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Abstract. We study the bifurcation of radially symmetric solutions of
Au+ f(u)=0 on n-balls, into asymmetric ones. We show that if u satisfies
homogeneous Neumann boundary conditions, the asymmetric components in
the kernel of the linearized operators can have arbitrarily high dimension. For
general boundary conditions, we prove some theorems which give bounds on
the dimensions of the set of asymmetric solutions, and on the structure of the
kernels of the linearized operators.

1. Introduction

We are interested in the bifurcation of radially symmetric solutions of semilinear
elliptic equations

Au(x)+ fu(x))=0, xeB"=an n-ball,

into asymmetric ones; when this happens we say that the symmetry-breaks. In a
recent paper, [7], we studied this problem for solutions which satisfied (homog-
eneous) Dirichlet boundary conditions. Our goal here is to consider more general
boundary conditions, and to demonstrate some interesting differences which can
occur for other boundary conditions. For example, we show that for (homog-
eneous) Neumann boundary conditions, the symmetry can break in such a way
that the asymmetric components in the kernel of the associated linearized
operators have arbitrarily high dimensions. In fact, we shall construct a function
J(u) and a sequence of monotone radial solutions {u,}, such that the asymmetric
component of the kernel of the linearized operator about u, has dimension

) ) . . .
(" +I; ) (“—“212:— 3 ) Thus the symmetry breaks infinitesimally in an increas-

ingly more complicated manner. It should be contrasted with the case of Dirichlet
boundary conditions, where for monotone radial solutions, the symmetry can
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break only in a most rigid way; namely the asymmetric component of the kernel
always has the same fixed dimension n (see [ 7]). In this case f(0) <0 is a necessary
condition for the symmetry to break on positive solutions, and when the symmetry
breaks on such a solution, it only breaks in the first mode. By contrast, for
Neumann boundary conditions, there is no requirement on sgn f(0), and there can
never be symmetry-breaking in the first mode. Indeed there can be, (and is)
symmetry breaking in all sufficiently high modes, as shown by our example.

For general homogeneous linear boundary conditions, we prove some
theorems which give bounds on the dimensions of the manifolds of asymmetric
solutions, and on the structure of the elements in the kernels of the associated
linearized operators. Thus, if the symmetry breaks on a monotone radial solution?,
then we prove that the asymmetric component of this kernel must be irreducible?.
This fact is sometimes needed to apply certain bifurcation theorems, e.g. [10]. We
also show that for any element in this kernel, its radial part cannot have more zeros
than the derivative of the radial solution itself. We use this result to estimate the
number of irreducible components in the kernel, and hence to bound the number
of distinct sets of asymmetric solutions which can bifurcate out of a radial solution.

Certain of our results are extensions of those in [7], where we studied related
questions for monotone solutions of the Dirichlet problem. The fairly difficult
construction given here, (in Sect. 4), of the existence of an asymmetric element in
the kernel of the associated linearized operator, (with homogeneous Neumann
boundary conditions), relies on the fact that this operator is self-adjoint with
respect to a weighted L,-inner product?. This allows us to view the problem as a
variational one. The success of this approach in turn, is based upon rather careful
estimates of the “time-maps” (see [5, 6]), together with an existence theorem
proved in [8].

We point out that since radial solutions of our equation satisfy an ordinary
differential equation, it is natural to allow the radii of the domains to vary, and to
consider orbits of the associated first-order system of equations which satisfy
u(0)=p>0, and u'(0)=0. In this context, then, we can take p to be the bifurcation
parameter. This is a slightly different approach from the usual one, where one
considers the equation du+ A f(1)=0, on a fixed domain Q, and one takes A to be
the bifurcation parameter. We could just as well study the equation Au+ f(u)=0

on the domain WQ, i.e., changing the domain by a similarity transformation is the
same as changing A. We find it more convenient to use p as the bifurcation
parameter.

2. The Equations

Let D% be an n-ball of radius R, centered at the origin with boundary éD%. We
consider the equation

Au(x)+ fu(x))=0, xeD%, Q.1

! So in particular, if it breaks on a positive solution of the Dirichlet problem; see Gidas et al. [3]
2 That is, under the action of the orthogonal group O{n), it has no proper invariant subspace
® We are indebted to Charles Conley for bringing this fact to our attention
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together with general linear homogeneous boundary conditions
ou(x)+ Pdu(x)/dn=0, xeoD%. 2.2

Here « and B are constants, o+ %=1, and d/dn denotes differentiation in the
radial direction on ¢D%. The special class of solutions of (2.1}, (2.2), depending only
on the radius r = x|, and which we term radial solutions, (or sometimes, invariant
solutions), satisfy the ordinary differential equation

W)+ H—;—lu’(r)—}— f(r)=0, O0<r<R, (2.3)

together with the boundary conditions*
w(0)=0, oau(R)+pu'(R)=0. 2.9

We observe that there is exactly one solution u of (2.3) having #'(0)=0, and
u(0) = p; we write this solution as u(r, p), and in these terms, we have

uw0,p)=p. (2.5)

Throughout this paper we will consider p as the “bifurcation parameter,” and
prime, (), will always denote differentiation with respect to the variable r. Let

A={p:3AT=T[p): u(:, p) solves (2.3) u'(0) =0,
and a(T, p) + pu'(T; p)=0} .

Notice that for each p, T,(p) is (at most) a countable set: T.X(p), T(p), ..., where
TM(p) is the “time” that it takes the solution to make M/2 rotations about the line
au+pu'=0, M=0,1,2, ..., in the (u,u)-plane.

The function p—TM(p) will be called the (a, M)-time map. We will use the
notation

=1, T=T5, T=T; 2.6)

to denote the M =0 Dirichlet-time map, the M =0 Neumann-time map and the
general M =0 timemap, respectively. In this paper we shall be concerned only with
these latter functions.
If u(-, p) solves (2.3), (2.4), then the linearized operator L,: C3(|x| < R)—C(|x|
- £R), (R=T(p)), defined on the class of C* functions on |x|< R which satisfy the
boundary conditions (2.2), into the continuous functions on the same domain, is
defined by

Lyp(x)=4v(x)+ f(u(lx], p)o(x),  Ix|<R. @7
We say that v==0 is in the kernel of L, if v satisfies the linearized equation
Ly(x)=0, |x|<R, 2.8)
together with the boundary conditions
ov(x)+ fdv(x)/dn=0, |x|=R. 2.9

4 The condition '(0) =0 is necessary if u is to be differentiable at the origin
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That is, v is an eigenvector of L, corresponding to the eigenvalue zero. Using the
implicit function theorem, we see that if u(-, p) is a “bifurcation point,” then zero is
an eigenvalue of L.

We shall now briefly review some facts concerning the eigenfunctions of the
Laplacian 4 on §"!, and the associated spherical harmonic decomposition of
functions defined on an n-ball; for more details, see, e.g., [1, 4].

The eigenvalues of 4 on §"~* are given by

dy=—N(N+n—-2), N=0,1,2,.... (2.10)

Let {®#Y:1<i<ky} denote a basis for the N™ eigenspace of 4; ie., for the
eigenfunctions of 4 on §"*, with eigenvalue 4. Then we have the following facts:
(i) The dimension of the N'® eigenspace is

n+N-—-2\/n+2N-2
= e =0,1,2,.... 2.11
L ( N )<n+N—2>’ N=0.1.2, @10

(i) Theset {PV:1Zi<ky,i=0,1,2,...} forms a complete orthonormal set on
I2(s" Y.
As a consequence of these facts, any function 4 on §"~ ! can be written as

h=3 (h ool
iN

where
h,dY>= | WO)PN(H)do.
SYI* 1

Thus, for any function v{r, #) on an n-ball [x| <R, we may write v in the form
ur, 0)= ZN Colr, ), PY ()P} (0) = ,?I.vai,N(r)@(@), (2.12)

for each fixed r, 0 <7< R. Now suppose in particular, that v satisfies (2.8), and (2.9).
Then using (2.12), we find

i,N

e n_l / }V 7,
2 [%,N‘** Nt (r_zzv + f (ulr, P))) ai,N] oY =0.

1t follows that all the coefficients in the above sum must be zero. Thus we see that:

1) Each g, y satisfies a second-order ordinary differential equation;

2) For a fixed N, each g, y satisfies the same ordinary differential equation,
Py(a; ) =0;

3) For each N >0, there is only one solution (up to a constant multiple) to the
equation Py(a) =0, which is finite at r=0.

This last fact holds since the Wronskian of any two solutions satisfies the first-
order equation w'+ (n— Dw/r =0, and hence w either “blows-up” atr=0, or w=0.

Now in view of these facts, we see that we can write each a; y(r) in the form
a; x(r)=cYay(r), and hence (2.12) becomes

o1, 0)= T 3, x(OPNO)= 3 3 A0 O)ar®) = T an()By(0).

where 5
By(0) =29 (0).
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and ay satisfies the ordinary differential equation

n—1

an(r)+ an(r)+ (f “(u(r, p)) + f—;i) ay(r) =0, (2.13)

r
on O0<r<R. Moreover, if v is a solution of (2.8}, (2.9), then since
ay()= | o(r,0)Ex(6)d0,

§r-1
we find that for N>0 (cf. [7]), ay satisfies the boundary conditions
ay(0)=0, oaap(R)+pay(R)=0, N=1. (.14
Also, (2.13} and (2.10) show that a, satisfies the boundary conditions
a(0)=0, aay(R)+ fay(R)=0. (2.15)

Ifu(-, p) is a radial solution of (2.1), (2.2) and an asymmetric solution bifurcates
out of u(-, p), then it is not hard to show that the kernel of L, must contain a non-
trivial asymmetric element (see, e.g., [2]). Accordingly, we make the following
definition (see [7]).

Definition 2.1. If u(-, p) is a radial solution of (2.1), (2.2), then we say that
(i) The symmetry breaks infinitesimally on u(-, p) if there exists an element in
the kernel of the linearized operator L, which is asymmetric; i.e., non-radial.

(i) The symmetry breaks on u(-, p), if an asymmetric solution bifurcates out of
U(' ’ p)

In these terms as we have remarked above, symmetry-breaking implies
infinitesimal symmetry breaking. Note too that if the kernel of L, contains a non-
invariant element, then from (2.12) and the fact that u(, p) is invariant, we can find
an element in the kernel which is of the form ay(r)®y(6).

The above considerations show that the kernel of L, is different from zero ifand
only if there is a non-zero solution of (2.13) and (2.14) or (2.15). Evidently if the
problem (2.13), (2.14) has a non-zero solution, then the symmetry breaks
infinitesimally at u(-, p). In order to show that the symmetry actually breaks on
u(-, p), we shall appeal to the Crandell-Rabinowitz bifurcation theorem [9, p. 173]:

Theorem 2.2. Let U=Sx V be an open subset of R x X, and let Fe C*(U,Y),
where X and Y are Banach spaces. Suppose that F(4,0)=0 for all A€ S, and let
Ly=D,F(44,0), Ly =D,D,F(Ag,0). Assume that the following conditions hold:

(a) The null space of L, is one-dimensional, spanned by u,.

(b) The range of Lg has co-dimension 1.

{€) Liug is not in the range of L,.

Let Z be any closed subspace of X such that X =[spanuy]@®Z. Then there is a
6>0,and a C*-curve (4, §): (— 8, 8)— R x Z such that: (i) A(0) = Ay, (i) $(0)=0; and
F({s), s(ug+¢(s)))=0 for |s]<é.

This completes the background material which we shall need in the subsequent
sections.
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3. General Boundary Conditions
We begin this section with a simple comparison result concerning solutions a of the
equation

r {a”(r)+ %a’(r)} +¢(ralry=0, O<r<R, (3.1)

(A=constant), which is independent of any boundary conditions that a satisfies.
This then will be applied to Eqgs. (2.3), (2.4), to yield some general theorems
concerning the functions ay(r). Afterwards, we shall prove some results which
apply to particular boundary conditions. Here is the useful comparison theorem,
which is really a slight variant of the well-known Sturm comparison theorem.

Proposition 3.1. Suppose that b(r) is a solution of the equation
r? {b"(r) + éb’(r)} +6(rb(r)=0, O<r<R, (3.2

and a(r) solves (3.1). Assume that ¢ and 8 are continuous on 0<r <R, and 0(r) Z ¢(r)
on this range. If a=£0, then b has a zero between any two adjacent zeros of a.

Proof. If a(r)=a'(r)=0for somer, 0 <r < R, then a=0. Thus the zeros of a can only
accumulate at r=0. Letr, and r, be adjacent zeros of g, 0 £, <r,, where a(r) >0 if
Fi<P<rt,.

Now multiply (3.1) by r*~2b(r), (3.2) by r*~ 2a(r), subtract, and integrate from r,
to r,. This gives

r*a’ (Nb(r) —a(r)b'(r) 12+ :f (9(r) —0()a(rb(ryr*~2dr=0,
50 that
raa’(ry)b(r,) —ria'(r)b(r) + r_[z (¢ — abr*~2dr=0. (3.3)

If b had no zero in the interval r; <r<r,, then b would be of one sign in this
interval, thus violating (3.3) 3

We shall now obtain some consequences of this proposition.

Corollary 3.2. Let ay; and ay be non-zero solutions of the equations

—1 A
dy+ fTa;,-» (f’(u)+ -;';i) ay=0, (3.4

n—1

ax+ (f’(u)+ %)a,(=0 (3.5

V4
dg+
r

on an interval 0 <r <R, where the 1,’s are defined in (2.10). If K> M, thena, hasa
zero between any two adjacent zeros of ay.

Proof. Using (2.10), we see that Ay >4 Thus we can multiply each of the
differential equations by 7%, and then apply the propostion. [
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Suppose now that u is a non-constant radial solution of (2.1) on the n-ball

[x| < R. Then u satisfies (2.3), and since 1, =1 —n we see that w=1is a solution of
the equation

ai+ "

al(r)+<f(u(r))+ >a1=0, 0<r<R.

This gives the following two corollaries.

Corollary 3.3, If N> 1, then on the interval 0 Sr < R, v’ must change sign between
any two adjacent zeros of ay.

We now consider the general case where u’ is allowed to change sign on an
interval. Here is the main result.

Theorem 3.4. Let u be a solution of (2.3). Assume that u has k zeros on the interval
0=r<R, and that ay =0 solves (2.13), where N 2 1. Then ay has at most k zeros on
this interval. If in addition u satisfies the boundary conditions (2.4), then there are at
most k positive integers Ny, N, ..., Ny, for which ay_ is a (non-trivial) solution of
(2.13), (2.14), 1 <j<k.

Before giving the proof of this theorem, some remarks are in order. First, if we
consider positive solutions of (2.1), together with Dirichlet boundary conditions
[a=1, p=0in(2.4)], then Gidas et al. [ 3], have shown that u must be a monotone
decreasing radial function. In this case k=1, (N =1), and g, has exactly one zero
on 0 <r<R;this is in agreement with the result found in [7]. Next, if we consider
monotone solutions of (2.3) together with homogeneous Neumann boundary
conditions [a=0, f=1 in (2.4)], then here too k=1, and so again ay has exactly
one zero. Finally, note that if k> 1, and there are two non-zero functions, say
ay %0, and ay £0, (K+ M), which are solutions of (3.4) and (3.5), for the same
u=u(-, p), then the kernel of the linearized operator L, [see (2.7)] contains the two
non-zero elements ax(r)@(0), and a,(r)P,,(0). Smce K=+M, the subspaces
generated by these two elements are distinct, proper, and both are invariant under
the orthogonal group. Thus the asymmetric component of the kernel of L, cannot
be irreducible. It follows that the bifurcation theorem discussed in Sect. 2 does not
apply since hypothesis (a,) is not satisfied. (But some statements concerning the
bifurcation of solutions can be made; these will be considered in a future
publication.)

On the other hand, the problem of demonstrating that there can be two non-
zero functions a, and a,,, as above, is guite delicate, and is still unresolved.

Proof of Theorem 3.4. Suppose that ay has (k+ 1)-zeros on the interval; i.c., ay(z,)
=ay(z,)=...=ay(z) =0, where 0 =z,<z, <...<z,<R. From Corollary 3.3, v’
has a zero on each interval (z; ., z,), i=1,2, ..., k. But as ©/(z4) =0, we see that u’
has (k+ 1)-zeros on [0, R). This is a contradiction; thus ay can have at most
k-zeros. In order to prove the last assertion, we need the following lemma, which is
of some interest by itself.

Lemma 3.5. Under the hypotheses of the theorem, {including the fact that u satisfies
(2.4)), suppose that K and M are positive integers, K > M, and that a,, and ag are
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non-zero solutions of (3.5) and (3.6), respectively, together with the boundary
conditions (2.4). Then on the interval 0Zr <R, the following inequalities hold:

$zeros of ax< 4kzeros of ay < fzeros of u'.

Proof. The second inequality is a consequence of Corollary 3.3. In order to prove
the first, we note that 4,,> A, [see (2.10)]; thus from Corollary 3.2, #zeros of ag
< #of zeros of a,,. If equality holds, then we have

ay0)=ay(z)=...=ay(z)=0,
ag@)=ag(w)=...=axw)=0, s=Zk,
where 0 <z, <...<z;and 0 <w, <...<w,, and these are all of the zeros of a,, and
ag, respectively. Using Corollary 3.2 again, we get the inequalities
0<Zl<W1, Wi<Zi+1<Wi+17 i=1,2,...,s_“1.

There is no loss in generality to assume that a,, >0 and ag>0on (0, z,). Then the
product a,a, is negative on the intervals (z, w;), 1 Si<s, and positive on the
intervals (w;, z;, ), 1 Zi<s—1. We distinguish two cases; namely w,<R, and
w,=R.

Suppose that w,<R; then ayag>0 on (w, R). Now if we multiply (3.4) by
" tag, and (3.5) by "~ la,,, subtract, and integrate from w, to R, we get

R
" Nagay — ax@yh, + | (he—aag(r)ay ()= >dr=0. (3.6)

Now since aax(R)+ fai(R)=0=0a,(R)+ faj{R), we see that (agay
—dga) (R)=0. Thus (3.6) reduces to

i n)aw) + | (g Ay agPay (P dr =0, 3.7)

However, this is impossible since both terms on the left-hand side of (3.7) are
negative,
We now consider the case where w = R. Then from (2.14),

0=cag(R)+ Pag(R) = fax(R) .
Since ag %0, and ag(R)=0, it follows that ax(R)=+0, and so f=0. Therefore,
0=0a,(R)+ fay(R) = 0ay(R) =oay(wy),

so that a,(w,)=0. Thus a,, has s+2 zeros; this is again a contradiction, and the
proof of the lemma is complete. [

We can now easily complete the proof of Theorem 3.4, For suppose that there
is a positive integer N, such that ay, has k zeros on [0, R). Then our lemma implies
that there can be at most (k— 1)-indices N ,, ..., N, for which ay #0,2<i<k. O

Corollary 3.6. If v’ is a solution of (2.3), (2.4), and is of constant sign on an interval
0 <r <R, then there can be at most one N > 1 for which ay£0. Moreover for this N,
ay(r+0on 0<r<R.
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This last result indicates that if ¥’ 1s of constant sign on an interval 0 <r<R,
then the unique non-zero ay, (if it exists!), could conceivably be shown to exist viaa
variational approach, as the principal eigenfunction of some operator (see [9,
Chap. 117). In Sect. 4, we shall show that this program can indeed be carried out in
the case that u satisfies homogeneous Neumann boundary conditions [a=0, =1
in (2.4)].

As a final result along these lines, we have the following corollary to
Lemma 3.5.

Corollary 3.7. Suppose that ay, and ag are non-zero solutions of (3.4) and (3.5),
respectively, and both satisfy the boundary conditions (2.4). If M +K, then a, and
ayg cannot both be of constant sign on 0 <r<R.

We turn now to the problem of radial bifurcation; that is, we shall study the
question of when a,(r) %0. Thus using (2.13) and (2.10), we see that a, satisfies the
equation

n
ai(r)+

'; ! ay(r)+ fulr, pag)=0, 0<r<R, (3.8)

together with the boundary conditions (2.15). Of course, we assume here that we
are given a particular radial solution u=u(r, p) of (2.3), (2.4) on 0 <r <R, where
R=T(p), [cf. (2.5ff)].

If ao=£0 solves (3.8), (2.15), then we say that u(-, p) is radially degenerate;
otherwise u(:,p) is called radially non-degenerate. Here is the theorem which
characterizes infinitesimal radial bifurcation.

Theorem 3.8. Suppose that U ={u(-,p):p,<p<p,} is a family of solutions of
(3.8), (2.15). Then u(-, p)e % is radially degenerate if and only if °

(o (T,(0), p)+ pu"(T(p), D)} T,(§) =0. (3.9)

Remark. We note that this extends a result in [6] stated for Dirichlet boundary
conditions, (=1, §=0). Also observe that for Neumann boundary conditions

(=0, B=1),(3.9) reduces to — f(u(Ty(p), P)) Tx(p) =0, and as f(u(Tx(p), p)) +0, (if
we consider non-constant solutions), this means Ty(p)=0.

Proof. We differentiate® (2.3) with respect to p to get
n—1
u,+ —r—u;,—l—f’(u)up:O,

and thus u,(-, p) satisfies the linearized equation (3.8). Moreover since u'(0, p)=0
for all p, p; <p<p,, we have u,(0, p) =0, so that u,(-, p) satisfies the first boundary
condition in (2.15). To obtain the second boundary condition, we recall that by
definition of T,(p), we have

a( T(p), p)+ Pu(T(p). p) =0, pi<p<p,.

5In [6] it is shown that T, is a C* function if f is continuous
51In [6] it is shown that u, ', u” are C* functions of p if f is continuous
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Then differentiating with respect to p and evaluating at j gives

{oa (T5), p)+ P (T(p), P} T,(P) + au(T,(P), P) + Pu(T(P), b)) =0 . (3.10)

Thus, if (3.9) holds, then u,(-, p) satisfies the boundary conditions (2.15), and since
u,(0, p)=1 [cf. (2.5)], we see that u,(-, p) is a non-trivial solution of (3.8), (2.15), so
that u(-, p) is radially degenerate. Conversely, if u(-, p) is radially degenerate, let z be
a non-trivial solution of (3.8), (2.15). Then z'(0)=0, 250, so z(0) 0. Thus u,(r, )
=z(r)/z(0), since they both satisfy (2.13), N=0, and the same initial conditions.
Hence (3.9) follows from (3.10). [

We remark that this theorem holds for the general time maps T, where in (3.9)
T, is replaced by TM; the proof is the same as the one given here.

We now give an extension of a result in [6], to more general boundary
conditions.

Theorem 3.9. Letr u(-,p) be a non-constant solution of (2.3) which satisfies the
boundary conditions

au(R,p)+pu(R,p)=c, (R=T(p). 3.1

Then referring to solutions ay of (2.13), (2.14), the following hold:
(i) There is a solution a, £0 if and only if

a'(R, p)+ pu’(R, p)=0. (3.12)
(i) If (3.12) holds, and W <0 on 0<r <R, then ay=0if N>1.

Remarks. If we consider homogeneous Dirichlet boundary conditions (e =1, §=0,
¢=0),(3.12) reduces to ¥'(R, p) =0, a result obtained in [6]. In our theorem, the ray
u=0, w'=v=0, is replaced by the ray au+ fv=c, v<0; see Fig. 1, (c=0).

Proof of Theorem 3.9. If (3.12) holds, we set a,(r}=u'(r,p), 0<r=<R. Then g,
satisfies (2.13) for N=1, and a, also satisfies the correct boundary conditions
(2.14). Furthermore, in this case, ay=0 if N> 1, in view of Lemma 3.5.

It remains to show that (3.12) holds if a4, is a non-trivial solution of (2.13) (for
N=1), and (2.14). Now from the equation

R Y(a,w —aiw) (R)+ 35 34+ (n—1D)a,(w(r)dr=0,
0

{with, w=1/, as usual), we have, since 4, +n—1=0,

w(R)a,(R)— w(R)a,(R)=0.

N > U or -

Fig. 1 Qu+Bv=0
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But also, oa,(R) + fa;(R) =0, and since (a,(R), a;(R)) =+ (0, 0), the determinant of
this system of linear homogeneous equations must vanish. Therefore aw(R)
+ pw'(R)=0; thus (3.12) holds. [

This last theorem shows that for solutions of (2.3), (2.4), which have u'<0, the
general homogeneous linear boundary conditions yield results for infinitesimal
symmetry-breaking which are exactly the same as those for homogeneous
Dirichlet boundary conditions. Notice that if we consider homogeneous Neumann
boundary conditions (x=0, §=1), then (3.12) implies that u”(R, p) =0, and since
W' (R, p)=0, (2.3) shows that f(u(R, p))=0. Thus the solution u(:, p) must be the
constant function u(R, p). It follows that for non-constant solutions of (2.3), (2.4),
with o =0, f =1, a, must necessarily be the zero function. We state this formally for
later use.

Theorem 3.10. Let u(-, p) be a non-constant monotone solution of (2.3), together
with homogeneous Neumann boundary conditions (2.4) (x=0, f=1). Then there are
no non-trivial solutions a, of (2.13) (N=1) and (2.14) {a=0, f=1).

Thus symmetry-breaking for (monotone) solutions of the Neumann problem
must necessarily occur in a more complex manner than that for (monotone) radial
solutions of the Dirichlet problem. In the next section, we shall make this
statement more explicit.

4. Homogeneous Neumann Boundary Conditions

We consider monotone radial solutions of (2.3), which satisfy homogeneous
Neumann boundary conditions, u(0)=u(R)=0. Our goal is to construct an
example of symmetry-breaking for the Neumann problem. In this section we shall
show that there is infinitesimal symmetry-breaking, and in Sect. 5 we shall show
that the symmetry actually breaks.

Using Theorem 3.10, we see that to construct an example of infinitesimal
symmetry breaking for the Neumann problem is fairly more difficult than the
corresponding construction for the Dirichlet problem. Indeed, in the latter case,
ay=0if N > 1, and the only possible non-zero mode is a,, which turns out to be the
function u’. The question thus arises as to which mode can “survive” for the
Neumann problem; i.e., for which N, (necessarily N > 1, by Theorem 3.10), can ay
be non-zero? Of course, in view of Corollary 3.6, for any given monotone radial
solution u(-, p), at most one ay (N >0) can be non-zero — but which one? We shall
show here that it is possible to have ay =0 for arbitrarily high indices N. More
precisely, we shall construct an example of a function f, and abounded, increasing
sequence of points {p,}, for which there is a solution u(-, p,) of (2.3) and (2.4), (=0,
p=1), and such that there exists a non-zero solution of each problem,

v+ Lam+ (f'(u(r, PO+ i) a()=0, 0<r<Ty(py,

a(0) =a(T\(py) =0.

This will show that the asymmetric component of the kernel of the linearized
operator can have arbitrarily high dimension [see (2.11)]. It is worth mentioning

.1
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again that for the Dirichlet problem, the asymmetric component of the corre-
sponding kernel always has dimension n. In Sect. 5 we shall show that the
symmetry actually breaks on each of the solutions u(-, p,). We proceed now with
the details.

Let u=u(r, p) be a (non-constant) solution of the equation

u'(r)+ n-l

. w()+ fu@)=0, O0<r<R, 4.2)

together with the homogeneous Neumann boundary conditions
w®)=p, uw(0)=v'(R)=0. 4.3)
Here, (by definition
(b ) R=Ty(p),
and u is monotone decreasing; i.e.,
w(r,pp=<0, O0=rZR. 4.4

Now in order for the symmetry to break infinitesimally on this solution, it is
necessary and sufficient that for some positive integer k, there exists a non-trivial
solution of the following boundary-value problem:

n—

a(r)+ "

! a(r)+ ( fu(r,p))+ %) a,(r)=0, 0<r<R, @.5)

and
#,(0)=a(R)=0. (4.6)

In view of Corollary 3.6, and Theorem 3.10, k> 1, and a, is of constant sign on 0 <r
<R. Moreover, there can be at most one integer k> 1 for which g, £0. This last
fact implies that under our hypotheses, the non-symmetric part of the kernel of the
linearized operator is irreducible’; this result will be used in Sect. 5 when we prove
that bifurcation actually occurs.

We now turn our attention to the construction of a non-zero solution of (4.5),
(4.6). Thus, let u(r, p) satisfy (4.2)-(4.4), set R = T,(p), and define a function ¢{(r) by

@) =f"(u(r,p)+4/r*, O<r=R. 4.7)
Next, we define a space of functions @, by
?,={¢eC’[0,R]:4(0)=¢(R)=0}, R=Ty(p). (4.8)

Finally, let I} be the linear operator on @, into C[0, R] given by

=4 +"" g+, @9

Observe that if we can find a non-zero function ¢ € @, for which If¢ =0, then this ¢
can serve as the desired g,; this will demonstrate that the symmetry breaks
infinitesimally in the k'™ mode, on the radial solution u(-, p).

7 See footnote 2, and [4, p. 417]
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In order to carry out this program, we shall use a variational approach. Thus,
we define an inner product on @, by

Bywy= 5) ey ldr,  $ped,.

We claim that I is self-adjoint with respect to this inner product. Thusif ¢ € @, we
can write "~ 'L = (r""*¢’Y 4+ qigr" 1, so that if also y € &, integrating by parts
twice proves the claim. Now it is well-known, see [9, Chap. 11], that the principal
eigenvalue, uf, of I has a variational characterization; namely

g =sup{{Li4,¢> € ®,,[¢]|>=1}.
Or, if we integrate by parts, we can write

Ji = sup ]; {= @O +g@OP(r)*}r"dr,  R=Typ), (4.10)

where the supremum is taken over the same class of functions as before.
We shall make use of these notions in the following way. Thus we shall
construct a function f{u) defined on R, having the following property:

There is an integer ky =2 such that if k = k,, there exists a (non-
trivial) solution u(:, p,) of (4.2)+(4.4), and a corresponding non-
trivial solution of (4.5), (4.6). (%)

This, in turn, will be done by showing that if k = k,, there are points f, and g in the
domain of Ty for which both of the following inequalities hold:

sup{<Lig, ¢>: € By, |41 =1} <0, (4.11)

and .
sup{{L¥d, 4y :d € Py, 4> =1}>0. (4.12)

If we prove that the domain of Ty is connected, then since the principal eigenvalue
depends continuously on p [as follows from (4.10)], we can conclude from (4.11)
and (4.12) that there is a point p, € dom(Ty) for which

sup{C{If¢, 4> : 4 € D, 4> =1}=0.

The corresponding eigenfunction, call it g, will be the desired non-trivial element
in the kernel of the linearized operator I3+ To carry out this program will require a
rather careful study of the properties of the time map Tj,.

Let f(u) be a smooth function defined on R which satisfies the following three

conditions (cf. Fig. 2): )
fw=u if ugl; 4.13)

I/\f(u)

|

1 -y
4 b

Fig. 2
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for some c¢>1, f(u)>0 on [1,¢), f(c)=0, and f'(c)<0; (4.14)
ffw<0 forall wuell,c]. 4.15

Later on we shall further restrict f; the above conditions will suffice for our first few
results.

Lemuma 4.1. Let f be defined as above. Then there is a positive integer k,, and a point
p>0, such that the solution u(-, p) of (4.2), (4.3) exists, and for all integers k=k,,

sup{CLig, 4> :p€®,, []*=1} 0. (4.16)

Note that if equality holds in (4.16), there is nothing further to prove; otherwise
we have that (4.11) holds with p,=p for all kzk,,.

Proof. For balls of small radius R, the only solution of (4.2), (4.3) are the trivial
solutions =0, and u=c. As R increases, there is a critical value R for which a non-
zero radial solution bifurcates out of 0 (see [8, Chap. 24]). Choose the positive
integer kg to be the smallest one for which [see (2.11)], R*< —4,; i,

ko=min{keZ, :R*< —1}. @.17)

Note that if k>k,, then RZ < — 4,.

Now for any p, 0 <p <1, since f is linear in the range u < p, we see that we can
(easily) find a solution of (4.2), (4.3) for which Ty, (p)=R. Hence if ¢ € ®, and k = k,,
then

1l

.= -+ (ruem )l

0
R
< §(1+i§>¢2r"”‘drgo,
0 r
in view of (4.17). O

We turn our efforts now to proving the far more difficult inequality (4.12); this
will foliow from a sequence of lemmas. [Recall that T}, and T}, are defined in (2.6).]

Lemma 4.2 (i) dom(Ty)=dom(7T5)=(0,c).
(i) If 1<p<c, and ©(p) is defined by u(z(p), p)=1, then 1(p)> o0 as p—c.

Proof. If pedom(Tp), then since f(0)=0, we have from a result in [7], that
' (Tp(p), p)<0. Thus for every such p, there is an ¢=¢(p)>0 for which u(Ty(p)
+¢,p)<0. Now on this solution, if r > Ty(p) + ¢, then in the region v’ <0, f(u{r)) is
bounded away from zero; say f(u(r)) £ —a?, if r> Tp(p) + &= T;. In this range, we
may write

(rn—lu/)/= —r”_lf(u);r""oz ,

and integrating from T, to r gives

W) (Il—)"ﬂ (u’(Tl)—— "ZTI) Lo,
¥ n

43
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This implies that u'(r) =0 for some r = T;, and thus p € dom(Ty). Hence dom(T},)
Cdom(T,), and since the reverse inclusion is obvious, we see that dom(T)
=dom(Ty).

Next, we shall show that dom(Tp)=(0, ¢). Thus, if 0<p <1, then since f(u)=u
on 0<u<1, it is easy to see that pe dom(T}). Suppose now that 1 <p<c. On the
mterval 1/2<u<p, f(u) is bounded from below, and so as follows from [6,
Lemma 6], the orbit of {4.28) starting at the point u=p, v=0, crosses the line
u=1/2 in the region v<0. Define 8 by tant =v/u; then if r>1(p), f(u)=u and

n—1
/= —]~ ———sin26.
0 1 5 sin26

Therefore for large 7, say r=rg, /< —14 so 0(r) £0(ry) —3(r—ry), and thus 6(r)
< —7/2 for large r. It follows that there must be an 7> 0 for which 6(F)= — /2.
Thus u(7, p)=0 and p e dom(T,). This completes the proof of (i).

To see that 7(p)— oo as p—¢, we note that since u(r, ¢)=c for all r, it follows by
continuity, that given any T >0 and 9 >0, there is a neighborhood U of ¢, such that
if pe U, then |u(r, p)—c| < é for r < T. Thus t(p)> T, and so t(p)—co as p—c. This
proves (ii) and completes the proof of the lemma. [J

For p>1, and p near ¢, we define the three numbers t(p), o(p), and s(p) by
u(z(p),p)=1, u(e(p),p)=1/2, (4.18)

and s()=u(T(p), p).- (4.19)

Then obviously we have 1(p) <a(p) < Tp(p) < Ta(p).

At this point we shall put some more conditions on f, in order to help us to
make the technical details a little easier. To this end, let F be the primative of f
defined by

F=f, F0)=0.
We choose ¢>1 so close to 1 in order that
arcsin(1/)/ 2F(c))> 1 +n/6. (4.20)

Next, let ¢ be a positive number satisfying
T
2<~6—-6> >1+e. 4.21)
For such an ¢, we want c to also satisfy®
arcsin(1/2)/2F(c)) > % —&. (4.22)

Note that inequalities (4.20) and (4.22) are actually conditions which imply that
F(c) is close to F(1).

8 If we set ¢(u) = arcsin(2F(u))~ 12, then ¢(1)=mn/2, since F(1)=1/2. But as n/2> 1 + /6, we see
that (4.20) can be achieved. If () = arcsin(1/2}/2F(u)), then y(1)==/6, ' < 0, and thus (4.22) can
be simultaneously achieved
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In what follows, we assume that f is a fixed function which satisfies our earlier
conditions (4.13){4.15), as well as (4.20)-(4.22). For such an f, we have the
following proposition.

Proposition 4.3. Assume that [ satisfies (4.13)(4.15), as well as (4.20)-(4.22), and
let k be a given positive integer, k Z ko. Then there exists an interval I = (c —n, ¢) such
that both 6(p) — t(p) and T,(p) — o(p) are bounded from above on 1. If thereisa >0
such that

(Tip)—o@P) (e(p)—T(p)2 1+, pel, (4.23)
then there is a function ¢ € @, for which {L{¢, ¢>>0.

Proof. In view of Lemma (4.2), if p is close to ¢, p<c, then solutions of (4.2), (4.3)
exist, and thus the quantities =(p), o(p), Tp(p), and Ty(p) are all defined. We choose
a function ¢(r) as follows (see Fig. 3):

1) g(r)=0, if r<(p),

i) ¢iry =1, f rzao(p),

iii) ¢ is linear on ©(p)<r=<o(p).

T(p) olp} Tplp) Ty(p)

Fig. 3
For this ¢, we have, (dropping the dependence on p for notational convenience),

I(f( )+ >¢“ 1dr—5(f(u)+ >¢2" dr+ f (f(u)+ )qﬁ“ dr

Tn

(s B
0 v
since if 1<r £ 6, we have by the last lemma,
A A A
flu)+ 5 =1+5 21+ 5 20,

for p near c. Thus,

I(f( )+ >¢2” tdr

TN 2 T —g" Tn~2_an-'2
= [ {1+F ) tar="1 Y
= {( +r2>r dr " +lk< p—)

(T _6){T§_1+T§_20+...+a"‘1 ) T,{,"3+T,§'_4a+...+a"_3}
—\4N k ’

n n—2

so that for p near c,

f (f (w)+ )gbz Pl 2 (Ty—o) (@ P+ 4T 3). 4.29)
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Next, since we may approximate ¢ in L,(0, T(p)) as close as we please by a smooth
function, we may assume that ¢ € C' in evaluating {I%¢, ¢>. This gives

j‘ _(¢1)2 n-ldr__j_ )zrn 1d},=__1___(0'n___fi>

(6—1)*\ n
o 1 " Tt 4 4t
T o—1 n )
Therefore, Tw o1
[ — ()2 tdr=— . (4.25)
0 c—1
If we add (4.24) and (4.25), we get
- 1 -
(L, ¢y zo"* [(TN—U)— (—0*_7)} +A Ty (Ty—o0)
T — ) —
=o—"“1[( il O-;(_UT 9 1]+AkT,{,"“3(TN—a). (4.26)

Now we shall show that there are constants 4 >0 and B> 0 such that for pnear
¢, p<e,

o(p)—tp)=A and Ty(p)—o(p)<B.
Granting these, we find from (4.26), and (4.23), that

n—1 n—1

5
14T 3Bz Y

Lip py2 2 O L AB(o+By>.

But 6(p) > (p), and since 7(p)— o as p—c (by Lemma 4.2), we see that for p near c,
(6 +B)"~3<2" 36" 3. Therefore, for p near ¢

(Lig, ¢>§0"3<62% +/1kB2"*3> >0,

as desired. Thus in order to complete the proof, it suffices to show that both o(p)
—1{p), and Ty(p)—o(p) are bounded from above, for p near c.
To this end, suppose that +<u<1; then on this range

—(" Wy =" W=r"tuzir" .

Integrating from 1 to r S o gives,

1
"z - )+ ’(r)> (r ~1",

so that for t<r<o,
-1

1
™

_— >__
w2 2n 2n >2n'

If we integrate this from t to o, we get

(6—2)?

b= —ulo)+umz T
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and thus
/2nzo—1. (4.27)
Next, for p near c, if we write (2.3) as the first-order system
-]
W=uv, v’=—%—v—f(u), (4.28)
and define v2(r, p)
H(r,p)= 5 + Fu(r,p), 4.29)

we find that H,= (1 —n)v*/r <0. Thus along the orbit of (4.28) which starts at the
point u=p, v=0 when r=0, we have (cf. (4.19)),

F(s)=H(Ty, p) S H(r, p)=F(u) +v*/2.
So if r=o0 (i.e., u(r,p)<1), we obtain
]/sz—u2=]/2(F(s)——F(u))§ —v.

Now we shall show in the lemma below that for p close to ¢, s(p) < —1/2. Granting
this, we obtain

and this completes the proof of the propostion. [}
Lemma 4.4. For p close to ¢, p<c, the function s(p), defined by (4.19) satisfies
s(p)<—1/2. (4.30)
Proof. Choose >0 so small that
F(o)—2n>1/8. 4.3

This can be done since F(c) > F(1)=4. Now orbits of (4.28) which start at the point
2

u=p,v=0atr=0, (0 <p<c), all lic inside the closed level curve of H defined by %

+ F(u)=F(c). Thus, there are constants M >0, and d > 0 such that along each such
orbit, we have the bounds

—d?Zu(r,p)<c, and 0= —u(r,p)SM, if 0=r<Ty(p),
(4.32)

for all peI=(0,c).
Now let T>(n—1)M(c+d*)/n; then for p near ¢, and s(p)<u(0,p)<c, we
claim that®

H(Tp)—H(r,py<n, if T=r=Typ). (4.33)

? Since Ty(p)— o0 as p.c, such a T< Ty(p) exists if p is near ¢
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Indeed,
T 2
H(T; p)—Hr,p)= | ~H'(, pdt = f( _l)u(t 2 4
é w,}i "'u’({, p)dt: w(u('}: p)-u(r, p))
T
= (n_;)M (ct+d®<ny.

Since u'(r, ¢) =0 for all , we have H(r, ¢)=F(c) for all r. Since H is continuous,
there is a £>0 such that H(T,c)— H(T,p)<nif c—E<p<ec. Thus, if c—E<p<ec,
we have, for T=r=< Ty(p),

H(r,p)2 H(T,p)—n>H(T,¢)—2n=F(c) - 21>%.
1t follows that s%/2=H(Ty(p), p)>+%, and this gives (4.30). O

We can now state the following theorem, which establishes infinitesimal
symmetry-breaking where the corresponding nulil-spaces of the associated linear-
ized operators have arbitrarily high dimensions.

Theorem 4.5. Let f satisfy (4.13)—(4.15), as well as (4.20)~(4.22), and let k, be
defined as in (4.17). Then there exists a sequence of points {p:k=ky} C(0, ¢) such
that the symmetry breaks infinitesimally on each radial solution u(-, p,) of (4.2)-(4.4),
(r=py). Furthermore, the kernel of the linearized operator L¥* (cf. (2.8)), has

dimension ktn—2) (k+n=2

k k+n—-2 /)"
Proof. In view of Lemma 4.1, and Proposition 4.3, we must show two things;
namely, that (4.23) holds for all p near ¢, p<c, and that the domain of Ty is
connected. However, the connectedness of dom(7}) follows from Lemma 4.2. Thus

we need only show (4.23). For 0 <p< ¢, we have H(r, p) < H(0, p) = F(p) < F(c), so
that if 12Zu(r,p)<1, and v=u/,

— oY 2F(©)—Fw) =)/&—u*, (4.34)
where ¢2=2F(c). Thus from (4.20),

R oy

12 =0 " 12)/& —y?

1 .1 . 1
=arcsin - —arcsin - == aresin ——— —arcsin
4

. 1

28 1/2F(c) 2)/2F(c)
(+3)-3
“\'"s) 76

1
because ¢>1 implies that arcsmi— <arcsin$=n/6. Therefore for 1 <p<c, we
have

a(p)—1(p)>1. (4.35)
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Next, if u(r, p)<1, then (4.34) holds so uvsing (4.30) we have, for 1 <p<ec,
p near ¢,
du

T -ow)= | oz T

=arcsin —1— —arcsin | = il = arcsin ! +aresin 1
N 2¢ é 28 28
1
=2 £ _
arcmn(zc) >2(6 8)>1+8,

in view of (4.21) and (4.22). This, together with (4.35) implies (4.23). The proof of the
theorem is complete. [J

1/2
=
- s

We shall next obtain some further information on the sequence of points {p,}
whose existence was proved in the last theorem.

Theorem 4.6. One can choose a sequence of points {p,: k=ky} C(0,c) converging
monotonically to c, and such that the p, satisfy the conclusion of the last theorem.

Proof. If k= k,, then by construction we have

sup{{L{,¢): ¢ €D, [4]1°=1}=0. (4.36)
Using (2.10) we can write 4, , =4, —(k+n—1), so that
Pt p)+ 5 =t poy+ 2 - HITD

if 0<r<Ty(py). Thus if pe D,

Trn(pr)
Bad = | {~(¢92+[f'(u(r,m)-r-’“’;;l]asz}rﬂ—idr

Twipx) 2k+n—1
—_—

=<L¢, 9>~ g T lgldr<0,

in view of (4.36).
It follows that

sup{{LRs 14, 4> : 9 € P, [|4]* =1} 0. (4.37)

If this supremum were equal to zero, it would mean that we could find a non-zero
function a,,, which would satisfy the equation

. n—1 , A
a0+ ——a()+ (f (w(r,p)+ ’;;1>a(r)=o, 0<r<T(p)
together with the boundary conditions

a(0)=a'(Ty(pv) =0.

However since a, %0, this would violate Corollary 3.6. It follows that strict
inequality holds in (4.37). Thus p, ., may be chosen so as to achieve p, . ; > p;.
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Next, recall that p, <c for all k, so that if p,—>p<c, as k— o0, we would have
T(p) = T(P) < 00, and thus the sequence {Ty(p,) : k =k} would be bounded; say
Tp) =M, for all k=k,. Now using (4.36), we know that for each k= k,, there
exists ¢, € @,,, satisfying (Lfd;, 4,> =0, and |4, ||>=1. For such ¢,, we have

Tw(pw) | n1 1 Twipo) -
r_2¢k(r) o ldr > e (f) () dr
1 i
=2 4ll®= M (4.38)

On the other hand {If*¢,, ¢,> =0 and f'<1 imply that

Tnlpx)

0< [ Gur)>r ldr
o}

Tnipw) , 51 Tlpi) 'Z‘k 1
= (f) Lf(u(r, p)1du(r)r™ dr + (f) ;3%(’”) T ldr
T'n{px) Tn(px)

A

1 -
{) P tdr+ £ r—2¢k(r)2r" Ydr.

It follows from (4.38) that
A

M?

0<1+

for all k>k,. This is impossible, and the proof is complete. [

Observe now that if f is C'-close to f, then it is easy to see that the
corresponding time maps Ty, Tp, G, 7 for f are L™ close to the corresponding time
maps T, Tp, 0, 7, of f, at least on compact intervals. Also since the inequalities
{4.23) and (4.30) are “open” conditions, and since Lemma 4.2 continues to hold for
J, we see that Theorems 4.5 and 4.6 continue to hold for such f. Since we shall make
use of this fact later, we state it formally.

Theorem 4.7. There is an open neighborhood of f in the C'-topology for which
Theorems 4.5 and 4.6 are valid.

5. Symmetry-Breaking in the Nesmann Problem

We turn our attention now to the task of showing that the symmetry actually
breaks at each of the points p,; more precisely, (in order that our “bifurcation
diagram” has a nice form), we shall actually construct a function f which is C*-
close to the given f, for which the symmetry-breaks at each of the corresponding
points p;. In order to do this, we shall rely on the bifurcation theorem stated in
Sect. 2; Theorem 2.2.

Thus we may assume that (4.2), (4.3) has solutions for all p, 0 <p <c. We know
that for the given f, there is a real number g, >0 such that the set

{u(r,p): 0<r< Ty(p),0<p<c},
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is contained in the interior of the interval |u| < g,. In what follows, we shall drop the
“bars,” and assume that f is a function which satisfies the hypotheses and conclusion
of Theorem 4.8, as well as the condition

(fWuy=0, Jul<e, (5.1)
where 9>20,.
Proposition 5.1. If 0<p<c, then
Tv(p)>0. (5.2)
In particular, no radial bifurcation is possible.

Proof. Inequality (5.2) is a consequence of (5.1), as follows from arguments similar
to those given in [6, Theorems 2 and 3]. The last sentence follows from the remark
given after the statement of Theorem 3.8. [

In order to apply Theorem 2.2, we first make a change of scale so that (2.1)
becomes

Au(x)+ f(u(x))=0, xeDf}, (5.3)

together with the boundary condition, du/dn=0 on |x|=1. Here /(=R ?) is now
to be thought of as the bifurcation parameter. We let B be the space of real valued
H?* functions u on D} which satisfy homogeneous Neumann boundary conditions,
and which are O(n— 1)-invariant;i.e.if T € O(n—1), then u(TX, x,) = u(x, x,), where
X=(X15 00y Xp_1)-

We endow B with the following inner-product:

du,vd= [ Vuvv+ | wv.

DY sn-1
Now take any (fixed) p,, and let i, = Ty(p,) 2. We implicitly define an operator
A:B—-B by

CAw),vy= | (fu+ug)—fue)v+2i, | uv, VveB,
D} sn-t

where, in this new parametrisation, u, is a radial solution of the Neumann
problem: Agdugy+ f(uy)=0; ie., ug(-)=u(:, p,). Next we define F: BxR—B by
F(u, A)=A@W)—Ju, and set Lo=F(0,1,)=A"(0)—A,I, L, =F,,(0,1y)=—1I.

For any space W of functions we denote by W°®~1) to be those functions in
W which are invariant under O(n—1). Let 4 denote the Laplacian (Laplace-
Beltrami operator) on §”~?, and set

V={we H'(S" 1): Aw=Aow}o"~ V.
We now have the following proposition whose proof we defer to the appendix.
Proposition 5.2. V is a one-dimensional space.

We can now verify the hypotheses of Theorem 2.2. (a): L, has a one-
dimensional kernel.
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Proof. We first calculate A(0).

(A'(O)z,v) = lim <’-4§§)t_ﬂ, v>

= lim— jlf [f(tz+ug)— f(uo)]v+t)10 f zv}

-0 £

= 5 flug)zotio § zv.

gn-1
Thus if Ly(z)=0, we have
0=CA(0)z~ Aoz, 0> =§(f(Up)z+Aodz)v, VveB;
thus we see that z satisfies
Aodz+ f'(ug)z=0,

so z is of the form ay(n)®y(0), and Proposition 5.2 implies that z is uniquely
determined; this proves (a). Next, since L, is a Fredholm operator, we have that (a)
implies (b). Finally we check (c): L,w is not in the range of Lg; here L, is spanned
by w.

Proof. Suppose Lyw=Lyz; then —w=A(()z— Ayz. Thus for all ve B, {—w,v)
={A'(0)z—44z,v), and after integrating by parts,

fodw— | vw= ff(ug)zv Ao f Vz)(Vv),
bt gn-1
or
§(Aw— fup)z—hodzyv= | vw.
§n-1
If we set v=w in this last equation, we get
f waAw— f(up)zw—Ao(Azyw= | w?
sn-1
and since w satisfies the linearized equation, we find
f —(rw)’= | w?
sn-1t

This yields the contradiction w=0. Hence all of the hypotheses of Theorem 2.2
hold. Thus, from this theorem, we see that if B=[w]@®[w]", there is a §>0 and
functions A(s), u(s)=s(w+4(s)), where ge[wlt, ¢(0)=0, i(0)=41, and F(u(s),
AMs)=0,[s]«d. Tt follows that A(u(s))=A(s)u(s), so that for all ve B, (A{u(s))
— A(8)u(s), vy =0. Thus

fn (f(u(s) +up) + Ao dug + As)Au(s)w + (Ao — A(s)) f_ u(s)r=0. (5.4)

Thus, if the support of v lies in (D})™, this last equation yields
§ [f (4 ug)+ Aodug+Adu]v=0. (5.5)
DY
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From this it follows that u is a weak solution to the equation f(u+uy)+A,4u,
+ AAu=0, so that by the usual regularity theorems, [0], u is a classical solution of
this equation, up to the boundary. It follows that the term in brackets in (5.5)
vanishes in D%, so from (5.4) we have for all ve B,

(ho—A(s)) S | u(sp=0.

If we put v==w, we find
(ho=As) § (W w(s))=0. (56)

Now since
f wr=ay(R)?* | @}=%0,

sn—1 Sn-1

and ¢(0)=0, we see that for s near 0,
I W +wé(s)+0,

Sn-1
and thus from (5.6), we find A(s) = 1, for s near 0. Since f(u+u,) + Agdug + Adu=0,
we obtain

J((s) +uo) + Ao A(u(s) + 1) =0,

for sufficiently small 5. That is, uy +u(s) is a solution of our original equation, so
that bifurcation actually occurs.

It follows that there is bifurcation at each radial solution u(-, p,); in fact, since T,
is monotone, Proposition 5.1 shows that the bifurcating solutions are asymmetric
ones. But as Eq. (2.1} is O(n)-invariant, there bifurcates out of each radial solution
u(-, py), at least an n-dimensional set of asymmetric solutions. This yields the
following theorem,

Theorem 5.7. Let f satisfy hypotheses (4.13)-(4.15), (4.20)-(4.22), and (5.1). Let k,
be the positive integer defined by (4.17). Then

R i

dim Ly, |

I =(N+n-2)(2N+n—2)
: N N N+n-2

i

|

|

|
|
*1}——:— R= Ty(p)

Branch of Monotone
Radial Solutions

dim Lk 44

dim Ly,

ol

!
I
{
I
|
|
1

!
I
!
|
!
l
kot Pyt

Fig. 4
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i) There exists an increasing sequence of points {p, 1 k=ky} C(0, ¢), with p,—c,
and

ii) There exists a corresponding sequence of monotone radial solutions
{u(-, po) k= ko) of (4.2),(4.3), such that on each solution u(-, p,) the following hold:

a) the symmetry breaks,

b) the dimension of the set of bifurcating asymmetric solutions is at least n.

Notice that the kernel of the linearized operator at u, has dimension
<k+n—2>2k+n«~2

k k+n-2
that there bifurcates out of each u, an L,-dimensional manifold of asymmetric
solutions. If this were true, then the bifurcation diagram would be as depicted
in the figure above.

=L,, which is considerably larger than n. We conjecture

Appendix

We give here the proof of Proposition 5.2.

Let H, denote the homogeneous, harmonic polynomials of degree k in
Xq5 .00y X, It is well-known, (see [4]), that there is an isomorphism r: H,—V,
={pe CHS"'): Ap =14}, given by r(p) = plsn- 1, and it is easy to see that this map
is O(n)-equivariant; ie., {(Tp)=T(rp), or (po T)lgn-1={(pls=-1) o T. It follows that

HYe~ V001, (5.5

Thus to prove the proposition, it suffices to show that H2®~ ) is one-dimensional.
Let P, denote the space of polynomials in x= (x4, ..., X,).

Lemma 5.3. P2® = R[r*]=polynomials in r*=x?+...+x2.

Proof. By induction on n. If n=1, and p e P¢™), then p(x) =p(—x), so p(x) =g(x?)
= q(r?). Now suppose that P2" V= R[#*], where F=x%+... +x2_,. Let pe P9®;
then p(x)=ao(X)+a,(X)x,+... +a(H)xk, where £=(x,,...,x,_,). But p(£,0)
=ay(%), and since pe P2™ pe P91 so g, is O(n—1)-invariant. Now given
x=(xy,...,X,), choose Te O(n) such that Tx=(y,, y5, ..., Va1, 0). Note that x}
+o o+ xZ=y 4.+, Now

p(xla ...,x,,)=p(T(x1, '"’xn))zp(ylr ey y,,_l,O):aO(yl, neey yn—l) “

But by our induction hypothesis, ag(y,...,Vn-1)=q?+...+yi_)=q(x}
+...+x2), where q is a polynomial. This proves the lemma. []

Lemma 54. P9"~ Y =R[r?, x,]=polynomial ring spanned by r*=x3+...+x2,
and x,,.

Proof. Let pe P2®~Y; then if x=(x,, ..., X,),
PO =a0(X 15 eees Xpe ) F (X 15 eees Xpe )X F e F AKX gy ey Xy 1)K

We claim that each a; is O(n— 1) invariant. To see this, note that p(x,, ..., x,_{,0)
=ag(Xy, ..., X, 1) S0 as in Lemma 5.3, a, is O(n—1) invariant. Thus p—a, is
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O(n—1) invariant, and since
P—ao=X,[a; +arx,+ ... +ax; '],

we see that x,, divides p—ay, and (p — a,)/x, is O(n— 1) invariant. By the argument

in the last lemma, 4, is O(n— 1)-invariant. Continuing in this way, we see that

each a; is O(n— 1)-invariant. Now set #=x7+...+x2_,; then by Lemma 5.3,

each a(xy,...,%x,_)=b(F)=b(r*—x2%), for some polynomial b, Thus
k

p= 3. bfr*—x})x,, ie. pisa polynomial in r* and x,. This completes the proof of
Lemma 53. O

Now let P, (k) denote the homogeneous polynomials of degree k in (x4, ..., x,).
Lemma 5.5. dim[P%)]=1+dim[PS5~V].
Proof. Let pe PS>Y; then from Lemma 5.4,

p=agxtt?+a X +a,xk it 4 L artt
where each g; is a constant; i.e.,
POELP POV = PO =r? POE ™1 + (spanxtt?) .

Thus
p= aoxﬁ 2 + T'zq(Xn, r2) s

where ge P94~ Y; this yields the desired result. [
Lemma 5.6. 4: P PSS~ Y is surjective.

k+2
Proof. Let r?*xk=2¢-1 p=(, 1, ,[—;—-

POroY (cf. Lemma 5.4). Then a computation gives
A(Tbefz— 2{b— 1)) — a(a . 1)r2bxﬁ' 2b
+2b[n+2(k—b+2)Jr? =25k 20- 1)

where a=k-2(b— 1). From this formula, we see that the matrix which represents
this linear transformation is of the form

], denote an arbitrary basis element of

* %
0 =
S0

=

0 60 s s

that is, it is upper-triangular, with non-zero entries along the “diagonal.” This
shows that 4 is surjective. O

From the last lemma, it follows that

dimkerA=dim P95~V —dim PP =1.
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On the other hand, since ker(4) is H?®~ Y, we see that dimH*~ Y =1, and thus
dim ¥2®~ V=1, in view of (5.5). This completes the proof of Proposition 5.2. [

Remark. There are subgroups H of O(n), different from O(n— 1), whose fixed-point
set of the N't-eigenspace of 4 with respect to H are 1-dimensional. Thus there
bifurcates out of each u(:, p,) even more solutions than we have described above.
We plan to discuss this, and related topics in a future publication.

Acknowledgements. We are grateful to Christoph Pospiech for pointing out an error in a
preliminary version, and to Eugene Fabes, Martin Golubitsky, Roger Nussbaum, Paul
Rabinowitz, and Joel Spruck for encouraging remarks.

References

0. Agmon, S.: Lectures on elliptic boundary value problems. Princeton: Van Nostrand 1965

1. Berger, M., Gauduchon, P., Mazet, E.: Le spectre d’une variété Riemannienne. In: Lecture
Notes in Mathematics, Vol. 194. Berlin, Heidelberg, New York: Springer 1971

2. Dancer, E.N.: On non-radially symmetric bifurcation. J. Lond. Math. Soc. 20, 287-292 (1979)

3. Gidas, B., Ni, W.M., Nirenberg, L.: Symmetry of positive solutions of nonlinear elliptic
equations in R". Commun. Math. Phys. 68, 202-243 (1979)

4. Helgason, S.: Topics in harmonic analysis on homogeneous spaces. Boston: Birkhduser 1981

5. Smoller, J., Wasserman, A.: Global bifurcation of steady-state solutions. J. Differ. Equations
39, 269--290 (1981)

6. Smoller, J., Wasserman, A.: Existence, uniqueness, and non-degeneracy of positive solutions
of semilinear elliptic equations. Commun. Math. Phys. 95, 129-159 (1984)

7. Smoller, J., Wasserman, A.: Symmetry-breaking for positive solutions of semilinear elliptic
equations. Arch. Ration. Mech. Anal. (to appear)

8. Smoller, J., Wasserman, A.: An existence theorem for positive solutions of semilinear elliptic
equations. Arch. Ration. Mech. Anal. (to appear)

9. Smoller, J.: Shock waves and reaction-diffusion equations. Berlin, Heidelberg, New York,
Tokyo: Springer 1983

10. Vanderbauwhede, A.: Local bifurcation and symmetry. Research Notes in Mathematics, No.

75. Boston: Pitman 1982

Communicated by L. Nirenberg

Received November 7, 1984; in revised form March 10, 1986

Note added in proof. The application of Theorem 2.2 is not quite correct since H' functions
need not have normal derivatives on $*!; we thank Christoph Pospiech for pointing this out
to us. We remedy this by noting that the existence of infinitesimal symmetry-breaking,
Theorem 4.6, implies that the Conley index of the rest point u( -, p) of the parabolic equation
u,=Au -+ f(u) changes as p goes from p, to py 4.

This means that actual bifurcation must occur (see [10, Chap. 227).



