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Abstract Let V be an algebraic variety in C". We say that V satisfies the strong
Phragmén-Lindelof property (SPL) or that the classical Phragmén-Lindelof Theo-
rem holds on V if the following is true: There exists a positive constant A such that
each plurisubharmonic function u on V which is bounded above by |z| 4+ 0(|z]) on
V and by 0 on the real points in V already is bounded by A|Im z|. For algebraic
varieties V of pure dimension k we derive necessary conditions on V to satisfy
(SPL) and we characterize the curves and surfaces in C" which satisfy (SPL).
Several examples illustrate how these results can be applied.
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1 Introduction

An algebraic variety V in C",n > 2, has the property (SPL) if there exists a

constant A > 1 such that for each plurisubharmonic function # on V the estimates
u(@) < |zl +o(z), zeV, and u(z) <0, z € VNR",

imply

u(z) < Allmz|, zeV.
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By the classical Phragmén-Lindelof Theorem, V = C” satisfies (SPL) with A = 1.
Thus the varietes V' that have the property (SPL) are the ones for which a natural
extension of the classical Phragmén-Lindel6f Theorem holds. This, however, is not
the only reason why they are of interest. In fact, there are several problems concern-
ing linear partial differential operators with constant coefficients for which the prop-
erty (SPL) plays an important role in their solution. The first result of this type was
obtained in Meise and Taylor [14]. There it was shown that for ahomogeneous poly-
nomial P, € C[z1,...,z,] of degree m > 2 and P(z, z441) := Pu(z') — Zni1,
the operator P(D) : C OO(R’”‘l) — C OO(R”‘H) admits a continuous linear right
inverse if and only if the variety V(P) := {z € crtl . p(—z) = 0} satisfies
(SPL). For n = 3 the latter property was characterized in [3] by properties of P,
(for the precise formulation, see Theorem 5.10). For a weight function o (e.g.,
w(l)=1t*0<a <1)and P € C[zy, ..., z,] we showed in [7] that the operator
P (D), acting on the space of w-ultradifferentiable functions &, (R") of Beurling
type, admits a continuous linear right inverse only if certain limit varietes 7, 4 V (P)
associated with V(P) have the property (SPL). A modification of this result by
Heinrich [11] together with a theorem of Hormander [12] shows that P (D) acts
surjectively on the space A(R") of all real analytic functions on R” only if for
each& € V(P,) NR", |&] = 1, all limit varieties T, 5(V (Pp) — &) satisfy (SPL),
where P, is the principal part of P and where the limit varieties are computed at
the singular point 0 € (V(Py,) — &).

In the present paper we characterize the algebraic curves and surfaces V in C"
which satisfy (SPL) in terms of their geometry. To achieve this, we first collect
necessary conditions in Section 3 for any algebraic variety V in C" of pure dimen-
tion k to satisfy (SPL). The first one was noted already in Meise and Taylor [14],
namely thatat & € V NR", the variety V must satisfy the local Phragmén-Lindel6f
condition PLjoc (&) that was introduced in Hormander [12]. The second and the
third one were proved in [7]. They are formulated in terms of limit varieties T, 4V
of order d > 1 along real simple curves y, which we briefly introduce in Section 2.
They state that each limit variety T, 4V satisfies (SPL) if V satisfies (SPL) and that
for each real regular point & of T), 4V, the variety V must satisfy a certain hyperb-
olicity condition which we call (y, d)-hyperbolicity (see Proposition 3.9). These
necessary conditions are also sufficient for (SPL) if V is an algebraic curve (see
Theorem 3.10). However, for the characterization of (SPL) for algebraic surfaces,
we need a further condition for real singular points of 7}, 4 V. As Proposition 3.14
shows, these singular points come in two classes. For one class (y, d)-hyperbolicity
is still the necessary condition, while the more sophisticated (y, d, §)-hyperbolicity
is needed for the other class (see Proposition 3.14). Collecting all these necessary
conditions—except the first one—we define algebraic surfaces in C" which are
called “hyperbolic in conoids”. Using this notion we show that for an algebraic
surface in C” to satisfy (SPL) it is necessary to be hyperbolic in conoids and to
satisfy PLjoc (&) at each real point & in V.

The main result of Section 4 is to prove that this necessary condition is also
sufficient. In order to do so we have to overcome the difficulty that we have too
many necessary conditions. Using a finiteness result from [9], we are able to single
out a finite number of real simple curves y and exponents d for which the condi-
tions appearing in the definition of hyperbolicity in conoids are already sufficient.
Then a suitable modification of the arguments which we used in [5] to characterize
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the analytic surfaces in C? which satisfy PLj,. can be applied to prove the desired
characterization (see Theorem 4.3).

In Section 5 we use the results of the previous sections to treat a number of
examples. This illustrates that our methods are almost algorithmic. Example 5.6
shows that (SPL) is a very subtle property. Changing a polynomial by adding or
deleting a constant may destroy (SPL) for its zero variety. We also indicate how
the main result of [3] can be deduced from the characterization given in the present

paper.

2 Preliminaries

In this section we fix the notation and recall some basic facts that are needed in the
subsequent sections.

Throughout this paper, | - | denotes the Euclidean norm on C”, B(&,r) or
B (&, r) denotes the open ball with center & and radius in C", and S” denotes the
Euclidean unit sphere in R"*!.

Definition 2.1 (a) Let V be the germ of an analytic variety at some point p in
C". The tangent cone T,V of V at p is defined as the set of all v € C"
which are tangent to V at p. Here v € C" is tangent to V at p if there exist
a sequence (p;)jen in V converging to p and a sequence (a;) jen in C such
that lim; .~ a;(pj — p) = v. For a general discussion of tangent cones at p,
see Whitney [17], Chapter 7. The tangent cone defined here is Whitney’s cone
Cs.

(b) For an algebraic variety V in C" its cone of limiting directions Vy, is defined as

Vii=1r lim L7 >0, z; €V, |z;| — oo}.

For a different description see [4], 2.4, where it is proved in particular that V),
is an algebraic variety.

Definition 2.2 A simple curve y in C"* isamap y : [«, oo[ — C" which for some
a > 0 and some g € N admits a convergent expansion

q
y()= > &t/7 with |&|=1.

j=—00
The vector &, is called the limit vector of y at infinity. The trace of y is defined as
tr(y) := y (e, 0o[). A real simple curve is a simple curve y satisfying tr(y) C R”.

Remark 2.3 (a) If y : [&, oo — C" is a simple curve then for some 8 > « the
restriction of y to [B, oo[ is injective. Hence it is no restriction to assume that y is
injective.

Definition 2.4 A real simple curve y in R” is said to be in standard parametri-
zation with respect to a basis (&1, ..., &,) of R" if for some ¢ € N we have

y (1) = 161+ X0y o (0, where (1) = 3971 a, 1777,

From [7], Lemma 2.5, we recall the following lemma.
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Lemma 2.5 (a) Let V C C" be a pure 1-dimensional analytic variety in C"* and
let T be a branch of V N R" at infinity. Then there exist a basis (&1, ..., &,)
of R", r > 0, and a real simple curve y in standard parametrization such that
T\ B"(0,r) =tr(y).

(b) Let y be a real simple curve in R" and let (&1, ..., &,) be a basis of R" such
that &1 is the limit vector of y at infinity. Then there are r > 0 and a real simple
curve § which is in standard parametrization with respect to (&1, ..., &,) such
that tr(y) \ B"(0, r) = tr(3).

Definition 2.6 (a) Let V C C” be an algebraic variety of pure dimension k > 1,
let y : [, oo[ — C" be a simple curve, and let d < 1. Then for ¢ € [«, co[ we
define

1
Vyar ={weC :y@m)+wt?ecV)= ,—d(" — (1)

and we define the limit variety T\, 4V of V of order d along y as the set
TyaV:={¢t €C":¢ = lim z;, where zj € V) 4, for j € N and
J—> 00
(tj) jen is a sequence in [a, oo which tends to infinity}.

If it is clear from the context we will sometimes write V;; or just V; instead of
V., di.
y.d,t
(b) Let V be the germ of an analytic variety at some point p in C". The tangent
cone T,V of V at p is defined as the set of all v € C" which are tangent to V' at p.
Here v € C" is tangent to V at p if there exist a sequence (p;) jen in V converging
to p and a sequence (a;) jeN in C such that lim; . a;(p; — p) = v.

From [8] we recall the following results about limit varieties.

Theorem 2.7 Let V be an algebraic variety of pure dimension k > 1 in C", let
y @ la, 00 — C" be a simple curve in C* with limit vector & at infinity, and let
d <1 be given. Then the following assertions hold:

(a) Ty 4V is either empty or an algebraic variety of pure dimension k.

(b) Ty,lv =V,—-é.

(c) Ifd < 1thenw €T, 4V ifand only if w + 1§ € T), 4V for each i € C.

(d) For each R > O there exists g > o such that for each sequence (t;) jeN in
[ag, ool which tends to infinity, the varieties (Vy,d,tj N B(0, R)) jen converge
to T, 4V N B(0, R) in the sense of Meise, Taylor, and Vogt [15], 4.3.

Definition 2.8 Let y : [«, co[ — R” be a real simple curve, letd < 1, a subset U
of C", and R > « be given. We call

F(y.d.U.R):= () +1'U)
t>R

the conoid with core y, opening exponent d, and profile U, with tip truncated at R.
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Definition 2.9 Two simple curves y and o in C" are called equivalent modulo d
for d < 1 if for each zero neighborhood U in C" and each R > 1 we have

I'(y,d,U,R)NT(o,d,U, R) #0.

If T is abranch of V NIR" atinfinity as in Lemma 2.5 then T is said to be equivalent
to y modulo d if there exists a real simple curve o which is equivalent to y modulo
d and satisfies tr(o) = T.

Definition 2.10 Let V be an analytic variety in C" and let €2 be an open subset
of V.

(a) By Qeg (resp. L2sing) we denote the set of all regular (resp. singular) points of
Vin Q.

(b) A function u : Q@ — [—o00, oo[ is called plurisubharmonic if it is locally
bounded above, plurisubharmonic in the usual sense on Qe and satisfies

u(z) = limsup u(¢)

$€Qreg, {2

at the singular points of V in 2. By PSH(£2) we denote the set of all plurisub-
harmonic functions on 2.

3 Necessary conditions

In this section we will derive necessary conditions for an algebraic variety V of
pure dimension & in C" to satisfy the following condition (SPL).

Definition 3.1 An algebraic variety V in C" satisfies the condition (SPL) if there
exists a constant A > 1 such that for each u € PSH(V') the conditions («) and (8)
imply (y), where

() u(z) < |zl +o(zD), z €V,
B) u(z) <0, ze VNR",
(y) u(z) < Allmz|, zeV.

We will write SPL(A) when we want to specify the constant A.

Remark 3.2 By the classical Phragmén-Lindelof theorem for plurisubharmonic
functions on C", V = C” satisfies the condition SPL(1). Hence one can consider
algebraic varieties which satisfy (SPL) as those for which the classical Phragmén-
Lindelof theorem holds. In [3], Proposition 2.8, we pointed out why it would be
too restrictive to require A = 1 in Definition 3.1.

Besides this interpretation the property (SPL) also plays a role in the character-
ization of those polynomials P € Clzy, ..., z,] for which the differential operator
P(D) : D'(R") — D'(R") admits a continuous linear right inverse, as it was
shown in Meise and Taylor [14], Theorem 3.4, and in [3].

Remark A weaker condition than (SPL) is obtained if in Definition 3.1 one requires
the existence of A, B > 0 such that for each u € PSH(V) the conditions («) and
(B) in 3.1 imply
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(') u(z) < Allmz|+ B, zeV.

This property was called SPL(A, B) in Meise and Taylor [14], Definition 3.1.
The algebraic surfaces V in C3 which satisfy SPL(A, B) for some A, B > 0 were
characterized in [7], Theorem 4.7, since one can take w = 1 in that theorem.

To derive necessary conditions for (SPL), we recall the definition of the local
Phragmén-Lindelof condition that was used by Hérmander [12] to characterize
those differential operators P (D) that are surjective on the space A(R") of all real
analytic functions on R”.

Definition 3.3 For & € R” and ryp > 0 let V be an analytic variety in B(&, r()
which contains £. We say that V satisfies the condition PLj (&) if there exist
positive numbers A and ro > r; > rp such that each u € PSH(V N B(&,ry))
satisfying

(@) u(z) <1, ze VN B, r) and
(B) u(z) <0, ze VNAR*N B, ry)

also satisfies
(y) u(z) < Allmz|, z€ VN BE, ).
For other equivalent definitions of PLjy (&) we refer to [5], Lemma 3.3.

From Meise and Taylor [14], Proposition 4.4, we recall the following result.

Proposition 3.4 If an algebraic variety V in C" satisfies (SPL) then for each
& € VNR" it satisfies PLioc (§).

Since by [7], Lemma 3.2, the condition (SPL) is equivalent to the condition
PL(w) forw = 0, we get from [7], Theorem 3.12, the following necessary condition
for (SPL).

Proposition 3.5 Let V be an algebraic variety of pure dimension k > 1 in C"
which satisfies (SPL). Then for each real simple curve y and each d € 1—o0, 1],
the limit variety T\, 4V satisfies (SPL). In particular, Vy, satisfies (SPL).

In order to state further necessary conditions for (SPL) we introduce the fol-
lowing notions:

Definition 3.6 Let V bean analytic variety in aneighborhood of apointé € VNR".
We say that V satisfies the dimension condition at & if for each locally irreducible
component W of V at £, the dimension of W NIR" as a real analytic variety is equal
to the dimension of W at & as a complex variety.

Remark 1f V satisfies PLjoc(§) at & € V N R", then V satisfies the dimension
condition at &. This follows from Meise, Taylor, and Vogt [15], Lemma 2.8, since
the condition PLjoc(§) implies the condition RPLj,.(§), defined in [15], 2.3.

Definition 3.7 (a) Let V be an analytic variety in C" which is of pure dimension
k> 1in¢ € V. A projection  : C" — C" is called noncharacteristic for V
at ¢ if its rank is k, its image and its kernel are spanned by real vectors, and
T: V Nkerr = {0}.
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(b) Let V be an algebraic variety in C" of pure dimension k > 1. A projection
. C" — C" is called noncharacteristic for V at infinity if its rank is k, its
image and its kernel are spanned by real vectors, and V;, N ker 7 = {0}.
Hence a projection is noncharacteristic for V at ¢ if its kernel is transverse to

V at ¢ and its image and kernel are spanned by real vectors.

Definition 3.8 Let V be an algebraic variety of pure dimension £k > 1 in C", let
v i la, oo — C" be areal simple curve, letd < 1,andlet¢ € T, 4V NR". We
say that V is (y, d)-hyperbolic at { with respect to a projection 7 : C* — C"
which is noncharacteristic for 7}, 4V at ¢ if there exist a zero neighborhood U in
C"andr > asuchthatz € VNI'(y,d, ¢+ U, r) is real whenever 7 (z) is real. V
is called (y, d)-hyperbolic at ¢ if it is (v, d)-hyperbolic at ¢ with respect to some
projection 7 as above.

From Proposition 3.5 and [7], Lemma 3.20, applied with @ = 0 we get that
also the following condition is necessary for (SPL).

Proposition 3.9 Let V. C C" be a pure k-dimensional algebraic variety in C"
which satisfies (SPL). Then for each real simple curve y : [a, oco[— C", each
d <1, each & € (T, qV)weg NR", and each projection w : C" — C" which is
noncharacteristic for T, 4V at &, V is (v, d)-hyperbolic at & with respect to .

The necessary conditions which we found so far lead to the following charac-
terization of the algebraic curves in C" that satisfy (SPL).

Theorem 3.10 For each algebraic curve V in C" the following conditions are
equivalent:

(a) V satisfies (SPL).

(b) V satisfies PLioc(§) for each & € V NR", V), satisfies (SPL), and for each
neV,ns"tand Yo ittt =1, Vis (yy, 1)-hyperbolicat 0 € Ty, 1 V.

(c) V satisfies PLioc (&) for each &€ € V NR", V), satisfies (SPL), and for each
(some) projection w: C" — C" which is noncharacteristic for Vy, at infinity
withimt = ¢C for some ¢ € R", there exists K > 1 suchthatw~'(tz)NV C
R" foreacht € R, |t| > K.

Proof (a) = (b): By Proposition 3.4, the first condition in (b) holds. Also the
second one holds, since V}, satisfies (SPL) by Proposition 3.5. To show the third
one, note that V, is homogeneous of dimension 1 (see [4], 2.4), hence a finite
union of lines through the origin. Since V), satisfies (SPL) and hence PLjo.(0) by
Proposition 3.4, it follows from [5], Proposition 3.16, that these lines admit real
generators, i.e., there are w € Nand a; € R", |aj| = 1,1 < j < u, such that

0
vi=a-C. (3.1
j=1

In particular, each point € V; N "~ ! is a regular point of Vj,. By Theorem 2.7
we have TVnJ V =V, — n. Hence 0 is a regular point of Tyn,lV. Therefore, the
third condition in (b) follows from Proposition 3.9.

(b) = (a) and (b) < (c): This is proved in Remark 4.13 since later we have to
use the same arguments in greater generality. O
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Remark Note that an analytic curve V in C" satisfies PLjo(£) at some & € VNR”
if and only if in suitable coordinates and in some neighborhood of &, V is the union
of graphs of holomorphic maps which are real over real points. This follows from
[5], Proposition 3.16.

As a corollary we obtain the following characterization of the algebraic curves
in C" satistying (SPL), which was proved in [6], Proposition 18.

Corollary 3.11 Let P € Clx, y] be of degree m > 0. Then V := V (P) satisfies
the condition (SPL) if and only if the following two conditions are satisfied:

(a) V satisfies PLioc(§) at each & € V N R2.

(b) For each (or some) n,¢ € S satisfying Pn(¢) # 0 and spang(n, ¢) = R?
there exists R > 0 such that for each t € R, |t| > R, the polynomial )\ +—
P(tn + L&) has only real zeros.

Proof If V (P) satisfies (SPL) then Theorem 3.10 implies (a). As in the proof of
Theorem 3.10 there exist u € N and a; = (aj, B;) € R2 1 < j < u, so that
(3.1) holds. Now fix 1, ¢ € S' as in (b). Then the projection 7 : C*> — C2,
m(an + b¢) := an is noncharacteristic for Vj, at infinity. Hence there exists § > 0
such that 77 |y (py is proper and unbranched over C \ B(0, S). In particular, for each
t € R, |t] > S, the set 7~ (tn) has m elements. Because of the hyperbolicity
condition in 3.10(b), all these points must be real. Hence (b) holds.

If the conditions (a) and (b) hold for some 7, { € S! then it is easy to check that
V (P) satisfies the conditions in 3.10(b). To obtain the statement about V},, note
that V}, is a finite union of complex lines in C2. They must have real generators
because otherwise condition (b) cannot hold. O

Remark (a) In Example 5.1 we define an irreducible polynomial P € Clx, y] for
which V (P) satisfies (SPL), while the principal part of P is not square-free.
Hence the number u in (3.1) can be smaller than the number of branches in V.
This shows that the general situation, even for n = 2, differs from the special
one that was treated in Meise and Taylor [14], Corollary 4.10.

(b) Example 5.2 shows that V(P)N RR? can have bounded connected components,
while V (P) satisfies (SPL).

Definition 3.12 Let V be an algebraic variety in C" of pure dimension &k > 1
and let y be a real simple curve. Then it was shown in [8], Proposition 5 and [9],
4.9, that there exist p € N and rational numbers 1 = d; > ... > d, such that
d — T, 4V is constant on the intervals |d;11,d;[,1 < j < p— 1 and ]—o0, dp[
and that these numbers are minimal in this respect. We call them the critical values
for the curve y and the variety V.

Let d be a critical value for y and V. A singular point ¢ of T, 4V NR" is said
to be terminating for y and d if there is a simple curve o (t) = y () + ¢ 4+ o(t?)
such that no critical value for o and V' is smaller than d. A point {1 € (Vj,)sing With
|£1| = 1 is called terminating if O is terminating for y;(¢) :=t{; andd = 1.

Ifd < lisacritical value fory andif ¢ € (T, 4V )singR" is not terminating for
y and d, then A(y, d, ¢) denotes the largest critical value for y; : t — y(¢) + crd
which is smaller than d.
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Definition 3.13 (a) Let V be an algebraic variety in C" of pure dimension k > 1,
let y be a real simple curve, and let d < 1 be a critical value for y and V.
Assume that § € T), 4V N R" and let § < d < 1. Then we say that V is
(y,d, 8)-hyperbolic at & with respect to a projection 7 which is noncharacter-
istic for T, 4V at & if there exist R > 1 and zero neighborhoods U C B(0, %)
and G C C" bounded, such that foreach¢ € VNI'(y, d, £ + U, R) for which
w(¢)isrealand 7(¢) € (o y, 8, w(€) + 7 (G), 0) also ¢ is real.

(b) Let W be an algebraic surface in C", denote by 7 : C" — C" the projection
7wz, zZn-1, 2n) = (0, 2,_1, z») and let U be a subset of C". Then W N U is
called hyperbolic with respect to 7w if ¢ € W N U is real whenever 7 (¢) is real.

Proposition 3.14 Let V be an algebraic surface in C" that satisfies (SPL), let y
be a real simple curve which is in standard parametrization with respect to the last
variable, and let d < 1 be a critical value for v and V. Assume further that 0 €
(Ty.aV)sing and that the projection w : C" — C", (2, Zp—1, 2n) := (0, Zp—1, 20)
is noncharacteristic for T\, 4V at zero. Then the following assertions hold:

(a) If 0 € T, 4V is not terminating for y and d then V is (y, d, §)-hyperbolic at
0 with respect to w for § := A(y, d, 0).

(b) If 0 € T, 4V is terminating for y and d then V is (y, d)-hyperbolic at 0 €
T,q4V.

Proof (a) We first treat the case thatd < 1 and that 0 is not terminating for y and d.
Since d is less then 1, it follows from Theorem 2.7 (c¢) that there are algebraic curves
Wy and W; satisfying T), 4V = Wy x Cand T, 5V = Ws x C. By Proposition
3.5, the hypothesis implies that 7}, 4V and T), sV satisfy (SPL). Hence W; and W;
satisfy (SPL). By Proposition 3.4, W satisfies PLjo:(0). Hence [5], Proposition
3.16, implies the existence of €1, &2 > 0 such that the following conditions are
satisfied:

1 T,qaVN (B"2(0, £1) x BY(0, £2) x C) is hyperbolic with respect to 7.
(ii) 7 restricted to 7), 4V N (B"2(0, &1) x (B'(0, 2¢2) \{0}) x C) is unbranched.
(iii) If w € T, 4 satisfies [w,_1| < 2&; then lw'| < e forw = (W', wy—_1, wy).

Next note that by [9], Corollary 4.15, we have (T}, 5V ), = To(T,aV ). Hence the
assumption on 7 implies that 7 is noncharacteristic for (7, 5 V), at infinity. Since
T, sV satisfies (SPL), it follows from Theorem 3.10 (applied to Wj) that we can
choose K1, K> > 1 such that the following conditions are satisfied:

(iv) T, sV \ (C"~% x BY(0, K3) x C) is hyperbolic with respect to 7.
(iiv) 7 restricted to T, sV \ (C"2 x BY(0, K») x C) is unbranched.
(iiiv) If w € T, 5V satisfies [w,—1| < 2K then [w'| < K.

Next let

Ig:=T(y.d, B"*(0,£1) x B*0,&).R), R > 1,
I ==T(y,8, B"%0, K1) x B%(0,2K2), R), R > 1,

and define

Mg :=VNC"2xR)NTg\ .
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For R > R, Mg is a semi-algebraic set. Moreover, the function
h: [Ri,00[ = R, h(r) :=sup{|Imx’| : thereis y € R with (x', y,r) € Mg}

is semi-algebraic. Hence the curve selection theorem (see e.g. Hormander [13],
Theorem A.2.8) implies the existence of Ry > R; and of an algebraic curve
o : [Rp,o00[ — My which satisfies m,(o(r)) = r and h(r) = |Imo’(r)].
Now we distinguish two cases: case 1: i(r) = 0 for all large r. In this case the
Proposition is proved.

case 2: h(r) # 0 for all large r.

Since £ is a semi-algebraic function, the hypothesis in the present case implies the
existence of ¢y > 0,a € Q, and 1y > 1 such that

h(t) = c1t + o), t > 1.

Next note that we can choose 7y so large that the curve o has a convergent Puiseux
series expansion of the form

o) =y @)+ ("w', tPw,_1,0) +65(), t > 10,

where & satisfies 7, 0 & = 0 and |6(r)] = o(t?) as ¢ tends to infinity. Since
tr(o) C Mg, the number b € Q must satisfy § < b < d. From

h(t) = |Ima’ ()| < lo'()] = 0("), t > 1,

we conclude a < b.

Now we can apply the arguments of the proof of [6], Proposition 20, with w = 0
to conclude that 4(¢) = 0, in contradiction to the present hypothesis. Hence case
2 is excluded and part (a) of the Proposition is proved for d < 1.

If d = 1 then the arguments of the proof have to be modified since 7)1V is
not necessarily the product of a curve in C? and C. However, it is the translate
of a homogeneous two-dimensional algebraic variety. Therefore, almost the same
arguments as for d < 1 apply.

(b) If 0 € T, 4V is terminating for y and d, then there exists a real simple
curve o which is equivalent modulo d to y so that for any §,8 < d we have
T5,5V = 1T 5V and this variety is homogeneous. Obviously 7}, 4V = T 4V, and
by [9], Corollary 4.15, we have for § < d

TosV = (T5sVIn = To(T5,aV) = To(Tya V).

Hence the hypothesis on 7 implies that 7 is noncharacteristic for 7, s V' at infinity.
Since V satisfies (SPL), Proposition 3.5 implies that 7, s V satisfies (SPL). Because
of § <d <1 we get from Theorem 2.7(d), that 75 sV = W x C for some alge-
braic curve in C"~!, which also satisfies (SPL) and which is homogeneous. Hence
it follows from [5], Proposition 3.16, that for some k € Nand ay, ..., a; € R-1
we have

k
W = U (Caj.
j=1
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If d < 1 then we get as in part (a) that 7, 4V = T, 4V = W, x C and that there
are €1, & > 0 such that (i)—(iii) of part (a) hold with 7}, 4V replaced by 7, 4V
For fixed § < d the preceding considerations show that 7, sV is hyperbolic with
respect to w. For R > 1 we now let

Tz :=T(0,d, B" 10, &) x B>(0, &2), R)
and
Mg =V NTg

Then we argue as in part (a) to conclude that for each ¢ € V N T'g for which (&)
is real, also ¢ is real. Hence V is (o, d)-hyperbolic at 0 € 7, 4V = T, 4V . Since
lo(t) —y(@)| = o(t?), this implies that V is also (y, d)-hyperbolic at0 € 7,, 4 V.
If d = 1, the proof has to be modified slightly, since T}, 1V need not be of the form
Wi x C. As in part (a) we leave this modification to the reader. O

Definition 3.15 Let V be an algebraic surface in C". We say that V is hyperbolic
in conoids if for each real simple curve y and each d < 1 the following conditions
are satisfied:

(1) T, 4V satisfies (SPL).

(2) Foreach & € (T 4V)reg NR" and each & € (T), 4V )sing N R" which is termi-
nating for y and d, V is (y, d)-hyperbolic at &.

(3) For each & € (T}, 4V )sing N R" which is not terminating for y and d, V is
(y,d, §)-hyperbolic at & for § := A(y,d, &).

Remark 1f V is an algebraic surface in C" which satisfies PLj(§) at each & €
V N R" then condition (1) in Definition 3.15 can be weakened and we still get
equivalence of V being hyperbolic in conoids. For the precise formulation we refer
to Corollary 4.4.

Combining the Propositions 3.5 and 3.14, we get the following theorem.

Theorem 3.16 Let V be an algebraic surface in C*. If V satisfies (SPL) then V
satisfies the following conditions:

(a) V satisfies PLioc(§) at each & € V NR".
(b) V is hyperbolic in conoids.

To show that these necessary conditions are in fact sufficient for algebraic curves
in C", we need some preparation which is given in the next section. We conclude
this section by providing two rather coarse but useful necessary conditions for
(SPL).

Lemma 3.17 Let V be an algebraic variety in C" of pure dimension k > 1 which
satisfies (SPL). Then the following assertions hold:

(a) WNR" #£ @ for each irreducible component W of V.
(b) Theideal (V) :={p € C[z1...2z,4]: plv = 0} is generated by polynomials
with real coefficients.
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Proof (a) This can be shown by the same arguments that were used in the proof
of [7], Cor.3.15(b).

(b) Because of (a) and Proposition 3.14 this follows from [5], Lemma3.17.
O

Remark Note that an algebraic variety V in C" of pure dimension k > 1 satisfies
(SPL) if and only if each irreducible component W of V has this property.

4 Sufficient conditions

To show that the necessary conditions in Theorem 3.16 are in fact sufficient for
(SPL) for algebraic surfaces V in C", we have to find out which of the many nec-
essary conditions are really needed to prove that V satisfies (SPL). To do so we
recall from [9], 4.16, the following definition.

Definition 4.1 Let V be an algebraic variety in C" that is of pure dimension k. A

set C := (¢j, dj)lj:l in (R" x Q) is called a critical set for V of length | = 1(C)

if the following conditions are satisfied:

(@ &1 € (Vi)sing MR, [¢1] = 1,and d) = 1.

(b) For 1 <i <[ define y;(t) := Z3=1 {jtd-i. Then for 1 <i <[ — 1 we have
(bl) dj4 is the largest critical value for V and y; (¢) strictly smaller than d;,

and
(b2) &4 is areal singlar point of 7}, 4.,V and (¢; 41, 1) = 0.

A critical set C as above is called a normal critical set for V if ¢; is not termi-
nating and if ¢; is not terminating for y;_j and d;,2 <i <.

Definition 4.2 (a) For an algebraic surface V in C" we let
Mo = {& € (V)sing N st & is not terminating},
and we define the relevant set R(V) for V by

RV) :={C:C = (g, dj)lj:1 is a normal critical set for V
satisfying [(C) > 2 and &1 € Mop}.
Of course, My = ¥ implies R(V) = . Note that R(V) is a finite set by [9],

Theorem 4.18.

(b) For C € R(V), C = (g“j,dj)[izl, we define the associated curve yc by

ye(t) = le_:ll ¢ jtd-i and the associated triple by (yc, d;—1, d;). Moreover,
we let
K(V) = A{(yc,di-1,d)) : C = (&, d))_; € R(V)}

and call it the set of all relevant triples for V.

In this section we will prove the following theorem.
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Theorem 4.3 For each algebraic surface V in C" the following conditions are
equivalent:

(a) V satisfies (SPL).
(b) V is hyperbolic in conoids and V satisfies PLioc(§) at each & € V N R™.
(c) The following conditions are satisfied:
(1) V satisfies PLioc(§) at each & € V NR".
(2) Vj, satisfies (SPL).
(3) Foreach ¢ € Vi, N S"~Y which is regular or a terminating singularity, V
is (¢, 1)-hyperbolic at 0 € Ty 1V for y; 1 t +— 1.
(4) For each (y,d,8) € IC(V) the variety V is (v, d, §)-hyperbolic at 0 €
T,.qV and for each ¢ € T, sV N R" which is regular or a terminating
singularity for y and 8, the variety V is (y, §)-hyperbolic at ¢.

Corollary 4.4 Let V be an algebraic surface in C" which satisfies PLioc(§) for
each& € VNR™. Then in Definition 3.15 condition (1) can be replaced equivalently
by one of the following conditions:

(1°) Ty.qV satisfies PLioc(§) at each & € T, gV NR".
(1) Vy satisfies (SPL) or PLjoc(0).

Proof If T, 4V satisfies (SPL) then it satisfies PLjoc(§) ateach & € (T, 4V) NRR"
by Proposition 3.4. Hence condition 3.15 (1) implies condition (1°).

To show that (1”) implies (17), note first that for any ¢ € V; NR", |¢| = 1, and
y(t) :=t¢,wehave T, 1V =V, — ¢ by Theorem 2.7 (b). By (1°) this implies that
V), satisfies PLjoc(0). Since Vj, is homogeneous, [7], Remark 3.14, shows that V},
satisfies (SPL). Hence (1) is satisfied.

If condition (17) and the conditions 3.15 (2) and (3) are fulfilled, then the con-
ditions in Theorem 4.3 (c) are satisfied. Hence V is hyperbolic in conoids by this
theorem. In particular, condition 3.15 (1) holds. O

In order to prove Theorem 4.3 we need some preparation. We begin with the fol-
lowing definition which coincides with [7], Definition 5.1, for w being identically
ZEerO0.

Definition 4.5 Let V be an algebraic variety in C", y a real simple curve in C",
d < 1, G a bounded open set in C" so that I' := I'(y, d, G, R) is a conoid for
some R > 1 and fix a compact subset K of G. We say that V satisfies the conoidal
Phragmén-Lindelof condition PL(V, I'(y, d, G, K, R)) if there exist A} > 1 and
R > R such that for each u € PSH(V N T') the following two conditions

(@) u(z) <zl9, zevANT,

(B) u(z) <0, zeVNINR",

imply

(y) u(z) < Ayllmz|, zeVNI(y,d,K,Ry).

We say that V satisfies PL(V, '(y, d, G, R)) if G is a zero neighborhood and
if V satisfies PL(V, I'(y, d, G, K, R)) for a suitable compact zero neighborhood
K CG.

The following two lemmas are just specializations of the Lemmas 5.2 and 5.3
in [7] for w = 0.
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Lemma 4.6 Let V be an algebraic variety of pure dimension k in C", y a real sim-
ple curvein C", and d < 1. Assume that V is (y, d)-hyperbolicat§ € T, 4V NR"

and let ye(t) == y(t) + £19. Then there exist a convex zero neighborhood G in

C" and r > 0 such that V satisfies PL(V, I'(ye, d, G, %6, r)). In particular, V
satisfies PL(V, ' (ve, d, G, r)).

Lemma 4.7 Let V be an algebraic variety of pure dimension k in C", y a real
simple curve, d < 1, and D a bounded open zero neighborhood in C". Then the
following assertions hold:

(a) If V satisfies PL(V, T (y,d, D, r)) then for each zero neighborhood G C D
and s > r the variety V satisfies PL(V,T'(y,d, G, s)).

(b) If for each & € D NT, 4V NR" there exist an open zero neighborhood Dg
in C" and rg > 1 such that for ye(t) = y() + g1, the variety V satis-
fies PL(V,I'(ye, d, D¢, re)) then for each compact set K C D, V satisfies
PL(V,T(y,d, D, K, R)) for each R > 1.

In the following lemma, I'" denotes a cone in C:Ifr: C" - {0} x C2
is a projection we denote the corresponding surjection by 7: C* — C?, i.e.,
7(z) = (0, 7(2)).

Lemmad.8 Let d < 1 and let y be a real simple curve whose limit vector at
infinity is (0, ..., 0, 1). Assume further that 0 € T, 4V and that 7: C" — C",
(2, Zn-1,2n) = (0, 24—1, 2) is noncharacteristic for T, 4V at 0. For each
neighborhood D of zero in C" there are €1,y > 0 and Ry > 1 such that Uy :=
B"2(0, £1) x B(0, £2)% is a subset of D and

7: VAT (y,d, Uy, R) = T’ (7 oy, d, B0, £2)% R))
is proper.
Proof Fix a neighborhood D of 0 in C". There are €1, &2 > 0 such that
B"%(0,2¢1) x B(0,2¢2)> € D
and

T, 4V N ((B"_Z(O, 2¢1) \m) % B0, 282)2) —g.

We have to show that there is Ry such that forno y in ' (7 oy, d, B(0, 82)2, Ry) the
fiber VN ~! (y) intersects the boundary of I'(y, d, Uy, 0). Precise descriptions
of the boundary of conoids are difficult. However, it is easy to see that
AT (y.d, U1, 0) NI (y,d, B" *(2e1) x B(0, £2)*, Ry)
CT(y.d,dB"2(0,1) x B(0, )%, 0). (4.1)
We claim that there is R; such that the claim holds for ¢; and &, as cho-

sen above. Assume this were wrong. In view of (4.1) this means that there is a
sequence (z;) jeN With lim ;. [z = 0o and

zj e Vr N (I'(® oy, d, B(0, &2)%,0)) N T'(y, d, dB" (0, £1) x B(0, 2&2)*, 0)
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for all j € N. Each z; is of the form
;= V(tj) + t]a',(w;'/’ Wjn—1, wj,n)

with |w;’| =¢1, |[wjn—1l < &, and |wj ,| < &. Furthermore, (w;.’, Wjn—1, Wjn)
isin Vy g, and limj_, o fj = 00. A compactness argument implies that the se-
quence (w;f, Wj -1, Wjn)jeN has an accumulation point w := (w”, wy—1, wy).
Then w € T, 4V with [w”| = €1, |lw,—1] < &2, and |w,,| < &;. As this contradicts
the choice of &, and €1, the claim is proved. O

Lemmad.9 Let y, d, w, and D be as in Lemma 4.8. Assume, furthermore, that 0
is a singularity of T, 4V which is not terminating for y and d, set § := A(y, d, 0),
and fix a bounded set K C C". Then €1, €3, and Ry in Lemma 4.8 can be chosen
in such a way that there are o, S > 0 such that with U, := B"2(0, ) x B(0, 0)?
we have K C U, and

VNT(y,d, U, R)Na = (I(7 oy, 8, BO,0)* R)) \ T (y, 8, Up, R) = .

Proof We assume that U is so small that the origin is the only point in V N U
satisfying 7 (z) = 0, and we fix &7 and €] as in Lemma 4.8. In the sequel, the curve
selection lemma from real algebraic geometry will be used. Hence we assume for
the remainder of the proof that a semi-algebraic norm has been chosen on C"~2.
This is no restriction since the claim is independent of the choice of the norm—
only the constants may vary. Since the claim is unchanged if we cut off all terms
of y whose exponents are strictly smaller than §, we may also assume that y is a
semi-algebraic function.

Fix o so large that K C C"2 x B(0, 0)? and assume the claim were false for
this value of o and arbitrarily large S. Then there is a sequence (z;) jen such that

zj € VNT(y,d, Uy, 0), J €N,
7(zj) € T'(F oy, 8, B(0,0)?,0), jeN, (42
zj € T(y,8, B"2(0, j) x B(0,0)?,0), jeN,  (43)

lim |z;] = oco.
J—>00
Define
®: 10, 00[ x U \ R x {0} x C* = I'(y,d, Uy, 0),

(t’ w//v wn—la wn) = J/(t) + td(w//’ wn—l’ wn)v

and
W: 10, 00[ x Uy \ R x {0} x C*> — 10, oo[ x U1,
t,w”, waet, wy) > w1 W war, wa),

andlet M := (VNI (7 oy, 8, B(0,0)%,0)).
Note that d and § are rational since they are critical values. Hence M is a
semi-algebraic set and ® and W are semi-algebraic functions. For j € N pick w;
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with @ (¢;, w;) = z;. By (4.3), the first component of W(¢;, w;) converges to
zero. By (4.2) we have lim;_, o m(w;) = 0. Finally, a compactness argument
shows that the sequence (w; — 7 (w;)) jen admits an accumulation point. Hence
there is a point of the form (0, ¢”, 0) in the boundary of W(M). By the curve
selection lemma (see Bochnak, Coste, and Roy [1], Théoréme 2.2.5), there is
a semi-algebraic curve L in W(M) leading to (0,¢”,0). Set L := W~1(L)).
Then L admits a parametrization (7, w” (¢), w,—1(t), wy,(¢)) for large ¢ such that
limy—s oo (W (£), wy—1(t), wy(2)) = (£”,0). Since this parametrization is semi-
algebraic, there are A # 0 and a < 0 such that £5~4|w” (1)| ™! = 1%(A + o(1)) as
t — oo. This implies

1
lw” ()] = P4 (Z +0(1)) ast — oo.
Since |w” (t)| < &1 by the choice of U}, we have
1
a>8—d or (a:S—dandzfsl). “4.4)

Note that y (£) + 1579443y (1) = y(t) + tYw(r) € V. Hence 14t Sw(r) e
Vy.t.5—a- Since T(w(r)) € I'(7 oy, 8, B(0, 0)2,0) we have lim;_, oo Wy_1 (1) =
lim;_, oo wy,(#) = 0. Furthermore, the choices of @ and A imply

Jlim 11w (1) = 1/A.

Hence T, 5,V contains an element (w”,0,0) with |[w”| = 1/A. We have to
consider two cases:

If 6 <8 —a < d,then § — a is not a critical value. Hence 7T}, s_,V, being
homogeneous by [8], Proposition 5, contains the line through (w”, 0, 0) and the
origin. This is a contradiction since the projection 7 is noncharacteristic for 7), 4V
at the origin and hence, by [9], Corollary 4.15, for 7}, 5, V at infinity.

If a = § — d, then the only element of the form (w”, 0, 0) in T}, 4V satisfying
|lw”| < 1/A < g is the origin. So we have a contradiction in this case also, and
the proof is complete. O

Lemma 4.10 Let V be an algebraic surface in C", let y be a real simple curve in
standard parametrization, and let d <1 be a critical value for y and V. Assume
that 0 € (T,,qV )sing is not terminating for y and d and set § := A(y,d,0).
Assume further that w: C" — C", w(z', zn—1. 2n) := (0, 241, 2»)) is nonchar-
acteristic for T, 4V at 0 and that (0',0, 1) is the limit vector of y at infinity.
If Vis (y,d, 8)-hyperbolic at O with respect to 7, then there exist €1,y > 0,
S,0,R>1, Ry >R, 0<n; <e1,0<n < &,and Ay, B > 1 such that for
U = B"2(0,&1) x B(0, )% and G := B"2(0, S) x B(0, 0)? the following
holds:
Whenever u € PSH(V NT'(y,d, U, R)) satisfies

u(z) <z| forze VNI(y,d,U,R),
u(z) <0 forze VAR'NT(y,d, U, R), 4.5)
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then

u(z) < Ap|lmz|
forz € VNT (y,d, B" 20, n)xB(0, 12)*, Ro) \ (¥, 8, G, 0)
(4.6)

and
u(z) < Blzl‘sforz e VNI(y,$,4G, Ry). “4.7)

Proof 1t is clear that the claim is independent of the choice of the norm, only the
constants may vary. Therefore, we use the maximum norm in this proof.

Let R be as in the Definition 3.13 of (y, d, §)-hyperbolicity and let D and K
be the neighborhoods of zero which are denoted by U and G in that definition, i.e.,
ifz € VNI(y,d, D, R) satisfies 7(z) € R> and 7(z) € I''(w o y, 8, n(K), 0),
then z is real. It is not difficult to see the existence of C| such that & (y @)+ t‘sw) ¢
IM(woy,8, m(K),0) whenever w € C" satisfies |w,_1| > Cj.

We apply Lemma 4.9 to obtain €1, &2, Ry, 0, S, U1, and U; as in that lemma
such that Uy C D and K C U,. Define U and G as in the hypothesis. Set n; :=
min(1/4, e1/2) and 1> := min(1/4, e2/2). Choose C; such that |z] < Ca|7(2)]
whenever z € I'(y, d, U, Ry). Let Ry > max(R, Rp) be sufficiently large.

Letu € PSH(V N T'(y,d, U, R)) satisfying (4.5) be given, and fix z € V N
I'(y,d, B"2(0, n1) x B%(0, 12), Ro). Then there are

/>Ry and w’ € B"1(0,n) x B%(0, )
such that z = y (') + (t')?w’. We set ¢ :=t' + (t') Re w/, and define
w = t_d(y(t/) —y@®)+ (t//t)du/.
This implies
2=y + 1w, (4.8)

Since |w'| < 77 < 1/4, the mean value theorem shows that w € B"2(0, 211) x
B2(0, 21») provided Ry is sufficiently large. The advantage of w over w’ is that
Re w;, = O since y is in standard parametrization. These values of t and w will be
fixed for the remainder of the proof.

Define

a: BZ(O, 1) — 2, a@) =mwoy(t)+ tdezg“.

Then a(z) € TV (xw o y,d, B%(0, &), Ro/2) for all ¢ € B%(0, 1). Furthermore,
we have |a(¢)] < 2t + e2t? < 3t for all ¢ € B*0,1) provided Ry is chosen
sufficiently large. Similarly, we have |a(¢)| > t/3 for all ¢ € B?(0, 1).

Set C3 := maX(Sng, 379) and define

v: BZ(O, 1) = [—o0, oo,
v(¢) == Cy 't max{u(z) 1z € VN (y(0) + 19U, 7(2) = a(¢)}.
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We claim that v is plurisubharmonic. For those points ¢ for which all points in
' ONVA @) +14U) are regular points of V this is clear since the restriction
of mto VNI(y,d,U, Ry/2) is proper by Lemma 4.8. In the other points, the
argument in Hormander [12], Lemma 4.4, can be used to show that the singularity
of v is removable.

For ¢ € B%(0,1) fix y € V N (y(t) + t?U) with 7(y) = a(¢). Then |y| <
Cala(¢)| < 3Cat and |y| = |a(¢)| = t/3. This implies in particular that |y|d <
C3t?. Hence the first inequality of (4.5) implies v(¢) < 1.

Next assume that Ry is so large that e3 := Cje, 119-d qatisfies &3 < 1/2 and
consider ¢ € B2(0,1) N R? with |¢| > e3. Fix y € V N (y(1) + t4U) with
m(y) =a(¢). Thereisx € U withy = y(¢t) + t“x. Then

d d 5
[xp—1] = t%2|01| = 176263 = C11°.

In particular, 7(y) & I''(r o ¥, 8, m(K), 0). Hence y is real by the choice of K.
Since this holds for all such y, we have v(¢) < 0 by the second inequality of (4.5).

Set A = oCl_l. We have verified the hypotheses of [3], Lemma 5.8, with &3
in the place of e. This lemma—which is basically an estimate for the harmonic
measure of the slit polydisk—together with [3], Lemma 5.7, implies the existence
of a constant Cy4, depending only on X, such that

(4.9)

0(¢) < Cs(Imai| + Imal), ez <|¢i|l <1/2, [&2] < 1/2,
T | Ca(e3 4+ Im &), [C1] < des, 82| < 1/2.

We have to evaluate (4.9) at the point z which was chosen initially. To do
so, fix ¢ € B2(0, 1) such that a(¢) = n(z). Then &2¢ = (wy,—1, wy). In partic-
ular, ¢1], |¢2] < 1/2. We start with the proof of (4.6). This inequality follows
immediately from the first line of (4.9) if |{1] > le3. So assume |{1] < Aez. We
only have to prove (4.6) if z ¢ I'(y, 8, G, 0). Then Lemma 4.9 implies 7 (z) ¢
[ oy, 8, 7(G),0). Hence td_5|n(w)| > o and |¢] > sz_lat‘s_d = \Ae&3. Since
[¢1] < Aes, this implies [¢2| > Ae3. However, > is purely imaginary by the choice
of w. Hence the first estimate of (4.9) implies

1
V() = Ca(e3 + [Imgp]) < Cy (Xllm &) + [Im §2|) :

This completes the proof of (4.6).

Now we prove (4.7). We only have to do thisif z € I'(y, §, 4G, 0). In this case,
%=4|7(w)| < 40 and hence |¢] < 4)e3. If the first line of (4.9) is applicable, we
get v(¢) < 8Cyhres, otherwise v(§) < C4(l+4X)es. In both cases, (4.7) is shown.

O

Definition 4.11 A pure dimensional algebraic variety V in C" is said to satisfy the
strong radial Phragmén-Lindelof condition (SRPL) if there are constants A > 1,
B > 0 such that each u € PSH(V') which satisfies

(@) u(z) < |zl +o(z]), z€V
B) u(z) <0, zeVNR"

also satisfies
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(y) u(z) < Alz| + B, zeV.

Proof of Theorem 4.3 (a) = (b): This holds by Theorem 3.16.

(b) = (c): This holds by the arguments that we gave in the proof of Corollary 4.4
to derive condition (1) from condition 3.15 (1).

(c) = (a): Since V}, is homogeneous and satisfies (SPL) by hypothesis, each irre-
ducible component W of V), satisfies PLjoc(0). Hence W satisfies the dimension
condition by the Remark after 3.6. In particular, each irreducible component W
of V), has real regular points. By condition (3) of 4.3(c) V is (yg, 1)-hyperbolic
at such a point £ € W N 8"~ for ve(t) = t&. In the notation of [4], 2.8, this
means that V is locally hyperbolic at infinity in the direction &. Hence V satisfies
the condition (SRPL) by [4], Theorem 5.1. By condition (1) of 4.3 (c), V satisfies
PLioc(§) at each & € V NIR". Therefore, two of the three conditions in Meise and
Taylor [14], Proposition4.5, are satisfied and it follows that V satisfies (SPL) if
the following condition holds:

Foreach& € V, N S" ! thereexist A>1, R>1,and0 <8 <1 (4.10)
such that for yg(¢) := t§, t > 1, each u € PSH(V) which
satisfies the conditions («) and (8) of 3.1 also satisfies u(z) <
Allmz|, ze VNI(y, 1, B(,3), R).

To prove that (4.10) holds, recall from 4.2 that there we defined
My :={& € (Vi)sing N §"~1: & is not terminating}

and that My = @ is equivalent to I = {J. Then note that by the present hypothesis,
Vis (yg, 1)-hyperbolicat 0 € T, 1V foreach§ € V) NS"~1\ My and ve(t) == 1§.
Hence Lemma 4.6 implies that condition (4.10) holds foreach & € V,NS"~1\ M.
Therefore, V satisfies (SPL) whenever My = {J or equivalently }C = .

To complete the proof if L # ¢ we define for each & € M) the sets

Re:=1{CeR(V):C=(,dpy, o1 =),
Ke :={(yvc.di-1.d)) : C € Re}.

By the definition of R(V) there exists D € Rg with D = (¢;, d,-)?zl. Since
yp(t) = {1t =&t = y (1), and since d; = 1, the triple (yg, 1, d») belongs to s.
Now we claim that the following assertion holds:

For each & € My, and each (y,d,8) € K¢ there exist a (4.11)
zero neighborhood G in C" and r > 0 such that V satisfies
PL(V,I'(y.d, G,r)).

By the preceding considerations, (4.11) implies that (4.10) holds for all £ € M)
and hence for all € € V;, N "~ 1. Thus, the proof is complete once the claim (4.11)
is proved.

To prove (4.11) we fix § € My and note that R¢ has a natural order structure,
which is defined in the following way: For C, D € R¢ let C < D if [(C) < I(D)
and if the first /(C) components of C and D coincide. Obviously, this ordering
induces an order structure of K. It can be used to prove (4.11) in the following
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way: In step 1 we show that (4.11) holds for each maximal element (y, d, §) of
KCe. Then we show in step 2 that (4.11) holds for (y, d, §) € K¢ which is not max-
imal, provided that (4.11) holds for all (k, s, o) € K¢ which are direct successors
of (y,d, ). By an obvious induction over the length of C € R¢ these two steps
imply that (4.11) holds for each & € M.

Step 1: Assume that (y, d, §) is amaximal element of K¢ . By the definition of a nor-
mal critical set this implies that all points of 7}, sV NIR" are either regular points or
terminating singularities for y and 6. To prove that V satisfies PL(V, I'(y, d, G, r))
for some neighborhood G in C" and some r > 1, note first that by hypothesis,
V is (y,d, 8)-hyperbolic at 0 € T, 4V and that for each { € T, sV NR" the
variety V is (y, §)-hyperbolic at . Hence we can apply Lemma 4.10. Using the
notation which was introduced in this lemma, let I' := I'(y,d, U, R) and fix
u € PSH(V N T') satisfying condition (4.5). Then Lemma 4.10 implies that for
Uy := B"2(0, n1) x B(0, 772)2 we have the estimates

u(z) < Aogllmz|, ze VNnI(y,d, Uy Ry) \T'(y,$, G, Ry) (4.12)
and
u(z) < Blzl’, z€e VNT(y,8,4G, Ry). (4.13)

Since we remarked already that V is (y,, 6)-hyperbolic at each ¢ € T}, 5V NR", it
follows from Lemma 4.6, that there exist a zero neighborhood G in C" and R; > 1
such that V satisfies PL(V, I'(y;, 8, G, Ry)) or equivalently PL(V, I'(y, 6, ¢ +
G, Ry)) foreach ¢ € (T, sV) NIR". By Lemma 4.7 (b), this implies that V' satis-
fies PL(V, (v, 8, 4G, , 2G, Rp)). Hence it follows from the estimate (4.13) that
there exists A1, not depending on u, so that

u(z) < Aillmz|, ze VNI(y,$,2G, Ry). (4.14)

From (4.14) and (4.12) it follows that V satisfies PL(V, I'(y, d, Uy, Ry)). Hence
we proved (4.11) in the case that (y, d, §) is a maximal element of Re.

Step 2: Assume that (y,d,8) € K¢ is not maximal and that (4.11) holds for
each (k,s,0) € K¢ which is a direct successor of (y, d, §). Then choose C =
(&j» afj)lj:1 in Rg so that (y,d, 8) = (yc,di—1,d;). Since (y, d, §) is not maxi-
mal, there is D € Rg¢ with D > C. This implies that 7}, 5V = T, 4,V contains
a real singular point which is not terminating for y and §. If ¢ is such a point,
define y; by y (1) ==y (t) + ct¥andlet g4 = ¢ and djyy = A(ye, 8, ¢). Then
Cr:=(j.,d j)ljJ;ll is a normal critical set which is a direct successor of C. Hence
the present hypothesis implies that V satisfies PL(V, I'(y;, 8, G¢, R;)) for some
R; > 1and zero neighborhood G in C". Ateach ¢ € T}, sV NR" which is regular
or terminating for y and §, the variety V is (y., 8)-hyperbolic by condition (4) of
4.3(c). By Lemma 4.6, this implies that V satisfies PL(V, I'(y;, 6, G¢, R;)) for
some zero neighborhood G; in C" and some R; > 1.

Nextnote that V' is (y, d, §)-hyperbolicat0 € T, 4V by condition (4) of 4.3 (c).
Hence we conclude from Lemma 4.10 as in the first step thateach u € PSH(V NT)
which satisfies (4.5) also satisfies the estimates (4.12) and (4.13). By the consider-
ations above, we conclude as before that PL(V, I'(y, 8, 4G, 2G, Rp)) is satisfied
for V. It follows as before that V satisfies PL(V, I'(y, d, Uy, Rp)). Thus we showed
that (4.11) holds for (y, d, §). As we already indicated, this completes the proof of
Theorem 4.3. O
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To complete the proof of Theorem 3.10, we need the following lemma, whose
proof is essentially the same as that of [5], Lemma 3.19.

Lemma 4.12 Let V be an algebraic variety of pure dimension k in C", let y be a
real simple curve in C, d < 1, and k € (T, gV )reg NR". If V is (v, d)-hyperbolic
at k then'V is (y, d)-hyperbolic at k with respect to each projection 7w in C" which
is noncharacteristic for T), 4V at k.

Remark 4.13 To complete the proof of Theorem 3.10, we show that 3.10 (b) implies
3.10(a) and that 3.10 (b) is equivalent to 3.10(c). To prove the first implication we
argue as follows: As in the proof of Theorem 4.3, the present hypothesis and Me-
ise and Taylor [14], Proposition 4.5, imply that V satisfies (SPL) if we show that
condition (4.10) is fulfilled. Now note that for each n € V N S"~! and yy(t) =11,
the variety V is (y;, 1)-hyperbolic at O by the present hypothesis. Hence Lemma
4.6 implies condition (4.10).

To show that 3.10(b) and 3.10(c) are equivalent, note first that 3.10(c) for
some projection 7 obviously implies 3.10(b). For the converse implication let
7 be a projection in C" which is noncharacteristic for Vj, at infinity. Then the
present hypotheses imply that V}, is given by (3.1) witha; € R and a; ¢ kerm,
1 < j < . Therefore, it is easy to check that 3.10(b) together with Lemma 4.12
implies the assertions of 3.10(c) for the projection . Thus the proof of Theorem
3.10 is complete.

5 Examples

In this section we provide some examples which show how the main results of the
present paper can be applied. We begin with two examples concerning algebraic
curves in C~.

Example 5.1 Let P € C[x, y] be defined as
P(x,y) = x> —xzy—)cyz—i-y3-i-x2—y2 — 1.

Then V (P) satisfies (SPL), while the principal part P3 of P is not square-free.

To show that V (P) satisfies (SPL), we check the conditions of Corollary 3.11.
Note first that grad P does not vanish on V (P). Since P has real coefficients, it fol-
lows from this, the implicit function theorem, and [5], Proposition 3.16, that V (P)
satisfies PLjoc(€) for each & € V(P) N R2. Hence condition 3.11 (a) is satisfied.

To show that also condition (b) of 3.11 is fulfilled, note that for each x € R,
|x| > 3 the equation P(x, y) = O has three different real solutions. To show this,
note first that

Px,y)=(x+y&—-yx—-y+1)-1
From this we get that for x > 3 we have:

P(x,y) <0ify < —xory=x, while P(x,y) >0if y=0o0ry > x+2.
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For x < —3 we have
P(x,y) <0ify < x ory =0, while
1
P(x,y)>0ify=x+§0ry>2—x.

Obviously, these sign changes imply that condition (b) of 3.11 holds for & = (1, 0).
Hence V (P) satisfies (SPL) by Corollary 3.11. However,

Py(x.y) = (x = y)’(x +)
is not square-free.
Example 5.2 Let P € Clx, y] be defined by
P(x,y) = 4x* —5y%x% +y* — 8x? — 8y? 4 3.

Then V (P) satisfies (SPL) and V (P) NR? contains a connected component which
is bounded. As in the previous example it can be derived from Corollary 3.11 that
V (P) satisfies (SPL). To show that V (P) N R? has a bounded connected compo-
nent, note first that P(0,0) = 3 > 0. Since it is easy to check that P is negative
on the boundary of the rectangle R :=[—1, 1] x [-2,2], V(P)N R2 must have a
bounded component in the interior of R.

To treat examples of surfaces in C? in a convenient way we will use the fol-
lowing lemma. It can be proved by an obvious modification of the proof of [6],
Lemma 5.1.

Lemma 5.3 Let P € R[z1, ..., 2] \ C, a real simple curve y with Puiseux series
expansion y(t) = Z?:_OO ajtf/q, andd € Q N]— oo, 1] be given. Expand

o0
Py +w)= D ajat/iw* =" Fu(w,1),
JEZL,aeNj k=0

where wy = wo(d) := max{j/q +d|a|: a; # 0} and

Fo (w, t) = Z aj‘atj/qw“.
jlqtdlal=wk

Uaaiio (6, 1) # Oforsome & € V(Fu,(-, 1)) NR", then V (P) is (v, d)-hyperbolic

at & with respect to the projection w : C" — C", n(Z, z,) := (z/, 0).

Remark 5.4 For an algebraic surface V in C” one can determine the set /C(V) of
relevant triples for V directly by induction. To do so let

My :={& € (Vp)sing N "1 &isnot terminating}.

If My = ¢ then let K(V) := . Otherwise fix & € My, define the curve y; by
Ve(t) :=1&, t > 1, and let

Ky = {(re. 1, Ay, 1,0)) : § € Mo}.
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If £; # ¥ is already constructed then let

Kjec:={(y,d,8) e K;: thereis ¢ € (T, 5V )sing N R"
which is not terminating for y and &}.

If ;. = ¥ then define (V) := @. Otherwise fix (y,d, §) € K, denote by n
the limit vector of y at infinity, and let

My.a.8) :=1{¢ € (Tyy,sV)sing "R" : (¢, ) = 0, ¢ not terminating for y and §}.
For¢ € My q.5) let ye (1) :==y(t) + 1% and define

Kjr1:={(re, 8, A(r,8,0): ¢ € Mya5), (v,d,8) € Kjc}.
Since it is easy to check that
Kj={(vc.dj,djs1) : C € R(V), I(C) = j + 1},
the procedure ends after finitely many steps and gives (V) = U?le KC; for
N :=max{l[(C) —1:C € R(V)}.
Example 5.5 If P € R[x, y, z] is defined as

1
Px,y,2) =2y —y) = (x = Yz +z,
then V (P) satisfies (SPL).

To derive this from Theorem 4.3, note first that grad P does not vanish on V (P).
Hence each point & € V(P)N Riisa regular point and V (P) satisfies PLjo(§) by
[5], Proposition 7.4. Thus condition (1) of Theorem 4.3 (c) is fulfilled. Next note
that for V = V(P) we have

Vi = V(Q) for Q(x, y, 2) i= y(x* — y?).

Hence Vj, is the union of three complex planes, each of which has real generators.
Consequently, Vj, satisfies (SPL). Whenever £ € Vj, N R3 is a regular point of V,
then grad O (§) # 0. Hence it follows from Lemma 5.3 that V' is (y¢, 1)-hyperbolic
at & for yg(¢t) := t&. To show that each & € (Vj)ging N $? is not terminating,
assume that there is such a point & which is terminating. Then it follows from [9],
Proposition 4.17, that there exists a simple curve o which satisfies tr(o) C Viing.
However, this is a contradiction, since we remarked already that all points of V are
regular. Hence the conditions (2) and (3) of 4.3 (c) are fulfilled.
To show that also condition (4) of 4.3 (¢) holds, note that

(Vi)sing N S? = {(0,0, 1), (0,0, —1)} =: M.

If we let y+(¢) := (0,0, £7), t > 0, then a direct computation using [8], Corol-
lary 4, shows

Ty, aV =V 1/2<d <1,
TyonpV ={(x,y,2€C¥: (x —y) 0(x +y)/2F 1) =0}.
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T] 1us we get fIOIIl 4.2 that
IC - {(}+7 17 2)’ (}—3 17 2)}

It is easy to check that T},_ 1,V has no real singularities while

(Typ12V)sing VR = (1, 1,2) : 2 € R}U{(=1,—1,2) : z € R}.

Hence we have K1 . = {(y+, 1, 1/2)}. Note that by the same argument as before,
the points (1, 1,0) and (=1, —1,0) of (7}, 1,2V )sing are not terminating for y

andd = 1/2.If we define o (t) := (1, /1, 1) and o_(t) := (—+/t, —+/1, t) then
we get from [8], Corollary 4, that

1
Ty 12V =1{(x,y,2) € C: §<y<x2 =) =42+ (x +)?H) =0}
3 2 2 1 1
To, aV ={(x,y,2) € C: =2y" + (x + y)°/2 = 0}, 1 <d < >
1
Ty 1jaV = {(x,y,2) € C*: SO+ ) —2y*+1=0}. (5.1)
1
Ty 1V ={(x,y,2) e C: §<y(x2 ) +4y? = (x + ) =0}
3 2 2 1 1
Ts aV ={(x,y,2) € C: 2y — (x + y)7/2 =0}, 1 <d < -

29
Ts_ 14V ={(x,y,2) € C 2y’ —(x+y)?2+1=0}.

From the preceding considerations, (5.1), and the construction in 4.2 we now get

11
)}

1) (
, \O—, =, —
2 4

1
Ko = {(oy, E, 4_1

As (5.1) shows, Ty, 174V is a manifold. Hence we have
K=K UK,.

As Ty, 12V and T, 174V do not contain real terminating singularities, we have
to show that V' is (y+, 1/2)-hyperbolic at each & € (T}, 12V )reg N R3 and that V

is (04, %)-hyperbolic ateach& € (T, 174V )reg N R3. Ttis easy to check that these
statements follow from Lemma 5.3 and the above equations defining these limit

varieties. To complete the proof it therefore suffices to show that V is (y+, 1, %)-
hyperbolic at 0 € Ty, 1V and that V is (o4, 3, §)-hyperbolic at 0 € T,,, 1,2V

To prove the first assertion for y;, fix z € R, z > I, and x € R. We assume
first that x > 2,/z. Then it is easy to check that
P(x,—2x,z) >0, P(x,0,2) <0, P(x,x,z2) >0, P(x,2x,z2) <0.

Hence P has three real zeros y;(x, z), 1 < j < 3, satisfying

—2x < y1(x,2) <0 < ya(x,2) < x < y3(x,2) <2x.
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If x < —2,/7 then one can check that
P(x,2x,7) >0, P(x,x/2,2) <0, P(x,0,z) >0, P(x,—2x,z) <0.

As in the case x > 2./z, this implies that P(x, -, z) has three real zeros in the
interval ]2x, —2x[. Now define 7 : C> — C3, n(x, y, z) := (x,0, z), and

z 1
Mi={(x,y.20eC |zl >1, |l - ml <7 lx| < 2zl, |yl <2lzl}.

Then the considerations above show that V is (y4, 1, 1/2)-hyperbolic at 0 €
T,, 1V inI" with respect to 7.

The same arguments show that V is (y—, 1, 1/2)-hyperbolicat0 € 7},_ V. In
fact, a closer inspection shows that V is even (y—_, 1)-hyperbolic at 0 € T,V
with respect to the projection 7w which is given by ker 7 = {(—, 1/2,0) : A € C}
and im7 = {(A,24,¢) : (A, ¢) € C?}.

Concerning the curves o+ we show more, namely, that V' is (o4, %)-hyperbolic
at 0 € T, 12V. We do this only for o since the arguments are essentially the
same for o_. To prove our claim, note first that 7o(75, ,12V) = {(x, y,2) € Cc3 .
(x +y)?/2 =2y =0}

Hence the projection w : (x,y,z) — (x,0,z) is noncharacteristic at 0 €
Ty,.,12V.Then fix z € R, z > 1, and x € R satisfying |x| < ,/z/3 and define

0(x,y,2):=P(Wz+x,Vz2+y,2)
1
= §(ﬁ+y)(x—y)(x+y+2ﬁ)+z(1—x+y).

‘We claim that

O(x, —37/4,2) <0, O(x,x,2) =z >0, Q(x,3/z/4,2) <0. (5.2)

To prove this claim, note firstthat A — Q (A, —34/z/4, z) is aquadratic polynomial
in A with leading coefficient \/z/8, which is negative at A = £.,/z/3. Hence it must
be negative for all A € [—./z/3, \/z/3], which implies the first inequality in (5.2)
for |x| < /z/3. The last inequality in (5.2) follows by similar arguments. Since
Q(x, x, z) = z is easy to check, our claim is proved. Obviously, it implies that for
each x satisfying |x| < /z/3, the polynomial y > Q(x, y, z) has two real zeros
v1,2(x, z) satisfying |y;(x, z2)| < 34/z/4. Since Q(x, -, z) is a cubic polynomial
which satisfies Q(x, —z, z) > 0 for |x| < \/z/3, its third zero y3(x, z) is also real
and satisfies |y3(x, z)| > 34/z/4. From these facts it now follows easily that V is
(o4, 1/2)-hyperbolic at 0 € T, 12V

Example 5.6 Let Ps, R, S, P and Q € C [x, y, z] be defined as

Ps(x,y) 1= (x — y/2)(x* — yH)(x? — 4y?)
R(x,y,2):=—y(y —3x)2> — 2> +1, P:=Ps+R
S(x,y,2) 1 = —y(y —3x)z>2 — 22, Q:= Ps+S.

Then the following assertions hold:
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(a) V(P) satisfies (SPL).

(b) V(Q) does not satisty (SPL).

Proof (a) To derive this from Theorem 4.3, note first that grad P does not vanish on
V(P). Hence we conclude as in the previous example that condition (1) of 4.3 (c)
is satisfied. Then note that

Vi=V(Ps) ={(x,y,2) € CP: (x — y/2)(x* — y?)(x* — 4y*) = 0}

is the union of five complex planes which have real generators. Hence V}, satis-
fies (SPL) and consequently condition (2) of 4.3 (c) holds. To prove that also the
conditions (3) and (4) of Theorem 4.3 are fulfilled, note first that

V(Ps)sing N 8 = {(0,0, 1), (0,0, —1)} =: M,

and define y+(¢) := (0,0, &1). Using [8], Corollary 4., it is easy to check that
V = V(P) has the following limit varieties:

2
ToaV = {(x,,0 €C: =y =yH(* =4y =0}, T <d =1

T, 2V ={(x,9,2)€C: (x —y/2)(x* — y)(x* —4y*) — y(y — 3x) = 0}

V+,3
2
7ﬁAV=KL%@eC%y@—3m=m,0<d<§

TyooV = {(x,y,20€C: y(y —3x) +1 =0}
Ty, aV =19, —oo<d<D0. (5.3)

Since V (P) has no singular points, it follows as in Example 5.5 that the points in
My are not terminating. At each regular point £ € V;, N $"~! we can use Lemma
5.3 to see that V' is (yg, 1)-hyperbolic at O for y¢ (t) := t&. Hence condition (3) of
4.3(c) holds.

Next note that by the definition of the set K in 4.2, we have

K1 = 1 2 1 2
]—{(y"r’ vg)a (y—’ ’g)}

From (5.3) we get
(Tyy,2/3V)sing N R3 ={(0,0,2): z € R}.

Since all points of V (P) are regular, the singular point (0, 0, 0) € T),, 2,3V is not
terminating for y+ and 2/3. Thus we have K1 . = K and it follows from (5.3) and
the construction in 4.2 that

2 2
]CQ = {(y+7 53 O)a (V—v 57 O)}

Since all points of T;, oV are regular, we have 5 . = #. Thus we showed that
K=K UK,.

Nextnote that 7),, 7,3V does not contain any real singular points which are ter-
minating and that 7}, oV does not contain any singular points at all. Furthermore,
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by Lemma 5.3, V is (y+, 2/3)-hyperbolic at each & € (T, 2/3V)reg N R3 and
(y+, 0)-hyperbolic at each & € (T}, 0V )reg N R3. Hence it remains to show that V
is (y+, 1, 2/3)-hyperbolic at 0 € T,, |V and that V is (y+, 2/3, 0)-hyperbolic at
0eTy, 2;3V.

To show that V' is (yy, 1, 2/3)-hyperbolic at 0 € T, |V, note first that the pro-
jection 7 (x, y, z) := (x, 0, z) is noncharacteristic for 7,,, 1V at O or equivalently
for Vj, at (0, 0, 1). Then some computation shows that for z > 27 and x > 2723
we have

P(x,3x,2) <0, P(x,x,z) >0, P(x,3x/4,z) <0,
P(x,0,2) >0, P(x,-3x/4,z) <0, and P(x, —2x,2) > 0,

2/3

while for x < —z~/° we have

P(x,—x,2) <0, P(x,—-3x/4,z) >0, P(x,0,2) <O,
P(x,3x/4,z) >0, P(x,4x/3,z) <0, and P(x, 3x,z) > 0.

From this it follows as in the previous example that V is (y4, 1, 2/3)-hyperbolic
at0 e T), 1V. Since P is an even function of z, the same arguments apply for y_.

To derive the (y=£, 2/3, 0)-hyperbolicity of V, note first that the projection 7
from above is also noncharacteristic for 7y, 2,3V . To determine the real zeros of
V in the conoid I"(y4, %, G, r) for a suitable zero neighborhood G, we consider
the equation

0= P> x, 1?3y, 1)/t'93
= (= /D = ) = dy?) — 3y =30 — 11O,

Using the theorem of Rouché it is easy to check that for# > 1 and 723 < |x] < %
and x real, this equation has exactly two solutions yj (x), y2(x) € B(0, 1/5). Since
the roots of the equation y(y — 3x) = 0 are real and distinct in this range of x, a
standard application of the real and the complex implicit function theorem shows
that y; (x) and y,(x) must be real for real x. Rescaling these assertions, we get that
V is (y4, 2/3, 0)-hyperbolic at 0. For y_ the same arguments apply.

(b) To show that V (Q) does not satisfy PLj,.(0), note that the tangent cone to
V(Q) at zero is given by

ToV(Q) = {(x,y,2) e C*: z=0)}.

Hence the projection 7 (x, y, z) := (x, y,0) is noncharacteristic for 7oV (Q) at
zero. Next define y (¢) := (—t,0, 0) for 0 < ¢ < 1 and note that

7 My @) NV(Q) D {(=1,0,it7?), (1,0, —it>/?)}, 0 <t < 1.

Since these points belong to I'(y, 1, B(0, ), r) foreache > 0and 0 < r < r(e),
we proved that V(Q) is not (y, 1)-hyperbolic at 0 € T, 1V (Q), in the notation
of [5]. Hence it follows from [5], Proposition 3.12, that V (Q) does not satisfy
PLjoc(0). Since the latter condition is necessary for V(Q) to satisfy (SPL) by
Proposition 3.4, we proved (b). O
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Next we indicate how the results of this paper can be used to derive the main
theorem of [3]. For that purpose, recall that for P € Cl[zy, ..., z,] and 0 € C" the
localization Py of P at 0 is defined as the lowest degree homogeneous term in the
Taylor expansion of P at 6.

Lemma 5.7 Let P, € Clzy, ..., z2n] be homogeneous of degree m > 2 and define
Vi :={z € C": P, (2) = 1}. If V. satisfies (SPL) then for each0 € V (P,)NS"~!
the variety

Wo it i ={ze€C": (Py)o(z) =1}
satisfies (SPL).

Proof Fix 6 € V(P,) N S"~!. After a real linear change of variables we may
assume that 6 = (0, ..., 0, 1). Then we expand

m
Pu(@ zn) =D Qi(hzn
Jj=v

where Q; € C[z1, ..., z,—1]is either homogeneous of degree j oridentically zero
and where Q, # 0. By [3], Lemma 3.9, we have (P,)9(z/, z,) = 0,(z’). Next
define y (¢) := (0, ..., 0, ¢) and consider for P := P, — 1 the expansion

Py +2) =D 0, t+z)"/ —1

j=v

i (- —k
:ZQj(z/)Z( L )zsz‘«" ~ 1.

Jj=v k=0

From the Newton diagram of this expansion and [8], Corollary 4, it follows that
we have

Ty Vy ={(Z 20) € C" 2 Pu(Z', 2ny1) = 0},
TyaVe =1 ) €T 0 =0} 1= 2 <d <1, (54
Tya-nVi ={(,2,) €C": 0y(c) — 1 =0}

By Proposition 3.5, all these varieties satisfy (SPL). Since (P,;)s = Q,, the proof
of the lemma is complete. O

Lemma 5.8 Let Q,, € Clzy, ..., z,] be homogeneous of degree m and define
Wi :={z € C": 0, (z) = £1}. If both varieties W, and W_ satisfy (SPL) then
O, is square-free.

Proof To argue by contradiction, we assume that Q,, = R¥S for suitable R, S €
Clz1, - .-, znl, R not constant and & > 2. By Proposition 3.5, the present hypothe-
ses imply that V (Q,,) and consequently V (R) and V (S) satisfy (SPL). Therefore,
we may assume by Lemma 3.17 (b) that R and S have real coefficients. Moreover,
we can choose a regular point £ € V(Q,,)NS"~! whichisin V (R). Then we define
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the real simple curve y by y (¢) := &¢. By Proposition 3.9, the present hypothesis
implies that W and W_ are both (y, 1)-hyperbolicat0 € 7, 1 W+ = V(Q,) — &
for each projection 7 : C" — C" which is noncharacteristic for 7}, 1 W+ at the
origin. Fix such a projection 7w which is even noncharacteristic for V(Q,,) at
infinity. Choosing appropriate coordinates, we may assume & = (1,0, ...,0),
7(z', zy) = (Z/,0),and 0, (0, ...,0,1) # 0. Then p € C [¢, z], defined by

p(t,z) := On(t,0,...,0,2),

is homogeneous of degree m and vanishes on the line C \ {0} of order g > k > 2.

Hence there exist ¢, ay, ..., an—¢ € C\ {0} such that
m—q

p(t,z) = cz? H (z —ajt).
j=1

Consequently, for each ¢ > 0 there exists 7o > 1 such that for each ¢ > 1y the two
equations

p(t,2)£1=0 (5.5)

have ¢ solutions zj[(t) € B(0,¢t), 1 < j < q. They admit a Puiseux series
expansion of the form

Kk—1
y() = D byt

V=—00

for some « € N. A standard computation shows that the first nonvanishing term in
such an expansion is given by

(re(TT o)) ™
j=1

Because of ¢ > 2 there is a choice of + or — such that the coefficient of this term
is in C \ R. Hence for each ¢ > #( not all solutions in B(0, e¢) of both equations in
(5.5) are real. Since this contradicts the (y, 1)-hyperbolicity of Wy at0 € T, | W,
the proof is complete. O

Proposition 5.9 Ler P, € Clzy, ..., z2,] be homogeneous of degree m > 2 and
define Vo :={z € C": P, (z) = £1}.

(a) If V4 and V_ both satisfy (SPL), then V(Py,,) satisfies (SPL), P, has real
coefficients, and for each & € V(P,) N S"~! the localization of Py, at 6 is
square-free.

(b) Forn = 3 the necessary conditions in (a) imply that V and V_ satisfy (SPL).

Proof (a) The conditions stated in (a) hold by Proposition 3.5, Lemma 3.17 (b),
Lemma 5.7, and Lemma 5.8 since V_ = V,.(Q,,) for Q,, := —P,, and since
(Om)o = —(Pm)o.

(b) To derive (b) from Theorem 4.3 we show that the conditions (1)—(4) in part
(c) of this theorem are fulfilled.
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(1) By Euler’s rule we have (x, grad P,,(x)) = mP,,(x) for all x € C". Hence
grad P, (x) = 0 implies P, (x) = 0. Consequently, each point of V. is a regu-
lar point. Since P, has real coefficents it follows that V4 satisfies PLj(§) at
each& € Vo NR3.

(2) This holds by hypothesis.

(3) As we remarked in (1), there is no singular curve in V. Hence no point in
(Vi)sing N $2 can be terminating by the argument that we used in Example 5.6.
At each point in (Vj)reg N S2, the gradient of P, does not vanish because of
the present hypotheses. Hence (3) follows from Lemma 5.3.

(4) Let My := {& € V(Pp)sing N S2}. For € € My and y (1) = &t, we have by
5.4)

Ty1-nVi= {z € C" : (Pn)e(z) = £1} where v = deg(Pp)e

and all points of this set are regular. Hence = K1 = {(yg, 1, A(ye, 1,0)) : § €
Mo}. By Lemma 5.3 the (yg, A(yg, 1, 0))-hyperbolicity condition in (4) is fulfilled.
The fact that V is (yz, 1, A(ye, 1, 0))-hyperbolic was proved in [3], Lemma 5.6. O

Combining Proposition 5.9 with the results from Meise and Taylor [14] we
obtain now the main result of [3] namely Theorem 1.1.

Theorem 5.10 Ler P, € Clz1, 22, 23] be homogeneous of degree m > 2 and
define P € Clzy,...,24]1 by P(z) := Py(z1, 22, 23) — z4. The following asser-
tions are equivalent:

(1) V(P) has (SPL),

(2) P(D): C®[R* — C®(R*) admits a continuous linear right inverse,

(3) Vi(Py) and V_(Py,) satisfy (SPL),

(4) V(Py) has (SPL), P,, has real coefficients, and (Py,)g is square-free for each
0 € V(P,) NR3 with |6] = 1.

Proof (1) = (2): Since the condition (SPL) for V (P) obviously implies that V (P)
satisfies PL(R?, log) (see [3], Definition 2.4) and since PL(R?, log) is equivalent
to (2), this implication holds.

(2) = (3) = (1): As we already remarked, V (P) satisfies PL(R?, log). By
[16], Theorem 4.1, this implies that also V (P,,) x C satisfies PL (R4, log). Since
V(Py) is homogeneous, V (P,,) even satisfies (SPL). By Lemma 3.17 (b), there
exists A € C, |A| = 1 such that AP, € R[z1, 22, z3]. Since V(AP) = V (P) satis-
fies PL(R?, log), it follows from Meise and Taylor [14], Lemma 2.1, that A = £1.
Thus, P, has real coefficients and the desired implications hold by Meise and
Taylor [14], Theorem 3.4.

(3) = (4) = (3): These implications hold by Proposition 5.9. O
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