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The purpose of this article is to prove P-convexity for biinvariant differential 
operators on connected simply connected nilpotent Lie groups. More precisely, 
we show that for any compact subset K of a connected simply connected 
nilpotent Lie group N, and for any non-zero biinvariant differential operator P 
on N, there is a compact subset L ~ K  with the property that whenever the 
support of Pu is contained in L for a C OO function of compact support u on N, 
then the support of u is contained in L. I am grateful to M. Duflo, to A. Cerezo, 
and to F. Rouvi6re for several helpful discussions. 

Solubility properties of biinvariant operators have been considered by sever- 
al authors. S. Helgason 1,6] proves local solvability of biinvariant operators on 
semisimple Lie groups. Rais 1,8] proves the existence of a fundamental solution 
for a biinvariant operator on a connected simply connected nilpotent Lie group. 
Duflo and Rais 1,4] prove the local solvability of biinvariant operators on a 
solvable Lie group and Rouvi6re [9] proves semi-global solvability for biin- 
variant operators on simply connected solvable groups. Finally, Duflo 1,3] 
proves local solvability of biinvariant operators on any Lie group whatsoever. 

Semi-global solvability is in general false even for noncompact  simple groups 
as was demonstrated by A. Cerezo and F. Rouvi6re 1,2]. Finally, even local 
solvability of left invariant operators is frequently false as was shown by 
L. Hormander,  c.f. 1,6-1 and independently by A. Cerezo and F. Rouvi6re I-1]. 
From our result and that of Rais 1,8-1 or Rouvi6re 1,9-1, we conclude the global 
solvability of biinvariant operators on simply connected nilpotent Lie groups, 
i.e. that for any C oO function f and nonzero biinvariant operator P on a simply 
connected nilpotent Lie group N, there exists a Coo function u on N such that 
Pu =f. For  simply connected abelian Lie groups, this reduces to the theorem of 
Malgrange and Ehrenpreis that constant coefficient differential operators on R n 
are globally solvable, c.f. 1,11-1. Thus our Theorem2 can be regarded as a 
generalization of the Malgrange-Ehrenpreis theorem. 

Henceforward N will denote a connected simply connected nilpotent Lie 
group, and 9l its Lie algebra. We write exp: 91--*N for the exponential map of 91 

* Partially supported by NSF MCS 74-07607 



260 D. Wigner 

onto N, which is known to be an analytic diffeomorphism and log: N ~ 9 1  will 
denote the analytic diffeomorphism inverse to exp. We recall that the center of 
N is connected and simply connected. Since a connected and simply connected 
abelian Lie group has a natural translation invariant convex structure, we may 
define a subset S of N to be C-convex if its intersection with every coset of the 
center C(N) of N is convex or in other words if x - l ( S c~xC(N) )  is a convex 
subset of C(N) for every x E N. 

The support  of  a function will mean the set of points where it is non-zero 
(this is a departure from the usual usage). When we say a function has compact  
support, we mean that its support  is contained in some compact  set (this is the 
usual usage). S u p p f  will denote the support  of f ,  a complex valued Coo function. 
Z will denote a central one parameter  subgroup of N, and x will denote a 
generator of the Lie algebr~ of Z. Thus x is a biinvariant vector field on N. We 
denote a Haar  measure on Z by dp(z). If f is a Coo function of compact  support  

on N then f will denote the function on N / Z  defined by f ( x Z ) = ~ f ( x z ) d p ( z ) .  
z 

We note that if f = 0  then there is a Coo function u of compact  support  on N 
such that x u = f .  We denote the natural projection of N onto N / Z  by n and 
remark that the inverse image under n of a C-convex subset of N / Z  is C-convex. 
P will denote a biinvariant differential operator  on N. We shall identify the 
algebra of left invariant differential operators on N with the complexified 
universal envelopping algebra U(91) of 9l. Following Tr6ves [10], we say that a 
subset S of  N is P-full if whenever P u = f  is a C ~~ function of compact  support  
whose support  is contained in S, and u has compact  support, then the support  of 
u is contained in S. Since P is biinvariant, any (left or right) translate of a P-full 
set is P-full. A C-convex set is x-full for any biinvariant vector field x. 

A C oO function f on N will be called Z-invariant  if f ( x z ) = f ( x )  for all x ~ N  
and all z e Z. When P is biinvariant differential operator  on N, then the action 
of P on Z-invariant  functions defines a differential operator  on N/Z,  denoted P. 
By "differentiating under the integral", we have P ~ = P ~  for a Coo function u of 
compact  support  on N. 

We begin with some preparatory lemmas. 

Lemma 1. Let Z be a central one parameter subgroup of N, and let x be a 
generator of  the Lie algebra of  Z. Let D be a left invariant differential operator 
on N which annihilates all Z-invariant functions. Then D = D 1 o x where D 1 is some 
left invariant operator on N. I f  D is biinvariant, so is D 1. 

Proof. Let ~1 ,k2  . . . .  i ~ ,  be a basis of the Lie algebra of N / Z  and let 
~x, x2, .-., x , ,  x be a basis of the Lie algebra 91 of N such that the projection of 
x~ onto the Lie algebra of N / Z  is ~i. The Poincar6-Birkhoff-Witt theorem 

a, a2 a, k with a l , a z , . . . , a , ,  k non- implies that monomials  of the form x 1 x 2 ... x ,  x ,  
negative integers form a basis of  the vector space of left invariant differential 
operators on N so that we may write 

D= ~ C(~,~2 ...... ~ ) ~ ' . . . ~ " x  k 
(a~ ... an, k) 

where the sum runs over (n+l ) - tup les  of  non-negative integers, and all but 
finitely many of the C(~ ...... k) are zero. The action of D on Z-invariant  functions 
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defines an  o p e r a t o r  b on N / Z  and  we have  

0=tS= Z 
(al . . .  an, k) 

k = O  

~ a l  ~a2 , ~an  
C ( a l  . . . . .  a n , k )  X l  :27"2 " ' "  6On " 

The  Po inca re -Bi rkhof f -Wi t t  t h e o r e m  now impl ies  tha t  C(al,a2 . . . . .  an, k)=O when-  
ever  k = 0 so tha t  we m a y  wri te  

D =  al an k 
Z C ( a l , , , a n , k ) r  ...JD. 

(al . . .  an,  k) 
k > O  

al  an  k - -  
E ~ ( a l  . . . a . ,  k) ~ 1 " ' "  ~ n  x ~ 1 "~ 

1 D o o 

(al  . . .  an ,  k) 
k > O  

al an k - -  1 where DI= ~ C ( a x . . . a n ,  k) X 1 . . . x  n �9 . 

(al  . . .  an, k) 
k > O  

N o w  suppose  D is b i i nva r i an t  and  let pg deno te  r ight  t r ans l a t ion  by  g e N. 
W e  then have  

D ~ o x =  D = pgD = pg(D 1 o x)=(pgD,)o (pgx)= pgD a o x 

so tha t  (pgD 1 - D O o x = O .  
But the universa l  enve lopp ing  a lgebra  has  no  divisors  of  zero a n d  x 4 : 0  so 

pgD 1 - D I  = 0  and  pgD 1 =DI .  Therefore  D 1 is b i invar ian t .  

L e m m a  Z I f  u has compact support on N, then n supp  ~ u = n supp u. 

Proof. Since supp x u c supp  u, c lear ly  n supp x u c n supp  u. N o w  let x ~ supp  u so 
tha t  n(x) ~ n supp u. Define 

~b: Z ~ r  by  c~(z)=u(xz). 

4~ is a non-ze ro  funct ion on  Z o f  c o m p a c t  suppo r t  so xq~ is non-ze ro  of  c o m p a c t  
suppo r t  on  Z. But  xu(xz)=x~b(z)  so xu is no t  ident ica l ly  zero on  x Z  so 
n(x) ~ supp  xu. 

Proposition 1. I f  K is a P-full set in N/Z ,  then L = zt-1 (K) is a P-full set in N. 

Proof. Let  b be a s m o o t h  funct ion of  c o m p a c t  suppo r t  on  Z with  S b(z)dl~(z)= 1. 

Let  a :  N / Z ~ N  be a con t inuous  m a p  sat isfying n o a = I d m z ,  z 
F o r  any complex  funct ion f of  c o m p a c t  s u p p o r t  on N define f * :  N--*(E by  

f * ( x )  = f ( x ) - f ( n ( x ) ) .  b(x " (a(n(x)))-1). 

Then  

~ f *  (x z) d #(z) = ~ f (x z) d #(z) - ~ f (n(x z)) . b(x z . (a(n(x z)))- 1) d #(z) 

=)'(~(x)) - ~ f  (~(x)) �9 b(x z(a(~(x)))- ~) dU(z) 

=f(u(x) )  - f (n (x ) )  ~ b(x z(a(n(x)))- ~) d#(z) 

= 0 .  
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Therefore, there is a function f~ of compact support on N satisfying x f  ~ = f * .  
Let f be a function of compact support on N whose support is contained in L. 
Let Pu =f, where u is also a function of compact support. Define inductively u 0 
= u and u, + a = u~, �9 We have it supp P u. + 1 = n supp P u~. = n supp ~ P u~, = n supp P 
xu~.=nsuppPu*cnsuppPu.wsuppfi , .  If n s u p p P u , ~ K  then s u p p f i , ~ K  since 
then K = s u p p P " h . = s u p p P f i ,  and K is P-full. Therefore if nsuppPu ,=K then 
nsuppPu.+ 1 =K and also s u p p f i . c K .  But nsuppPuo=K so by induction on n 
we have nsuppPu ,=K and s u p p f i . c K ,  for all n. 

Furthermore n supp (u* - u.) ~ supp ft. c K and n supp u. + ~ = n supp x u. + 1 
= It supp u*. 

Suppose now that xq~L. On the set x Z  we have 

u*(xz)=u.(xz) and xu,+l(xz)=u*(xz ) 

since x Z  is disjoint from L = n -  I(K). So on x Z  we have xUn+ 1 =U n and x"u,=u o 
=u.  Therefore, if q~.(z)=u.(xz), then ~b o is a function of compact support on Z 
such that for arbitrary n there exists a function ~b, of compact support on Z such 
that x"~b.=~b o. Applying the Fourier transform to q~o, we see that q~o is a real 
analytic function on the dual 2 of Z with a zero of arbitrary high order at 0 ~ 2. 
Therefore q~o-0 and ~bo-0. Therefore u(xz)=O for all z and xCsuppu.  QED. 

Theorem 1. Let P be a non-zero biinvariant differential operator on a simply 
connected nilpotent Lie group N. Then any compact set of N is contained in a 
compact C-convex P-full subset of N. 

Proof. The proof is by double induction on the dimension of N and the degree 
of P, the assertion being trivial if the dimension of N or the degree of P is < 1. 
We, therefore, suppose the theorem true whenever the dimension of the nil- 
potent group is < n = d i m N  or the degree of the operator is < p = degree P. 

If Z is a one parameter central subgroup of N, the action of P on Z-invariant 
functions gives rise to a differential operator P on N/Z satisfying Pf(x)  
=Pf(n(x)) whenever f(x)=f(Tr(x)) where f is a function on N/Z and n: 
N ~ N / Z  is the natural projection. If P - 0  it follows from lemma 1 that P = x o P1 
where x is a generator of the Lie algebra of Z and P1 is a biinvariant operator on 
N. Since degree P1 = p -  1 any compact set of N is contained in a Pt-full compact 
C-convex subset K of N which is also z-full since this is the case for any C- 
convex subset of N. Now if P f = u  where f and u are compactly supported 
functions on N with supp u c K, then P f =  x o ['1 f =  u so P1 f is supported in K 
since K is z-full and f is supported in K since K is Pa-full. Thus the induction is 
valid whenever P annihilates all Z-invariant functions. Thus we can assume that 
whenever Z is a one-parameter central subgroup of N, the differential operator 
P on N/Z induced by the action of P on Z-invariant functions is non-zero and, 
therefore, by inductive hypothesis that any compact subset of N/Z is contained 
in a P-full compact C-convex subset of N/Z. 

The remainder of the proof is divided into two cases, viz. 

Case I. The center of N has dimension 1. 

Case 2. The center of N has dimension >= 2. 
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We deal with Case 1 first. Let Z be the center of N, and let x be a generator 
of the Lie algebra of Z. Since the center of N / Z  is non-trivial, we can find a 
vector ~r ~ 9l, the Lie algebra of N such that for all x e 91, we have [~r x ]  = q~(x)x 
where r is a non-zero linear functional on 91. Also [k,[xl ,x2]]=[[~c,  x l ] x 2 ]  
-{- [ X l ,  [~ ,  X2] ] = I-q~(Xl)~ , 2 2 ]  "~ [ X l ,  ~b(X2) X'] ~---0 SO (~(1-~71, x2])~---0 and ~b van -  
ishes on the derived algebra of 91. The kernel ~/R of q~ is, therefore, a codimension 
one ideal of 91 and we let M = exp,0/which is a simply connected nilpotent Lie 
subgroup of N with Lie algebra 9J/. We pick ~ e 9 1  with r  1. Let i: U(~01) 

U(91) be the inclusion of envelopping algebras induced by the inclusion of 
in 91. 

By the Poincar6-Birkhoff-Witt theorem we can write P uniquely as P 
= ~ k o  i(Po) + wk-  1 o i(p l) + ... + ~ o i(pk_ l) + i (pk) where the pi's are elements of 
U (gJ/) then 

0 = [3', P] = [ k ~ k -  1 o i(Po) + ( k -  1) w k-2 o i(p 0 +.. .  + i(Pk_ 1)] o x. 

This implies, again by the Poincar6-Birkhoff-Witt theorem that 0 = p o = p l  
. . . . .  Pk-1 and, therefore, that P=i(Pk). It follows that any subset S of N such 
that x-1  (Sc~xM) is a pk-full subset of M for all x is a P-full subset of N. 
Furthermore, since the center of N is contained in M, if x-X(Sc~xM) is a C- 
convex subset of M for all x e N, then S is a C-convex subset of N. 

We pick a continuous M-equivariant projection ~: N ~ M  for instance 

~b (x) = x [exp th ( - log x) ~ ] .  

Now let K be a compact subset of N. By inductive hypothesis qJ(K) is 
contained in a compact C-convex pk-full subset L of M. Also ~b(logK) is 
contained in a compact connected interval 1 of R.  Now exp ~b-1 (I)c~ ~-~ (L) is 
a compact C-convex P-full subset of N. This completes the proof of case 1. 

Case 2. The center of N has dimension greater than 1. Let x 1 and x 2 be vectors 
in the center of 91 which are or thonormal  for a Euclidean metric p on 9l. Let Z 1 
= e x p ~ x ~  respectively Z 2 = e x p R x 2 ,  and let nl respectively rt 2 be the pro- 

jections of N on N/Z~, respectively N/Z  2. Also let /'1 respectively P2 be the 
differential operators on N/Z~ respectively N/Z  2 induced by the action of P on 
Zl-invariant respectively Z2-invariant functions on N. We can assume that 
neither '~ nor P2 is the zero operator. Let K be a compact subset of N. Then 
n~(K) and r~2(K ) are compact subsets of N/Z  1 and N / Z  2 and by inductive 
hypothesis we can choose FI=n~(K) and F2~rc2(K ) such that F i is a P~-full 
compact C-convex subset of N/Z~. Then n~- a (F~) is a C-convex P-full subset of N 
for i =  1, 2 by Proposition 1 and, therefore, Q=rc-{l(FOnn~l(F2) is a C-convex 
closed P-full subset of N containing K. 

We assert Q is compact, or equivalently that logQ is compact. Let p~ and P2 
be the Euclidean metrics induced by p on 911 ~x~ and 912----x2 ~, the Lie algebras 
of N/Z  1 and N/Z  2. We can find a real number r such that the p~ distance of 
log F i from the origin of 91i is ~ r for i = 1, 2. Then if v e log (n~- 1 (F 0 n rt~ 1 (F2)) 
we have p(v,P,.x~)<r and p(v,P,.x2)<r so we can choose t~ and t~ such that 

p ( ~ , t ~ ) < r  and p(v, t2x2)<_<_r. Then p(t~x~,t2x2)<2r so l / ~ + t 2 < 2 r  so 



264 D. Wigner 

t 2 ~ 4 r  2 and  p ( t l ~ l , O ) = l t l l < 2 r .  It  fol lows tha t  p(v,  0 ) < 3 r  for all 
v e log (It i- i (F1) c~ lt~- 1 (F2)). Thus  log  (n r 1 (F1) c~ n 2 1 (F2)) is a c losed b o u n d e d  sub- 
set of  9 / a n d ,  therefore,  compac t .  Therefore ,  ni- i (F1)c~n21(F2)  is a c o m p a c t  C- 
convex P-ful l  subset  of  N con ta in ing  K.  This  comple tes  the  induct ive  s tep in 
Case  2 and  conc ludes  the p r o o f  of  the  theorem.  

Corol lary .  I f  K is any compact set in N, then there is a compact set L such that 
whenever Pu  = f is a distribution supported in K and u is a distribution of  compact 
support on N, then the support of  u is contained in L. 

Proof. This fol lows immed ia t e ly  f rom the t heo re m upon  convo lu t ing  with  a 
s m o o t h  a p p r o x i m a t e  ident i ty  of  N. Here  L can  be any c o m p a c t  P-full  set 
con ta in ing  a c o m p a c t  n e i g h b o r h o o d  of  K. 

Theorem 2. Any non-zero biinvariant differential operator on a connected simply 
connected nilpotent Lie group is globally solvable. 

Proof. Semi-g loba l  so lvabi l i ty  of  such ope ra to r s  is con ta ined  in results  of  Rais  
[8-1 or  Rouvi6re  [9].  But by  t heo rem 1.9 in the b o o k  of  Tr6ves [11], g loba l  
so lvabi l i ty  fol lows f rom semi-g loba l  so lvabi l i ty  and  the P -convex i ty  resul t  
p roved  above.  
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