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0 Introduction

Let X be a smooth, projective, geometrically irreducible surface over a perfect field
F. Throughout this paper, it will be assumed that the geometric genus p, and the
irregularity g of X both vanish. Denote the separable closure of F by F. Let
X=X ®yF be the surface obtained from X by base extension. It will also be
assumed that the group A4(X) of rational equivalence classes of zero cycles of
degree zero on X vanishes. This is a technical hypothesis which could presumably
be eliminated at the expense of working with Ker(44(X)— Ay(X)). For want of a
better name, and for ease in stating various results, any surface which satisfies these
three hypotheses will be called a pseudo-rational surface.

Bloch [2] has conjectured that the vanishing of 4,(X) should follow from the
assumption that p, = q=0. This was proven by Bloch, Kas, and Lieberman [5] for
all such surfaces which are not of general type; i.e., which have Kodaira dimension
less than 2. It has also been proven for particular surfaces of general type by Inose
and Mizukami [23], Barlow [1], and Keum [25]. Consequently, the class of
bseudo-rational surfaces includes: rational surfaces, Enriques surfaces, elliptic
surfaces with q=0, the classical Godeaux surface, Burniat-Inoue surfaces,
Campedelli surfaces, and the surfaces of Barlow and of Keum.

This paper will study A44(X) for pseudo-rational surfaces defined over fields of
number theoretic interest. Bloch [4] introduced K-theoretic techniques into the
study of zero cycles on rational surfaces. His work was extended [7, 12, 15, 27, 28,
32, 361 to achieve a thorough understanding of such cycles. Colliot-Théléne and
Raskind [10] developed this machinery further to study codimension two cycles
on any variety. The author [14] applied these techniques to Enriques surfaces.
Raskind [30] used them to study zero cycles on pseudo-rational surfaces. One of
ﬂ}e main results of this paper is a new proof of the following theorem of Ras-
kind [31].
xp o
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Theorem 0.1. Let X be a pseudo-rational surface over a non-archimedean local field
L with residue field F. Assume that X has very good reduction to a smooth projective
surface Y over F. Assume also that the characteristic of F is relatively prime to the
order of the torsion subgroup of NS(X). Then the specialization map on zero cycles
defines a natural isomorphism Ay(X)~ Ay(Y).

See Sect. 3 for a precise definition of “very good reduction.” Since Kato and
Saito [24] have computed the group of zero cycles for surfaces over a finite field
explicitly, the previous theorem gives a complete computation of the group of zero
cycles in the case of very good reduction. Raskind [30] was able to use the local
computation to get a finiteness result over number fields, under the restrictive
hypothesis that the Galois group acts trivially on the Néron-Severi group. The
proof of Theorem 0.1 given here actually produces a somewhat stronger local
result. Its statement is rather technical; see Corollary 3.8 for details. This stronger
result has the advantage that it can be used to obtain global results without any
restrictive hypotheses:

Theorem 0.2. Let X be a pseudo-rational surface over a number field. Then Ay(X)isa
finite group.

The techniques used here generalize those in [14]. Various complications arise
from the Galois action on the Néron-Severi group, but these are dealt with by
making the arguments of [14] more “coordinate-free.” An obvious question which
arises is: are Theorems 0.1 and 0.2 true more generally? In particular, are they true
for hyperelliptic surfaces with A4,(X) replaced by Ker(4,(X)— A4,(X))? Along these
lines, one should consult the work of Gros [19] on ruled surfaces.

The author has been informed that Colliot-Théléne and Raskind, after seeing
the results of this paper, have found another proof of Theorem 0.2. Their methods
apparently involve extending Raskind’s proof of Theorem 0.1 to the global case, in
a manner reminiscent of the finiteness results over global ficlds of positive
characteristic in [13].

Notations and Conventions

For any finitely generated abelian group 4, let A”=Hom(4,Q/Z) denote its
Pontrjagin dual. Given a prime number J, let A{l} denote the l-primary torsion
subgroup of A. If A4 is finite of exponent m, its Tate twists are defined by A(n)
=A®uS" If A is a profinite limit of abelian I-groups, its Tate twists are defined,
using the l-adlc Tate module Z(1)=1limpu;, to be A(n)=AR(Z, (1)®".

The term surface will, unless otherwise qualified, refer to a smooth, projective,
geometrically integral surface over a field F. If E/F is any extension field, then Xp
denotes the surface obtained by base extension, and E(X) denotes the field of
E-functions of the extended surface. The following combinations of K-groups will
be used throughout this paper:

Q(E)=K,(E(X))/K,(E),
R(E)=K(E(X))/HY(X g, A 5),
S(E)=Ker< I E©O*~ 1] )

xeXg
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Now assume that X is a surface over F. Let F be a separable closure of F, and let
X = X The numerical invariants of X which are of inmediate interest include: the
geometric genus, p, =dim; H*(X, 0g); the irregularity, g = dim Alb(X); the rank of
the Néron-Severi group, ¢ =rk(NS(X)); and the Betti numbers,

B;=dimg, H (X, Q)
for 1 different from the characteristic of F.

Definition. A surface X over a field F will be called pseudo-rational if
(l) P,=4= 0,

(i) CHo(X)=Z, and

(iii) o=B,.

Bloch [2] has conjectured that (i) implies (ii); this is known for many classes of
surfaces[1, 5, 23, 25]. In characteristic zero, Hodge theory can be used to show that
(i) implies (iii). In positive characteristic, (i) also implies (iii) provided one assumes
in addition either that X can be lifted to characteristic zero or that X is not of
general type [16]. I do not know if (i) implies (iii) for non-liftable surfaces of general
type in positive characteristic.

1 The cohomology of K, and algebraic cycles

The study of algebraic cycles on rational surfaces has been facilitated by the
introduction of K-theoretic methods {4, 7, 12, 15]. A critical role is played by the
cohomology of 2, which can essentially be computed using the Merkurjev-Suslin
theorem [26]. Connections between the cohomology of 45 and cycles of
codimension two have been explored by Colliot-Thélene and Raskind [10]. The
object of this section is to apply their techniques to psendo-rational surfaces.

The first step in the computation of the cohomology of £, uses the Gersten-
Quillen resolution [29]. For any smooth projective variety X defined over a
perfect field F and any field extension E/F, the groups R(E) and S(E) fit into exact
sequences

(1.1) 0—H%X g, #3)— K,(E(X))—> R(E)—0,
(12) 0-S(E)— || E(Cy*— [] Z->H*Xg H5)—0.
Ce X} xe X2

Following the standard convention, X denotes the set of points of codimension i
on the scheme X. There is another exact sequence relating these groups:

(13) 0— R(E)—~S(E)—»HY(X 5, #3)—0.

Now assume that X is a pseudo-rational surface. The cohomology of ¢, over
an algebraically closed field has been completely computed. The characteristic
zero and prime-to-p parts in characteristic p are due to Colliot-Théléne and
Raskind [10]. The p-part is due to Gros and Suwa [20] using results of [36]. By
definition, pseudo-rational surfaces have Chow group CHy(X)=H XX, A)=2.
Thus, their results ([10, Proposition 1.14, Theorem 2.12, and Proposition 2.15;
and [20, Theorem V.2.3 and Theorem V.3.6]) are summarized by the exact
Sequences
(14) 0-K,(F)»HX, ,}(2))-»1@ H¥X,Z,2){l}-0,

*p

19 0-U-Pi(R®F ~H (K, A )~ HE L)1) 0,
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where U is a uniquely divisible group. In fact, as Colliot-Théléne has pointed out,
U =0. This follows since the composite

Pic(X)® F*—HY(X, #,)~Hom(Pic(X), F¥),

where the last arrow comes from Weil reciprocity, has finite kernel.

Now, the sums of €tale cohomology groups in both (1.4) and (1.5) are always
finite. When X is a pseudo-rational surface, let P be the torsion subgroup of Pic(X).
An analysis of the Kummer sequence and an application of Poincaré duality shows
that

PHYX,Z22){}~P1), and PH X, Z(2){l}~P"(1).
1 i

If the characteristic p is positive, two points should be noted. First, the quotient in
sequence (1.4) only consists of the prime-to-p part of P(1), which will be denoted by
P(1y. Second, the quotient in sequence (1.5) includes the factor H*(X, Z,(2)) {p},
which is defined using the logarithmic de Rham-Witt complex. Consult [20] for
details.

The first task of this section is to develop a better understanding of the
interesting elements in (1.4). Let m be the exact exponent of the finite abelian group
P(1). An element of P(1Y = P®u,, can always be written in the form d®¢{, where
d e Pand {is an m™ root of unity. Now let d = [ D] be the class of a torsion divisor D.
Choose a function fe F(X)* with divisor (f)=mD.

Lemma 1.6. The assignment [D]1®( — { f,{} € K,(F(X)) defines a homomorphism of
Galois modules which splits the exact sequence (1.4). In particular,

HYX, A7)~ K,(F)®P() .

Proof. See also [10,36]. Notice first that the diagonal action of Gal(F/F) on the
tensor product P(1) is clearly compatible under this assignment with its action on
K, (F(X)). i _

To see that the assignment is independent of the choice of f, let A€ F* be a
constant. By bilinearity, {Af,(}={4,{} {,{}. But {4,{} = {"{/I, {™} =1. Further, if
D is replaced by a linearly equivalent divisor D', then f can be replaced by f'=fg"
where (g)=D"—D. Then

{(£,.0="0={£{e"={£}.

Hence, this assignment actually gives a well-defined map to K,(F(X)). It is a
homomorphism since the Steinberg symbol is bilinear, and if (f)=mD, (g) =mE,
then (fg)=mD+mE.

It remains to show that this homomorphism splits the exact sequence. Since
P(1) is finite, it is enough to check that the elements { £, {} actually lie in H(X, 43)
and survive in the quotient P(1). Suslin’s computation of torsion [36] shows that
{£,{} is non-trivial whenever f is not an m® power, which will be the case if
(f)=mD and D represents a non-trivial divisor class. Let D =3 nC where C ranges
through the irreducible divisors. Applying the tame symbol T associated to C
gives

T({ £ =" =1.

Thus, {f,{} e HYX, ). Finally, since {f,(} is torsion, unique divisibility implics
that {f,{} is not an element of K,(F). The result follows. []
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When X is a pseudo-rational surface over an arbitrary field F, the Galois group
G=Gal(F/F) acts on the K-cohomology. The relations with zero cycles are
mediated by this action.

Lemma 1.7. S(F)¢ = S(F) and H'(G, S(F))= A(X).

Proof. See also [10]. By definition, the Chow group of zero cycles of degree zero is
trivial on a pseudo-rational surface over F. So, the Galois cohomology of (1.2) is

0—-S(F)° -] FDy*~(Z)°~H!(G, S(F))-0,

where the first direct sum is over all irreducible curves D on X, while the second is
over all closed points and the superscript 0 designates the subgroup of elements of
degree zero. However, one also has an exact sequence

0-S(F)~[] F(D)*>(L1 Z)°~Ao(X)—0.
The result follows by comparing these two exact sequences. []

For any Galois extension field E/F, define Q(E)= K,(E(X))/K(E). From (1.1),
(1.4) and the definition of Q, one has an exact sequence

(1.8) 0— P(1y > Q(F)— R(F)—0.

Assuming either that X has a smooth zero cycle of degree one or that the
cohomological dimension of the base field is at most 1, Colliot-Théléne [7] has
shown that H%(G, Q(E)) = Q(F) and H'(G, Q(E))=0.

Proposition 1.9. Let X be a pseudo-rational surface over a field F. Assume either that
X has a smooth zero cycle of degree one, or that cd(F)=1. Then there is an exact
diagram

0
!
(Pic(X)@ F*)® 0 HY(G, Pic(X)®F*)
! ) l
HY(X, 4,)¢ — HYG, R(F)— Ao(X)— HNG,H'(X, 43)) — H*(G, R(F)).
l l l
PP(1)8 HA(G, P(1)) HY(G, PP(1))
i
H*(G,Q(F))

Proof. The horizontal row is the cohomology of sequence (1.3), using Lemma 1.7.
The left and right vertical columns are the cohomology of sequence (1.5). The
remaining column is the cohomology of sequence (1.8). [

To illustrate how these results may be applied, a bound is derived on the
number of real components of a pseudo-rational surface over R. (One should be
aware, however, that a better bound has been obtained [9] by other methods.) The
idea that the present computations could be combined with the work of Colliot-
Théléne and Ischebeck [8] to obtain some bound was suggested, in the context of
En'riques surfaces, by Colliot-Théléne. To state the bound, define the 2-rank of a
finitely generated abelian group A to be the dimension of the Z/2-vector space
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A{2}/2A4{2}. Now let g be the rank of Pic(X) and let 7 be the 2-rank of its torsion
subgroup.

Theorem 1.10. Let X be a pseudo-rational surface over R. Then X(R) has at most
@+ 2t connected components.

Proof. One may clearly assume that X(R) is non-empty. Then, by [8], the group
Ay(X) is isomorphic to (Z/2)* ~! where s is the number of connected components.
By Proposition 1.9, the size of 44(X) is bounded by the sum of the sizes of the three
cohomology groups H*G, P(1)), H'(G, PP(1)), and HY(G, Pic(Xo)®@C*). Since
G =2Z/2, all three cohomology groups are Z/2-vector spaces. Since the 2-ranks of
PP(1) and P(1) are both equal to 1, each of the first two cohomology groups has
2-ranks bounded by 1.

Write N =Pic(X¢)/P for the group of numerical equivalence classes of divisors
on X. Since C* is divisible, Pic(X¢)®C* is isomorphic to NQC*. Let ¢ be the
nontrivial element of G. Then ¢ acts on the finitely generated free abelian group N
through a unimodular integral matrix. So, ¢ is a sum of representations of the form

1
{—1), (1}, and ((1) 0). By explicit computation, HY(G, N®C*) is a Z/2-module

with rank equal to the number of (— 1) factors. Since the rank of the Picard groupis
¢ and since complex conjugation cannot act on the entire Picard group by
o(x)= —Xx, the number of (— 1) factors is at most g— 1. The result follows. [

2 Maximal unramified extensions of local fields

The next major goal is to compute the group of zero cycles on a pseudo-rational
surface over a p-adic field L. It will, however, be necessary first to consider auxiliary
fields — in particular, both the finite residue field and the maximal unramified
extension field of L play significant roles.

Proposition 2.1. If X is a pseudo-rational surface over a finite field F whose"
characteristic is relatively prime to the order of P, then there is an isomorphism

y: Ao(X)-»HYG,H(X, X)) - H'(G, PP(1)).

Proof. See [11] for a more general result. Kato and Saito [24] have shown that
A(X)~Homg(y, P)*. But this group has the same order as H'(G, P?(1)). So, yisa
map between two groups of the same order. It suffices, therefore, to show that y is
injective. This will follow from chasing the diagram in Proposition 1.9: Since
cd(F)=1, one has H*(G, P(1Y)=0. Moreover, the first cohomology group of the
torus Pic(X)® F* also vanishes over a finite field. [

Definition 2.2. Let X be a surface over an arbitrary field F. An extension field E/F
will be called a splitting field for X provided the Néron-Severi group NS(X) 18
generated by E-rational curves.

Lemma 2.3. Every surface has a splitting field of finite degree.

Proof. Choose a finite set of curves defined over F which generates NS(X). Since
each curve is already defined over a finite extension, the whole collection of
generators is defined over a single finite extension. []
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Proposition 2.4. Let X be a surface over a p-adic field L. Assume that X has good
reduction, that H'(X, Ox) =0, and that NS(X) has no p-torsion. Then X has a finite
unramified splitting field.

Proof. Take a smooth proper model of X over the ring of integersin L. Let F'/F be a
finite splitting extension of the closed fibre. Let E’/L be the unique unramified
extension with residue field F’. Away from p, the Néron-Severi group injects into
the second étale cohomology group, and the étale cohomology is independent of
smooth fibres. So, the Galois group Gal(L/L) acts on NS(X) through its
unramified quotient. In particular, Gal(L/E’) acts trivially on NS(X). Without loss
of generality, one may assume L=FE'.

Write G=Gal(L/L). The exact sequence of low degree terms in the Serre
spectral sequence for @,, x gives

0->Pic(X)— Pic(X)® - Br(L).

Let B denote the image in the Brauer group of the final map. Since L is local, B is
cyclic and must necessarily be split by an unramified extension E/L. However, the
vanishing of H'(X, 0) implies that Pic(X)= NS(X). Moreover, the same equality
holds over the algebraic closure. Since G acts trivially on NS(X), the extension E/L
is a finite unramified splitting extension for X. [

For the remainder of this section, let W denote the maximal unramified
extension of a p-adic field. The residue field F of W is isomorphic to the algebraic
closure of a finite field. Write I =Gal(W/W). It will eventually be necessary to
compute Galois cohomology for the action of I on various modules related to the
K-cohomology of a pseudo-rational surface. Repeated use will be made of the fact
that W has cohomological dimension 1.

Lemma 2.5. Let X be a pseudo-rational surface over W. Then H'(I, Pic(X)® W*)=0
for all i>0.

Proof. The result follows after making a finite splitting extension from Hilbert’s
Theorem 90 and cd(W)= 1. By the Serre spectral sequence, the higher cohomology
is torsion, with bounded exponent. But the Kummer sequence shows that the
higher cohomology is divisible. Therefore, it vanishes. []

Lemma 2.6. Let X be a pseudo-rational surface over W. Then
H¥I,H\(X, A,))=0, HYI,H\(X, #,))~ H'(1, P"(1)),
and there is an exact sequence
0-(Pic(X)@ W*)! - H'(X, A5) = PP(1)' -0.
f; rgOf. Use cd(W)=1 and Lemma 2.5 to compute the cohomology of sequence
5. 0O
Lemma 2.7, Let X be a pseudo-rational surface over W. Then H(I, R(W))=0 and
HL, ROWY) ~ HY(1, Q(W)).
Proof. Since cd(W)<1, one may use Colliot-Théléne’s result [7] that
HY(I,Q(W))=0. Now take the cohomology of sequence (1.8). [

Pl'Op.osition 28. Let X be a pseudo-rational surface over W. Then
) HOX, o) =K, (W)@ P(1).
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(ii) There is an exact sequence
0—-HYI, P())-~HY(X, A,)-»H X, A ,))' 0.
Proof. Again using [7], the Galois cohomology of sequence (1.8) is
0- P(1)! > Q(W)—R(W)'-» H(I, P(1))~0.
Using the Galois splitting of Lemma 1.6, one obtains a commutative diagram
0

|

0— K, W P(1)) — K, (W X)) ——— R(W) —— H'(I, P(1)) — 0

l | J |

0—— HX, #3) — Kx(W(X)) > S(W) > HY(X, #3)— 0

Hl(X’ L%/‘2)1

|

0

where the vertical sequence is the Galois invariants of (1.3); surjectivity follows
from Lemma 2.7. The lemma now follows from a straightforward diagram
chase. [

Corollary 2.9. There are exact sequences
0— P(1) > Q(W)— R(W)~0,
0—R(W)—-R(W)Y —»H'(I, P(1))-0.
P{((’fjé )Thisl,:ils another interpretation of Proposition 2.8 in terms of the cohomology
of (1.8).

Lemma 2.10. If X is a pseudo-rational surface over W, then there is a natural
injection

7: Ao(X)— HNI, H(X, o)~ H'(I, P°(1)).
Proof. Use Proposition 1.9, Lemma 2.5, and Lemma 2.7. []

The principal task of this section is to provide a concrete geometric description
of y. Note first that the cup-product

HY(I, P°(1))® H%(I, P)» H\(I, u,) =~ W*/W*™ ~ Z/m

is a duality pairing. So, given a zero cycle z of degree zero, it is enough to describe
how to pair y(z) against Galois-invariant, torsion elements in the Picard group-
This duality pairing, in turn, is induced by a pairing on K-cohomology.

Let X be a smooth, projective, geometrically integral surface over an
algebraically closed field k. There is a natural pairing

@2.11) ¢ HY(X, )@ Pic(X)~ HAX, A 5) k.
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There are two approaches to the definition of such a pairing. One is via the formal
properties of algebraic K-theory. The other is to define a pairing explicitly on
generators of Pic(X) and H'(X, %) which “meet properly,” and to extend the
definition via the moving lemma. That these two approaches coincide in the case of
intersecting algebraic cycles is a theorem of Grayson [18]. The approach taken
here is modelled on Gillet’s second proof [17] of Grayson’s theorem. First, formal
properties of K-theory will be used, to define the pairing. Next, Bertini’s theorem
will be used to move representatives of K-cohomology classes into general
position. Finally, the projection formula will be used to get an explicit formula for
the pairing when the representatives are in general position.

The first map in (2.11) is defined to be the pairing on cohomology induced by
the Waldhausen product [39] in algebraic K-theory. Now let s: X—>k be the
structure map. Since X is a surface, the edge homomorphism ¢ in the Brown-
Gersten-Quillen spectral sequence can be composed with s, to get maps

H X, #)=Ey 1»E% 1 ——K, (H)—>K, (W)
The second map in (2.11) is defined to be the special case of this composite when
q=3. By abuse of notation, it will also be denoted s,.

Lemma 2.12. Let o H'(X,X,) and let YCX be an irreducible curve. Let X be
obtained by blowingup points in X until the  proper transform Y of Y is non-singular.
Let j denote the canonical composite Yo, X > X. Then (o, [Y]) = (51)(* ().

Proof. The class [Y]ePic(X) is nothing other than js[Y] where
[Y1e HY, 4 ;)~Z is the canonical generator. This claim follows from the
standard descriptions of how the Picard group changes under blowups; see, for
example, [22].

Asin [17], glven any scheme X and any g =0, one can define complexes I§(qg) of
flasque sheaves in the Zariski topology by

FU K@)=E7* U= _ |1 Kaq-plk(x).

Since these sheaves are flasque, there are canonical isomorphisms
HYX, I{(q)~H"" %X, %)

between hypercohomology and K-cohomology whenever X is regular of finite
type over a field. In his proof of the proposition on p. 410 of [17], Gillet shows that
if f:Z— X is a proper morphism of smooth varieties over a field, and if r = dim(X)
—dim(Z), then for every p and g there is a commutative diagram

I®f’/ \f‘(m

F I @A (0 [—p] 113 +a)
f@rl 1!*
I¥g+1 [21® K (0 [—P] - s I4p+q+r[2r].

The map p induces the Waldhausen product on K-theory.
Apply this result to the map j: Y- X (so that r=1) in the case ¢ =0, p=2. Now
take cohomology, using the fact that j is a finite morphism. One obtains a
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commutative diagram N -
HY, #)®H'(Y, o)

I®j* o
HYY, H)®HN(X, ) H'Y(Y, o)
11'*@[ ljn

HY(X, A)QH'(X, X7) HY(X, A3).

(o)

Since [ Y] is the unit element in the ring @ H?(Y, X,), the commutativity of the
last diagram implies

Therefore, (V10 =7 ([FIU* (@) =7,(*).

o, [Y]) =5,(a0[ Y] =5,(aj, [ Y] =5,(4(*@N =), (*). O

Letae H'(X, ) and B e Pic(X). The next step in finding an explicit description
of {a, B is to pick convenient representatives for these cohomology classes. Some
more notation is needed. If C is an irreducible curve on X and if he W(C)* is any
function on that curve, let [C, h) denote the corresponding element of | | W(C)*.

C

Now let a=Y [C, ho) e S(W) be a representative of «. (One should recall from the
C

notations and conventions that a lives in S(W) and represents a class in H'(X, )
if and only if ¥ div(hc)=0.) The support of a, written Supp(a), is defined to be the
C

finite union of those curves C such that k- =+ 1. Also define Sing(a) to be the finite set
of singular points on Supp(a). Notice that, since the divisors div(h) cancel, Sing(a)
must contain all points in the support of those divisors. Now say that a smooth
curve Ye X meets a properly if Y does not pass through any of the points of Sing(a)
and if Y intersects each curve in Supp(a) transversally. Begin with any representa-
tive B of f. Choose an ample divisor H on X, and an integer n such that nH and
B+nH are both very ample. By Bertini’s theorem, one can choose representatives of
the linear equivalence classes |nH| and |B + nH| which are irreducible, nonsingular,
and meet a properly. Thus, it suffices to compute {[a],[Y]) for a smooth, very
ample curve Y which meets a properly.

Letj: Y—X be the canonical closed immersion, and let s : X — k be the structure
map. So, sj: Y-k is the structure map for Y. Thus, the composite

1] KO)*—HY(Y, o ) —
ye¥!
is given by multiplying together the canonical maps k(y)*—k*. Therefore, to

complete the description of the pairing, it is enough, by Lemma 2.12, to give an
explicit description of j* : HY(X, o5) > H'(Y, &3). If ye Cn Y, let 1,(C, Y) denote the
intersection multiplicity. By transversality, 1,(C, Y) is always either 0 or 1. Write

C-Y=Y1,C, V).
y

Lemma 2.13. Let a=Y [C, hc) be an element of S(W) and let j: Yo, X be the inclusion

<
of an irreducible, nonsingular, very ample curve which meets a properly. Then

J¥a@= j* @ [C, hc)) =y EZY 1 ( C'I;[y h C(y)ty(c, Y))_



Zero cycles on surfaces with geometric genus and irregularity zero 439

Proof. Let U =X\Sing(a). Since Y meets a properly, U is an open neighborhood of
Y in X. Since the complement of U in X has codimension 2, the pullback
HMX,A,)-»HYU, A,) is injective (see [35, Theorem 2.1]). Without loss of
generality, then, X can be replaced by U. More importantly, the curves in the
support of a become smooth curves C on which each div(h) is identically zero.
Thus, k. actually lives in H%(C, ). Moreover, the class of [C, hc) in H(U, ) is
equal to i, (hc) where i: C— U is the canonical inclusion.
Write Z=CnY. There is a commutative square

Z-'y

Pl

c—-U,
which is a pullback in the category of schemes. All the maps are closed immersions;
Z is a finite set of points; C and Y are smooth curves; and U is a smooth

quasiprojective surface. Since j* is given by evaluating functions on C at points of
Z, it is enough to verify that the following square commutes:

HO(C, #7)—> H\(U, ;)
J* J*
HY(Z, ) H'(%, o5).
To verify commutativity, define F! =Ker (K ,(U)—H°(U, 2¢,)); this is one of the

steps in the filtration on K-theory coming from the abutment of the Brown-
Gersten-Quillen spectral sequence. Now consider the diagram

H(C, ;) HY(U, %)

\ ----------- }F‘/

K(CO)—-K,(U)
7* l.?* . lﬁ J*
K,(P)—5 K,(Y)

N

HYZ, A7) E — HY(Y, 7).

The small central square commutes by Proposition 2.11 on p. 127 of [29]. The
lower trapezoid and the upper trapezoid commute because the Brown-Gersten-
Quillen spectral sequence is covariant for proper morphisms. The proofs of
commutativity for the remaining trapezoids are similar, so only the proof for the
right-hand-side is provided. The first step is to show that the composite
PP =HYU, #3,)-»F'- K ,(U)-K,(Y) is zero. But HX(U, ;) is generated by the
Images of K , (k(x)) as x ranges through the closed points of U\ ¥, and the composite

K k() —25K (U)K, (Y)

is clearly zero. Consequently, there is an induced map H (U, ;) = FY/F2— K, (Y).
Now it is enough to show that the composite

F'>H'(U, %,)~K,(Y)=H(Y, 41}, K, (K(Y))
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is also zero. But elements of F' come from coherent sheaves on U whose support
has codimension 1. The only potential difficulty comes from sheaves supported on
Y. On the one hand, a standard computation of Tor-groups (see, for example,
Proposition 12 of [6]) shows that i*i_ is equal to the difference of the maps induced
by the functors [0y®-] and [Oy(— Y)®-]. On the other hand, since Y is very
ample, one can choose a smooth curve ¥, which is linearly equivalent to Y and
intersects it properly in a subscheme T= YnY,. Apply the exactness theorem of
[29] to the functors defined by tensoring with the exact sequence

0-0y(—Y;)—>0y—>0r—0

to find that i*i_ is induced by the functor [¢;®-]. Since O is supported in
codimension 1 on Y, the result follows. [

In summation, given a € HY(X, ;) and B € Pic(X), one computes {a, §) by the
following procedure: (i) Choose a representative a=Y [C, hc)e S(k) of a. (ii) Use
C

Bertini’s theorem to choose a representative D of § which meets a properly. (iii)
Then
o, B> =[] [Thcx)* P =]]h(C" D).
xeD C [
For the sake of completeness, the verification that this description induces a well-

defined pairing on K-cohomology has been included. Let a=Y [C, h¢) be an
(o)

element of S(k), so that Y div(he)=0. Let D =(g) be the divisor of a function. Then,
C
by Weil reciprocity,
CACDES ICT h(C- (@)= IC] hl(gle) = I glcl(hc)) =g @ (hc)> =1.

Therefore, by the moving lemma, ¢, > induces a well-defined pairing between S(k)
and Pic(X). Further, given any pair of functions h, g € k(X)*, another application of

Weil reciprocity yields
_ _ _g(h)-D) _ g(hlo) _
(T{hg} D> =<[M9) = [(g) ). Dy = yei= = L o B =1

Thus, one actually has a pairing between H'(X, 2¢,) and Pic(X).

Corollary 2.14. Let X be any smooth projective surface over an algebraically closed
field k. Then the pairing (2.11) only depends on the algebraic equivalence class of a
divisor, and induces a pairing

HY(X, #,)®NS(X)—k*.
Proof. The formula [] ho(C - D) visibly only depends on D through the intersection
[
pairing C - D, which in turn only depends on the algebraic equivalence class. [

Now return to the situation of Lemma 2.10. Let z be a zero cycle of degree zero
on a pseudo-rational surface X over the maximal unramified extension W of a
local field. Write z=Yn,P;. Next, let D be a W-rational m-torsion divisor. Assume
that the supports of z and D do not meet. Choose a function fe W(X)* whose
divisor is (f)=mD. Now write f(z)=[] f(P)''e W*/W*",



Zero cycles on surfaces with geometric genus and irregularity zero 441

Proposition 2.15. For all zero cycles z of degree zero on X and all m-torsion
divisors D on X such that supp(z)nsupp(D)=0, one has y(z)u[D] =f(z) mod W*™,

Proof. Since Ao(X)=0, one can write any zero cycle in the form z=Y div(h.) for
C

some collection of curves and functions which are defined over W and which meet
D properly. The isomorphism (Lemma 1.7) between A,(X) and H(I,S(W))
identifies z with the 1-cocycle

o>(1—0) 3 [C,he).
C
As written, this cocycle appears to take values in [ W(C)*. However, since z is
C

defined over W, applying the divisor map gives the 0 cocycle in [] Z. Thus, it

. xeX2?
actually takes values in S(W). The cup product y(z)u[ D] is, therefore, represented
by the 1-cocycle

0io <(1—a)z[c,hc),1)> ~(1—o)[JhdC- D).
C C

Since D is an m-torsion divisor, the latter cocycle takes values in y,,. But every
element of HY(I, u,,) = W*/W*" is represented by a 1-cocycle of the form

g—(1-0) W
for some w € W. The particular element w which corresponds to the 1-cocycle ¢ is,
therefore, a solution to the equation W =[;[ he(C - D). Now choose a function f
such that (f)=mD. Then

(H he(C- D))"’ =[Th(fIeN=T] flclthe))=f (Z div (hc)> =f(2).
C [ [ C

The result follows. []

So far, all these computations apply to an arbitrary pseudo-rational surface
over W. But many of the statements can be simplified if X has good reduction and if
Pic(X) has no p-torsion. For example, let N = Pic(X)/P. Then by Proposition 2.4,
the Galois action on the free abelian group N is trivial. Hence, (Pic{(X)® W*)!
X(NQW*) ~ N®W*. Also, the following lemma applies both to P and to its
Pontrjagin dual.

Lemma 2.16. Let M be a finite abelian group with trivial I-action. Assume the order
of M is relatively prime to p. Then M(1)' = M(1) and there is an isomorphism

8 H\(I, M(1)~M.

Proof. Let m denote the order of M. Since m is prime to p, the action of I on M(1)
=M®u,, is trivial. The statement about invariants follows. Furthermore,

H'(I, M(1))= Hom(I, M(1)) * Hom(Z(1), M(1)) * Hom(Z, M)~ M .
An explicit realization of this isomorphism is given as follows. There is a unique
abelian extension of W of degree m, defined by adjoining an m'® root of a

uniformizing parameter z. Fix a primitive m™ root of unity { and a choice of "{/E
Lettbe the generator of the cyclic quotient Gal( W("{/;)/ W)aZ/m of I determined
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by r("'\/E) = C"{/E. Then every element A€ H'(I, M(1)) is completely determined by
Mr). Now write A(1)=x®{ for some xe M. Then the isomorphism is given by
)=x. [

Finally, one can compute the group of zero cycles on a pseudo-rational surface
X with good reduction over the maximal unramified extension W.

Proposition 2.17. Let X be a pseudo-rational surface with good reduction over W. If
the residue characteristic of W is relatively prime to the exponent m of the torsion
group P, then Ay(X)=0.

Proof. Let & be a smooth proper model of X over the ring of integers Oy, in W. By
Lemma 2.10, it is enough to show that the image of 7 is zero. This image can be
computed using Proposition 2.15. Choose a function fe W(X)* whose divisor is
(f)=mD on %. Let ze X be a closed point, and let z, be its specialization. If
f(zo) £0or 00, then f(z) € OF% and, since ged (m, p)=1, it must be an m'™ power. So, it
is enough to show that if f(z,) =0 or oo, then v( f(z)) is a multiple of m, where v is the
valuation on W. Work in the local ring of z, on . Since this is a regular local ring
and (f)=mD, one can write f=w"u locally, where u is a unit. But then »(f(z))

=mp(w(z)). [

Corollary 2.18. With the above hypotheses, H*(I, R(W))~ P”.

Proof. Since X has good reduction, Hensel’s Lemma supplies a W-rational point
on X. Taking the Galois cohomology of sequence (1.2), one sees that H*(I, S(W))

=H(1,(]]Z)°)=0. Use the previous proposition to take the cohomology of
sequence (1.3), and apply Lemma 2.6 and Lemma 2.16 to obtain

H¥I,RW)~HY I, H\(X, #,))~H'(I, PP(1)~P°. [

3 Local fields

It will be useful to standardize notation while studying pseudo-rational surfaces
over a p-adic field L. Let 4 be the ring of integers, = a uniformizing parameter, and
F = A/n the finite residue field of L. Let W be the maximal unramified extension of
L. Denote the Galois groups by: G=Gal(L/L), I=Gal(L/W), and I'=G/I
~Gal(W/L)~Gal(F/F)~Z. Let X be a pseudo-rational surface over L. Through-
out this section, it will be assumed that the characteristic of F isrelatively prime to the
torsion subgroup P of Pic(X). Finally, let N =Num(X)=Pic(X)/P. Some prelimi-
nary computations of Galois cohomology will prove useful.

Lemma 3.1. Let X be a pseudo-rational surface defined over a p-adic field L. Then
HYG,R(L))=HYI',H°(I, R(L))).
Proof. Use Lemma 2.7 and the Serre spectral sequence. [J
Lemma 3.2. Let X be a pseudo-rational surface defined over a p-adic field L. Then
HYT,R(W))=0.

Proof. Take the cohomology of the first exact sequence of Corollary 2.9. The result
follows from Colliot-Théléne’s result [7] that HY(I", Q(W))=0 and from the fact
that I'~Z has cohomological dimension one [33,34]. [J
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Lemma 3.3. Let X be a pseudo-rational surface defined over a p-adic field L. The
isomorphism &: H'(I, P(1))- P is an isomorphism of I'-modules.

Proof. Since the order of P is prime to the residue characteristic, I acts tamely. But
the tame inertia group is isomorphic to [] Z(1) as a I'-module. The result
{*+p

follows. [

The remainder of this section applies to surfaces with “very good reduction.” It
is not enough to assume that a smooth, proper model exists over the ring of
integers. Problems can arise (for example, when trying to lift line bundles) because
the dimension of the Zariski cohomology of the structure sheaf need not be
constant in families.

Definition 3.4. A pseudo-rational surface X over L will be said to have very good
reduction if there exists a smooth, proper model Z — Spec(4) whose closed fibre
Y—Spec(F) is also pseudo-rational.

Very good reduction is a reasonably well-behaved property of pseudo-rational
surfaces. It is preserved under unramified base extension, since smoothness and
properness are and since the definition of pseudo-rational only depends on the
nature of the surface over the algebraic closure. Also, if X is a pseudo-rational
surface over a number field, then it has very good reduction at all but finitely many
primes. The main point is to use the semicontinuity theorem to ensure that p, and ¢
remain zero at almost all primes.

Lemma 3.5. Let X be a pseudo-rational surface over L with very good reduction.
Then X also has very good reduction to Y, and there are canonical isomorphisms

Pic(X)«Pic(X )« Pic(%)—-Pic(Y).

Proof. The first map is an isomorphism because, by Proposition 2.4, W splits X.
Now let Z —Spec(0) be the scheme obtained from % -»Spec () by base extension
to the ring of integers in W; this is a smooth, proper model of X .. Divisors on 4 are
the same as those on X, except for the closed fibre, which is the divisor of the
“constant” function =. The second arrow is, therefore, also an isomorphism. The
closed fibre of & is canonically isomorphic to Y= Y®,F, and its normal bundle in
& is isomorphic to Oy. Since the reduction is very good, the cohomology of the
normal bundle vanishes; this ensures the uniqueness and existence of vector
bundles on the formal completion of & along Y which lift bundles on ¥. That the
final arrow is an isomorphism now follows from Corollary 1 of Proposition 3 of

21]. O

Theorem 3.6. Let X be a pseudo-rational surface over a p-adic field L. If X has very
good reduction over L, then the map Ay(X)—H (G, H'(X, X)) is injective.

Proof. Since both W and F have cohomological dimension 1, the Serre spectral
sequence and Lemma 3.3 give isomorphisms

HX(G, P))~H\I', H'(I, P))~ H\(T", P).

Using Lemmas 3.2 and 3.3, the cohomology of the second sequence of
Corollary 2.9 yields an exact sequence

0—H\I, REL)")— HY(I', P)—— H*I', R(W)).
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Now take an arbitrary element ¢ € H(I', P). By Lemma 3.1, it is enough to verify
the statement:

(3.7 if a(p)=0, then ¢ is in the image of (Pic(X)®L*)°.

Observe that the usual tame symbol K,(W(X))—F(Y)* naturally induces a
homomorphism T: R(W)— F(Y)*/F*. The map on Galois cohomology will also be
denoted by T. It now suffices to verify statement (3.7) with « replaced by the
composite To.

Fortunately, this composite can be computed explicitly. The strategy is as
follows. Since « is a connecting homomorphism for the I'-cohomology of the exact
sequence (2.9)

0—R(W)—R(L)' s P—0,

ofp) will be computed by first lifting the 1-cocycle ¢ on I' with values in P along f
to a 1-cochain y with values in R(L)". The coboundary of y produces a 2-cocycle
with values in R(W). In order to describe the lifting, one must recall that § is, itself, a
connecting homomorphism for the I-cohomology of the exact sequence (1.8)

0-P(1)-Q(L)—R(L)-0.

After applying the tame symbol, the assumption that Ta(¢) is a coboundary will be
used to produce a Galois invariant element of Pic(X)®L* which maps onto ¢.
This is how to lift elements along f: Let D be a W-rational m-torsion divisor.

Choose feW(X)* with divisor (f)=mD. Consider the element {f,"/x}
€ K,(L(X)). Let t be the element of I described in Lemma 2.16. One has

@0 {f,n/ ) ={A/mH A /a) T ={f 0.

Since {f,({}eH%X,x,), this computation shows that {f, "{/7':} represents an
I-invariant element of R(L). Write A= p({f, "'\/E}), viewed in H'(I, P(1))~P. It
follows from Lemma 1.6 that A(t)={f,{} corresponds to [D]®{. Using Lem-
ma 3.3 to identify P with H(I, P(1)), one sees that f({f,"/n})=[D].

Let o(y)=[D,] be a 1-cocycle on I' with values in P. Choose functions
f,€ W(X)* with divisors (f,)=mD,. Then ¢ can be lifted to the 1-cochain y on I
with values in R(L)! defined by the formula

vy {f, "'\/7? }.
Thus, afp) is the 2-cocycle on I' with values in R(W) defined by

_ _’{A,"i/'ﬁ}{fw"'\/;}z{ifi@m } 0
) (7, ) = dp(y, 8) = TR fw,ﬁ mod H(X y, A73).

However, since ¢ is a 1-cocycle with values in P, there are functions g, ;€ W(X)*
with divisors

(gy,a)=yDa+Dv"DM'

Hence,
" yf«sfy)
(g)'.t’) ( fy s .
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Therefore, the functions whose divisors appear on either side of this equality must
differ only by a constant.

A delicate point intervenes. By Lemma 3.5, the torsion divisor classes [D,] may
be represented by horizontal divisors on &, and the identities ( f)=mD, and (g, ;)
='D;+D,~D,; may be assumed to hold in D1v(.%" ). With these assumptlons the
function fa 11,4875 18 actually a constant in @3,. Since O} is m-divisible, the
choice of g, ; can be modified to ensure that this constant always equals 1.
Composing with the tame symbol, one has

Ta(‘ﬂ) (?5 5) = T({gy, & 7[}) = (gy";) modz.

The next task is to determine when this 2-cocycle with values in F{Y)*/F* is
cohomologically trivial, and then to use that information to produce a Galois
invariant element of Pic(X)® L*. Since the cohomology of @,, over a finite field
vanishes, there is an isomorphism

H(I, F(Y)*)~ HA(I, F(Y)*/F¥).

The cocycle Ta(g), viewed with values in F(Y)*, is given by the above formula with
the divisor (g) replaced by the function g. This cocycle only represents a trivial
cohomology class if it is a coboundary. More precisely, Ta(¢) =0if and only if there
exist functions b, e F(Y)* which satisfy the equations

Ybsb
bya

!=g, smodm.

Let D/, denote the pullback of D, to the closed fibre Y. Define E, =D’ —(b,). The
ass1gnment y—mE,is a l-cocycle on I' with values in Div(Y). For

e 7
m< b"”?) =m(g, ;modn)= (f"fV modn) =m(’Ds+D,—D,;).
b yé fy:S

But Div(Y) is torsion free, so that y+— E, must also be a 1-cocycle. Now the
vanishing of the first cohomology group of this permutation module implies that
there exists a divisor CeDiv(Y) such that E,=(y— -1)C for all yeT.

Use the isomorphism (Lemma 3.5) between Pic(X) and Pic(Y) to interpret the
divisor class [C] as an element of the former group. Consider the element
[C]®n e Pic(X)® L*. By construction, this element is I-invariant. Moreover,

O-1D)([CI1®M=0—-1)[C]1®rn=[E,]®n=[D,]1®n—(b,)®n=[D,]Qn.

But [D,] is a torsion divisor class and L* is divisible, so [D,]®mn is trivial.
Therefore [C]®n is Galois invariant.

To complete the proof, it only remains to show that [C]®n maps onto ¢ under
the composite

(Pic(X)®@*)¢—HX, A,)°>H'(G, R(L))
—H%G, PA)~HY(I'", H(I, P(1))).
Represent the divisor class [Cle Pic()?l= Pic(X,,) by a divisor
Af= Y n4,e Div(X ). Theimage of [C]®m in H'(X, )7,) is represented by the class
0

[4,m)=Y [4, 7)eSI)C [_)I‘lf,(x)*.
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The image of [C]®~ in H!(G, R(L)) is, therefore, represented by the 1-cocycle
a++(oc—1)[4,n). Of course, the latter element must be appropriately interpreted
as an element of R(L). One may again assume that 4 is actually a horizontal divisor
on #. Then 4 is I-invariant and for all yeI one has

o-1)[4]=(—-D[C]=[E,]=[D,].

Here the intermediate steps should be thought of as making sense after pulling
back to the geometric special fibre, even though the extreme classes are represented
by divisors on the model. Since the isomorphisms of Picard groups are given by
pullbacks, there is no danger here. Thus, one can find functions ¢, with divisors
(e,)=(y—1)4 —D,, where the equality once again holds in Div(Z). Further, one has

(f,eP)=mD,+m((y—1)4—D )=m(y—1)4.

Thus, the element { fo'v"’ "'\/E} eK,(L) represents (y—1)[4,n). Therefore, the
image of [C]®n in H'(G, R(L))~ H'(I', R(L)") is given by the 1-cocycle

y= {f,em ™ /n} mod HAX, A, .

To finish the computation of the image of [C]®= along the composite, notice
that

gy n/my={1,"/x} {enm}.

Since {g,, 7} is actually an element of K (W(X)), it dies in H'(I, P(1)). Thus, the
image of [C]®= in H'(I', H'(I, P(1))) is the same as the image of the cocycle
- {1 "‘\/7?} But that is precisely the cocycle which was shown earlier to
represent @. The theorem follows. [

The proof of the theorem actually shows something stronger than the stated
injectivity. This stronger result will play a role in the proof of the finiteness theorem
for zero cycles on pseudo-rational surfaces over number fields.

Corollary 3.8. Let X be a pseudo-rational surface with very good reduction over a
p-adic field L. Then the natural map (Pic(X)®L*)— HY(G, R(L)) is a surjection.

Proof. This is a restatement of (3.7). O

Lemma 3.9. Let X be a pseudo-rational surface with very good reduction over a
p-adic field L. Then the natural map H'(G,Pic(X)®[*)-»H'(G,H (X, X3)) is
injective. Consequently, the natural map H'(X, #,)¢—PP(1)¢ is surjective.

Proof. The second statement follows from the first and from the cohomology exact
sequence of (1.5). So, write U = Pic(X)® L*. It suffices to show that every element of
H'(G, U) is detected by the pairing (2.11)

HY(X, #,)®@Pic(X)—>L*.

By local duality, HY(G, U) is dual to H*(G, N). Since U is divisible, H!(G, U) pairs
trivially with the Galois cohomology of the torsion subgroup of Pic(X). Therefore,
it is enough to show that the natural map H*(G, Pic(X))— H'(G, N) is surjective.
Since the maximal unramified extension is a splitting field, the Serre spectral
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sequence yields an isomorphism H*(G, N}~ H'(I", N). The result now follows from
the exact commutative diagram

Hl(l", Pic()?))—--> Hl(I’, N)——»HZ(I’, P)=0
j~ l . O
HY(G, Pic(X))— H'(G, N)——

Proposition 3.10. Let X be a pseudo-rational surface with very good reduction over a
p-adic field L. Then y: Ay(X)— HY(G, P°(1)) is injective.

Proof. As before, W splits X. Using Lemma 2.10, one sees that Ker(y) must be
contained in Ker(44(X)— Ao(Xw)). By Lemma 1.7, the Serre spectral sequence for
S(L) leads to an isomorphism between the latter kernel and H'(I', S(W)). The
following analogue of Proposition 1.9 will prove useful:

0

l

HY I,N®W*)

0— HX(I,S(W))— H\(I', H'(X, #3)")—— H*(I', R(L)').
HY(T, PP(1))
Here the horizontal row is the I'-cohomology of the exact sequence
0—-R(LY -»S(W)-H (X, A,) -0,

which exists by Lemma 2.7. Injectivity in the horizontal row follows from
functoriality of the Serre spectral sequence and from Theorem 3.6. The vertical
column above is the I'-cohomology of the exact sequence

0-N@W*->HYX, A,) - P(1)-0,

which exists by Lemma 2.6. Injectivity in the vertical column is a consequence of
the functoriality of the Serre spectral sequence and of Lemma 3.9.
Define A4 to be the kernel of the composite

HY(T, Pic(X )@ W*)—»>H(I', H\(Xy, X))~ H*(T', R(W)).
By Corollary 2.9, there is an exact commutative diagram
H\(T, P W*)——— H'\([, H'(I, P(1)))

l l

0——— A ——s HY(I', Pic(X y)® W*) —— HX(I', R(W))

4

0— Ker(y)——— HY(I', NQW*)

H(I', R(LY).

It is straightforward to check that v is an isomorphism, compatible with the
identifications

v:PQW*—Z=5P and &:H(I,P1))-=—P.
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Since cd(I')=1, the map ¢ is surjective. Now a diagram chase shows that Ker(y)isa
quotient of A. Therefore, it is enough to show that 4=0.

Let Oy be the ring of integers in W. Since the residue characteristic is prime to
the exponent m of P, 0}, is m-divisible. Since the Picard group only contains
m-torsion, it follows that Pic(X ) ® 0} ~ N® 0},. Because W/L is unramified, one
may use Proposition 47 of [34] to conclude that both @OF and N®O} are
cohomologically trivial. Thus, there are isomorphisms

v: HY(T, Pic(X ) ® W*) — H\(I", Pic(X ) —— H\(T', Pic(Y)),

where the latter isomorphism again uses Lemma 3.5. As in Bloch’s proof, [3,
Theorery 7.12], of the analogous result for rational surfaces, one can work on a
model & of X, over @y to produce a commutative diagram

0 » R(W) — S(W)—— H'(X yy, #5) —0
0— F(Y)*/F* — Div(Y)—— Pic(Y)——— 0.

Here the first vertical arrow is induced by the tame symbol. The middle vertical
arrow can be described as follows. Given Y [C, k) e S(W), take the closure of each
[

curve C in &. These are arithmetic surfaces; taking the divisor of h, gives a sum of
curves with multiplicities on 4. Summing over all C and using the fact that the part
of the divisor supported on the generic fibre cancels, one gets a sum of curves with
multiplicities supported on the closed fibre; i.e., a divisor. It is clear from this
description that the induced map Pic(X )@ W*—HY (X, A,)— Pic(¥) is “spec-
ialization times valuation.” Now taking cohomology gives a commutative
diagram
0—— A—— H'(I", Pic(X )@ W*)—— H*I',R(W))
lv - 1:

0 HYTI,Pic(Y)) ——— HX(I, F(Y)*/F*).

The result follows. [

Theorem 3.11. Let X be a pseudo-rational surface with very good reduction over a
p-adic field L. Assume that p is prime to the order of P. Then

AfX)~H\(I', PP(1)) ~ Ay(Y).

Proof. The second isomorphism is Proposition 2.1. Let Z —Spec(A) be a smooth
proper model of X over the ring of integers 4. By Hensel's Lemma, the
specialization map from zero cycles of degree 0 on X to zero cycles of degree 0 on
the reduction Y is surjective. So, 4o(X) must be at least this large. It is now enough
to show that the image of y actually lands in the unramified subgroup H'(I", P?(1)).
But there is a commutative square

Ao(X) — HYG, P"(1))
Ao X )" HY(I, PP(1)).

The kernel of v can naturally be identified with H'(I", P’(1)). The result follows
from the injectivity of y (Proposition 3.10) and the vanishing of Ay(Xw)
(Proposition 2.17). [




Zero cycles on surfaces with geometric genus and irregularity zero 449

4 Number fields

In this section, X denotes a pseudo-rational surface over a number field k. Since it
will become necessary to deal with Galois cohomology over various fields
simultaneously, write H!(k, A) instead of H*(Gal(k/k), 4). Define

Bo(X)=Ker(4o(X)—~H'(k, P*(1))),
Co(X)=Ker(4o(X)~H'(k, H\(X(X, 13)).

Lemma 4.1. If X is a pseudo-rational surface over a number field k, then Cy(X) is
finite.

Proof. Choose a finite Galois invariant set of curves which generates Pic(X). Let D
be the free abelian group of divisors generated by this set of curves. Define ¥ to be

the torus which is the kernel of the natural map D®k* —Pic(X)®k*. There is a
commutative diagram

0— V — D®k*— Pic(X)@k*— 0

L |

0—— R(k)—> S(k)—— H'(X, #;) —0,

in which all the vertical arrows are inclusions. Since D is a permutation module, the
Galois cohomology group H'(k, D®k*) vanishes. Using Lemma 1.7, one obtains
an exact diagram of cohomology groups

HO(k, Pic(X)®@Kk*) —~— H'(k, V)——— 0

|- [ |
Hk, H\(X, o)) —— H(k, R(K)) —— Ao(X)— H'(k, H\(X, A7)

To prove the lemma, one must show that Coker(y) is finite. Since « has finite
cokernel and & is surjective, it is enough to show that Coker(p) is finite.

Notice first that one has the same diagram if k is replaced by a local field whose
residue characteristic is prime to the order of P, over which X has very good
reduction. By Corollary 3.8, the local version of the composite ya is surjective.
Hence the local version of 8 is also surjective. Moreover, there is a (non-exact)
commutative diagram relating the local and global situations.

H(k, V)—2—s H(k, R(E)———> H(k, P(1))

| I l¢

L1 H (ke V) —— [ H'(k,, ROE)—— 1 H(k,, P(1).

Both § and t are injective by Proposition 1.9. Tate [37] has shown that { has
finite kernel. So, the map ¢ also has finite kernel. Thus, in order to verify the
finiteness of Coker(p), it is enough to show that both v and b have finite cokernels.
For v, this follows from Tate [38]. Since b is the sum of the local versions of g, its
cokernel comes from finitely many primes: archimedean, bad reduction, and
primes dividing the order of P. Therefore, Coker(f) must also be finite. []

JI:l‘Oposition 4.2.1f X is a pseudo-rational surface over a number field k, then By(X) is
inite,
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Proof. By the lemma, it is enough to show that Do(X) = By(X)/Co(X) is finite. Let U
denote the torus Pic(X)®Fk*. Let §: PP(1)° - H'(G, U) be the connecting homo-
morphism resulting from the Galois cohomology of the exact sequence

0-U—-HYX, A3)—> PP(1)-0.

By comparing the global groups with the local groups, one gets a commutative
diagram which defines I11(D) and I1I'(k, U):

0—— LI (D) Do(X) L[ Do(X.)

| l

0—— L'k, U)— H'(k, U)/3(P°(1)®)— L1 H'(k,, U )/6(P°(1)*").

Since the vertical arrows are injective, it is enough to show that both the image of 4
and 111 ‘(k, U) are finite. Since X has very good reduction at almost all v,
Proposition 3.10 shows that the image of 4 sits inside a finite direct sum. It remains,
therefore, to show that ILI ‘(k, U) is always finite.

Consider the exact commutative diagram

0 0

| l

HPP(1)%) ————— [IIP(1)™)

|

0— I (k, U) ——— H(L,U)

[1H(k, U)

0—— LIT'(k, U)—> H'(k, U)/8(P°(1)®) — [ ] H' (k,, U)/6(P"(1)%)

l |

0 0.

Since ILI (k, U) is finite [38], a straightforward diagram chase shows that it is
enough to verify that §(P°(1)%)=0 for almost all v. But this follows immediately

from Lemma 39. [J

The argument above is essentially standard. It requires, however, that the local
invariants be almost always zero. The same argument cannot be used to prove the
finiteness of Ay(X), because Theorem 3.11 shows that the latter is almost never
zero. Nevertheless, a variation of this argument, based on the proof of the weak
Mordell-Weil Theorem, will work.

Theorem 4.3. Let X be a pseudo-rational surface over a number field k. Then Ay(X) is
a finite group.

Proof. By the previous proposition, it suffices to show that the image of
7: AolX)—H'(k, PP(1))
is finite. Let S be a finite set of primes including the infinite primes, the primes

dividing the order of P, and the primes of bad reduction. For each p¢S, the
composite Ay(X)—H'(k, P°(1))-H'(k,, P°(1)) factors through Ay(X, ). But by



Zero cycles on surfaces with geometric genus and irregularity zero 451

Proposition 2.17, one has Ay(X,,n)=0. Thus, the image of y is contained in the
kernel of

H'(k, PD(I))_)p]é[s H'(k,, P"(1)) —»p]g]s H(k3", Pp(1)).

Therefore, the image of y is contained in the part of the cohomology group
generated by cocycles which are unramified outside the finite set of primes in S. To
see that this is a finite group, one can first make a finite field extension and assume
that the action of the Galois group G=Gal(k/k) on the finite module P?(1) is
trivial. Then the first cohomology group can be identified with Hom(G, P(1)).
Thus, the group generated by cocycles unramified outside S classifies abelian
extensions of k with degree bounded by the order of P’(1) which are unramified
outside S. That the number of such extensions is finite is a well-known result due to
Hermite and Minkowski. []
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