Project 71-2122 at the University
of Michigan.
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