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1 Introduction

CR manifolds, the abstract models of real hypersurfaces in complex manifolds,
are 2n+ 1 dimensional manifolds M with a codimension one subbundle H
of the tangent bundle, which carries a complex structure. The “CR” refers to
Cauchy-Riemann because for M C C"**!, the subbundle H consists of induced
Cauchy—Riemann operators. There is a wealth of geometry and analysis as-
sociated with these structures, especially when the CR manifolds are strictly
pseudoconvex. For example, two strictly pseudoconvex domains are biholomor-
phically equivalent if and only if their boundaries are CR equivalent.

A fundamental problem in CR geometry is to find computable invariants
associated with the CR structures. The global CR invariant we will consider
in this paper is the Chern-Simons type invariant u discovered by Burns and
Epstein [B-E 1}]. It is a real-valued global CR invariant of a compact 3-
dimensional strictly pseudo-convex CR manifold whose holomorphic tangent
bundle is trivial. (Cheng and Lee independently found this invariant, and extend
the definition of B-E invariant to a relative invariant on an arbitrary compact
3-dimensional CR manifold, cf. [C-L].) We will evaluate this u asymptotically
on the boundary of small Grauert tubes. Before posing the question in a more
precise form we will first say a few workds about Grauert tubes.

Let X be a real analytic manifold. Then every coordinate patch U C R”
can be thickened to obtain an open set CU C €". Since the coordinate changes
of X are real analytic maps, by taking power series expansions and by
shrinking CU to get convergence, they can be extended holomorphically to
such enlarged domains and thus they can be used as holomorphic transition
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functions for a complex manifold €X. This complexification process makes it
possible to extend real analytic objects given on X to holomorphic ones on
the complexification. Grauert [Gr] used this idea in his famous proof about
embeddability of abstract real analytic manifolds. One remarkable byproduct
of Grauert’s construction is the existence of a neighborhood M of X in CX
and a smooth strictly plurisubharmonic function p

p:M—[0,1)

such that X is the zero set of p. This p is not canonically defined, since cp
keeps this property for any ¢ € (0, 1). Recently Guillemin and Stenzel (and
independently Lempert and Szdke) proved the uniqueness of p under two ad-
\/_laép on M is
compatible with the Riemannian metric on X, and ,/p is a solution of the
homogeneous complex Monge-Ampére equation on M — X. This result can
be regarded as defining a canonical complexification of Riemannian manifolds
with real analytic metrics. The set {p < &} is a certain disk bundle over X.
We call it the Grauert tube of radius &.

We will concentrate on real 4-dimensional Grauert tubes, and find the B-E
invariant u on the boundaries of these tubes. Our motivation for this study of
the invariant g in Grauert tubes comes from the volume formula proved by
H. Weyl. He showed in {Wey] that the volume V, of an n-dimensional tubular
neighborhood around a Riemannian submanifold (X™,g) of IR"” has a Taylor
series in the radius r. Specifically,

ditional hypotheses: the Kihler metric with Kahler form

V, =Cpn(volume of X) r" ™" + Cp, f (scalar curvature) r"~™*2 dvol

rn—m+e

Tone 2 T DM ) mro)

where k, are certain integral invariants of X, determined by the intrinsic metric
nature of X only.

We address the following questions. On {p = ¢2}, as ¢ varies, how do the
invariants ¢ depend on the manifold X and the radius ¢? To what extent are
they analogous to H. Weyl’s volume formula?

One of the main results we prove in this paper is Theorem 6.1 which says
that: u has an asymptotic expansion in &

g~ s [dA ~ fk(x)dA + zé’ fF,(g""

162

where k(x) is the scalar curvature, and A2+2F;(A2 (")) F, (g,")) for any
nonzero real number 4. The leading term was suggested by the calculation
of a Reinhardt example (cf. [B-E 1]). Using this result, together with group
representations, we can prove the biholomorphic inequivalence of Grauert tubes
with centers of constant sectional curvature and classify these kinds of tubes.
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The contents of the various sections are as follows:

Section 2 is a quick review of definitions of a CR structure and the Burns-
Epstein invariant.

In Sect. 3 we establish the necessary background information and develop
some properties of the Monge—Ampére equation which will play a key role in
the sequel.

In Sect. 4 we first show that the invariant u is well-defined on the bound-
aries of Grauert tubes, then point out a natural pseudo-hermitian structure.

Section 5 will concentrate on the B-E invariant. We prove in this section,
the invariant ;2 possesses an asymptotic expansion in powers of the radius.

Section 6 is devoting to the calculation of the second term of the asymp-
totic expansion of the invariant u. Our main result is Theorem 6.1, which is
summarized above, saying that the invariant z of the boundary of a Grauert
tube has an asymptotic expansion in the radius of the tube. The leading and
the second-order terms are respectively the volume and the scalar curvature
times some dimensional constant.

In Sect. 7 we discuss the location of CR spherical structures and the bi-
holomorphic inequivalence of Grauert tubes by examining the behavior of u
on their boundaries. Though the answer is not clear for general Riemannian
manifolds, we do have a definitie result for those Grauert tubes whose centers
have constant sectional curvature, the main results are stated as Theorem 7.1
and Theorem 7.2.

2 CR manifolds and the Burns—Epstein invariant

Let M be a smooth manifold of real dimension 2n + 1. A CR structure on M
is defined by choosing an n-dimensional subbundle T; oM of the complexified
tangent bundle €TM of M, such that

(1) Ty,oM NT; oM = {0};

(2) Th,0M is integrable, i.e., if X and Y are two sections of T oM, so is
their Lie bracket [X, Y]

We call M a CR manifold with the given CR structure 7 oM. Also T\ oM
is called the holomorphic tangent bundle, and T oM @ T; oM is usually de-
noted by CH. In fact, CH carries a natural complex structure given by the
map J

J:CH - CH,

JWYy=i¥, J(V)=—iV for Ve T M.

The most important example of a CR structure is of course that induced by
an embedding M C €", in which we can choose T} oM = TLOC"“ NCTM.
We call this the embedded CR structure. For three-dimensional CR manifolds,
the integrability condition is automatically fulfilled: any complex line bundle
¥ with ¥ NV = {0} defines a CR structure. This property, together with the
fact that there are many nondegenerate CR structures on any compact orientable
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three-manifold, makes the 3-dimensional CR structures strikingly different from
higher dimensions.

A contact form @ is a real non-vanishing one-form which annihilates T, ¢
(hence annihilates CH ); it is determined only up to a conformal factor. A CR
structure Ty ¢ with a specified choice of contact form 8 is called a pseudoher-
mitian structure. The Levi form associated with this 6 is a Hermitian form L,
on T}

Ly(V, W) = ~idO(V, ).
The structure is strictly pseudoconvex if the Levi form is definite; thus by
changing the sign of @ if necessary, we may assume that it is positive-definite.
Let {X;,X3,...,X,} be a local frame field for 7)o, and let {6,0,,...,0,} be
a dual coframe field. Then

40 =ig, ;0. A0+ O A,

where 07 = -9;, and ¢ is a real one-form. Calculations on pseudohermitian
manifolds are simplified tremendously if we work with special coframes. With
the contact form 6 fixed, Webster [Web] chose a coframe {0,,0;} of Tj , by
requiring

di = igaﬁea A 9/; ,
and defined the connection form (wj) as well as the torsion form (%) via the
structure equations

d0, = Op A+ AT, of+ol =0, *AG,=0.
In this setting, the curvature matrix (Hﬁ,jl ) is
1t =dof —coz/\a)f

=R 0, N0, + 0l 0, N0 — 0, NO+iB, NTF —iT* NGy,

&
and the pseudo-hermitian scalar curvature R is defined by
R=R}.

In the sequel, we will only deal with three-dimensional CR manifolds in
which the tedious indices of the above forms could be simplified tremendously.
First of all, since M is strictly pseudoconvex, the matrix (g,3) is positive-
definite. Therefore, we can normalize {6,,0;} so that

do=i0, A O;.

Since there is only one connection form w!, and bnly one torsion form t}, we
may denote the connection form w] by © and the torsion form t! by 7. The
structure equations then become

.n d9|=91"‘/<\w+0/\1.’, o+ad=0, TA8;=0.

1

and the pseudo-hermitian scalar curvature R is obtained from the equation
do =RO; NO; + WO, A0 —T0; A6
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Based on this structure, Buns and Epstein [B-E 1] defined a real-valued
global CR invariant 4 of Chern—Simons type for a compact, strictly pseudocon-
vex 3-dimensional CR manifold whose holomorphic tangent bundle is trivial.
This p can be written down explicitly as

(22) p=[TCyIT),
M

where
i

(23) TC(IT) = Py

[:32—-1-de0)+%]?0/\(10)—20/\1‘/\‘?] + exact form .

Remark. Cheng and Lee [C-L] independently found this invariant and extended
the definition as a relative invariant to arbitrary compact three-dimensional CR
manifolds.

3 Grauert tubes and Monge-Ampére equations

Let X be an n-dimensional differentiable manifold. Bruhat and Whitney showed
that if X is a real-analytic manifold of dimension n, then X can be complexi-
fied; i.e., there exists a complex n-dimensional manifold M, and a real-analytic
imbedding of X in M, such that X is a totally real submanifold of M, where
totally real means: V € T(X) implies JV ¢ T,(X) for the complex structure
J on T(X), any x € X. In addition, Grauert [Gr] showed that there exists a
neighborhood U of X in M, and a nonnegative smooth strictly plurisubhar-
monic function p on U such that X is the zero set of p. The fact that p is
strictly plurisubharmonic implies that the domains

M, = P-l([O,ﬁz)), ¢>0

are strictly pseudoconvex.

Clearly this p is not uniquely defined for a given X, because any posi-
tive real number ¢ times p still gives a nonnegative strictly plurisubharmonic
function. However, Guillemin and Stenzel [G-S] (simultaneously and indepen-
dently, Lempert and Széke) imposed additional conditions on p to assure its
uniqueness; they proved the following theorem.

Theorem (Guillemin—Stenzel) Let X be a compact, real-analytic, n-dimen-
sional manifold with a real-analytic Riemannian metric ds®. Then there exists
a neighborhood M of X in the ambient complexified space, and a unique real-
analytic nonnegative smooth strictly plurisubharmonic function p such that

(1) X = p~(0); .

(2) the metric ds}; obtained from the Kihler form £30p is compatible
with ds? (i.e., dsi, |x= ds*);

(3) (80\/py" =0 on M —X.
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Let us say a few more words about the condition (3). Let u: M — R be
a plurisubharmonic function on a complex r-dimensional manifold M. The
homogenous complex Monge-Ampére equation for u is

(#%) (00uy' =0,

or in local coordinates z,,2,,...,2,,

Pu
det (82,-65;) =0.

When n = 1, this equation reduces to the Laplace equation 4u = 0, and, in-
deed, the Monge—Ampére equation is the most natural extension of the Laplace
equation to higher-dimensional complex manifolds. The above theorem shows
that M and p are uniquely determined by X and the metric ds®. We can also
regard the theorem as defining a canonical complexification of a Riemannian
manifold with a real-analytic metric. (M,X,/p) is called a Monge-Ampére
model (of bounded type, if \/p is bounded; of unbounded type, otherwise).
Let

M, = p~'[0,e2).

Then M, is an open, strictly pseudoconvex domain. We refer to this as the
Grauert tube of radius ¢. One of the main objects of this paper is to find the
Burns~Epstein invariant y on this Grauert tube, and to see how it depends on
the geometry of X, which we will call the middle manifold or center, and
the radius . Since the invariant u is defined only on three-dimensional CR
manifolds; we will fix n = 2 from now on, and point out some properties of
the Monge-Ampére solution /p.

Let p be a positive smooth function on a complex manifold M of dimension
two. Since

(88/p)* = —1p™210p A Bp A 8Bp — p(33p A 80p)] ,
/P is a solution of the Monge-Ampére equation (xx) if and only if
(3.1) dp A Bp A 83p = p(00p) A (9Bp) ;
or in local coordinates z,w,
(32)  20(pzzpwi — PriPuz) = PzP:Pwiv — PiPuPzio — PzPiPwi + PuPiPi -

These differentials could also be expressed in terms of real coordinates x;,x,
¥1, ¥2, With z = x; + iy), w = x; + iy;. Then the equation (3.2) takes the form

(33)
20[(Pxixy + Pyiyn XPryx, + Pyaya) — (Prizy + Py )y - (Px132 = Prany 1

= [(le )2 + (Pn )2](Px212 + Py;yz) + [(ng )2 + (Pyg )zl(pxlxl + p}’l)’l )
- Z(Pn sz + Py; Py, )(Px,xz + Py;yz)
+ 2(0x,Py; — Px1 Py X Pr1 37 — Prayy) -
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Let (gi;) denote the Riemannian metric on X. The metric compatibility
property (2) of the Guillemin—Stenzel Theorem holds if and only if

)
62,-677,-

i.e., when we pull back and evaluate the Kihler metric on real vectors tangent
to X, it coincides with the Riemannian metric (g;;). Therefore, locally p must
have the form

(ﬁ') P(Z’W)zp(th/l,xz,yZ)

=(9i),
x

= 2g11(x1,%2) ¥ + 4g120x1,%2)y1y2 + 2922 (x1,%2)

+ higher order terms in y, and y, .

On the other hand, ¢(z,w) = p(Z,w) is a real-analytic, non-negative smooth
strictly plurisubharmonic function which satisfies all of three conditions listed
in the Guillemin—Stenzel Theorem. By uniqueness

(##) p(z,w) = o(z,w) = p(z,W)
= 2g11(x1,X2))% + 4g12(x1,%2)y1y2 + 2922(x1,%2 )V
+ higher order terms in (—y,) and (-),).

Comparing (#) and (##), we see that it is not possible for odd-order terms in
Y1, y2 to appear. Setting

p_ 095x1,%)  pg _ 0gy(x1,%2)

Y ox, 7 Ox,0x,

p can be expressed more precisely as follows:
Propeosition 3.1.
(4)  plz,w) =2gu(x %)y + 49106, %2)y1 2 + 2022(x1,%2)y;

+ @11, %2)91 + 9231, %2) 1 y2 + @3(X1, %) )

+ @a(x1,x2) 113 + 05(x1,%2)¥5

+ higher even-order terms in y, and y, .
The coefficients @j(x,,x;), 0 £ j £ 5 are smooth functions of the metric (g;;)
and their k-th derivatives (ggf)), 1 < k|| £ 2. More precisely,

ﬂlabcdefpgabgfdg:} + Yhijmnrs ghighjgrmsn
11922 — 912912

Qi(x1,x2) =

for some real numbers Biapcaesp and Yinijmnrs-

Proof. Because the Taylor expansion of p in y; and y, contains even-order
terms only, (3.4) is proved. The idea for proving this proposition is to insert
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the expression (3.4) into the equation (3.3), and collect those y!y% terms with
I + k = 4, then equate the coefficients of each monomials y] )% on both sides
of the equation. We first observe that

(P, ) ~ alighyiys vy + O(Y1°),
(Pyp ) ~ gpigpiyiy; + O(yI*),
Prpzg ~ G5 Viyy + OV,
Pyove ~ Gpa + OV + O, m+n=2.
Collecting y} terms in the first part of (3.3), they are
(3.5) 32gulg2gi1 + 9ugli — 2912011 — 291,91 ~ 291190 + 4919011
+32g11gn @3 )} + (22491192 — 32912912)91)7 -
In the second part of (3.3), those y} terms are
(3.6) 169119310} + 1692291191, — 32012911931 + 6491291197,
— 64911951911 — 64911911912 — 64912911912 + 329ugngh
+ 32912912011 — 64911912911 1V1 + 32919110337 + 192912912017 -

Therefore
Biabedep9abGiadty + Viijmnrs GhiGhiGrmn

224(g11922 — 912912)
for some real numbers figscaep and Vikijmnrs, by comparing (3.5) and (3.6).
Similarly, we can obtain ¢;; = 2,3,4,5, which will possess the same kind of
expressions.

We pursue Proposition 3.1 a bit more by choosing a specific coordinate
system, the geodesic normal coordinates at the origin of X, which will be
important to us at various times. Let (x;,x;) be the geodesic normal coordinates
on X centered at 0, and let (z,w) be the holomorphic extension of (x;,x;),
z = x; +iy1, w = X3 + iy>. Then the Monge~Ampere solution ,/p is locally

(B7)  plzw) =2y} + 253 + $hly} — thunayy, + Yoyt
+ aykyt + a2k yo + a3ky? Y2 + askyy y3 + asky)

@i(x1,x2) =

+ higher order terms in x and y

where k is the scalar curvature at 0, and o; are certain constants.

For those (x;, y1,x2, y2) € 0M,, we also observe that y,, y; can be solved
as the following asymptotic expansions in &:
(3.8)

-1 .
n= (213)79%‘26 sin 6, 1
— — — m s
y2 = (22)7 ccos8 — ()T guagy} esin 0+ n;(x,x, 0)¥,
\ Jj=1

O = g11922 ~ 912912, @ € [0,27) and #; are certain smooth functions.
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In particular, if we choose the geodesic normal coordinates on X, then y; and
y2 can be approximated by

= #esin0+h.o.t. inx andg, y, = &5800894—1}.01. inxandg,

where h.o.t. stands for “higher order terms”.

4 Formulation of the problem and the pseudo-hermitian structures

Let (X, g;;) be a real-analytic, oriented, compact, two-dimensional Riemannian
manifold, M, = {p < ¢?} be the Grauert tube of radius ¢ around X, and oM, =
{p = €*} be the boundary of the tube. We would like to show that there exists
a CR structure on dM, with trivial holomorphic tangent bundle, and therefore
prove that the invariant y is well-defined on dM,.

Theorem 4.1. Let (M, X, /p) be the Monge—Ampére model of a compact,
oriented, real-analytic, two-dimensional manifold X, and oM, = {p = &*} be
the boundary of the Grauert tube of radius ¢ around X. Then the natural CR
structure on OM; has a trivial holomorphic tangent bundle.
Proof. Let

n=0p = pdz+ py,dw.

We observe that the vector

] 0

oz Pow

is a local choice of a generator of the holomorphic tangent space T)0(IM,).
Choose a section of the dual of T ¢(M;) to be dual to V:

(4.1) = \/det(gyzW)) pwdz pedz = prdw .

pel* + lowl?

V = py

Then

(4.2) @ An=+/det(gij(z,w))dzdw,

which is the complexification of the volume element ,/det(g;(x1,x;))dx1dx;
of the oriented Riemann manifold X. Therefore it is globally defined and is
non-vanishing in a small neighborhood {p < ¢} of X. As 1 is defined globally,
we conclude that ¢ is globally defined and nowhere vanishing, at least as a
section of the dual of the holomorphic tangent bundle of dM,. This proves the
natural CR structure on dM, has a trivial holomorphic tangent bundle. However,
the “trivial holomorphic tangent bundle condition” is a homotopy condition. If
it is true for 0 < ¢ <« 1, then it is true for all non-singular levels of p.

Remark. If X = X/I', |I'| = k, is not oriented, but its k-th covering X is ori-
ented, then 6M —the Grauert tube of radius & around X-has trivial holomorphic
tangent bundle, which could be viewed as a k-th tensor power of Tjg(0M,).
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A discussion in [B-E 1] about this situation shows that the definition of the
invariant u can be extended to such dM,.

The existence of u leads to the seeking of the pseudo-hermitian structure,
i.e., we are trying to find out those dual one-forms 6,8}, connection form w,
torsion form t, and scalar curvature R on dM,. For our convenience, from now
on, we will use the following abbreviations:

A = pipsz ~— PiPeis B = papwi — PiPwi, A = PzzPwi — PriPwi > 0.

Restrict all of the calculations to the level surface M, = {p = ¢?}. Then (3.2)
is equivalent to

(4.4) (1) dpAdpAddp =284
(2) Ap, — Bp, =264,
also,
4.5) Aw — Bz = 2(p2ipwi — Pipws) = 24

By (1) of (4.4), dp+0 and 30 on {p = ¢}, therefore dp+0 off {p = 0}.
So,
grad p = (p;, pw, P, pis) +0 onoM,.

On the other hand, for any tangent vector X € T,(oM,),
0 = dp(X) = (pdz + pwdw + psdZ + pedW)(X).

Therefore, when we consider the actions of one-forms on the tangent bundle
of dM,, without loss of generality, we may assume locally py; %0 and

p:dz + pydw + pzdZ

4.6 dw =
(4 —P%

Choose the contact form 6 by
0 = —idp = —i(p.dz + ppdw).

By (4.1), a natural globally defined section of the dual of the holomorphic
tangent bundle to oM, will be

pedz — prdw
o2 +1pwl?

However, to construct a pseudo-hermitian structure, we need to construct an-
other one form 6; so that df = i6, A 0;. Consider ¢ locally as a one-form,; it
is only well-defined modulo addition of multiples of 8. We let

@7) 61 =242(lp.l" + lpul*)p + ir/det(gy(z, w))a(Bpy + 4p:)0
= P(Adz + Bdw),

@ = \/det(gy(z,w))
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for some complex-valued functions o and f. The structure equation
df = i6; A O; will determine a unique extension of ¢ as a globally defined

one-form 6,. We solve
1

f=——7, a>0,
\/fsA%
then
Adz + Bdw
0 = ——.
\/fadi
Similarly,
= iaf + b(6, - 01'), T= CG(
where
_ =1, A4y B4 puAv —p.By _ Blpsdy — puds) 4w
&2 4242 262 4py 48242p; 24p,;°
1
= (—=p:z4i + pids),
2\/—8 3 i
2&24 s (—p:Bi + puBs) + 5 2A 55— (—pwd: + p:dy).

Finally, the scalar curvature R is uniquely determined by the equation

dw = RO, ANO; + WO, N0 —WO; AO, where

1
R=—a-2b" -~ \/2_ A% (bzpy — bywps — byup: + b2py),
£

, - i | - —
= iab + bc + m(d;pw —ayp;) — m(Bbz' — Bb, + Ab,, — Aby).

S The asymptotic expansion of the invariant y

The main purpose of this section is to show the invariant u of the boundaries
of Grauert tubes are very much like Weyl’s volume formula, which says that
the volume of a tubular domain around a Riemannian manifold depends only
on the geometric nature of this Riemannian manifold and the radius of the
tube; furthermore, it admits a Taylor expansion in powers of the radius. In
our case, the invariant p also possesses an asymptotic expansion in powers of
the radius, but this time, we get some singularities as the radius goes to zero.
The leading order term of this expansion is suggested by the calculation of a
simple Reinhardt example. (cf. [B-E 1]). We start by interpreting x4 in terms
of the pseudo-hermitian structure {6,6;,0,,w,7,R} computed above. We now
can compute the invariant y. First,

do Ao = (iaR — bW + bW )0 A 0; A6,
ROANdw = R0, AO; A6,
OATAT=—ci0 AO; AD.
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So, on oM,,
pu= [ Tcy)
{aMg}
i -2 . - 1 -
=—5 [ |—(aR—bW +bW)+ -R*+2c¢| h AO; NG
87 (a2 6

In local coordinates z = xy + iy}, w=x3 + iys,
dz AdZ ANdw = 2idx) Adxy Adyy + 2dxy Ady, Ady, .

The volume form

i -
OAOrAD= F[Pzpu'*pwz — PwPiPzz = PzPiPwi + PipwPwldz AdZ Ndw
w

= (22 4)dz NdF Adw .
P

Therefore,

2
1) k= ;’4-:[—4i(iaR — b + bW) + R + 12c8)dnidyidy,
{p=e2} F¥
ig? 4 " — ) _
> J —I[-4i(iaR ~ bW + bW )+ R* + 12cC)dx,dx,d y, .
127 o2y P

Lemma 5.1. Each integrand of (5.1) is the sum of an even-order, real-valued
function and an odd-order purely-imaginary-valued function. In other words,

integrand = f.+if,

where f. is a real-valued, even-ordered function and f, is a real-valued, odd-
order function.

Proof. Since
o 18 1o 8 10 10
0z N 26x1 Zay]’ 62— 26x1 26y1 )
We obtain the following type of functions, when taking the z derivatives of p,

(*) (even-order terms) + i(odd-order terms).

Similarly, it is also true for the Z,w,W derivatives. Inductively, when taking
one more derivative of p, one will have

(even) + ifodd + i(even)] = even + i(odd) = (*)

So, any @ and J derivatives of the function p reduce p to be of the type ().
Also, the product or the quotient of any two functions of this type will still pre-
serve this type. Now, we check the functions in the integrand: py, 4a,b,¢,R, W
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i .
all have the type (x), so do R? c¢,aR, bW, ;—— The only one we need to be
careful about is "

i(iaR — bW + bW ) € i[i(even + i(odd)) — B(W — W))
€ even + i odd — [even + i(odd)]i(odd) € even + i(odd).

Putting all of the above arguments together gives the result.

Lemma 5.2. u has an asymptotic expansion in €.

Proof. By the above lemma and (5.1)
n=1 2f(fe +if,)dxidydy, +7 2f(fe Fifo)dxdx,dy;
& &2
= Tan 2ff€dxld)’ld}’2 - ﬁ—szadxlddeyn

+ 355 12 2 [ffodxldyld}’2 +ffedx1dx2dy,] .

Since g, is real, the imaginary part has to vanish. So,

&2 2
(52) u= 'l—i;;ffedxid}’ld)& - Tnjffadxldxzd))l .

We then interpret y,, y, in terms of ¢ and 8 as in (4.1). Both f.dy,dy, and
fodyy give even-order terms in ¢. Therefore, there is no odd-order terms in ¢
appearing in the asymptotic expansion of pu.

Once we know u has an asymptotic expansion in &, it is quite natu-
ral to ask where does it start? Is it a Taylor series in ¢ similar to the
H. Weyl’s volume formula or do we have some singular terms? This answer
was suggested by the computation in [B-E 1] about the Reinhardt domain
(loglzi|)* + (loglz|)* = r?, which has the invariant y = >5. We reach the
following lemma.

2

Lemma 5.3. The asymptotic expansion of p in € starts from 72, ¢%,¢%,. ..,

and so forth.

Proof. Collect each leading order term of the integrands in (5.1). Then

-9
the integrands =i { ——— | + h.ot.,
& (8922}’284)
and the orders of u in ¢ start from —5,—4,—3,..., where the leading term
comes from the second part of (5.2),

91 3
dxldxzdyl 3271’282 f———gzzyz

5. —_—
( 3) 127t2f8g22y

dxidxd y, ,

which has order —2. This completes the proof.
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In order to obtain some further properties of u, we replace y, and y,, by
¢ and 0 as in (3.8).

—& i .
sin 0d0dA ,
202

where d4 =1} dx,dx; is the volume element of the Riemannian manifold X.
The second term of u in (5.2) is then

(54) dxydxydy, =

-2
—_ LAdxidxdy, = ot » 5in0d0dA ,
lznz{p!ez}f’ xidndn = o] mls

the order of f, is —5,-3,—1,...

~ E 2IfF1(X1,X2)dA

e |

for certain smooth functions F; of the metric g;; and its derivatives q," ). Sim-
ilarly,

o0
dxidyidy, ~ 3¢ ni(xi,x;,0)d0d4 .
I=1

Substitute this into the first part of (5.2), and also notice that order (f,) = —4:
&2

2 X2,
E;C-i f fedxld)’ld.)’Z ~ Eﬁgb‘z ;{fe(xl:xb &, e)nl(xl’-xZa G)dedA

{p=e2}

12 3 IZ%SZIfFI(xn,xz)dA

We include this as part of the following proposition.

Proposition 5.4,

p “', 1 2’fF,(g,”)dA

where 12+ 2F,().zgg‘)) = Fl(g,")) for any nonzero real number A

Proof. Let G;; = 2%g;; be a new metric on X. Then

M, = {p = ¢}
(a) = {& = 2911y} +4guy1y2 + 20ny; + o1V} + ¢2yiya + ..}
(b) = {(Ae)? = 2Gny? +4Gy1y2 + 260y + 08yt + oS yiym + .. ).

Let d4; and dAg denote the surface integrals of ‘the metrics gij and Gy, re-
spectively. By (a)
g~ 2’fF:(g.”)dA

But, from this point of view of (b),
(AG)ZIIAZFI(}.Z k))dAg 21[121+2F(12 k))dAg .

._—l I-—-
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Comparing these two 1, one proves
PRE(RgRy = Figl), 12 -1

This proposition implies the next corollary immediately.

Corollary 5.5.

F_i(Bg$) = F_i(g¥)

Fo(i24y = 27%Fo(glf’), O+ieR.

We have proved that the leading term of y is ¢72 fXF_l(g ))dA, and any

rescaling of this metric (g;;) will not change F_l(gu)). From the geometric
point of view, it seems quite possible that this function F_; is actually a
constant. We will prove this fact here. Notice that each F, ,(g,(.f)) is a geometric
integrand which can be evaluated at the origin, and all of the calculations in
previous sections work for any coordinate system. We now choose a specific
one, the geodesic normal coordinate.

For the leading order term, it is sufficient to choose the first approximation
of p, i.e., let

p =2y +2y}+ hot inx and y

ecosfl

Inserting (5.4) into (5.3), then replacing y, by the first approximation =
we obtain

. 3
(5.5) the leading term = cos 0d0dA = Toma ){ d4d .

327t2b2 ff\/—yz

As for the second order term, we have Fo(Azggf)) = /I‘zFo(gg.')) which
suggests that the scalar curvature might be the best candidate for F,. Let

[—4i(iaR — bW + bW ) + R* + 12c¢1 = [I] .

We go back to (5.1) again, and examine the first part of y, which is

- 2f ~Ukxidyidy,
where
(2) £24[I] is real, and has orders starting from -2, 0, 2, 4,...
(b) dyidy, is a real two-form with even orders no less than 2
(c) ;}; has orders —1,0, 1, 2,...
So, the only chance we get ¢® terms is by taking
(a) order of e24[I] = —2, i.e., taking 24[I] = 9D
(b) order of dy,dy, = 2, i.e., taking first approxunation of y; and y,
(c) order of ﬁ =0.
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We need to make some explanation of (c). Recall the expression of p in (3.7),

1 1
(5.6) pw = 2iy; + /myz kxnxzyn = ke + gkxzyf

, 3i
+ Eazky% + 2iazky?y, + —i-auky,y% + 2askys
+ higher order terms in x and y .

Therefore

1

Pw 21y [l + hot inx and y]
where the coefficients of those higher order terms are polynomials of the scalar
curvature k.

(5.6) together with (a) (b) and (c), shows that those terms which can be
left after we integrate out the angular  term are those curvature terms. We
conclude that the ¢° term coming from this part is ¢ ka(x)dA-some constant
times the integration of the scalar curvature over X.

In the second part of (5.2), since dy, always has order 1, there are two
possible cases to get an ¢ term.

Case (I): order of e2A[I]= 2, i.., taking e24[/] = 25, and order of
=1,

Case (II): order of ¢24[I] = 0, and order of —p‘; = -1, ie, ’—)'; = 2—,‘y—2

We left some crucial points to be checked in either case. In Case (I), it is
the L term. By (5.5), when restricted to the origin of X, the order-one term

ofp—wls

Pw

-1

(*) 2

[ azk yl + azkyl + Ot4ky1 b 2] + askyz] .
This tells us again
901
J 4—82(*)dx1dxzdy1 = (const)){k(x)dA .

Case (II) is a little bit complicated. We have to check carefully what happens
when the order of ¢ A[/] is zero. We divide this into two subcases.

(1) order of [/] = —4, order of 4 = 2, then [[] = ;‘% and 4 is a polynomial
of k,

(2) order of 4 =0, i.e,, 4 =0, order of [I] = —2, we check functions in
[1] for which the curvature £ can’t appear in the denominator; it is a polynomial
of k. Both of these two subcases check the £% term is of the form

(constant) fk(x)d4 .
X
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We conclude that:

(5.7) U~

3
T ,{ dA + (constant) { k(x)dA + hot.

6 The constant term

We will devote this section to the calculation of the invariant p for a one-
parameter family of compact, homogeneous CR manifolds which are the bound-
aries of Grauert tubes. We compute these u through two different approaches,
one is via the formula we got in (5.7) to find the invariant of a Grauert tube,
another way is by examining the standard CR structure. Both will give us the
same u. We could therefore determine the coefficient of the second order term
and double check the constant -3~ of the ¢~2 term obtained from the previous

167
section. Let Q denote the standard hyperquadric in €3, defined by the equation,

Q= {(z1,22,2) € C: 2} + 2} + 22 = 1},
S, be the 5-sphere of radius /7 in C3,
Sr = {(21’22,23) € (E3: |Z|‘2 + lzzlz + !zslz — r} ,

OM, be the intersection of O and S,. In terms of real coordinates x; + v/ —1y; =
z;, we could veiw OM, as an embedded submanifold of R® defined by the
equations

2 2 2 r+l
Xp+x;+x5 ==
r

6.1) M 4 s 5= 5,
Xy +x2y2+xy; =0.

This shows that r has to be greater than or equal to one. dM, is a three
dimensional hypersurface when r > 1, whereas it degenerates to a totally
real unit sphere S in R? as r goes to one, 52 = {(x1,x2,x3) € R*: x? +x2 +
x3 =1}

The first attempt is to find a Monge—Ampére solution » on Q — 5% with
the desired properties described in Sect. 3, which was done by G. Patrizio
and P-M Wong in [P-W]. Since Q can be sliced by the level surfaces oM,,
which are the intersection of Q and S,, we shall take u as a function of
r =212y + 2323 + 2323 = |Z|2, with zy,25,2z3 € Q, then

ou = u'd|z|?
d0u = u"d|z* A d)z|* + u'0d|z|* .
u is a Monge—~Ampére solution if and only if (9du)* = 0. A solution is
(6.2) u(r) = cosh™'r.

Thus u is a Monge-Ampére solution on Q — 52, is positive for » > 1, equals
zero if and only if r is 1, and is a plurisubharmonic function. Notice that cu, for
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any positive constant ¢, preserves all of the above properties. So the solution
is not uniquely determined. On coordinate neighborhood U = {(xi,x2,x3) €
§2 |x3 > 0}, we consider the projection
¢:U—>R?

(x1,%2,x3) = (x1,%2)
which gives a local coordinate system, the metric inherited from the Euclidean
space is
2

2
1 —x5 X1x2 1 —x;

B m———t—, 2 = T3, 0 =
3 —x¥’ 1—-x3—x¥

gu 12

7_ 2
2 I —xt—x

To assure the uniqueness, we need to find ¢ such that the Kihler metric

(%‘5’%), when pulled back to the center, agrees with (g;;) where z; is the

complexification of x; for j = 1,2. Let s =r ~ 1. We could also write the
Taylor expansion of #* at s = 0.

(6.3) u(z) = (cosh™'(s + 1)) ~ 25— §s? + &5* + O(s*) .
Taking derivatives of the expansion (6.3) implies
2
Pu > ( 9s— 1 s2>

62,-52, - 6z,-52j 3
s? 52

On oM,:

s=r—l=laP+lal+y/(1 -2 -0 -F-2)-1,

then ) 2
s -5 _
TR - I B T g,
P _ N _
021023 52 - l—x%—x% = g2
Py — 1""% —
4 G0f |2 l=xB-xd 922,
25 - (as Bs)
%202] | g2 % %; ) | g2 o
= aksl=ad gmlP-rg || _
{ 2|z)2 2|z3)2 @2 )
The last equation holds because z; = 2\, z; =%, z3 =273 when restricted
to S2.
This checks

= 2(gy) .
52

22\
6zi52j
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We rescale u by taking ¢ = \—}5 Then the unique Monge-Ampére solution
defined by Guillemin-Stenzel for this tubular domain is

p(z) = 3t (z) = Heosh™(z212) + 227, + 2323) ),

and the three-dimensional hypersurface 8M, is the boundary of a Grauert tube
centered at S? of radius ¢,
_ cosh™\(r)

V2

It is therefore possible to compute the invariant y of dM,. Notice that the
center is the unit 2-sphere which has constant scalar curvature 2 and surface
area 4m. The expansion (6.3) also shows &¥" ~ O(s*") on the level surface

={u? = 82}. By (5.6),

fdA +cfk(x)dA+ O() = 357" + L + 8en + O(s) .
Ky

On the other hand, since 0M, is defined by the equation (6.1), we could
also view 0M, as the unit tangent bundle of a unit sphere. It is diffeomorphic
to SO(3), the special orthogonal group, and the diffeomorphism is given by

V r+ PFRgal '\f yl AI
(X1, y1,X2, ¥2,%3, 3) = g = \/ v 0 2 A2 | € SO(3)
\/mxs Zim W;jAa

(A1, 42,43) = ((x1,%2,%3) X (y1,¥2,¥3)) -
To simplify the notation, we use the abbreviation

And the Cartan connection form on this group is

0 —a vy
Q=g"'dg=(a 0 —[3) )
-y B 0

64) n=r

where

Where
a = ab(y1dx) + y2dx; + yadxs),

ﬁ = bc(Aldyl +A2dy2 +A3dy3) ,
y = —ac(A1dxy + A2dx; + Azdx3),

are three independent lefi-invariant one-forms on SO(3). The fundamental prop-
erty of this Cartan connection is that

dQ=-QANQ
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which shows
=—fAy, df=—-yAa, dy=—-aAf.
Choosing
0=—o 6 =d(B+i),
then

do=i0 AO;, dO,=i0N0;.

This choice of {6,0;,0;} provides a CR structure on dM,, but it is not nec-
essarily the embedded structure, the one inherited from the complex structure
of ©3. However, since all SO(3) invariant CR structures are obtained from the
perturbation of this {0;,0;}, there exists ¢ € (—1,1), such that

6 = (1 - 2)T (6, +10;)

gives the embedded CR structure. In other words, in terms of the local coordi-
nates z),2,,23, none of the dZ,dz;,dZ; terms is contained in the one form &,
when written in terms of dz; and dZ;, j = 1,2,3. 'We collect those dz; terms
in 6, + t0;. They are

—i
——(ac—~bc)+t be + ac)| (41dZ) + ArdZ; + AsdZ
2ﬁ( ) 2\/—( )}(11 2dZ; + Aydz;) .
So, we choose
a-b
- =S 1 -
(6.5) t o r2—-1-r, te(-1,0).
This set of {6,64,6}} is the embetded CR structure of dM,, with
db = ie'l A 0‘1- ,
do} = 6 A(—ih)8 + 0 A (—ik)8: ,
142 2t
whereh—-1-:—t~2-, —1_12.
Therefore,

o =—ih0, t=-ikd;, R=h.
The local form defining u is

TGUT) = (1 —3k*)0 Ad0,

16n2
and the invariant

(6.6) p= [ TC(T)= — 2(1 —3k%) [OAdO.
aM, 167 oM,

We use the substitutions s = » — 1, and write k* as the asymptotic expansion

Bl -1i0).
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It is left to calculate fau,e A dO, where

(67) 0 AdO =a*b*(y1dxid y2dx; + ydxid ysdxs + yrdrad yrdx;
+ yzdedy3dX3 + y;dX3dy|dX] + y3dxyd y,dx;)

To compute the surface area, we introduce two independent spherical coordi-
nates on dM,. Let

x; = a~lsin(p —n)cos 8, y, =b"'sinncos(,
x2 = a lsin(p —n)sin 0, y,=b"'sinnsin{,
x3 =a"!cos (¢ —n), y3 = b~} cos n,
0=on=m 0=0,(=2n.

(6.8)

The condition x; y, + x;¥2 + x3 y3 = 0 makes it possible to interprate 7 in terms
of ¢,0,(, with
n = tan™'(—cotepsec(6 - {)) .

Integrating the first term of (6.7) over dM,, with help from Maple, we have

"zf"f" sin®(2¢) sin 2(0 — ) sin 2
o o L32(sinte cos*(0 — () + cos?e)?

2

0
cos sin ¢ cos X{

sin? @ cost(@ — {) + coso

} do dodl = gnz .

By symmetry, integrating out each one of the rest of the terms in (6.7) will
have the same value %n?. So, faM,H AdO = 8n?, ¥r > 0. Therefore, by (6.6)

(69) p=3(1=-3k)=3[1-3Gs" - 5+00)) =357 -1 +06).

Equating this p with that in (6.4) proves
-1

C = —8; .
We have thus arrived at the decisive theorem of this paper.
Theorem 6.1. Let X be a two-dimensional compact, real-analytic oriented
manifold with a real-analytic metric (gy), and let (M,X,./p) be the
Monge—Ampére model of X. Then
(1) the invariant u is well-defined on the level surfaces

oM, = {p=¢}.
(2) u of M, has an asymptotic expansion in €2, 0 < ¢ < 1.

Ue ~ 3 Jda - —I—-fk(x)dA + §82'fF1(g(~’~‘))dA
© 16me?y 8my =y Y

where k(x) is the scalar curvature, and
YESE ,(Azgg-‘)) =F, ,(gg-‘)), for any nonzero real number A.
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(3) There is no biholomorphic map from M, to M,, if e;#¢&, 0 < &,
6Kl

Proof. (3) Since p is a global CR invariant, 0M,, and M,, are CR equivalent
only if p,, = u,, which, by (2), can’t be true. A direct application of Feffer-
man’s extension theorem [Fe] (any biholomorphic map between two compact,
strictly pseudoconvex domains can be extended smoothly up to their bound-
aries) proves (3).

7 Grauert tubes with centers of constant sectional curvature

We have showed that there is no biholomorphic map between two Grauert tubes
M,, and M,,, for ¢,¢; small enough, although they clearly are homotopically
equivalent. We would like to discuss more about the geometric properties of
the Grauert tubes, and see to what extend the inequivalence holds. The result is
not clear for general Riemannian manifolds, but, we do have a definite answer
for those Grauert tubes constructed above centers of constant curvature.

The first case we will consider is when the center X is exactly the two-
sphere. The discussion in Sect. 6 shows

24+ =1
(7.1) 7% S
|lez -+ ‘Zz'z + |23|2 <r, r>1

are Monge~Ampére models which have the two-sphere x? +x2 +x} =1 as
their common center, The invariant yu, of level set oM, is, by (6.6),

-1 612

=, 1.
i 2+(1—t2)2 r>

(72)

(7.2), together with the fact that t = v/r2 — 1 — r and r are in one-one corre-
spondence, proves that y, is a strictly decreasing function with

. . -1
limy, =00, limpy =—.
r—] r—00 2

In other words, y,, #py,, whenever 1 #r,. Thus any two Grauert tubes as-
sociated to the unit sphere with different radius can’t be biholomorphically
equivalent.

Among all CR structures, the spherical ones — those that are locally CR
equivalent to the three-sphere in €2 — are especially interesting geometrically.
We would like to see whether there is any spherical Grauert tube or not. In
[B-E 1], the authors showed that the critical points of y, viewed as functional on
the space of CR structures, are exactly the spherical structures. Take derivative
of (6.9),

dp = 12601 + %)
(73) dt ~ -2y’
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which is zero only at ¢t = 0, i.e., u, can only be stationary if » = 0o. In other
words, there can’t be any spherical structure for r < oo. As r goes to 0, we
make a holomorphic change of coordinates, Z; = %, j = 1,2,3. Then
Z2+7:+23=0
(74) X AR
1Zi? + 12 + 122 = 1.

We claim dM, is locally biholomorphic to the unit sphere
8§ = {(z,w) € C*: )z + w* = 1},
by defining the map

@: S — My
22 —w? (22 +w?) 2zw
= (GG

@ is clearly well-defined, holomorphic, onto. Furthermore, $3/G is CR diffeo-
morphic to dM, where G = {I, -1}, i.e., @M is locally biholomorphic to S°,
and #(0Moo) = Lu(s%) = 5.

More generally, this is also true if the center X is a compact Riemannian
manifold of positive constant curvature k. Then X is isometric to (S%/T, # g),
where I' are discrete subgroups of the group O(3) of isometries of S2, which
act freely and properly discontinuously on S2, and g is the inherited met-
ric of §? from R3. Actually, there are not many of them: S? and P?R are
the only two complete, two-dimensional manifolds of constant positive curva-
ture.

Since € and 0; are O(3) invariant (see Sect.6), the invariant ur is well-
defined on the boundaries of these new Grauert tubes (it also follows from the
Remark after Theorem 4.1). They are

(7.5)

) (Z1,22,23) .

(7.6) wr= [ TC()= %
oM, /T

Thus, y,r preserves the same decreasing property of p, on the quotient space

oM, /T.
We next turn to the flat case. We will consider the spaces, for » > 0,

oM, - {yf+y§=r2,
(XI,X2) (S R?,

The pseudo-hermitian structure

-1 —i
0= —z—r—[}’l dzy + y2dz], 6p = 5[)’2 dzy — y1dz;]
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is preserved by the isometry group of R?, as are w = —if, t=if; and R = 1.

So, u, is well-defined on oM, /I, for any discrete subgroup I' of the isometry
group of R?, which operates freely and properly discontinuously on R2,

3
== [ O0AdO=3c()
r 16,‘26}"{” 16nr

is a strictly decreasing function of r,.
limy, =00, limpu, =0.
r—0 r—oo

where c(I') is a positive constant depending on I' only.

dy, -9
dr ~ 16m2r?

oI <o0.
Therefore, there is not any spherical structure. As 7 approaches oo,
My = lim M,
r—o0

is a Reinhardt domain, whereas it is not so clear what oM, looks like as r
goes to oo, comparing with (7.4), (7.5) above.
We sum these results up as follows:

Theorem 7.1. Let X be a two-dimensional, compact Riemannian manifold
of constant curvature k = 0. Then X can be complexified to obtain an un-
bounded Monge—Ampére model (M, X, ¢). The Grauert tubes {¢ < v\} and
{e® < v} enclosed by different Monge-Ampére levels can’t be biholomorphi-
cally equivalent. Furthermore, on the level surface {¢ = v}, v > 0, one has

(1) For the case k > 0. The pseudo-hermitian curvature R, is always
positive, decreasing from oo to 1 as the radius gets larger. The invariant p,
decreases from oo to 5t. There is no spherical CR structure on {¢ = v}, v <
oo whereas the CR structures are becoming spherical as v goes to 0.

(2) For the case k = 0: The curvarture R, is a constant 1 for every v > 0.
The invariant u, is a positive, decreasing function, and there is no spherical
CR structure on any {¢ = v}.

In the sequel, the Monge-Ampére models whose centers possess constant
negative curvature will be our chief objects. Quite naturally, the hyperbolic
space H? which is given by x} +x} —x} = —1, x3 > 0 with ds? =dx? +
dx} —dx? is the first one to be thought about. Complexify it, then take the
intersection with |z;]2 + |22} — |z3)* = r, we obtain

Aed-d=
212 + |2 = B =r re(-11).

1.7 oM, : {
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In terms of real coordinates, éM, could be viewed as an embedded submanifold
of R® defined by equations

xdtx; k=151,
(78) IVRE S WUV By

uy+xy:—-xy; =10,

which shows OM, are the tangent sphere bundles of the hyperbolic space
H?. 0M, degenerates to the two-dimensional real hyperbolic space as r ap-
proaches —1. Since the goal is to find the Monge—Ampére solution u on M,
so that u is constant on each level set dM,, we might therefore assume that
u is a function of r = |z)|> + |z2/* - |z3|>. We reduce the Monge—Ampére con-
dition to

2r
" !
2u +r2~lu =0.

Then .
u(ry= [(r* ~1)Tdr=cos7'r +d,

d is a certain constant, determined by the initial condition u(center) = 0. If we
fix the angle branch as [r,2n], the initial condition ¥~'(—1) =0 will imply
d = —n. For our convience, we make a change of variable and then take Taylor
series of u* with respect to the new variable 5. Let s = r + 1 € (0,2). Then

(79)  W(r) =[ccos™'(s — 1) — cn]? = 2c%s + }cP5? + 4%5° + O(s*) .
So,
u?

62,-52,-

(7.10)

2 2 2
==(2¢:2 8:v +lc285: )
H2={s=0} aziazj 3 Bz,'az,

We consider local coordinates obtained by projection as described in Sect. 6,
the metric (g;;) — induced from the quadratic form dx? + dx? — dx} and R3—
of H? is then

=0

1+x2 —X1X3 1+ x?
7.11 =1 =2 = ——"%
( ) Ju1 1+X%+x% g2 l+x%+x% g2 1+x%+x%

On the other hand, since

s=r+1==|z:|2+|22|2“\/(1+212+Z%)(1+z-1+z-%)+1’

then
s _ & _ s B Ps? ~0
62] 65. H2 =g 62162-2 r'g = g2 62232-2 2 =92 62;32_]: 2 -
So, the Kahler metric is
2
P e B ony,
0zi0Z; | 2 02102y | 2
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Now the condition of compatibility implies ¢ = \—/'-5, and the Monge—-Ampére
solution for this hyperbolic model is

(7.12) u(zy,22,23) = ;};COS—lUZI P+ |22l = |zs]*) - D7,

which is preserved under the group action of 04(2,1), and can’t be extended
beyond r € (-1,1).

A close examination checks that all of the above calculation can be done in
higher-dimensional spaces. Thus, they provide bounded Monge—Ampére models
to any complete manifolds of negative constant curvature.

We could also view dM,/I" as an one-parameter family of locally homo-
geneous CR manifolds, and compute the invariant y, on oM,/I". Again, I', a
subgroup of O,(2,1) acts freely and properly discontinuously on H2. The map

cdy by ax
(X1, y1,%2, ¥2,%3, 3) 2 g = (CAz by, ax ) € 50(2,1),
cds —by; -—ax;
gives a diffeomorphism from M, to SO(2,1), where
(A11A2’A3) = ((xl’erx3) X (yla Y2, J’S)) )

and

a= 1+r 1——r2'

The Cartan connection form on this group is

0 a f
9=g“dg=(—a 0 v),
B v O

where
o = be(dydy) + A2dy, + Axdys),

B = ac(A1dx) + Aydx; + Asdxs),
Y = ab(yidx; + y2dx; — yydx;) .
are three independent left-invariant one-forms on SO(2,1). The fundamental
property of Cartan connection implies
do=—-BAy, df=7yAa, dy=aAp.
Taking
0=-y, 6 =L(a-ip),

then
d0=i0, ANO;, dO, =i0AN0;.
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Therefore, {0,0,,6;} provides an O, (2, 1)—invariant CR stiucture on 0M,, and
the embedded CR structures could be obtained through a deformation {6, 8}, 6%}
of this CR structure, with

¢ =(1-2)T(0 +16;), te(-1,1).

1=l e (-1,0),

r

(7.13) t=140, r=0,
V=2 e (0,1),

gives the embedded CR structure at the corresponding level oM, .
The connection w, torsion 7 and curvature R are

2it 1 + 12 -2t
== ——-——-0, = 01, = .
12> TTh e 1—¢

The invariant u, of oM, /I is then

. 1 382
(7.14) . Yy = Tc I'I)=—[ ] oONndO
) aM{/r 2 4n? (1-2y aM}f/r

Similar computation as in (6.7) and (6.8) shows

[ 6AdB=c) >0
OM,/T

is a r-independent constant. A calculation gives directly:

dy,  12¢(1 4 1)
dt =~ (1-p£y

oI,

which obtains zero at ¢t = 0. So, there is at most one spherical structure at
r=0. On oMy, x?+x3+x2 = —‘51, therefore x; 0. There are actually two
symmetric, connected pieces in dMj, one has x3 > 0, the other one has x; < 0.
We will consider the x; > 0 piece in the sequel. Since

Zd+z22-z22=-1
(7.15) oMy : { !
212 + |22)* — |zs> = 0,

|z3]* = |z1]> + |z2]* 0. The map
fioMy - 8 — {S* N R?}

Zy

(21,22,23) = (Z ‘2‘3‘) (Z1,2,)

is locally biholomorphic. This shows dMj, as well as its quotient space oMo/T’,
is spherical.
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Combining (7.13) and (7.14), we show that y, decreases from oo to a
constant uo as r goes from —1 to 0, then climbs up to co at the same speed,
that is to say

(7.16) Bs = Py, SE€(0,1).

Since u is a global CR invariant, (6.15) gives the necessary condition for M_,
to be biholomorphic to M,. As for the sufficient condition, we need the help
of another CR invariant, the CR invariant A(N) associated with every compact,
orientable, strictly pseudoconvex 2n + 1 dimensional CR manifold N, defined
by David Jerison and John Lee in [J-L].

Let u be any smooth real function on N, and let R be the Webster scalar
curvature for a fixed one-form 6. The invariant A(N) is defined by

MN) =inf{Ag(u) : Bo(u) =1, u € C®(N)}

where, when n = 1
Ag = [(4]dul} + Ru?)0 A db
N

By =[|u*0 Adb.
N

When the CR structure has constant positive curvature R, Ag(u) = 0, for
every u € C®(N); this implies that A(N) 2 0. In the case R= —c < 0, we
can take a constant function u so that Bg(x) = 1, then the associated Ag(u) =
Jy —c*0 AdB < 0, therefore, A(N) < 0.

The Webster scalar curvature R_, is a negative constant on OM_,,

o __r=yT=P)

T VI=R2-(1-r)’

whereas it is a positive constant R, on dM,,
Rr = "‘R_r .

It is thus clear the dM, and dM_, have different invariant A, therefore they
can’t be biholomorphically equivalent.

Finally, we summarize these results as a theorem, the negative curvature
case of Theorem 7.1.

Theorem 7.2. Let X be a two-dimensiondl, éompact Riemannian manifold
of constant curvature k < 0. Then the Monge-Ampére model (M, X, @) is

of bounded type with sup ¢ = —\/__E_Tk:

is where p, attains its minimum. The pseudo-

We have exactly one spherical level

set {@=v}, v,= ~
pEmh W %k

hermitian curvature R, is positive when v < v, and is negative when v > v,.

Furthermore, the tube {¢ < v:} is not biholomorphic to {¢ < v,}, for vi%v,.



The asymptotic expansion of a CR invariant and Grauert tubes 91

The calculation in this section has actually extended the construction of
hyperbolic tubes by Lempert in [Lem]. Let us remark that in that paper, Lem-
pert didn’t require the compatibility of the metrics and proved that the func-
tion @o(z) = 2tan~'(tanhd,(z)) is a non-negative plurisubharmonic function
on B"/I', satisfies the Monge-Ampére equation on B"/I" — 4"/I", equals 0 ex-
actly at 4"/T", goes to § as z — 0B"/T’, and ¢? is a strictly plurisubharmonic
function on B"/I", where B" € €" is the unit ball, 4" is a hyperbolic space
considered as the unit ball in IR” endowed with the Caley—Klein metric, and
d,(z) measures the Kobayashi distance of z to 4". We add the compatability
condition to his model (B"/I", 4”/I", ), then the uniqueness of Monge-Ampére
model, together with Theorem 7.2, imples:

o(z) = \/%Etan"(tanh d.(2)),

d,(z) measures the Kobayashi distance of z to 4".

Furthermore, Theorem 2.5 of [L-S] asserts that there is a biholomorphic
map f which sends our previous model (My/I", H"/I',u) to Lempert’s model
with

uz) = o(f(2)).

On the level surface dM,, the uniqueness implies
2tan"\(tanhd,(f(z))) = cos™'r —m.
So, the Kobayashi distance from the image f(0M,) of oM, to 4" is

1-r _1, (\/1—r2+1—r)

d, = tanh™ ' — = =
f@y=tanh™ = =319\ T _ 1 %r
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