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1. Introduction

Recent interests in quantum groups are stimulated by their marvelous relations
with quantum Yang-Baxter equations, conformal field theory, invariants of links
and knots, and g-hypergeometric series. Besides understanding the reason of
the appearance of quantum groups in both mathematics and theoretical physics
there is a natural problem of finding g-deformations or quantum analogues
of known structures.

Quantum groups were first defined by Drinfeld [2] and Jimbo [9] (also
see [4]) as a g-deformation of the universal enveloping algebras of the Kac-
Moody algebras in the work of trigonometric solutions of Yang-Baxter equa-
tions. In the same spirit it was shown in [13], [14], that there exists a 1—1
correspondence between the integrable highest weight representations of symme-
trizable Kac-Moody algebras and those of the corresponding quantum groups,
where both spaces have the same dimension in the case of generic g (i€. g
is not a root of unity). Moreover, one can be very explicit in the case of quantum
al(n) to write down the irreducible highest weight representations.

Quantum affine algebras are the quantum groups associated to affine Lie
algebras. Following Drinfeld’s realization [3] of g-analog of loop algebras, the
vertex representation of untwisted simply laced quantum affine algebras was
constructed in Frenkel-Jing [6], which is a g-deformation of Frenkel-Kac [7]
and Segal [15] construction in the theory of affine Lie algebras. Subsequently,
the same was done for the quantum affine algebra of type B in [1].

In the present work we construct vertex representations of quantum affine
algebras twisted by an automorphism of the Dynkin diagram, which generalizes
certain important cases in the ordinary twisted vertex operator calculus [S5,
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11]. We start from the twisted quantum Heisenberg algebras of Drinfeld [3]
to build the whole representation of the quantum affine algebras. The Fock
space is generated, as usual, by half of the generators of the Heisenberg algebra.

Our approach is a g-deformed vertex operator calculus, of which the ordinary
counterpart already shows its power in the theory of affine Lie algebras [cf,
8, 12]. Especially the formal power series approach turns out to be a useful
tool in proving various relations of quantum affine algebras. The new feature
is that we have only first order derivatives of J-functions, more explicitly the
g-differences of é-functions, while in the ordinary case we have higher order
derivatives. This is an implicit consequence of defining relations of quantum
affine algebra, which deforms the singularity of order s at g=1 to several simple
poles at g, g2, ..., q"°. Another novelty is that the Serre relations in this case
are more subtle. The proof of it involves decomposing formal power series
into a sum of simpler series, the symmetrization of it will have a cancellation
which establish the Serre relations in various cases.

The paper is organized as follows. In Sect. 2 we recall the notion of quantum
groups and Drinfeld’s realization. Then in Sect. 3 the twisted quantum vertex
operators are constructed. Finally, in Sect. 4 we prove that this construction
gives the basic representation of twisted quantum affine algebras.

The g-deformed vertex operators provide an important example of the so-
called g-analogue of the bosonic field theory and can be used as a testing ground
for the g-analogue of the conformal field theory. The further study of g-vertex
operators is believed to offer new perspectives of many diverse problems.

We remark that a version of this paper in the case of untwisted quantum
affine algebras was contained in [10].

Acknowledgement. 1 am grateful to J. Lepowsky for sending me his unpublished notes on
twisted vertex operator algebras (announced in [11]). I thank L.B. Frenkel for stimulating
discussions.

2, Twisted quantum affine algebras

The g-analogue of the Kac-Moody algebra is defined for any generalized symme-
trizable Cartan matrix. Following [2] and [9], let A=(4,});., be a generalized
Cartan matrix, ie., an integral matrix with A4;;Z0(i=j), 4;;=2 and A4;;=0 if
an only if 4;=0. Moreover, there exists an [-tuple of integers (d,d,, ...,d)
such that d; A;;=d; A;;, and the greatest common divisor of d;’s is 1.

Let g+ 11 be a complex number. The quantum group or g-deformed Kac-
Moody algebra %,(g(A4)) is an associative algebra with unit 1 over C generated

by elements x;*, x;, k;, ki, i=1, ..., [ satisfying relations
2.1 kiki '=kitki=1, [k, k]=0,
(2.2) k; xji kit =41iﬂ‘A”xji s
) k— k!
(2.3) [x*, x; ]=5ija:21‘i—_f
1— Ay 1—4,.
(2.4 (ir[ '] eEr e eiy=0 4
r=0 i
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where ¢;= g% and we introduced the notation

[m} :(qm___q—m)“.(qm—n-%l_q-m+nv1)
nl, @—=q97"...(g—q7")

for n<m.

Let A=(A4;;) be a Cartan matrix of the affine type, then we call %,(g(A))
a quantum affine algebra associated to A. To our purpose we are only concerned
about simply laced quantum affine algebras, i.c. 4 is one of the following types:
AP(Nz1), DY (Nz4), EQ, EPY, ESY; AP(N22), DP(N23), EQ); and DY,
where the upper indices refer to the orders of automorphisms of the Dynkin
diagrams (we will come back to it later), and we will refer to them as type
1-3 respectively.

For type 1 Cartan matrix, (d,,d,, ...,dy+1)=(1, 1, ..., 1). For the other cases
(dy,d,, ..., d) are given by the following table in Fig. 1.

A Dynkin diagram (dy,da,...,de)
A om0 (1,4)
AP >2) oo - ot 1,2,...,2,4)
¢
(2) I_ ......
Ay (£23) <1>——2 g—- —73§=l9_1 (1,...,1,2,1)
(2 rps0y olm—mo—— . N
Dih(£>2) og=o— o9 1,2,2,...,2,1)
E§2) 0——0——0&=0——0 (1,1,1,2,2)
1 2 3 4 s
D{® o—0€m0 (1,1,3)
Fig. 1

For type 1 matrix A, the Serre relation (2.4) will be
(2.5 [x*,xf]=0 for 4,;=0
(2.6) xExt xF—(g+q7 ") xF xF xF+xf xF xF=0
Q7 xiF xE xF xF—(@*+1+q7 ) xE xt xf xF+(@®+1+q7 ) xF xF xF xf

£kt o -
—xFxixFxF=0 for A;j=—2

where (2.7) is not present except for A{Y.
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Remark. Let k;=q%" formally and ¢ —1 in (2.14), one obtains the defining
relations of Chevalley generators for the Kac-Moody algebra associated to the
Cartan matrix 4.

In the development of the theory of affine Lie algebras, the realization of
loop algebras plays an important role. The g-deformation of loop algebras was
constructed by Drinfeld [3], and was written in terms of components. We will
give a slightly modified form as follows.

Let I' be the Dynkin diagram of the finite dimensional simple Lie algebra
g of simply laced type (i.e. ADE types), and ¢ an automorphism of the Dynkin
diagram with order k=1. Then k=1, 2 or 3, and the order 3 only appears
in the case of D,. The twisted affine algebra §, is given by

gdz @(t"® gnmodk) ®CC®Cd

neZ

where g= (P g, under the diagonal action of o.
neZ/kZ

For the g-analogue of twisted loop algebras, it is better to represent §,
as L{t,t ') ® g and then impose the periodic relations under o.

Let 4 and 4 be the root system of I and ['=I"U {0}, the extended Dynkin
diagram associated to §. Then 4 has a basis consisting of simple roots
a;,0,, ...,0, and 4 contains {«;},<;<, with an additional imaginary root o,
=€ — 0., Where o, is the maximal root of g. There exists a symmetric form
{, > on g such that

(2’8) <amax’ amax) = 2

For o, e A, we set
gaB(Z)z Z caﬂn z"

nekZ .

to be a formal series in z, and ¢, are determined from the Taylor series expan-
sion at £ =0eC of the function

Gaﬁ(é’ 1) _

29 x = - Copn "

@9) I @=5 2Ty = 2 cam

where

(2.10) Fopuv)= [T = vg®"?)
reZjkZ

(2.11) Gyuv)= [] wg®® —w"v)
reZjkZ

2ni

and  is the primitive k-th root e ¥ .

We remark that f,z(™")=/f,,(£)" ", which is not true for g,,(z), since the
latter is only a formal series. We also denote g, , (z) simply by g;;(z), and
FF(u,v) =_Fia,-.aj(ua v), G (u, v)= G taya,(,0), i, j=1, ..., 1. We introduce a formal
power series

(2.12) 5(z)=Y ="

neZ
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which is crucial in the formal variable approach to vertex operator algebras
considered in [8]. A characteristic property of 4(z) is the following: if f(z,, z,)
is a formal power series in two variables, then

.13) f(zl,22)6< ) fla, 22)5( ) aeC.
or if f(z, z) exists,
Fernz) 6(32) =fe 205 (22),

which are verified directly.
Now we can recall the following

(2.14) Theorem (Drinfeld [3]). The twisted quantum affine algebra %,(8,) is a
complex associative algebra with unit 1 and the generators

(2.15) {xE, GimrWinsvhy Hi=1, ..., LkeZ me—Z, ,neZ,)}
subject to the relations below written in terms of generating functions in z:
2.16) xE(@)=Y xtz7,

keZ

+ oo

(2.17) ¢i(z)= Z Pimz™ ",

-m=0
(2.18) Yilz)= Z Yinz "

The relations are

(2.19) xai(i),n=w"xiim Qoa(i),m:wmq’im, ‘Pa(i),nzw"‘//in-
(2.20) Py i=y"iyi=1  y*% grecentral,
(2.21) bio '//i0='//i0 ¢i0=1
(2.22) [9:(2), d;(W)]=[¥:(2), l//,-(W)] =0,
(2.23) i) Y (w) §i(2)7 ! @i(w) T =g zwT YT gy (2w y),
(2.24) ¢i(2) xiF (W) di(z) ' =g (zw T Iy TH T x i(W)
(2.25) Vi@ x; W Yi(2) " =gz7" WV VT xE(w),
(2.26) E (z,w) x{ (2) x (W)= G5 (z, w) xj (W) x? (2
(2.27)

[ ) )] = = zém.,,{n// G 95(Z o ) w.(zv)5< v)}

(2.28) -
2 2
Sym {73 122 3 <—1)'[,]
r=0

for Aj;=—1 and o()+j.

(2.29)
Sym{(q¥ ¥4z, —(g"* +q74%) 2, + ¢4 23) X (2;) X (22) X (23)} =0
for A; siy=—1

X (21) X (2) XE O0) X (2 ) (zz)}=0

qdii
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where the Sym means the symmetrization over z;, Pi;" (z,w) and d;; are defined
as follows:
If 6(i)=i, then B} (z,w)=1 and d;;=k.
R g2k
If Ai, o) = 0 and O'(_]) =j, then RJr (Z, W)zm and dij= k.
If A; 54, =0 and o(j)+j, then Bj (z,w)=1 and d;;= 1.
k
If 4; 4= —1, then Bf (z, w)=zq**>+w and d,-j=z.
The explicit isomorphism of this realization to definition (2.1-2.4) was given
in [3], and is not needed in the sequel.

For the case of the identity automorphism, ie. 6 =1, (2.28-2.29) is reduced
to the following relations:

(2.30) [x#*(2), xf (w)]=0 for A4;;=0
(2.31)
{xii(z1) x;* (Zz)xji W) —(@+q™Hxi (Zl)xji (W) x;* (22)+xji(w) xi (z,) x;* (z2)}
+{z,2,}=0 for A;;=—1.

In the case of 4{", (2.30-2.31) are replaced by the following relation

(2.32) (z—q*2w)x{ (@) xF (W)=x{ (W) x{ (2) (q**w—2).

3. Construction of twisted g-vertex operators

Assume from now on that g is generic, i.e. not a root of unit, and we choose
t with g=¢"/2,

We shall employ the g-analogue of an integer n by

q—q"
[nl,= PR

[n]!=[n],[n—1],...[1],.
Thus the g-binomial coefficients defined in (2.4) can be expressed as

["]fm for n<m.

We remark that in the standard combinatoric literature the g-integer n is

-n

defined as ["]q=q—__ath’ which is essentially the same as ours if one observes

that t~q—gq~ %

By a representation of #,(g(4)) or a %,(g(4))-module we mean a left
U ,(g(A))-module considering of #,(g(A4)) as an algebra. Our paper concerns
the basic representation of twisted quantum algebras, which is an important
non-trivial example of highest weight representations of %,(8,) (cf. [13]).

The starting point of vertex operator representations of quantum affine alge-
bras is the g-deformation of Heisenberg algebras. It is generated by ¢;,,, Vi,
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and y¥'(me —N, ne]N), and was obtained by Drinfeld. To see this clearer, we

define elements a;,, i=1, ..., L, neZ\ {0}, from the relations
(3.1) ¢i(2)= ;o exp{—1 Z Uiz "= Z Pimz”
me —N me —Z
(3.2) Yi(z2)=, exp{t Z W2 "y = z Vinz™"
neN neZ .,

%o %o
and define a;o by ¢po=¢ ' 2 or Y;o=¢ 2.

These a;, can be thought as the g-analogue of the affinization of the root
a;eA. In fact we have

(3.3) Proposition. The twisted quantum Heisenberg algebra U (b,) is an associative
algebra generated by w;,, i=1,...,1, neZ\0 and y*! satzsfying the following
relations

(34) aa(i), n= wn in

(3.5 (ins V]=[in, 7" '1=0,  py '=y""y=1
lk 1

(36) [ Xims m] 5m —n_ z wmr[<a”a o >m] [m]y

where we used

(nl,=

and treated the center element y as numbers.

Proof. The elements «;, are determined inductively in terms of ¢;,,, ¥;, from
the relations (3.1-2). The relations (3.4-5) are immediate by definition. As for
(3.6) we substitute (3.1-2) into (2.23). Then formally taking its logarithm and
using the identity e e® =eP e el4: Bl we obtain the required relations.

Another way to see it is that we can show the relations between ¢;(z) and
i ;(w) in terms of (3.6). In fact we have

@:(2) ¥ ;(w)
=‘/’j(W) ¢:(2) exp{tz[ Z —o{(—n) 2", z “j(”)wﬁ"]}
n>0 n>0
=y;(w) ¢;(2) exp{ ) %wm(‘l@""'Mj”“11_<°“""°"'> ")
r:lz/lil

"=y (%)}

Using the formal identity

n

log(1—2)= — Z z,

—
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we arrive at
6:(2) ¥ ;(w)

z
1 _wr {apamayy,,—1 <
q Y W

= l//j(W) ¢i(2) n

reZ/kZ 1—w" q<a,-,oraj>,y i

z
1— g (Eoma) ., 2
q Y w

z
l_wr —Lay, 0"y, 1 2
q 7 W

= l//j(W) ¢i(2) gij(zw» ! Y 1)/&')'(2“’~ ! 7)
which is (2.23).

Remark. Note that (3.6) can also be written as
1 < mr
(37) [aim’ ain:] = 5m, —-n ; Z [Ai, arj m]q [m]y .

By an analogous argument of (3.3) one can show the following
(3.8) Propeosition. For m=0, we have
Zm k—1

[ Xims X~ (Z)] +; z wmr[At a’}m] y+lm'/2 +(Z)

Let % (bd) (%,(h,)) be the subalgebras of % (ba) generated by a,, pEY
ne]N(oc,,,,ne N). Then it is clear that # (ba) and U (ba) are commutative
subalgebras. Moreover, we have

Uyb0) =26 %, 0;).
This suggests that %q(ﬁﬂ) has a canonical representation constructed as fol-

lows. Let S(, ) be the symmetric algebra generated by «;,, ne —N, then as
associative algebras

(39 S(hy)=u,0,).
We define %q(f),,)-action on S(h,’) by the following rules.

(3.10) yl=q, oy t1=g""
o;,=multiplication operator, ne —WN
o;,=annihilation operator subject to (3.7), nelN,

It is easy to see that this defines an irreducible representation of %q(f)(,}
on S(h,). We shall use a;(n) to specify the corresponding operator of «;, on
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S(b, ). Thus the corresponding operators &;(m) and ¥(n) for ¢,,,, ¥;, are defined
by

(3.11) Py(z)= d5i(m)z""=exp{—t(@+foﬂ—n)z”)}

me —Z .,

(.12) F(z)= Y ‘I’,-(n)z_"=exp{t(ai(0)+ Jriooci(n)z_")}

neZ 2

where the action of «;(0) is defined below (cf. (3.24)).
Another way to define the representation #%,(b,) is that it is actually the
induced representation

(3.13) S(Ba):%q(sa) @%q(b;) Cilg

where Clg is the one-dimensional representation of ﬂll,,(f)u) such that y and
y~ ! act as multiplications by g and g~ ! respectively, and all the other generators
act trivially.

Now we can set out to define twisted vertex operators. Let Q be the root
lattice of the simple Lie algebra g (ADE type), and set w,=(— 1)* w. Following
[11], there exists a unique central extension

(3.14) 1odwed >0 —— 01

of Q by the cyclic group {w,> with the commutator map C defined below,

(3.15) aba™'b™'=C(a,b) for a,bel
— H (_wr)<a‘,a’5>
reZ/kZ

We remark that the commutator map C has the following property:

(3.16) Cla+B,7)=Cla,7) C(B,7)
Clo, f+7)=C(o, B) Clat,7)
3.17) Clu,)=1

C(oa, 0 f)=C(a, p)

for o, §, yeQ. Also Cla, B)=C(B, )~ .
The automorphism ¢ can be lifted to an automorphism ¢ of the extension
of @ of Q such that

(3.18) (6a)"=ca forall acQ
éda=a whenever ca=a.
We make a conventional choice a@;=«;, i=1, ...,1. Under the action of o,

the vertices of the Dynkin diagram I" decomposes into ko-orbits, i.e.

(3.19) r=nipulhv..uli_,
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Then we denote by
(3.20) N={aeQKa, a;>=0,icly}.
By N we mean the pullback of N to Q. R
From [11, Sect. 6] there exists an irreducible finite-dimensional N-module

T on which w, acts as the multiplication by itself and for each ac(, the element
aéa”'eQ acts as the following scalar multiplication

(3.21) ada i@ EETTE2
Consider the induced 0-module
(3:22) U=C(1®wm T

on which the action of § and Q= {ax€Q|a(x)=0o} are as follows:

(3.23) ab®t=ab®t abed, teT
a.b®t=<{a,bDb®t «cQ,.

We define z*(xeQ) as an operator on U via
(3.24) 2O pRt=z*Dp®1¢

and the operator @*©® on U by 0" @ b @ t=w*Pb®1.
It is not difficult to check that as operators on U

(3.25) £2(0) 5 — 4 (0 + (e )
(3.26) 0" g = g O+
(3.27) ba=aw ZoT40) (@ ZeTay2

Motivated by (3.8) we introduce the following:

(3.28) Definition. The space of vertex operators is formed as
V=S8(b,)®U.

Set for ae 4, the four exponential operators E* (e, z), EZ (2, z); ET (%, 2), EX(2,2)
on Vvia

3.29 Et I -
= o~

(3.29) (o, 2) exp(_'l=1 ] n z)
N e g .

(3.30) E+(oz,z)=exp(+,l=1 [ ofn) z )
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Then the vertex operators X (z) and X; (z) on V are defined as

(31)  XF@=EX(xa,2)Ei(Ho,gaf 25740 @00
=y Xfmz"
neZ

Remark 1. Although the vertex operators X (z) map V into the formal power
series ¥ {z}, their components X (n) are well-defined operators on V.

Remark 2. 1f o = 1, the above construction of X (z) is the untwisted vertex repre-
sentation of #,(f) announced in {6] and proved in [107.

If we specialize ¢=1, the above construction is an important case studied
first by Frenkel [5] for k=2 and then by Lepowsky [11] (cf. [12]) for general
k. In fact, let y=g° in (3.6) and taking limit g — 1 we have

k-1
(332) [aima ain] =5m, -n ( Z <aia a.r aj) wmr) mc.
24

=0

On the other hand in the context of [11], let

(3.33) Xy = z w "g'x for xeh

reZ/kZ

then 6 X, = 0" X(yy.
Recall further that the twisted Heisenberg algebra is

(3-39) Bo‘=@b(n)® t"®Cc

neZ

where §,, = {xeh|ox=w"x} and the relations are:
1
(3.35) [X® ", Y@ "] =1 5 ¥> My, .

Set a;, = k(@) ® t", then from (3.35) it follows that

[aim5 ain] = 6m, -n km <(ai)(m)’ (ai)(—m)> c
m -
=6,, g Y, Lo ™oTa, w™PoPa;) ¢
r, peZ/kE

k-1
=0, _,,( Y Ko, 07y w"") me

r=0

which is exactly the same of (3.32). In other words, our construction is specialized
to that of [11].
We now state the main result of our paper.
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(3.36) Theorem. The basic representations of the twisted quantum affine algebras
U,(8,) are given by the twisted vertex operators defined above in the following
way
y=q(c—1)
¢inH¢i(n)a l/’zmHlH(m)
x> Y (n)

where Y,*(n) are defined by Y, *(z)=) Y *(n)z "=e(a) X7 (2), and e(a) is a
constant (cf. (4.18-19)). neZ

4. The proof of the theorem

We are going to prove Theorem (3.36) by the so-called formal series calculus
in the theory of the ordinary vertex operator algebras, which is developed in
several papers and culminated in the monograph [8].

The counterpart approach in the quantum case enjoys the same setting,
thus we shall only emphasize those phenomena which are characteristic in the
case of quantum affine algebras. We remark that a parallel method — contour
integrals can be written down word for word according to what follows (cf.
Appendix in [8]).

The idea of the proof is that starting from the relations of twisted Heisenberg
algebras we shall show that the operators X7 (z), ®;(z), and ¥(z) satisfy all
the relations of Drinfeld’s realization with y=gq. More explicitly, we want to
show that X7 (z), ®;(z) and ¥(z) satisfy relations (2.19-2.29) in terms of (3.6)
and our constructions of vertex operators. We are going to prove it relation
by relation, and divide the proof into several steps.

Recalling the proof of (3.3) we already prove the relations (2.23). As for
the relation (2.20-22), they are proved either by definition or by relations (3.6).

Relations (2.24)-2.25) are the following

(4.1) Lemma. For i, jeI", we have
B,(2) XE (W) ¢i(z)-1=g,-,-(—z—q*%)il X£(w),
W) XF (w) ¥(2)" ’—g.,( q**) XE(w)

Proof. From (3.11-12) and (3.29-30) we compute that

&,(z) EX {0, w)
=E%(a;,w) ®,(z) exp< +t Z [n] [oc (—n), (n)]( )}

B mmoelE ¥ 2 - "“‘""’"‘”—q“"“f'“'“v)-f;(%)"}

nz1
reZ/kZ

1—aw q(a- a"a,)?%zw—l t1
=E$ (o, w) &) []
js i ~{a;,6"a;>F % -1
czpz 1~ 04 P TEizw

+1
+) <o, 0%, z 4
=E$(Otj,W)¢'.'(Z)q+; a>gij(;q;2) .

t:
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An analogous computation will give

+ _pt EDRCN L P Z F3 i
W) E (o, W)= E% (1, w) W) > gy (= a7

Hence the lemma is proved once we observe the following identity about
the middle term of X (z):

£1%i(0)/2 aji 1 Zi;a'x,(()): qi;(a.,wu,) aji 1 zigg'a,(o)em‘(o)/z

r2,(0)/2 ,(0)

which is an immediate consequence of (3.25), since € =g

To prove the remaining relations we need to introduce a useful notion -
normal ordering, which plays an important role in the theory of ordinary vertex
operator calculus. The effect of normal ordering is to move annihilation opera-
tors to the right of multiplication operators. In our case the operators o;{n)
are annihilation operators for neZ, and multiplication operators otherwise.
Thus we have

4.2) 2o (n) o(—n)i=ra{—n) o (n):=o;(—n)o;(n),  n>0
(4.3) : 2;(0) a;:=:a; 2;,(0)=1(x,(0) a; + a; 2;(0))

and all the others are trivial normal ordering, i.e. the same as the usual products.
We can extend the notion to the vertex operators. For example we define

4.4 D X XEwW)=EX (o, 2) EX(o;, w) EX (0, 2) EX (0, W
J ] 7
-ai bi 1 ZiZu’a,(0)+(2cr'tz‘,u,+a}>wiz’o’a}(o}ﬂ— e, o+8)
i Yj r v 3

@.5) C XF(2) XT w)=EZ(0,2) EX (o, w) EX (o, 2) ES (a0, W)
-a,-i 1 bfl Zt;a’a,(0)+<2’:a'a,,a,44,>W?;a’a,(O)Jr(E':a'a,,a,—aJ

and we can use Wick’s theorem (cf. [8]) to extend the normal ordering to prod-
ucts of several vertex operators.
We notice that the normal orderings satisfy the following relations:

(4.6) : X,?t(z)in (W):=Cla;, a): in(w) XE(2):
4.7 CXE@XT W)=Clay, —a): X[ (W) XF(2):
where C(a, /)= [] (— ') for the central extension § of Q.
reZ/kZ
We also need the following standard notations.
(4.8) (a;q)n=(1.—a)(1*GQ)---(l“aqn_l)
4.9 (@;4)e = lim (a; ), =[] (1 —aq").

nz0

Thus we may define (a; ¢), by

4.10 (a; 9)n=(a; 9)/(29"; Do
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Moreover, we have the following useful product.
4.11)

-m+1_. 2
gl (—q"%a)..(1—g " @)=Y G e
(1=g"""a(1-g"""a)...(1—¢q )= T @ ).

where m specifies the number of factors on the left hand side.

T for meN

(4.12) Lemma. For i, jeT', we have
_ _ —<a, XoTa;>/2
XF (0 X] )= X7 ()X o (2]
- T1 (@ ' wiz; 4%,
reZ/kZ (q<a.-,a'aj> i ' W/Z' qz)oo

CanEoras)2
X @ XFw=X7 @) XF(w): ( )

(ay,oma;> +1

74 q" ' o'w/z; 4%
reZ/kZ (q_ CGuomap +1 q+ ! w’w/z; qz)oo

where the two factors are called contraction factors, denoted as XF(z) X (w)
and X (z) X | (w) respectively in the sequel.
(L I

Proof. The vertex operator is a product of two exponential operators and a
middle term operator. So we consider
E% (2, 2) E¥ (— oy, w)

X

=Ef(—a,.,w)E$(a,~,z)exp{ ) []z Lotgm) (= ")]( )}

n=1

=Ef(“°‘jsW)E$(°‘iaZ) €xXp

—nla;, 6va;> _ onday, 0T "
{ g CEEE o )
S ng'—q™") z
reZ/kZ
Ef(aiaz)Ef(af’w)
=E*(a;,w) ES(«;, z) exp

{ z qn<a( satayd ~n<ai.a’aj> (quil W) }
nxz1 n(q —q n) z

reZikZ

For meN and a with |a| <1 we compute that

@.13) exp{i q—_-‘—’—_—":% }
=1

w©
=exp{z ;(q(m—l)n+q(m'3)n+ “_q—(m~1)n)an}

n=1
___(1 qm—la)—l(l__qm~3a)—1‘..(l_q—(m—l)a)—l
_ ( m+1a qZ)w
@ " 'a;6%,
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o xn
where we have used the formula: log(1 —x)= — Y, o
n=1
Observe that the extremes of (4.13) is also true for any integer m, ie. we
obtain an invariant formula for the exponential with respect to meZ. Hence
we have
Ei(ahz)E‘E(v—aja W): $(“"a' W) Eé(aivz)
~ (et + 1 " W/Z qZ)

" W/z; %)

n (q<a, Lara;y+1

reZ/kZ
Ef (o, Z)Ef—c(ajaw)=Ei:(%, w) E (2, 2)

AN AT W
—{aja%a;) +1 qi lwrW/Z;qz)m .

reznz'd

Finally as for the middle term we have from (3.25)

a2 et (Eara (2 p e B+ (ZamB, B2

— aszo*‘a +{(Za"a,a)/2+(Ta"a,B) qu’B +(Za" B, B>/2

=abz

(Tora. B2
W>

Torat(Toma at /2, Top+ (Ea"B,p+a)/2 (i

by using <Y, a"a, B>={> 0", . Here a, be 0, and d=a, b= .
Combmlng the above identities and the definition of: X (2) X (w): and
: X #(2) X[ (w):, we derive the required relations in (4.12).

Remark. Let I, =1,(a, B)={reZ/kZ|{a, 0" > =n}. Then we have

[ @S e ),
reZ/kZ (q(a,.c'uj) ! " W/Z; qz)w

w w \7! w -1
P e 1__ ro__ 1~ roo ~1
D)o (imorte)

I1 (AT M AC )
reZfkZ (q_ oorap Tl qu ! w’w/z; qz)oo

- () oo )

where I,=I,(a;, «;).
Then we can prove the relation (2.26) as follows.

(4.14) Lemma, The vertex operators satisfy the following
FizwXE@XF =Gz, WX WX (2

which is understood as an identity of formal series, and Ff and G} are defined
in the remark after (2.10-11).



678 N.H. Jing

Proof Formally we have

Fiew) o (=wwg@ere)
GEem L, G o

eZ/kZ
T z—w" wq H (z—'wg?)(z—w"w)
rel-s zq* vels gt =0 "W(z—u""w)

+1 r 2 r
s, ot as w—w'zg z—o"wgT)(z—o"w)

= [l ()= I PP ) ;
z—w'wg w—w'zgT)(w—0w"2)

reZ/zZ rel 4 rel;
ctaa(2) T M )
v reZikZ (q—(a,.o"aj)+1q3\t1w,-w/z;q2)m
1_[ (q—<a, aTa, >+1q+ 1 (DrZ/W; qZ)aO
reZ/kZ (q<aj, At q+ ! wrZ/W; qz)oo
Notice that: X7 (z) X (w):=C(oy,a): XF(w) X (2): and combining with
Lemma (4.12) we know that (4.14) is true.
Let us pause to talk about the automorphisms of the Dynkin diagrams

of simply laced types. It is well known that the automorphism ¢ can be described
by the Fig. 2

Ay o2=1

D, o =1
6

E¢ 0——0——0—0——0 o2 =1

Dy c 2\\02 o =1

Fig. 2
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where o fixes the vertices which are not pointed by any arrows, and ¢ sends
the vertex i to the vertex j if there is an arrow from i to j.
Then we can show

(4.15) Proposition. For i, jeI', one has
LY." (2), ¥ (w)]
1k . z - . z
-t EoeoHea0( o )= aiean oS ora)
=0
Proof. For i, jeI'" if the automorphism ¢" has not the property «;=¢"«;, then

I(oy, 0)={reZ/kZ|{a;, 6" a;» =2} =0. From the remark after (4.12) it follows
that both contraction factors lX ) X7 (wJ) and X; w) X/ (z)I are polynomials

LW z .
in — and ™ respectively. Furthermore, we observe that
zZ

X @ X[ )=X] %) X{'(2) Claz, —o0)

Thus in the case we have that

(X (@), X; W]=X"(2) X; (w): (X (2) Xj (w)— X[ (W) X7 (2) C(—a;, 7))
=0

Observe that X5, (z)=X7 (wz), then if I,(x;, 2)+@, we are essentially led
to the following four cases.

Case i). 62 =1, o;=0; and {o;, o(x))) =0. In this case one has
X7 () X7 (W)= X[ (2) X (w): (g) (1 gt g)_ 1 (1 —q 3)”
Clay, —a)=1.
Then by the partial fractions we obtain that

1 1 q q

(4.16) . N —— ” -
(o 2)(i=at) T el e
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Therefore, the bracket will be

(X (2), X7 (w)]
=X (2) X (w): (Z q_"l—g(g)"“

n20 q_q_ z

B Z qn+l_q—n—1(£>n+1)
nz0 q—q" w

=X} (2) X7 (w): §z<q“3)"—2(qi>n)/(q—q“)

w neZ w

=X (2) X (w): (5(%(1)—5(%:1))/@—41“).

Hence the required relation is proved in the case, provided one has the following
important identities:

(4.17) Lemma. As operators on V we have

XM (zg ) X (2)=Di(zq7?)
X9 X7 (2)=¥(zqY)

which can be easily verified directly.

Case ii). 62 =1, ¢;=a;, {o(x), o> = — 1. We then have

w

X @) X7 w=X(2) X (w): (g)l (1 +_VZK)<1 -q! g)_ 1 (1 —q ;)71

Cloy, —a)=1.

J
As in the Case i) we have
(X (2), X7 (w)]

— X[ (&) X7 (W) (zw)—%(z+w)((§)(1—q§)_'(l—q“ﬁ)_l
()(=e3) (=3) )
=X/ (2) X7 (w): (zw)_*(z+W)(é(%q_l>—5(%Q))/(q_q_l)

3 —%
AL e (20 -0eans(a)).
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Case iii). ¥ =1, o(a;)=a;. Then

k -1 -1
X7 @ X =X7 @X; o (5] T1 (1-wra) (1-0rg %)

reZjkZ

Cloy, —a)=1.

1t is well-known that
1 1 1

lz_/lkz(l W' x) rs;‘kz 1—w'x’
Using (4.16) it follows that
1

i)
reZjkZ z

]
k(q —q k),el/kz l_quﬁ l_qu—IX
z zZ

Then we arrive at
[Xi+ (2), X7 (W]
1 “H5(Ewrg?
SR PR L R RUCRH G

Case iv). ¢®=1, and i=0"(j), | £i, j<3 as in the Fig. 2. Then

X (2) Xj (W)
= X1 (2) X (w): (1 —w"’%q)‘l (1 —a)’“%q_ 1)

-(1——(0’““ X)(l—ﬂ)r0+2 K)
z Zz

X (W) X7 (@)
z \7! z -1
=X; (WX (2): (1—w‘"’;q) (l—w_"’W‘I”)

-(l—ia)—"’_l)(l—i w""_z)
w w

Clay, — )

=(—w) 2 (-0t (—wot)=1.
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Using the same partial fraction as in the case i), we have

(X (2, X (wW)]

ro+1 rot+2

w)(z—w
wozw

ool
i -1
=~———(q;r_:f]1 ). Xt @)X (5(%0)""’(1“)—5(%60"0(1))

1+4¢7! 3 -
S wea o (Fomra )~ aueat o2 o7ma))

(z—w w)

=X () X[ (w):

where we have used X (2) =X ;) (w2).

From the above discussion it is clear how to normalize the vertex operators
such that they will satisfy the relation (2.27). In fact, we define ¢: I' - € via

1 if 62=1, {a, 6(x)>=0;
%+ AT if 2= =-—1;
wiy) o= ) o b=
Vi@ 4+ gy i o@) =0t =1.
(g+1+gYH)* if 6=1,0()=+a.

With ¢ we rescale the vertex operators X (z) by
(4.19) Y* () =se(o) X (2).

Then the vertex operators Y;* (z) will satisfy the relation (4.15).

Finally let us prove the cubic Serre relations (2.28-29). Since the vertex
operators Y;%(z) are multiples of the vertex operators X (z), we can just show
that X (z) satisfy the cubic Serre relations.

Although the proof is a little bit lengthy, the idea is very simple that almost
all the cases of twisted cubic Serre relations can be derived from that of untwisted
case. Moreover, the proof will explain why one needs to present the cubic Serre
relations in five subcases (see (2.28-20)).

Now we start to show the relation (2.28) for k=1, i.e.

4.20) in(W)Xii(zl)Xii(ZZ)—(q+q_1)Xii(zl)in(W)Xii(ZZ)
+XF () XE (@) XF W) +{zy02,}=0 for A;;=—1.
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We only prove the “ + ™ case as follows. From (4.12) it follows that
+ + + + z\ z _\7!
(4.21) XWX (2=X;(w X (2): w I—Wq

1

@2 X)X =X e X Gl (2) (122 (12242

By the properties of normal orderings we then have

(4.23)
XJ'Jr(W)Xi+(Zx)Xi+(Zz)
e E)E)
1 {2 2 1 1
= XF X7 @) X7 (e 22(2) T
(=S )=
(4.24)
Xi+(21)Xj+(W) Xi+(22)
s
=X () X 00 X7 e () A P
(N Y
w z,
(4.25)
Xi+(zl)Xi+(22)Xf(w)
(220
+ + oy W2 o 21 Z1
=X )X e X7 0 2 (2) AR
(=5 )0=20)
Since C(o;, a)= —Claoy, ;)= 1, we have
. X;(W)X?(Z;)Xi)r(zz)’z_: Xi+(zl)Xf(w)Xi+(zl):=: Xi+(zl)Xi+(22)X;(w):

Then one might want to substitute all the above expressions into the right
hand side of (4.20). After pulling out the factor: X (w) X;"(zy) X{ (z;):, we
can verify that the remaining rational functions sum up to zero. Thus one might
want to conclude that the relation is proved. Unfortunately, this is not correct
due to the fact that all the contraction factors are formal power series and
one can not manipulate them simply as rational functions.
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Let us proceed to show this formal series identity. Both as formal series
and fractions, we can express the contraction factors as follows.

(4.26) -
(=5 )i=)
=w(1—§‘2‘1_2) 4 - 4 >
1 21 1 2 -
1-—-4 1 q
(21_22)(1‘“52“1_2)
4.27) y 71
-1 2 -1
(=) (=)
1
=q 'w(z —2z;) " + Z
(i=2a) w50
@-a)(1-2477)
(4.28) !

Changing the positions of z, and z,, we obtain the other three expressions
for the part {z, «>z,} in the cubic Serre relation. Substitute the above expressions
into the right hand side of (4.20) and factoring out the normal ordering product,
we obtain that

(z z)7 ¥ (7 —Z; q7?)

where B stands for Y, q"‘(%‘) and similar fractions for other formal

zZy _ -
1__1q 1 n=0
w

power series.
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Collecting the factors

T—q7lzy/w’ 1—q 'zy/w” 1—q 'w/z," 1—q7 'w/z,’
we then have

1
T:m@(%_q_222)—Q(22_q_221)+(‘1+q~‘)(22_21))

m(‘ﬂh—q_222)+(4+q_1)(21‘Zz)+4(22—q_221))

g (1 (=) (e e (o)
1_71_W( <_—q_2)+(1+q_2)(1‘—‘2)w-w(l—j—l q_z))

=0
where actually each term is zero. Hence we finish the proof of the untwisted
cubic Serre relation.

By the properties of the automorphism o of the Dynkin diagram we consider
the twisted cubic Serre relations in the following five cases.

Casei). 4;;= —1, 6()+j, and o(i)=i. We have
4.29)

A —<{Za"aj,a,>/2 W -1
X 00 X )= X7 00 X7 2 () I (1-ora %)

rel _y

n--te)
st (3] ()

Similarly,

- k k
430 XEe) XF = XP e XE G (2) 7 (1-5)(1- 27

1
The cubic Serre relation in the case is

@31)  XF)XFE() XFE ()= (¢ +97H X (20) X (W) X (2,)
+Xii(z1)Xii(Zz)X;L(W)'*{Zﬁ‘*Zz}=0
which tells us that the cubic Serre relation in this case is true and the proof

is just a mimic of that of the untwisted one provided that we change z,, z,,
w and g by 2%, 25, w* and ¢* respectively.



686 N.H. Jing

Case ii). A;;= —1, o()%j and <{u;,00,>=0, 6(j)=j. The cubic Serre relation
in the case is

k t2k k

(432) - e X ) XE () XE )~ +4 79 X2 (1) X 00) XE (22)

+2k k

+XE(z) XE(z,) X2 (w)}+~iq;7—{zl«——>zz} =0

—k(k—1)

It is easy to see that C(x;, a)=1, C(o, a)=(— 1w 2 =—1and
z,\71 z Zy, =
(439 XFC)XF =X e X e (2)(1-2)(1- 207
Z Z Zy
+ + + + z\k z* .
(4.34) XWX =X W) X7 (2): (;)2 I—Fq )
L . zk 2%
Multiplying the polynomial S zrzi="2""2 besides the factor
m+n=k—1 21723
ko £2k_ k
ﬂﬁ—z‘, we obtain that
2 g4 =2,

k

k K t2k_ k
Zy—23 214

—z
_222 in (w) Xii (Zl)Xit (z2)

z,—2; 2, ¢%°
=X W) X (21) X (2): ¢72* V(g 2!
E’i_(z_z)’g (1—z5/25) (1 —g72*24/7)
Wiz ) (A—q 25 wWi (1 —q F 25w’
22k __ k

Zl“z Zlq_ T2yt + +
Z —z; 74 q _ZZ Xl (Zl)X] (W)Xz (ZZ)

=X () X7 W) X7 (2): q*2% Dz, 2]

(z_ k(1-22%) (1—gF 2 2/)
o) = AR =

2% —zk 2k gt 2k

Z1—23 zy qﬂ
=X (2,) XF(22) XF (W): g2 Dz, 2,7

.lv"i(zz)—g (1—z5/2%) (1 — g 2k 24 /2%)

A\zy) (g WA (L—qTFwh/zh)

k
—z
__222 Xii (z1) Xii (z2) in (w)

Observe that the contraction factors are g¥?®*~Y(z, z,)*~! times of those
of the Case ii), thus the cubic Serre relation is proved by repeating the argument
of Case ii).
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Case ii). 4;;=—1, 6(i)=%j and {o;, 00;> =0, a (j) *j, o (i) F.
It is clear that this can only happen when k=2. So the cubic Serre relation
is

(4.35) XFWXFE)XF(z)—(g+q9 ) XF )XW XE(z,)
+XE @) XE (@) XF W)} + {2, 022} =0.

Since A;;= —1, the vertex i is connected to the vertex j in the Dynkin dia-
gram. Then i being a fixed vertex under o will exclude I' to be types A, D
and E. Hence (o, 00;>=0.

Therefore we have that

(4.36) X (z) X7 (22)
(4.37) XEw) X (2)

= XE(w) XE(): (%)L (1—%(1?1) (cf. (4.21-22)).

Thus this is exactly the same as the untwisted case, and the relation is
proved.

Case iv). 4;;= —1, 6(i)#j and <{a;, o (x;>)=—1.
We remark that this case exists only for type 4,,(k=2). The cubic Serre
relation is

(@38)(g ™22, + 2 LX) X (2) X7 (2) (67 +47) X)X () X2 )
+Xi:t (z1) Xii (z2) in (W)} +(qi722+21) {21 ‘_*22}20-

By the assumption it follows that the vertices i and ¢(j) must be disconnected,

otherwise there is a loop in the Dynkin Diagram. That is, {a;, o(a;))
=0. Then we have ali)

(4.39)
X (z,) X (z2)

Xt N AN PP\ PR B AT SO
=:X*(z,) X{ (z,): (Zl) (1 21)( Zlq )( +21q

XE(w) X (2)= X £ (w) X7 (2): (%) (1 AP l)_ g}

(4.40)

Thus the contraction factors multiplied by (¢*'z,+2z,) will be the same
as for the untwisted case (cf. (4.21-22)). Hence the cubic Serre relation is proved
in this case.
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Case v). {o;,0(a;)>=—1. The proof is different from the previous four cases.
The relation we want to prove is

(441)  Sym{(gT'z,~(1+q*")z,+q%225) X (2,) X (z,) X7 (25)} =0

where Sym means the symmetrization on z,, z,, z;, and we used the remark

in case iv) that {&;, 6(x)> = —1 only exists in the type 4,,, i.e. 02 =1.
By (4.12) it follows that
_ _a¥2
@4 XE@XEW)=XE@XEw): (w)t ET W

z4q 1w
It is easy to see C(w;, o;)=1. We have

4.43) Xii (Zl)Xii (z2) Xii (Z:/;)'_—’Xii (z) Xii (z2) Xii (z3): (2122 23)‘11_1

(Zi—zj)(zi_qq:zzj)

zi-l-qx‘zj

Thus (4.41) is equivalent to the following formal identity.

@44y Y a.{(q“zl—(1+qi1)zz+q“z3)n (Z"—Zi)(zi_lqnzj)}zo

ae®; i<j zZi+4q Zj

- T z;\" . .
where (z;+q7 'z)"'= ) z; ‘q+”<~}i) as formal series. The G;-action on z;
is defined via 20 '
a.Z;= 244, 0663
and extended linearly.
For simplicity let us consider the “ +
similar decompositions as (4.26-28).

”

case only. We have the following

z;—q *z3 1 q!
4.45 — — = — — —
(443) (zi4+q '2)(z2+q7 '23) z3+q97 'z; z4+q 'z,
z,—2 1 1
4.46 A2 = —— -
(4.49) (zy+q ' z3) (2,497 ' 23) za+q 'zz z4+q 'z,
Z,—2 q q
4.47) 2.3 .

(zl+q"‘zz)(zl+q'lza)~_zl+q_123_z1+q_ Zp

which can be considered as formal series identities.
By (4.45-47) it follows that

1—-[ (Zi—zj)(zi—q_zzj)

(4.48) Gt 'z)

i<j

=(21“23)(21_‘1_222)(22“‘1_223)

( 2172 21723 22723 )
Z3

Z1+q_122_21+q»123 z,4+q !
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Plugging (4.48) into the left hand side of (4.44), we see that only the action
of the permutations 1, (23) and (132) will produce the terms containing the
series (z; +q~'z,)” L. In other words, we can write (4.44) in the following way.

(4.49)

)y “'{%(1~(23)+(132)).«zl—z3)(z1—q*zzz)(zfq‘%)
ae®y 1 2

(g7 'z —(1+g) 2, + 47 23)} =0.
We can verify that

(4.50)
(1—=(23)+(132)). [z —2z3)(z1 —q 7 ?22) (2 —q 223} (@~ 'z, —(1+q) 22+ ¢ 23)]
=@ 2 —q ) ei+q ) (21— 23) (22— 23) (¢ 'z — (L 4+ q) 23+ 47 z5)

Substitute (4.50) into the left hand side of (4.49), we then have

Z aflg >—q™Y H(Zi—Zj)'(qilﬁ_(1+‘1)23+4222)}

ae®y i<j
Zn(zi“Zj)(q_z_qil) Z (—D)'9a.{g ' z;—(1+q) 23+ q° 25}
i<j ac®s
=0.

Hence we finished the proof of the theorem.
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