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0. Imtroduction

Some time ago Nakaoka [N] determined the additive structure of H*( X, F,).
Around the same time, the ring structure of H*(X,, F,) was calculated and it was
assumed that the same type of simple multiplicative relations would appear for
n> 4. Since then, most work has concentrated on the embedding £, =, X, using
the polynomial ring structure of H*(X _, F,). In particular, most of the recent work
in [H] was explicitly or implicitly described in [M~M] more than a decade ago,
and provides no new information on the multiplicative structure of the mod 2
cohomology of finite symmetric groups.

In this paper we use invariant theory to detect unexpected multiplicative
relations in H*(Z,, F,). The complicated nature of the numerical evidence which
we present explains the absence of complete calculations for n = 16. The rings of
invariants which we study are at the core of any computation of H*(Z,, F,). They
build up sucessively, yielding relations rich in symmetry but of a highly convoluted
type.

The following problem lies at the heart of all this. Let P, be a polynomial ring

over F on n variables, and let P, ; = ®P.. Then Z acts by permuting blocks of
generators.

Problem. Determine (P, ;).

The fundamental theorem of Galois theory states that for n =1, any k, this is
a polynomial ring. Our results show that this breaks down even for n = 2 and that
things get quite complicated quickly. For n=2 and k =2 we exhibit a quadratic
relation, which yields the first relation of this sort in the cohomology of the
symmetric groups. Concretely, we have

Theorem 3.2.
H%Xg) = P[0,,0,,03,C3,04,dg,d7](xs)/{R )

where dego; =i, degcy =3, degd; =i, degxs =35, and R is the following set of
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relations:

deo1 =deoa =0

d70’1 = d70’2 = d70‘3 = d7C3 = d7X5 =0

X503 + 36401 =0

ci(63+ 6102) +01x5=0

x%+ xs502¢3 + deo? + 04c2=0. [J

This is a formal description as a ring. However, the explicit generators are

described in Sect. 1 as duals to certain monomials in the Dyer-Lashof algebra
H (X, F)= H,(Q(5%,F,), where Q(S°) denotes the infinite loop space
NR*X*(5°. An alternative algebraic description is also supplied. We compute
(P3.3)® similarly, and use this to obtain H¥(Z12, F2):

Theorem 3.5.
H*Z ;)= Pl04,03,03,¢3,04,05,06,dg,d7, dg] (X5, X7, Xg)/{RD
where dega; =i, degc, = 3, degd; =i, deg x; =i and R is the set of relations

x3 + 6ax} + 6204x8 + (56C3 + 6204¢3)Xs + 63 + ¢ + d304de + 660245,

x3 + dex? + cadex7 + (doo2 + c3de02)xs + d263 + c304ds + dscios,

xsx7 + 02x% + [03 + 04]xs + 03c3xs + 03de + 02d604 + 06C3 + 06ds + 0204c3,
Xs5X8 + cax§ + [C% +de]x7+ c§0'2X5 + 0304 + c304ds + dgo'% + doos + C3d50'%,
x3 + c302x3 + x7x8 + €303Xs + 6205%7 + (63ds + 0ac3)xs + 03do + c306 + g6ds,
dg0,dg03,dg0s,

d763,d7Xs, 870 1C3,d7(X7 + 04C3),d7(05 + 0401),d5(0¢ + 0,40), d+(x5 + d6a),
dA(dy + decs),

X101 + X5(0162 + 63) + ¢3(0203 + 6301 + 6104 + 05),

X403+ X5(05s + 0104) +3(0,06 + 630, + 0,10,0,),

X405 + X500 + C3(0304 + 0,0,0¢),

xg0; +dgl03 +0,0),

xg03 +de(os + 0,0),

Xg0s +dgo,06. [

For completeness we also indicate H*(X,), H*(X,,) in 3.1 and 3.4.

These rings of invariants represent the image of the restriction map in the
cohomology of certain elementary abelian subgroups, which detect the
multiplicative relations. For n=2 and k =4,5,6 we have numerical data which
indicates a highly non-trivial ring structure for H*(Z' 4, F,) and beyond. We hope
to recognize general patterns which will enable us to extend our computations. It
is well known that the mod 2 cohomology of the symmetric groups is detected
on elementary abelian subgroups, and the additive structure can be determined
from this. Generators appearing at a finite stage will exist stably, but the precise

multiplicative relations among them change at each level, as the lattice of detecting
subgroups becomes larger and more complicated.
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Let G be a finite group, then there is a canonical embedding G <, S5, induced
by the regular representation. If H = G, we have a commutative diagram

reg
G SIGI
j 4
1G:H|
reg .
H (S[HI)IG.Hi

Indeed, we can write G = Hg, WHg,u---UH 9.1 Where the g, are representatives
for the right cosets of H in G. Then, for ge H, acting from the left on G, we clearly
have the asserted diagram. These maps give us canonical characteristic classes for
group cohomology. For example, if G = (Z/2)", then im reg* = H*((Z/2)", F ,)¢tF2
the Dickson algebra. Note that N 5 (1€8(G)) = AutG, in particular im
reg* = H*(G)°"®. This may partly explain why the Dickson algebra plays such
an important role. Also note that from the above it follows that im reg* is a large
portion of the non-nilpotent part of H*(G, F,).

On the other hand, given any embedding G <, X, we know from a result due
to Evens [E] that under the induced map i*: H*(X,) > H*(G), the cohomology of
G is a finitely generated H*(Z,)-module. Hence the cohomology rings of the finite
symmetric groups carry universal relations which will affect the cohomology of
their subgroups. The situation is a lot more delicate than that induced by the
embeddings G = S, or G <, U(n), as the cohomology of these larger groups are
free abelian algebras: tensor products of polynomial algebras on even dimensional
generators and exterior algebras on odd ones at odd primes, while for Z,/2
coefficients H*(X ) is a polynomial ring on generators dual to the generators of
the Dyer—Lashof algebra [M--M]. We are currently analyzing the general pattern
for all symmetric groups, which, if understood, would provide insight into the
cohomological behaviour of arbitrary finite groups.

Calculating the cohomology of a simple group is especially hard, as one cannot
make use of the Lyndon-Hochschild—Serre spectral sequence. In Sect. 4 we use
our resuits on the symmetric groups to give an explicit method for determining
the additive structure of H*(A4,, F,), any n. We also describe the mod 2 cohomology
rings of Ag, Ao, and A, ,, which have been of interest to algebraists.

Corollary 4.5,
H*(Ag) = P[0;, 3,63, 04, dg, e, d7, 71 (x5)/ (RD

where dego, =i, degcy =3, degd; =i, dege; =i, degx; =5, and R is the following
set of relations:

deo3 =0,ded; + dge, + ege; =0,d2 + dgeg + €2 =0,

dy0,=d,03=dsc3 =d;x5=0,dgd; + dqes + ege; =0,d% + dqe; + €2 =0,

es0;=0

€0, =0,03=€:C3=e;Xs=10

xs03=0,c30,=0

x2 4 %5050y +(dg + €6)02 + 0,ct =0. [0
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Tezuka and Yagita [T-Y] caiculated the mod 2 cohomology of GL(F,). Using
the classical isomorphism Ag= GL,(F,) we obtain a much cleaner and precise
description, correcting some imprecisions. We obtain our result using H*(Z, F,)
and a short exact sequence in cohomology which exists in the index two situation.
We use the same method to determine the cohomology of 4,4, 4,,-

We would like to point out that our calculations were motivated by specific
questions in topology. We required precise understanding of H*(Z,, F,) as rings
and modules over the Steenrod algebra (which we obtain in all the examples
mentioned previously) in order to analyze certain double covers f?,, which serve
as finite models for a classifying space which, among other things, serves to detect
the Kirby-Siebenmann characteristic class of 4-dimensional manifolds (see [M1]
for more on this). We hope to elaborate on these applications in a separate paper.

It is also interesting to note that the smaller alternating and symmetric groups
are intimately involved in the structure of many sporadic and Lie type simple
groups. For example, there is a subgroup of the form (Z/2)* x ;44 in the Mathieu
group M,,, with odd index, and the stability conditions to determine the exact
image of the restriction map in mod 2 cohomology can be described explicitly (see
[AMM], Sect. 3). Also (Z/2)* x pA4, is a subgroup of odd index in M3, so a similar
analysis can be made. The double cover of A4, Ag is a subgroup of McL, and
shares the same 2-Sylow subgroup with M ,,. Finally we note that Ao < Ly, again
with odd index. It seems likely that combining the approach described in [AMM]
with the results in this paper, one can obtain substantial information about the
cohomology of the groups mentioned above.

The organization of the paper is as follows: in Sect. | we briefly describe the
determination of the additive structure of H*(X,, F,); in Sect. 2 we explain the
invariant theory necessary to detect multiplicative relations; in Sect. 3 we calculate
H%X,,F,), n=6,8,10,12 as rings and modules over A(2); and in Sect. 4 we apply
these results to find the cohomology of the alternating groups.

We would like to thank Ronnie Lee for stimulating our interest in the
cohomology of simple groups, and Stewart Priddy for helpful comments.
Throughout this paper F,-coefficients will be used, so we drop them from our
notation.

1. The homology of X,

In this section we will briefly outline how H,(Z,) can be computed using infinite
loop spaces. The original calculation of H (Z,) is due to Nakaoka [N], but we
choose to follow the approach due to Milgram [M], Barratt-Priddy [B-P] and
Quillen [Q] which yields the homology of the symmetric groups as a corollary of
fundamental results in homotopy theory. The reason is that this point of view is
more conceptual and will serve as background for a sequel, where we discuss
topological consequences of our calculations.

If X is a space with basepoint, the natural inclusions 275"(X)—» Q2"*15"*1(X)
on passing to the limit define the space Q(X)= lim Q"SY(X). Q(X) depends

functorially on X and n{Q(X)) = n{(X), the i-th stable homotopy group of X. Let
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C(8°) = || BZX,, the disjoint union, with BX, as base point *. The usual inclusions
nz0

L, xX,»Z% . . induce maps BX, x BX, »BX,  which together with * make

C(S°) into an associative H-space with unit (in fact, a unitary monoid). Now Q(S5°)

has a “loop sum product”, which is given as the limit of the 2"~ }(%)}: £2"S" x 2"S" —

02"S" where 028" x Q8"—>Q28" is the loop sum. We have the following

fundamental result

Theorem 1.1 (Dyer—Lashof). Q(S°) is the group completion of C(S°) and hence

H(Q(5°) = < lim H *(2,.)) ®F,[Z]. O
Although the language was different, this result first appeared in the original
1960 preprint of [D-L]. Later it was independently rediscovered by Barratt—Priddy
and Quillen. This is an isomorphism compatible with the two ring structures
induced by the products on either side. Furthermore, the proof of this result shows
how to distill H (Z,) from the above. First we describe H,(Q(S°)) under loop sum.

Theorem 1.2. Under the operation  induced by loop sum,
H(Q(8)) = P[Q,1®Z/2[Z]

where I=(i,...,i,) is a sequence of integers with 0<i, Li,£--Zi, and
degQ; =i, +2i,+---+2""Y, O

For readers acquainted with Dyer-Lashof operations, we point out that
0,=0,0;,--0; [1]. Note also that using the loop product we can discard the
classes with i, =0, as Q4. . =@, . *Q, . (aloop square). We refer to
[M-M], pg. 137 for details. Note that 1.2 implies that H¥X )~ P[Q,], a
polynomial algebra on an infinite set of generators; the same is true of the
cohomology ring H*(X ). The map induced in homology by the inclusion
X, X is injective, and its image ie explicit, hence allowing us to compute
H*(Z,). Partition m as m=2" 422+ ...+ 2 with0<j, <j,<--<j, then a
homology basis for H,(X,) is given by elements

Q1,*Qp,*- %0y,

where 0 < length (I,) £ j,, the I, have the same form as in 1.2, and (j,,...,j,) range
over all r-tuples giving a partition of m as described above.

For our cohomology calculations it will be necessary to describe how some
of these classes come from detecting subgroups in X, Inductively define V', = (Z/2)"
by Vi=2,and V,=Z/2x V,_,cZ/2x X,,_, ©Z[2)Z,.., < X, Then, under
this inclusion, the image of H (V) is contained in the vector space spanned by
the elements Q,, I = (i,...,i,) where 0 £i, £ --- £i,. The groups V', are conjugate
to the groups V, defined in Sect.2 and they will play a central role in our
cohomology calculations. For later use we note that the dual classes QFe H*(Z,.,),
where i, = 1, will restrict to generators of the image in H*(V,) (and H*(V})), the
so-called Dickson invariants. In our calculations only the first few Dickson classes
will appear; we denote them as follows: ¢; =(Qo 1)* ¢3=(Q; 1)* ds=(0p.0.1)%

dﬁ = (Qo,m)*, d7 = (Q1,1,1)*'
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If m is not a power of two, we proceed as follows. Let m = 2" 4+ 2"2 4 ... 4 2"
0<n, <n, <--- <n be the dyadic expansion of m. Then the map induced by the
natural inclusion

H*(Ezﬂl X eer X Eznk)—')H*(Zm)

is surjective (and injective in cohomology). Now given an inclusion
i:X, x X, X, itis clear from the definitions that i (0, ® Q) = 0,*Q,. Taking
the products of the classes originating in various detecting subgroups, we can keep
track of the necessary information. This will be applied to compute the cohomology
of Xy, Xy, 2o and Xy, in Sect. 3.

Finally we point out how the symmetric classes can be described in terms of
the Q,. If m =2k, then ix(Z,) =, %, and i (@, ®---®Q,)=Q,*---*Q,. Hence
*((Qy*---#Q,)*) = 0, the k-th symmetric class and similarly *((Q,*1---*1)*) =0,
*(Q,*Q *1%-.-x1)*)=g,, etc. Note that some of the Dickson and symmetric
generators are identified: ¢, with ¢,, o, with d,. We use symmetric generators
whenever possible.

2. Invariant theory

As we saw in Sect. 1, the additive structure of H*(Z,) has been completely
understood for over 20 years. At that time the ring structure of H*(X,) was
determined to be the following:

H*Z,)= Ploy,0,,¢3]/{0,c3=0).

It was assumed that the same type of simple relation would hold for symmetric
groups of higher degree. In this section we will use invariant theory to show
otherwise. In fact we will exhibit numerical evidence that indicates the presence
of very complicated relations, rich with symmetry, that build up successively. We
will use these to give complete descriptions of the rings H*(X,) for n=6,8, 10,12
in Sect. 3.

Let j:V,=(Z/2)" :L,Z/2$~-SZ/2 < X,. denote tnhe embedding where we
consider £,. as the automorphism group of the set (9Z/2 and V, as the set of

translations. Its normalizer is the group of affine tlransformations, Aff, (Z/2).
Therefore N(V,)/V, = GL,(Z/2) and we have that in fact imj* = H*(V,)L"2/2) the
ring of invariants (see [M~M]). For n = 2, we obtain that imj* = P[x,, x,] degx, = 2,
degx, =3.

For n =4k, we have a natural inclusion

(V) = (Z) < 2,

x B
In cohomology, the image of i* lies in (@P[xo,xl]) , where X, acts by
i=1

permuting the polynomial generators. We will now analyze this ring of invariants,
which later on we will see is the homomorphic image of H*(X,).
We start with the case k= 2:
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Theorem 2.1. The Poincaré series of (P[x¢,%x,;]® P[xq,x,])* is

1+4¢°
(1 — 31— 3)(1 — (1 —t°)

Proof. As we are taking two-fold symmetric tensors, there are two types of
invariants, x® y+ y®x and x®x. The latter are counted by the Poincarée

. 1 .
series ———————. Consequently, the former are counted by the series

(1—-1t%(1 —1°)

P,t)=

1 1
1/2 — and doing an easy manipulation we obtain:
/ [(1—t2)2(1—r3)2 (1~r4)(1—~t6)] Bancasymanp

1 1 g 1
P,y = Eli((l _ t2)(1 - t3)) + (1- t4)(1 - tG)]

“limms)izaas  craea)
T2\ =1 =-)N\A =) =13 A+ )1 +17)

_1( 1 )( 2+ 2 )
2\ =31 =)\ - (1 —15)

_ 1+¢°
(1 =31 =) —tH(1 — %)
Examining this series, we deduce the existence of a five-dimensional class, which

satisfies a quadratic relation. This is the first indication of the occurrence of relations
which are not of the form seen before, the products of two generators being zero.

Theorem 2.2.

O

Pldyy,doz,dy1,d22](x5)
P[x,, x Plxo,x, )2 =
(PLxo,x11@ Plx, x1]) (X2 + Xsdoydy g + dyod3, +doyd?, =0

where
do1 =xo®1+1®xp, di; =% @1 +1®x,
doy =X ®Xg, dy2 =% @,
X5 =Xo®@x; +%; & X,.

Proof. The elements dy,,d,,,d, ;,d,, are independent, generating a subpolynomial
algebra. Verifying the relation, we conclude that together with x they generate a
subalgebra with the same Poincaré series as (P[xo,x;1® P[xo,x,1)% [

The relation in 2.2 will pull back to H*(Z), as will be shown in Sect. 3.
Next we analyze the case k=3, denote P;=(P[xo,%;]® P[xq,x,]®
Plxo, x;1)%.

Theorem 2.3. The Poincaré series for P, is
1+t5+t7+t8+t10+t15
(=31 = )1 ~ (1 = (1 = %)

Pyt)=
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Proof. Denote
abc =(1/(1 — t¥)(1 —t3)—1)3

a’b=(1/(1 = )1 = 1) = DU/ - )1~ )~ 1)
2> =(1/1 - t)(1 -1}~ 1)
The letters denote the type of products they represent. Let
e3 =a’ « cubes
e,, =a*b — e« products of type a®h which are not cubes
ey, =abc — 3e, , — e; «— products of type abc not of two other types.

As we are taking symmetric invariants, the formula for the desired Poincaré
series is

P3(t)=%9111 +e,, +es+(1/(1 - ) (1 —1%)

The term on the extreme right records the 3-fold symmetrization of the generators
of P[xg,x,]

Using macsyma*, this simplifies to the asserted Poincaré series. [

As before, we use the numerator to deduce the relations. Let S(u; ® u, ®@ us)
denote symmetrization.

Theorem 2.4.
Py Pldyy,dyz,do3,d11,d53,d33, X5, X5, Xg]/CRD
where
do; =S(xo®1®1), do;=Sxo®x,® 1, do3=Xx®x,® X
di; =5x;®1®1), dyp=5(x;8x,®1), d3y3=x,8x,8x,
X5 =8(xo®@x,®1), Xx7=58xo@x,®x,), Xg=38(xo®x,; ®x;)
Relations:

x2 4+ doyx2 +dgadgxg + (doady | + doadordy1)xs

+d3,d}, +d3dyadoy +dosdorda; (1)
X3+ dy;x3 +dyady 1 X7 +(dyadoy + daady1doy)Xs
+d3,d%, +d}doad;; + dysdyydo; ¥l
X5Xq + doyx2 + [d3, +dg,)xg + dd dy x5+ d3 dy,
+doydyydos + dosd], +dozdy; +doydoadi, G
xsxg +dy1 %3 + [dF, + da; )%, + d}ydosxs + d}ydo;
+dy doydys + dsydy, +dyadoy +dy1dspdg, “
X3 4 dy dgyx2 + x7xg +dy 1 d% xg + doydE X4
+(d2,dyy + doyd? x5 + d3 dyy + d} dos + doadss. %)

* macsyma is a symbolic manipulation program developed at MIT and distributed by symbolics
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Proof. The elements d;;,i=0,1, j=1,2,3 are algebraically independent, and
generate a polynomial subalgebra. We examine the numerator of the Poincaré
series for Py

P25 +67 68 4+ 19 4125,

The quintic term must come from x;=S8(x,®x,®1) and similarly x,=
S(xo®xo®x,), xg = S(xo® x; @ x,) account for ¢7,¢. Likewise x2 explains the
occurrence of t'°. (One checks that x5 does not satisfy a quadratic equation).

There must be relations involving x3, x2, x2, x5x, and xsxg. Finding the exact
relation is a rather tedious task, which involves taking all possible products of the
right dimension involving X, x,, xg, x2 and expressing their spill over in terms
of the d;;. Knowing the exact formulas, their verification is a lengthy but straight
forward calculation, which we leave as a horrible exercise to the reader. Note that
relation (2) is obtained from (1) by exchanging x, and x,; likewise we get (4) from
(3) in this manner. Relation (5) is invariant under this exchange.

To complete the proof we just compare Poincaré series. [

For the cases k = 4, 5,6 we do not have the algebra structure, only the Poincaré
series. These can be obtained in a combinatorial way extending the methods used
in 2.3; we used macsyma to perform the simplifications. As the denominators of
these series are clear, we only give the numerators:

Theorem 2.5. The invariant algebras P,, Ps, Pg have the following polynomials as
numerators of their Poincaré series.
N4(t) = t30 + t25 + t23 + t22 + t21 + 2t20 + t19 + tlS + t17 + t16 + 2t15 + t14 + t13
2t 20 P B T+ 5+ 1 1)
Ny =130+ 4143 + 142 4141 4 2090 4 263% 4 2038 4 2637 - 3136 4 3135 4 3134
+3633 + 4632 + 483! 4 4630 4 5629 + 5628 + 5627 4 5t%6 4 6125 4 5624 + 5123
+ 5022+ 5670 + 4020 + 407% + 4¢84 3017 4 3010 4 3¢5 4 3¢24 4 2413 4 2112
+2M 2224+ 4 @
Ng@) =175+ 170 4 58 4 157 4 156 4 2455 4 2¢5% + 253 + 3162 4+ 4161 4 410 4 5¢5°
+ 56%8 + 667 + 776 + 835 + 10654 + 10653 4 1152 + 13651 4 14¢%0 4 15¢4°
+ 176%8 + 186%7 + 19126 4 2063 4 216%* 4 22643 4 23142 4 23141 4 24140
+2363% + 2438 4 24637 + 23635 + 2483% + 23634 4 23633 4 22032 4 21131
+ 20630 + 196%° + 18128 + 17627 + 1562 + 1425 + 13¢4 4 11123 + 1022
+ 1062 + 8620 + 761 + 6818 + 5617 + 5616 4 4etS 4 4e14 4 313 4 2p12
+2M 4200 4 P+ B+ 5+ 1 3)
These polynomials satisfy two unexpected conditions: (i) if n = deg N(t), then
the coefficient of t"~* is the same as the coefficient of t*, and (ii) Ny(1) = i!.
Let P[x,,...,x,] be a polynomial algebra which has a X, action defined by
permuting the n generators. A fundamental result in Galois Theory is that the

ring of invariants of this action is also a polynomial ring, on the symmetric
generators ¢y, ...,0, We have shown that this resuit does not extend to invariants
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k 5
of the form (@P[xo, x1]> . As more variables are introduced, the complexity of
1

this ring of invariants increases and this will be reflected by interesting relations
in the cohomology of the symmetric groups.

3. H*(Z,), n=6,8,10,12

In this section we will combine the well-known additive structure of H (X} with
the invariant theory of Sect. 2 to obtain precise descriptions of the cohomology
rings H*(Z)) n = 6,8, 10, 12, as well as the action of the Steenrod algebra on them.
We start by describing H*(Z,):

Theorem 3.1.
H*(Zg) = Pl04,0,,03,¢31/<cs(03 + 6,0,) =0)
deg o, =i, degcy = 3 where
Sqto, = 0,0, +03+¢c3, Sq'c;=0, Sgicy;=0,c5
Sq'oy=(c3+03)0y, Sq°03=030,+ 30

Proof. From Sect.1, we see that H_(X,) has a basis given by elements
{0:x0;%0,,0, ,*Q,} where 1 £r<5,dimQ, ;=2s+r and Qo ,=Q,*0, We now
consider the sequence of inclusions

P T, x 2, L, %,
Using a basis dual to the one above, we have that if k= j-i,
k*(Q* 1+ )*) =0,
k*(Qy* @ x1)*) =0,
k*(Q1%Q:1%Q)*) =05

Using the symbol o¢; to denote the cohomology classes identified to symmetric
classes, the above implies that

Qi 1x D)) =0, 81+ 1®0,
J@y*Qi*x 1)) =0,Q0, + 0,81
J¥(2:1%Q2:*Q)Y) =0, ®0;.

Note that the 3-dimensional generator c; in H*(X,) restricts to zero. As
jx(@1:®1)=Q;,*1, we conclude that j*(Q;;*1*) =0, ®1=c;®1

The clements 6, ® 1+ 1®o0,, 6, R0, +06,®1 and 0, ® o, are independent,
as they map to the symmetric generators under i*. Recalling thatin H*(Z,), c;0, =0
is the only relation, we obtain a unique relation in the subalgebra generated by
the above elements together with ¢,® 1:

c;@D6,®0 )+ (6, @1 +1®0) o, ®0, +0,®1)]=0.

Hence observing that j* is a monomorphism and that this subalgebra has the



Symmetric invariants and cohomology of groups 401

same Poincaré series as H*(X¢) (whichis 1 4+ x3/(1 — x)(1 — x)(1 — x*)) we conclude
H¥ZXg) = Plo4,06,,03,¢31/{c5(05 + 6,0,) =0).

Here we identify 0, ®1+1®0,—0y, 6,0, +0,®1>0,, 6,00,—0,,
c;®1—=cj.

For the action of the Steenrod algebra, we apply the Sq° in H*(X,)® H*(X,)
and use the relations there:

8q'0,=8¢"'i*(6,®1 +06,®0,)=i*Sq'0,® 1 + ol®0, + 0, ®Gf)
=i*c;®1+0,0,®1 +02®0, +0,R07)
=i*(0,®1+ 180 )0, R0, +0,@1)+ 0,80, +c;®1)
=0,0,+03+¢;

Sq'cy=8q'i*(c; ®1) =*(Sq'(c; ®1)) =0

SqPc; =i*(Sq*(c; ® 1)) = i*(0,C3 ® 1) = g,¢4

Sq'cy=5Sq'i*(o,®0,)=i*(Sq'0,R 0, + 0, 0?%)

=i*c3;®0,+6,0,00, +0,R02)
=(c3 + 03)0,

Sq%cy =i*(Sq*0,®0, +5¢'0,®85q'c,) =i*(0:®0,+ 3R> +0,0,R03)
=i*(0,®0)(0,®140,®0)+(; @6, ®1+1®0,)%)
=030, +Cy02. [

Next we consider Xg:

Theorem 3.2.
H*(Zg) = P[04,0,,03,¢3,04,ds,d7](x5)/<R)

where dego; =i, degcy; =3, degd, =i, degx; =5, and R is the following set of
relations:
d50'1 = d603 = 0

d,0,=d0,=d.03 =dyc3=dx5=0
X503 + 3040, =0
c3(03+06,0,)+0,x5=0

x2 4 x50,03 +dg03 + ,c3=0.

The following table describe the action of the Steenrod algebra:

03 03 C3
Sq' 60,403+, a,(cs +03) 0
2 2 2
Sq o3 €40, +0,0,+0,0, 01¢3+Xs

Sq? 0 o} i
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04 Xs d d;
Sq* X5+ 0,0, 01X d, 0
§q? 6,04+ dg + X0, 0yXs 6,d 0
Sq®  di+c30,+ 0304+ 0% (c3 +63)xs ¢ydg 0
Sq* ol 0,%5 + c3(dg + 01%5) 04d, 04d,
Sq° 0 x2 xsdg +04d; O
Sq° 0 0 & ded,

Proof. We will make use of the following inclusions

(Z) =, x 2,1 X,

Pl

V, xV, Vs
Recalling facts from Sect. 1, we see that H,(Z'5) has a basis given by the elements
Qiin dimi+ 2j + 4k, 0gigj<k
Q,;40,%0, dimi+2j+r+s, 05igj
0.+, dimi+r+2(j+s), 05i<], 0<r<s

Qi%Q;+Qy*Q, dimi+j+k+s
with relations Q, ;, = Q; ,*Q;,, @, = Qi * Q). As before we know the cohomology
classes which map to the symmetric generators in H*((X;)*), and what classes they
represent in H*(X,)® H*(Z,) under j*:
o) =j*(Q:*1*1x1)") =0, Q@1 + 1®0,
J¥0)=j*(Q,*Q1* 1x)*)=0,®1 + 0, R0, + 1 ®a,
j*03)=j*(Q2,%Q,*Q,*1)*)=0,®0, + 0,0,
o) =j*(Q2,#Q:*Q,*Q)") =0,®0,.
We also have that
@11 ®Q1%)=0, %@, *1
Jn@,,,®0,2Q)=0,,*Q,+Q,
Jx(@11®01,1)=01,*0,,
Hence in cohomology we deduce, that
j*((Qx,l*Ql* D¥*)=c;®0,+0,@c;
j*(xs)=j*((Q1,1*Q1*Q1)*)=03 ®o,+0,®¢;
J*de) =j*(Q, %0, V) =c3®c5.
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We also have j*(c3) = j*(@, ,*1)*) = c; ® 1 + 1 ®¢; and j*(d,) = j*(Q, , )% =0.
Note that we have renamed our cohomology generators in such a way as to keep
track of the symmetric generators (s;) and the symmetrization of the three
dimensional generator of H¥*(X,), c;.

To determine one of the multiplicative relations we use Theorem 2.2 and the
fact that g*j* is clearly onto the invariants previously calculated; in fact we have
(j@)*(o3) = doy, (j@*(c3)=dy1, (jg)*(04) =dos, (j@)*(dg) = dy 1, (J@)*(xs) = x5, and
the other generators map to 0. From 2.2 we pull back the relation to obtain
J¥(x2 4+ x50,¢5 +dg02 + a,c2) =0. We now make use of the fact that im(/*) is well
known [M—-M] to be a polynomial algebra on the Dickson invariants D,, D¢, D,
(deg D,=i). Furthermore it is known that [*(Q,*Q,*Q,*Q,)*) =[*(0,)=D,,
P*(Q,1%Q1,10)%) = I*(dg) = D¢, I*(Q,,,,,)*) =1*(d;) =D, and all other generators
map to 0.

It was also proved in [M-M] that V, and X, x X, are detecting subgroups
for Zg In other words, H*(Xg) is isomorphic to the subalgebra of
H*Z, x Z,)® H*(V,) generated by

o0 @1 +1R®0,,0)
GZH(02®1 +01 ®0'1 + 1@(72,0)
036, Q 0, +0,80,,0)
0440, ®06,,D,)

33 P14+ 1®c3,0)

xs+Hc3 @0, + 0, ®¢3,0)

dg(c3 ® 3, D)

d.+~0,D-).

The relations
deo,=deoy=d,0,=d,6;=d,0,=dc3=dx5=0
follow immediately from this, as does the last relation (using 2.2). Now, under this
correspondence
X503+ 30403 @0, +0,R¢3)(0, R0, + 0, ®7,),0)
+({(3®1+1®c3)0,80,)0,®1+1®0a,),0)
=(30,®0,0, + 0,0, ®C36,,0)+ (€30, R 0,0, + 6,6, ®¢30,,0)
=(0,0)
c3(03+0,03) +0,x5-((c3 @1 + 1@ ¢3)[(0, @0, + 6, ®0,)
+(0,®1+1®0)(0,81+0,®0,+1®07,)],0)
+(0,®1+1®0 )3 ®0,+0,8¢3),0)
=(c30,80,+0, 830, +¢36,P0,
+c380,0,+ 0,830, + 06,0, ®¢,,0)
+(c3®0,0, +0,0,®c3,0)=(0,0).
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The fact that this is a complete description of H*(X) follows from checking its
Poincaré series (which is known from the results in Sect. 1) or by observing that
any other relation would be detected on (X,)*, V, x V, or V.

To obtain the action of the Steenrod algebra, we work in im(j* @ [*) and use
our knowledge about the operations in H*(X,)® H*(X,) and H*(V;). We leave
the details to the reader. [

Corollary 3.3. The Poincaré series of Xy is
P, (1)
4 3 43004 3 A M A 30+ 3 0 + 207+ 1
(7 — 1)t — 1) — 1)t — D(E2 + 1) )

O

From this, a relatively direct calculation gives the cohomology of X . Indeed,
going from X,; to Z,;, , only has the effect of removing relations involving ¢,. In
general, the relations in a finite symmetric group do not occur stably, but appear
at the finite stage because the detecting subgroups are not yet large enough. For
2, we have:

Theorem 3.4.
H*(Z )= P[0,0,,03,04,05,C3,Xs5,dg,d;]/(RD

where R is the set of relations
6,d,,04d5, c3dy, x5d4
(05+0,0,)d4,(03 +0,0)de, (05 + 0,04)ds
x2+0,03%x5+ c30, + 02ds
(63 +6,6,)xs + €3(05 + 6,04 + 6,03 + 7,02)
(05 +0,04)x5 +c3(03+0,05)0,. O
Next we prove
Theorem 3.5.
H*(Z ;)= P[0,,0,,03,C3,04,05,06,d6,d7,dg (X5, X, Xg)/<R )
where dego, =i, degc; =3, degd, =1, degx, =i and R is the set of relations
X2 + G4X2 + 0,0,Xg +(06C3 + 0,04C3)Xs + 05 + €2+ 030,ds + 660,ds,
X2 +dex? + c3dgx, + (do0, + C3d60,)x s + d20% + co,4dg + doc30,
XsXq 4+ 03%2 + [02 + 0,]xs + 033X s + 03dg + 6,d60, + 66C5 + 0gds + 0,0,4¢3,
xsxg + C3x2 + [} + dglx; + 20,%5 + €304 + €30,dg + doo? + dgay + c3dgo3,
X2+ €30,X2 + XqXg + C303%g + 0,63%7 + (03ds + 0463)X5 + 03do + c306 + 06ds,
dy04,d503,dg0
d103,d+X5,d50,C3,d7(X7 + 04C3),d7{(05 + 0,46,),d5(06 + 0406,),d7(x5 + d60>),
d(dg + dec3),
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X161 + X5(0,0, + 03) + ¢3(0,05 + 630, + 6,04 + 65),
X703 + X5(05 + 0,6,) + ¢5(0,0¢ + 010, + 6,0,6,),
X405+ X50,0¢ + C3(030¢ + 6,020¢),

x50, +de(03 + 0,0,),

X503 +dglos +010,),

Xg0s+ dgo 0.

The action on the Steenrod algebra on H*(X,,) is determined by the following
values:

Sq*c,=0,0,+05+cC3,

Sq'c; =0,8q%c; = 6,¢5 + X5,

Sq*63 =307 + 0,05+ 0,04+ 05,

Sq 0, =X5+ 0,04+ 05,59%0, = 0,0, + 0+ dg + (03 + 6,0,),
8q%65=dgo, + x502 + c3(0,05 + 036,) + 6,65 + 7,0,

Sq*05 =302 + 0,05+ 0,X503 + 0304 + 30,0503+ C30,05,
Sq*xs =0,xs,

Sq'os=x,+ 0,04, 5¢%0¢ = Xg + X0, + 0,0,

Sq*05=0,06+ X103+ dgo3 + X3 + X50,¢3 + €30, + ¢3X7 + 30,06,
Sq'ds =d;,Sq*dg = x5 + 02ds,

Sq*ds =040+ X50,03 + de0% + 0463 + X% + X463 + x50,

Sq'd; =Sq*d, =0,8q%d, = 6,d,, Sqd; = dgds,

Sq'xg =dg+ 0,d; + 03dg + 6,6,dg,Sq*xg = xg(04 + €30,)
Sqdy =d,cs, Sq*dg = 6,dg, Sq®dy = dyx1c4 + Xgds.

Proof. From Sect. 1, we see that H (ZX,) has a basis given by elements

Generators Dimensions Restrictions
Qiin* Qs i+r+2(j+s)+4k 0<igj=zk
: 0=r<s
Q%0 *Q, i+r+s+2j+4k 0<izj<k
0.;*0,.%Q,., i+r+t+2(j+s+u) 0ZiZj
0<r<s
0gtsu
0,40, .%0:*0, i+r+t+u+2(j+s) 05igj
0Zrs&s

Q,#0.*0*0,%Q, it+r+s+t+u+2i 0Kigj
0:%0;*0,*Q,*Q,*Q, i+j+r+s+t+u
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We make use of the following sequence of inclusions:

T xE X, x5, 3,

! 3
| I
V,x V,x ¥, (Z,)°
As before if we denote
o =(Qx1x1x1x1x1)* 6,=(0,*Q,;*1x1xl«1)*
03=(0,*0 %Q *1+1x1)* 04=(Q,*Q,*Q,*Q, *1x1)*
05=(01*01*Q:*Q:*Q*1)* 06=(0,*Q,%0,*0;+0,*Q)*
then under (kji)* they map to the symmetric generators (having the same name)
in H*((X,)%). Hence under k* we have

Ko,)=0,®1+1®0a,, k¥o;)=0,01+0,R0;+1®0,
{k*(a3)=a3®1+62®01+a,®az, ko) =0,®81+0,R0,+0;®0; (3.5)
kK os5)=0,@06,+06,80, k¥os)=0,80,

We also have

kej)W(Q, ,R1@)=Q, *1+1x1x1
(koj)*(Ql,l ®Q1,1 ® 1)"_-"Ql,l’.‘Ql,l,"li'll
(ko )e(Q,,®Q, , ®0, )=0, ,*0, ,*Q, .

Denoting the duals of these homology classes by c;, dg, dy respectively, and
d; =(Q, , ,*1%1)* we have that

k*(c3)=c;® 1+ 1®cy
k*(dg)=ds®1+c1®c;
k*d;)=4d,®1
k*(ds)=de®c3

(3.6

Similarly,
(k°j)*(Q1.1®Q1*Q1 ®)=0Q,,%Q*Q *1x!
(ko j)o(@1 1 ®0,*0,®0,*Q,)=0,,%0,*Q,*0Q,*Q,
(ko) Q1,1 ®Q1,1®Q1*Q1)=Q1,1*Q1,1*Q1*Q1

Denoting the duals of these homology classes x5, X, Xg Tespectively, we have that

k*x7)=0,8c¢3+ x5®0, 3.7
k*(xg) =xs®c3 +ds®a,.

The image of k* is generated by the 13 classes we have listed; this follows from
the detecting subgroups. As k* is injective (note that X, and Xy x X, have the

{k‘(x5)=x5®1+02®03 +¢300,;+¢30,@0,



Symmetric invariants and cohomology of groups 407

same 2-Sylow subgroup) we conclude that H*(X, ,) is isomorphic to the subalgebra
of H¥(X¢ x X,) generated by the classes defined in (3.5), (3.6), (3.7).

To obtain the relations, we observe that there are three distinct types of
generators

Type I: 6,,6,,03,04,05,0¢
Type H: 6,,¢3,04,0¢,dg, X5, X7, Xg,dg
Type IIL: d,

The relations among the generators of type II are detected on (V,)>. The
relations obtained in the ring of invariants P; correspond to them, and using 2.4
we pull them back to H¥(Z,,), yielding the first block of relations. The other
relations come from products of generators of different type. They are mixed
products which vanish when restricted to the detecting subgroups. We leave the
verification of the relations to the reader. Note that they are consistent with the
relations recorded in the symmetric groups of lower degree, and that only the new
generators of type II produce new relations when multiplied with the odd
dimensional symmetric generators. The fact that these are a complete set of relations
follows by observing that any other relation must necessarily decompose into a
combination of those given.

Finally, the action of the Steenrod algebra is determined by working in
H*(Xg x X,) and using our knowledge of the action on H¥*(Zg)and H*(X,). [

4. The cohomology of alternating groups

An important class of simple groups whose cohomology has not been computed
are the alternating groups A4,. The absence of proper normal subgroups makes
the cohomology of simple groups particularly inaccessible, but in our situation
we can make good use of H*(X,). The following lemma in Quiilen—-Venkov [Q-V]
allows one to relate the cohomology of a group to that of an index 2 subgroup:

Lemma 4.1. Let veHom(G, Z/2) non-trivial, with H = kerv. Then there is a long
exact sequence

<o — H{(G) = H'* 1(G) — Hi+ Y H) - Hi* {(G) ~2s .-

Proof. (Compare [D-M, Appendix 17). The fibration Z/2 — By — By is the sphere
fibration of a line bundle. Consequently MC(p) = B;/By is the Thom space of the
line bundle with first Stiefel-Whitney class v. Now apply the Gysin sequence.
Transversality identifies

Bg/By— X By
with the transfer. This can also be proved algebraically using the short sequence
of G-modules
0-F,->F,[G/H]-F,—-0. O

We apply this lemma to the situation A4, < X,, with [X,:4,] =2. We know
HYX) = F,, generated by the symmetric class o,; hence
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Theorem 4.2. There is a short exact sequence of H¥(X,)-modules:

0 — H¥(Z,)/(6,) —> H*(4,) — Ann(s,) —0. [J

From the considerations in Sect. 1, it is not hard to see that the ideal
J,=Ann(o,) is generated by “pure” Dickson classes. These can be described as
follows: let n =27t + ... + 2J, where 1 £ j; < .- £j, (the case j; = 0 can be reduced
to this situation); the pure Dickson classes are those of the form (Q,, *---*Q, )*,
where 2 <length(I))=j, forall k=1,...,r and each I, =(1,...,1).

An immediate consequence of this is the following

Corollary 4.3. If n is congruent to 2 or 3 mod4, then the restriction map
H*(X,)— H*(A,) is onto, and
H%A) = HYZ)/oy). O
We remark that the results in Sect. 1 together with the preceding discussion
can be used to completely determine the additive structure of H*(4,), any n. The
ring structure is of course much harder, but we can recover the rings H*(A4),

H*(Ag), H*(A,,) and H*(A,,) in what follows.
From 3.1 and 4.3 we have:

Corollary 4.4,
H*(Ag) = P[03,03,¢3]/Cc305=0)
with
8q'c, =03 +c3, Sq'c; =0, S¢%cy = 6,¢3, Sq'0; =0, Sq%0; = 0;0,.
Proof. By 3.1, Ann(c,) =0, hence
H*(Ag) = HXZ¢)/(oy). O

Applying 4.2 to A4, we obtain the following

Corollary 4.5.
H*(Ag) = P[0, ¢3,03,04,dg, €6,d7, €71 (x5)/<RD

where dego; =i, degcy =3, degd, =i, dege, =i, degx, =5, and R is following set
of relations:

deo3 =0, ded;+dge, +ege;=0, d2+dgeg+e2=0,

d10,=d.03=dsc3=d;x5=0, ded;+d.ec+ece;=0, d2+dse;+e2=0,

es03 =0,

€10, =€,03 = 4¢3 = e4X5 =0,

X503 =0, c30,=0,

X2 + X50,¢5 + (dg + €6)02 + 642 =0.

The action of the Steenrod algebra on the generators different from eq, e, can be
read from 3.2 using the restriction map; jor e, e, the action is identical to that on
dg and d, substituting e, e, for dg, d, throughout.
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Proof. Using 3.2 and 4.2, we have a short exact sequence

0 — H¥Zg)/(01) = H*(Ag) = (de, d7) 0.
Here (d¢, d,) is the ideal generated by dg and d, in H*(Xg), and res is an isomorphism
until degree 6, where a new class e e H®(A,); similarly there is a new class e, e H'(A,),
and we have tr(eg) = dg, tr(e;) = d,. Note that tr (xy) = tr(x)-y for ye H¥(Z,)/(c,),
hence we need only adjoin eg, e, and their products with elements in im res to
obtain H*(A;). It only remains to determine the multiplicative relations involving
these two classes.

Let N ;. (V3), N 4,(V;) be the normalizers of V; in X3 and A, respectively. Then
(26N 4 (V3)] =2[A4:N 4(V3)] as there are twice as many conjugates of V,
obtained by using elements in X as those obtained by using only elements in Ag.
Hence there exists 1 & ge Xg/Aq such that ¥; and gV;g~* are not conjugate in Ag.
The classes eq, e, will be detected on gVg~'. For this note that N, (V)=
N 5, (V3) = Aff;(Z/2); similarly N ,,(gV39~')=N ,(V;). We have a diagram of
restriction maps

HYZg) ——  H*Ag) — H*(gVyg~ )02

*

7

H*( V3)GL3(F2’

The maps j* and /* are onto: as noted before their images will be subpolynomial
algebras generated by the Dickson invariants D,, D¢, D+ and E,, Eg, E, respectively.
The classes D,, E,, are identified with o, H*(A4) and we obtain dg, eg, d,, €, H*(4g)
with j*(d¢) = Ds, j*(d-) = D, I*(eg) = E¢, I*(e;) = E,.

The element ge X'3/Ag induces an involution on H*(Ag) with g*d; =e,, i=6, 7,
also note that res d;=d;+e. Now tr((e; +d)e)=tr((resd)e)=d; tre;=d?.
Therefore

tr(e? + (¢; +d)e)=0 and ed;eimres.
Using the restriction to V5 and gV;¢g ™%, it follows that
ed; =resd}
yielding the relation
e} +ed +d}=0.

The same procedure yields the relations

e6e7 + d587 + d6d7 = 0

6667 + d7eG + d6d7 = 0.

The other relations, involving e4, e, and the other generators, follow from the
corresponding relations for dg, d;. The remaining relations follow from applying
res to relations in H*(23). O
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The explicit calculation of H*(4g) is particularly interesting in light of the fact
that Ag = GL(F,). This isomorphism, due to Jordan and found in Dickson [D],
can be described by the following correspondence of generators:

1111 0101
(23)(12)—~ 000 ', (34)(12) 0010
1100 0100
0101 1 010
01t 11 /1010
@5)(12)— 0o 1T o1 (56)(12)— 0100
1 10 of 0010
0001 0101
(0010\ 01 11
67(12)— 0 10 1, (78)(12)+— 001 0.
1 000 0100
00 0 1 1110

A calculation for H*(GL,(F,)) was first attempted in [T-Y]; there was an error
which was corrected later. However, at best their approach led to a listing of
elements without giving any insight as to their significance or explicit multiplicative
relations.

Corollary 4.6. The Poincaré series for H "‘(GL4(15'2)) is
St 2 P BT 2+ 2 P+ 22—t 4
(7 =1~ (e =D~ D2+ 1) '
Using an analogous approach, we obtain
Corollary 4.7.

P@)= O

H¥(A,0)= P[0,,03,64,65,3,X5,d6]/{R)
where R is the set of relations

05d;, 03d4, 0304, X5d7,03d6,65d

x2 + 05035 + c2o, + 03ds

GsXs+ C30304,03Xs + Caf05s+0,03). [0

As for Ag, the action of the Steenrod algebra on the generators follows directly
from the description of H¥(X,).

Corollary 4.8.
H*(A,;)= P[03,03,€3,04, 05, 0¢,dg, 87, dg, €4, €10] (X5, X7, Xg)/ (R >

where dego, =1, degc, =3, degd; =i, degx;=1i, dege,=i and R is the set of
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relations

X2+ 04x2 + 6,0,%g +(06C3 + 0204C3)xs + 02 + ¢35 + 030,ds + 060,ds,

X2+ dex2 + cydex + ([eg + doloy + c3de02)xs + dio + c30,dg + [eg + dg]c30,,

X5X7 + 0,x2 + [02 + 04]xg + 02cyxs + 03dg + 0,60, + 06C3 + Tedg + 0,042,

Xsxg + C3x2 + [c3 + delx; + €20,X5 + €304 + €304dg + [€o + dg]o3 + [eg + dolo,
+ ¢3dg02,

x3 + ¢30,X2 + x;Xg + €302x5 + 0202%, + (03dg + 0,402)xs + 03 [es + dg] + CI06
+ ggleg + do],

doos, doos, €903, €905,

dy03, dqxs, €004 +dq(x+04c3), dq0s, di0g +0403), di(xg+deos),

do(eg + do) + dg(d-c3 + e10)s

X503+ C3(0,03 + 05), X703+ X505+ €30304, X705+ C3030,

deo3, X303 +dg0s, XgOs,

d2 +dges + €2, (dc3)? +dcae o+ €2,

dodqcy +dge g + egeig,  dodscs + dycaeg + 4e4.

The action on the Steenrod algebra on generators different from ey, e,o can be
obtained from 3.4 using the restriction map; for eq, €, the action is identical to that
on dg and d,c; doing the appropriate substitutions. []
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