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w 1. Introduction and Statement of Results 

About fifteen years ago, A. Borel posed the following conjecture. Let M" be a 
closed aspherical manifold, i.e., rciM"=O for i >  1. If g: N"- - ,M ~ is a homotopy  
equivalence where N" is another manifold, then g is homotopic to a ho- 
meomorphism. A stable version of this conjecture for M R a closed non- 
positively curved manifold was verified in [4, Corollary B]. Namely, if M" is a 
closed non-positively curved manifold and g: N " - * M  ~ is a homotopy  equiva- 
lence where N" is a manifold, then 

g x i d :  N " x I R 3 ~ M  n X]R 3 

is homotopic to a homeomorphism. 
In this note, we shall extend this result to the non-compact case. Precisely, 

we have the following result. 

Theorem A. Let  M" be a complete Riemannian maniJold of finite volume and 
whose sectional curvatures are strictly negative and bounded away from 0 and 
- c~ ,  (e.g., a complete hyperbolic manifold o f  finite volume). Let N" be a 
manifold and let g: N"--* M n be a proper homotopy equivalence. Then, 

g x i d :  N n x l R 3 - ~ M  " xRt. 3 

is properly homotopic to a homeomorphism. 

In fact, we shall prove a less transparently formulated but much stronger 
result, Theorem 3.1, in w 3. In w 4 we will deduce Theorem A from an addendum 
to Theorem 3.1. Moreover, we shall discuss various versions of the conjectures 
and their relationships in w In particular, we shall verify the so-called 
Novikov's  conjecture for zc=rClM" where M" is as in TheoremA.  It  should be  
pointed out (as we shall do in w 4) tha t  it will be rather delicate to generalize 
the result further to locally symmetric spaces o f  higher rank. 
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We wish to thank John Morgan, whose very valuable suggestions on how 
to improve an earlier version of this paper has led to the present one. In 
particular, we are very grateful that he pointed out an error in our original 
statement of Addendum 3.1.1. 

w 2. Structure of the Cusps 

Let M n be a complete Riemannian manifold of finite volume and whose 
sectional curvatures are strictly negative and bounded away from 0 and - ~ .  
M" is diffeomorphic to the interior of a compact manifold with boundary [8]. 
Hence it has a finite number of ends. An open collar neighborhood C of an 
end is called a cusp (motivated by the hyperbolic terminology) and the map 
r q ( C ) ~ n l ( M  ) induced by inclusion C c M  is injective [8]. Let CI ,  C 2 . . . . .  Cq 
be cusps, one for each end of M, and f~: M ~ I R  be Busemann functions, where 
.~/~ M is the universal cover of M, satisfying the following conditions [3], [8], 
where (~i is a fixed lift of the univeral cover of C i to M. 

(i) f /has  no critical points; 
(ii) for x e/f/,  the gradient flow line passing through x is a geodesic; 

(iii) fi is n 1 C i equivariant; (2.1) 
(iv) when C i and Ci are appropriately chosen, we may assume that Ci 

=f~-  i(0, oo) without loss of generality. 

Note that 
f/ 1[1, c~)/Tr 1Ci 

is a closed collar neighborhood of the end corresponding to C~. Let Bi denote 

-- 1 (1)/rcl C i (2.2) 

which is a codimension-one submanifold of C~. We next compactify M" to the 
n-dimensional disc ID" as follows. Choose a base point p ~ M" and an ortho- 
gonal framing at p thus identifying IR" to TpAT/". The exponential map 

exp: R" ~ ]f/" 

is a distance non-decreasing diffeomorphism if we give IR" the Euclidean 
metric. Compactify M" by adding an end-point to each geodesic ray emanating 
from p. Consequently, any geodesic in M has two distinct endpoints in ID". 
The natural action of ~ M "  on 21)" extends to ID" [4]. 

Let us now relate C i to the compactification ID". There is a unique point 
c~ E ID" satisfying the following conditions. 

(i) If we follow the gradient flow of f in the positive direction, then 
every point x e M" ends at % 

(ii) f defines a product structure on I D " - q  so that the quotient, under (2.3) 
the action of ~l Ci, is B i • [ - oo, oo). And C i = B  i • (0, oo). 



For  example, if M" is a hyperbolic  manifold, then (~'i is just a horoball  tangent 
to the fixed point  ci ~ ~ID n of the action of the parabolic subgroup =1 C~. (See 
Fig. 1.) 

We next recall a very impor tant  theorem of Margul i s -Gromov [83 concern- 
ing ~ C~. Namely,  there is a nilp0tent normal  subgroup of finite index in rt~ C~; 
i.e., there is an exact sequence 

1 -+K--+zt I Ci--+G--+I 

Fig. l 

(2.4) 

where G is a finite group and K is a nilpotent subgroup of ~, C r 
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C I 

Now, suppose that we have a proper  homotopy  equivalence 

g: N n x I D k - . M n x I D  k (k>=O) (2.5) 

such that the restriction of g to N " x  {?ID k is a homeomorphism.  Consider  the 
ends g -  ~ ( C i x lD k) of N" x ID k corresponding to C i x D k (i = 1, 2 . . . . .  q). 

Lemma 2.1. For  n + k > 6 ,  we may assume that g: N " x l D k - - , M n x I D  k, after a 
proper homotopy,  relative to N n x  ?,ID k, is a homeomorphism when restricted to 
g l (CixlDk) ( i = 1 , 2  . . . .  ,q). 

Proof. Since g is a proper  h o m o t o p y  equivalence, g 1(C i x ID k) ( i=  1, 2 . . . .  , q) 
are tame ends with fundamental  groups isomorphic to ~1 C i. It follows from 
[5] that we can produce codimension-one submanifolds A i c g - ~ ( C i x l D  k) 
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which bound collar neighborhoods of infinity Aix[1 ,  oo)=g l(CixIDk) such 
that after a proper homotopy, relative to N x OlD, 

g: A i x [ 1 ,  oO)--*Bi • [1, oo) •  k (2.6) 

is a proper homotopy equivalence. In particular, g: Ai--*B i x ID k is a homotopy 
equivalence rel 0A i. Then, it follows from [6] that g: A i ~ B i x ID k is homotopic 
to a homeomorphism rel 0AI. By another proper homotopy, relative to N x 0ID, 
we produce g as required. 

Addendum 2.1.1. I f  n + k <= 2, the lemma is trivially true. I f  3 <= n + k < 6, the 
conclusion o f  the lemma holds for  g': N " x  IDkx  T3 ~ M " x  IDkx  T 3 where g' is g 
x idr~ and T 3 denotes the three-dimensional torus S 1 x S 1 x S 1. 

Let us now consider the codimension-0 submanifold M~ of M" defined by 

q 
M] = M " -  U Bi x(1, 0o). (2.7) 

Assume that k=> 1 and that N" xID k is just another copy of M" xlD k (denoting 
the corresponding M~ in N" by N~) but that g: N ' x l D k - - * M " x l D  k is only a 
proper homotopy equivalence satisfying the following conditions: 

(i) g: (N" -N] ' )  x l D k ~ ( M "  - M ~ )  x 1D k 

is the identity homeomorphism; 
(ii) g-  I(M] x lDk )=g~  x lDk; 

(iii) the restriction of g to N " x  O 1D k is the identity map and the restric- 
tion of g to N x 3+ ID k is a homeomorphism where 0+ lDk and 0 ID k (2.8) 
denote the upper and lower hemispheres of S k- 1 = 0ID k, respectively. 

So, g induces a homotopy equivalence 

gl: N~ x IDk--*M] xlD k (2.9) 

such that gl restricted to 0(N~ x ID k) is a homeomorphism. 
Let us now consider the compactification of ~/"xlDk (and of N " x I D  k) 

given as follows. View 2~/" as the interior of lD" and S"-1 as the boundary of 
lD". Project / f / "x  lDk to /~" and shrink the size of y x lDk (where y ~AT/n) as y 
moves to c~ID k (and becomes a point as it gets to cOID"=S"-~). So, /f/" xID k is 
compactified as the join S " - I , I D  k such that the action of rc~ M" on ~r, x lD k 
via the first factor extends to S" 1, lD k. 

Let us now fix a cusp C~ of M" and a lifting (~ of the universal cover of 
C i to Al". Inside of (;i, we have/~i x (1, oo) where/~i denotes the lifting of the 
universal cover of B~. Note that the point c~ of ID" is a point of S"- 1 c S"- 1 * ID k. 
Let us consider the set L~ defined by 

L i = S " -  I , I D k - [ B  i x(1, oo) x lDRuci].  (2.10) 

(See Fig. 2.) 
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" C [  

Fig. 2 

Note that L~ is a manifold homeomorphic to /~ x lD k+ ~ and 7~1 Ci acts on L i. 
The 'canonical' lift of g to a map /V"x l D k ~ r  x lD k extends uniquely to a 
self-map ~ of S"- ~ �9 lD k [cf. 4] satisfying 

(i) 
(ii) 

(iii) 

(iv) (2.11) 
(v) 

(vi) 

The 
that/31 • 0+ ID k+ 1 is identified with 

L i ~ ( S , -  1, c~+ IDk); (2.12.i) 

hence denote this set by 6+ L~. Also,/3i x 0 ID k+ 1 is identified with 

L i c ~ ( s " -  l * c ~ lDkt, j ]Bi X 1 x lDk); (2.12.ii) 

hence denote this set by (3 L~. 
By (2.11.v), gi induces a self-homotopy equivalence gi: L i ~ L i  where the 

compact manifold L~ is defined by 

L i  = Li/Tz i Ci. (2.13) 

- 1 ( L i )  = L , ;  

the restriction of ~ to (/31• [1, oo) xlDk)u{q} is the identity ho- 
meomorphism; 
~IS"- 1, c?iD k is a homeomorphism; 

~IS"- 1, c~ ID k is the identity homeomorphism; 

denoting the restriction of ~ to L~ by ~,  ~ is a ~zl Ci-equivariant 
proper self-homotopy equivalence of Li; 

~,i[OL i is a homeomorphism. 

homeomorphism (mentioned above) of L~ to/3z • k§ can be chosen so 
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Note that L~ is homeomorphic to B~ x ID k+ 1 and let 0+ L i and 0 L i be defined 
by 

(i) O + Li=O + Li/nl  Ci; (2.14) 
(ii) c~ L i = c')_ Li/n 1 Ci.  

Also, g~ satisfies 

(i) giIOL i is a homeomorphism; 
(ii) gi]? Lg=id. 

Lemma 2.2. There is a continuous map H: Li•  [ 0 , 1 ] ~ L i •  (provided n 
+ k => 6) satisfying 

(i) H(x,O)=(gi(x),O) for all xEL i ;  

(ii) H(x,  1)=(x, 1)for all x ELi; 

(iii) H -  ~(L i • [0, 1])=L~ • [0, 1]; 
(iv) H[c)L i x [0, 1] is a homeomorphism (concordance) onto ~L i • [0, 1]; 
(v) H[~ L i • [0, 1] is the identity homeomorphism. 

Proof. Since n 1 C i is finitely generated and torsion-flee and contains a nilpotent 
subgroup of finite index, this lemma follows from [6] where we showed ,f(Bf 
• ID k+ 1,(?)=0. (Recall if M n is a compact manifold with boundary ?M(n>4),  

then 5P(M,c ~) is an abelian group whose elements are equivalence classes of 
maps f :  (Nn, ON)~(Mn,  c~M) where N is a compact manifold and f[ON is a 
homeomorphism onto 0M. A second map g: (K",~K)~(M",c '~M) is equivalent 
to f provided there is a homeomorphism k: (K", ~K) -~ (N ", ~N) such that fo k 
is homotopic to g relative to ~K. See [13, p. 247] and [14] for more details. 
More explicitly by the above identifications, gi determines an element of J ' (B i 
• ID k+ ~, ~) where B i is an aspherical manifold with virtually nilpotent funda- 

mental group. But, by [6], 5~(Bi • k+ 1 ~)=0; hence gilOL i extends to a self- 
homeomorphism of Li; consequently gi[c~+ Li=gi]B i • 0+ ID k+ 1 is concordant, 
relative to gliB i • to the identity homeomorphism. Use this con- 
cordance to define H[3Lix[O,  1 ] (so as to satisfy (iv) and (v) in particular). 
Then H l ( L i • 2 1 5  1]) determines another element of ~ ( B i •  
since L i x O u ~ L  i• [0,1] is homeomorphic to B i x lD  k+l. By a second appli- 
cation of 5Y(B i • lD k+l, ~) =0, H extends to L i • [0, 1] satisfying (i)-(v). 

Lemma 2.2 is the basis of the proof, given in w 3, of the main result of this 
paper Theorem 3.1. 

w 3. Splitting the Surgery Exact Sequence 
q 

Let M ] : M " - U B i •  ) be the manifold with the cusps cut off as in- 
i=1 

troduced in w Then M] is a manifold with boundary. Consider the surgery 
e x a c t  s e q u e n c e  

~ 1 ( ~ 1 M ~ ,  col (M~))  

A'~(M'~ • 1Dk' •) (3.1) 
[M] • ID k, 0; G/Fop, ,]  

~0 S t/ n __.), I?,,+k(nl MI,COl(M1)) �9 
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The main result of this paper is the following generalization of Theorem A of 
[4]. 

Theorem 3.1. Let M" be given as in Theorem A of w 1. Then, the surgery map 

0: [M'~ x ID k, ~ ; G/Top, *] -~/2, + k (~ 1 M], co 1 (M])) 

is a split monomorphism provided n + k > 5. 

Just as in [4], Theorem 3.1 will be used in w to prove Theorem A of w in 
the case n+3 ,4 ,5  and g: N " ~ M "  is a simple homotopy equivalence. To 
remove the restrictions of dimension and to circumvent our lack of knowledge 
about the Whitehead group of rc~(M") we will need an addendum to the above 
Theorem. This will be used in w to prove Theorem A of w 1 in its complete 
generality. 

Let T 3 denote the three-dimensional torus and consider the surgery map 

0': [ M ] x  T 3 xIDk, ~; G/Top,*]-~/2,+k+3(zcl(M ] x T3),col(M] x T3)) (3.2) 

which fits into an exact sequence similar to (3.1) for 5P(M] x T 3 x ID k, 0) pro- 
vided n + k + 3 > 5 .  Let 

q~" [ M ] x  T3 x IDk,(?; G/Top,*] ~ [ M '  1 xT3• Mnl • T3 x 0]Dk; G/Top,*]  

denote the canonical (forgetful) map. (3.3) 

Addendum 3.1.1. Let M ~ be given as in Theorem A of w 1. Then there is a group 
homomorphism 

(7" /2n+k+ 3(rCl(Mnl • r3),COl(Mn 1 x T3)) 

~ [ M ]  x T 3 xlDk, M] x T 3 x ?IDk; G/Top,*] 

such that the composite (70' is a factorization of 4 provided n + k + 3 > 5 ;  i.e., 
aO'=ch. 

Proof of Theorem 3.1. We shall follow the argument of [4] closely, but we shall 
point out the delicate point which is different from [4]. As noted in [4], 
because of periodicity, it suffices to show that the surgery map 

0: [M'~ xIDk x I,~; a/Top,,]~L',,+k+,(ZClM~,~Ol(M~) ) (3.4) 

is split monomorphic for k > l ,  n + k > 5  (where I=[0 ,1] ) .  (See A.J. Nicase, 
Princeton thesis 1979 for the details of this result due to Quinn.) Let 
x e / 2  + k + 1 (Z~ 1 M], ~o 1 (M]')) be represented by a surgery problem 

.fl (W~ +k+l; 0+ W~ +k+l,~) W~+k+l,~oW~ +k+ 1) 
(3.5) 

~ ( M ] x I D  k x l ; m ] x I D  k x l , M ] x l D  k x 0 , 3 ( m ] x I D  k) xl))  

satisfying the following conditions: 

(i) f : c~ W~ +k+l ~ M ]  xID k •  is a homeomorphism; 

(ii) f+ : (?+ W~ +k+ 1 ~M'~ • ID k • 1 is a simple homotopy equivalence; (3.6) 

(iii) fo: 0o W~ +g+ 1 , 3 ( M ]  • ID k) • I is a homeomorphism. 



162 F.T. Farrell  and W.C. Hsiang 

Define U~ '+k and 8• U~ +k by 

Uf+k=O+W~ +k+l and ~ • 1 7 7  (3.7) 

where 8+ID k and 8 ID k were defined in (2.8). Identify 8 U~ +t with M~ • 
? lDkx 1 via fo' Applying the s-cobordism theorem to U~ +k with respect to 
? U~ +k (rel. 8), we identify U 1 as M~ xID k and we interpret f+ as a simple 
homotopy equivalence. 

h,: M~ x lDk~M~ xlD k (3.8) 
satisfying 

(i) h 11(8(M~ x lDk)) = ?(M~ x 1Dk); 

(ii) the restriction of h A to ?(M'[ x ID k) is a homeomorphism; 
(3.9) 

(iii) the restriction of h A to M ] x  8 ID k is the identity map; 

(iv) the restriction h A to (8M~) x lD k is the identity map. 

Extend h 1 to h: M" x l D k ~ M " x I D  k by making it the identity on ( M " - M ~ ) x  
ID k . 

Let us now consider the universal covers A 2"§ of M " x ( M " x I D  k) and 
A~ "+k of M~ x(M~ xlDk); also the universal covers M" of M" and M~ of M~. 
Let ? • 1 7 7  k and 8• x]!)  1 xO• k. Dividing out 
by the diagonal subgroup An of zrx~ where ~ denotes ~ M " ,  we have fibra- 
tions 

(i) M~ xlDk-,E~"+k-*M] (3.10) 

(ii) f / ["xIDk-* E2n+k-~ M" 

where --1122n+k--A2n+k/A~--~'A /~,~ and E 2n+k ----A2n+k/z~Tr. 

Note. (i) is a subbundle of the restriction of (ii) to M]___M". The maps id x h 
and id x h~, respectively, induce bundle maps (again denoted by h and ht, 
respectively) 

(i) 2fPxID k -  ,E2n+k p , M "  

~/ "  x ID  k ~E :"+k ~ ,M". 
(3.~1) 

(ii) ff l~xID k ,E~"+k v , M '  1 

f / I~x lD k , E  2.+k p , M ,  1 

such that hi0 E2"+k=id, h~18 E~"+k=id and hld+E 2"+k, h[8+E~ z~+k are ho- 
meomorphisms (where 8•  2"+k and 8• z"+k are the parts of 8E 2"+k and 
8E2, + k corresponding to 8 • A 2, + k and 8 • A z, + k, respectively). 



The Stable Topological-hyperbolic Space Form Problem 163 

We have described in {}2 [cf. 4] how the compact i f icat ion of 57/" to ID" 
induces a compact i f icat ion of M" x lD  k to S" 1 , I D  k. Since the act ion of rcl(M ) 
on ~ / x l D  k extends natural ly to an act ion on the compactif icat ion,  the fiber 
bundle (3.10.ii) extends to a fiber bundle 

S " - l  *lDk--+ ff~ 2"+h P ,M".  (3.12) 

(See [4], p. 203, for more  details.) Likewise the bundle m a p  h extends to 

S" 1, D~-- , ~ z , + k  , M "  

S n 1 , IDk_ ) /~2.+k _ _ _ _ + M n  

(3.13) 

Corresponding  to S" t ,  (-)+ ID k_c S" ~ �9 1I) k, there are two subbundles  of (3.13) 

s n - l , ~ + I D k  +~,+~2n+k !5 , M ' .  (3.14) 

Each of these subbundles  is left invariant  by /7 and /71~ /~2"+k=id and 
/710+/~2,+k is a homeomorph i sm.  

Let us now per form a fiberwise deformat ion  of /7 to id. This par t  of the 
construct ion has no analogue in the closed case, 

Let Bi x (0, c~) ( i=  1, 2 . . . .  , q) be a cusp of M". F i x  a lifting of the universal 
c o v e r  B i x [ 1 ,  oo) x I D  k of Bi •  oo) x I D  k to M ' x l D  k as in {}2. Let /~: M " x  
ID k~_g/" x l D  k be the "canon ica l "  lifting of h (such that  /~IlV/" x a lDk=id) ;  
also denote  by k7 the unique extension of this m a p  to a se l f -homotopy equiva- 
lence of S ' - I , I D  k. Substi tut ing h for g in (2.11), we recall that  ~ (L i ) cL i  and 
denote hlLi  by hi which induces a h o m o t o p y  equivalence 

hi: L i - ~  L i. (3.15) 

(Note, when i =  1, the m a p  h 1 in (3,15) is not the same as the h 1 in (3.8).) N o w  
we apply L e m m a  2.2 with /7,/~i,hi, etc. substi tuted for g, gi,g~, etc. to obtain a 
deformat ion  H of  h i to the identity map.  We next show how H can be used to 
deform /7 fiberwise over B i x [1, oo) to id. Abusing nota t ion  by letting C~=/3i 
x [1, c~), define I g i = ( C  i >( Li)/AOz I Ci) and note that  

~ 
Li--+ I t i  -+ C i (3.16) 

is a subbundle  of  the bundle  (3.10.it) restricted to C i. Also, /7 leaves this 
subbundle  invariant.  Fur thermore ,  IL~ is an (irregular) covering space of C~ x L i 
=(( : i  x Li)/(rr 1C i x n 1Ci) and /71IL i is a lift of  the bundle  m a p  id • h i of the 
bundle 

El--+ C i • Li--+ C i. (3.17) 

Lift the deformat ion  i d x H  to ILi to obtain a deformat ion  /) i of  hllL~. N o w  
define the desired deformat ion  D i of  hip-1(C~) by extending/}~ by the identity 
deformat ion  on the rest of /5 ~(C~). In particular,  D~ is a fiberwise deformat ion  
of k71/5-~(Ci) to id which is constant  over ~ E,2"+klCi and over  /5 t ( C i ) - I L  i 
and is a concordance  on (~+/~2"+kl C i. 
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After these deformations D i (one for each cusp C i where i=  1,2 .... ,q), we 

) may assume that ,~=id on /~ ~ B i x [1, oo) . Now we produce a fiberwise 
i 

homotopy/ t ,  ( 0 < t <  1) of/~ to the identity map (/T0 =h, h~ =id) such that 

(i) h, J0E is a homeomorphism (isotopy); 

Bi x [1, os ) = id ;  (3.18) 
i 

(iii) t7- ~(0/~)=0/~. 

This is done by using Lemma 2.1 of [4] (Alexander's trick) since we only have 
to produce the homotopy (isotopy) of the fibers over the simplices outside of 

q 

the cusps U B~ x [1, oo). 
i = 1  

We briefly recall that ~ is constructed inductively over p- l (Ki)  (i= 
0, 1,2 .. . .  ) where K ~ is the /-skeleton of a triangulation for M 1. The inductive 
step is accomplished by using two facts. First, the group of homeomorphisms 
of lD m (m=0, 1,2, ...) which are the identity on 0ID m is contractible. Second, the 
space of continuous self-maps of lDm (m=0,1 2, ...) which restrict to the identity 
map on 01D" is also constractible. See the proof of Lemma 2.1 of [4] for the 
details of the construction of /r The concatenations of the deformations D~ 
and the homotop_y /~, is a careful deformation of/7 to id: i.e., it is a fiberwise 
deformation of h to id so that on Cix CixIDk/A~ it is the identity defor- 
mation. Note that one cannot get a careful deformation from using the Alex- 
ander trick alone because the group of homeomorphisms of ID" which are the 
identity on both 01D" and a horodisc  inside of ID" is Jaraway from being 
contractible. 

We are now in the position to apply all the arguments of [4]. Let W "+k+ 
be defined by 

w n + k +  1 = W~+k+ 1 t_) B i x [1, oo) x x I 
i 

(3.19) 

and e x t e n d f  cf. (3.5), to f :  W "+k+l ~ M "  • k x I  by f ( x )=x  if 
q 

x e  U (Bix [1, ~ )  xIDk x I) �9 
i = 1  

Consider the universal cover ~ ,+k+l  of W "+k+ 1 and define V 2"+k+1 by 

vZn+k + 1 = r a n  x ~V n+k + 1 / z ] ~ .  (3.20) 

We have the following fibrations 

~vn+k+ 1 ~ vZn+k+ 1 N M" (3.21) 

and idx.~ where f:  l?(--+)~7/xlDkxI is the "canonical" lift of f, induces a 
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bundle map 

~vn+k+ 1 ) V2n+k+ 1 ) M n 

2VI"x lDkxI  , E 2 " + k x I  ~ ~ M" 

(3.22) 

Note that we may identity the parts of  V a'+k+l corresponding to ./~7/~ 
• ?, 1~ 2"+k+ 1/Ar~ and ~/" • ~?+ W2,+k+ 1/A~z as E z"+g x 0 and E 2"+k • 1, re- 

spectively, such that the induced map g,_ is the identity and g+ is h (where 
(? W2,+k+l and ~?+ W 2"+k+~ are the universal covers of 

( ~ w 1 2 n + k k . )  Bi x [1, crc.) • xO 
i 

and (3.23) 

(~ + ]4712n+ k U Bi x [1, oc) • • , 
i 1 

respectively). By attaching a careful deformation on " top  of V" (i.e., to E 2"+k 
• 1), we may assume that g+ = i d  and hence that glc?V 2"+k+~ is a homeomor -  

phism; cf. (3.6iii). Although after at taching this deformation g restricted to 

q - t  (@=t is not the identity map (cf. 3.21, 3.22), it is very important to note 

that by (3.18) and (3.19), g ( x ) = x  for each xe ,~i  ( i=  1, 2 . . . .  , q) where 

,3(( ' /=((71 • Ci  • IDk)/z] (Tz I Ci) • I. (3.24) 

(Recall that C i = B  i x [1, oo).) 
Identify M" x ID k x I with the "diagnal  submanifold" of  E 2n+k • I consisting 

of the quotient  points corresponding to points of the form (x ,x ,y)  for x c ~ / "  
and y c I D  ~ x I. Notice, because of  the remarks in the previous paragraph,  that 
g is split along (?(M" x lD k x I) and along C i • ID k x I for each i = 1, 2 .. . .  , q. (Also, 
g is a homeomorph i sm when restricted to the inverse images of  these spaces.) 

Applying transversality to g, relative to (?vZ"+k+~w W i , with respect to 
i 

the "d iagonal  submanifold"  M n x l D  k x l ~ E  a'+k x I we obtain a submanifold 
N "+k+l of V 2"+k+l and a degree one map from N "+k+l to M" x lD k x I  which 
is a homeomorph i sm when restricted to the union of ~N "+k+ t and the inverse 

q 
image of ~) (C i x l D  kx I ) .  So it determines an element of [ M ] x l D  k x I , ~ ;  

i = l  
G/Top, *]. 

To show that the element in [M]  x l D k •  0; G/Top,*]  depends only on 
the original surgery obstruct ion we take two representative normal  maps f: 
W~ --+ M" t x ID k • I and f ' :  W~ --+ M] • ID k • I which represent the same element 
in the surgery group. We perform the above construct ion to .1~ l J1 I (MI  • 113 k 
• {1 }) and .[s IJ~-1(M1 • lDk• {1 }) tO produce normal maps g and g' which are 

homeomorph i sms  on the boundary.  Since f and f '  represent the same element 
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in the surgery group there is a normal bordism F: lTV1- -~M~x lDkxI •  
between them. We perform a relative version of the above construction to F. 
This yields a normal bordism which is a homeomorphism over (M1 x ID k x I) 
x I between g and g'. This implies that g and g' determine the same element in 
I-M 1 x IDkx I, 0; G/Top, , ]  under the above construction. 

In order to perform the construction on F we need a relative version of 
Lemma 2.2. This relative version is proved from [6] in the same way that 
Lemma 2.2 is. Otherwise the details of the construction follow those in [4] 
closely. 

Following the rest of the argument in [43, we produce, using this element, a 
left inverse 

/2,+k+ 1(=i M", co 1 (M")) ~ [M~ x ID k x I, (3; G/Top, , ]  (3.25) 

to 0. 
This can be seen as follows. Let f :  W 1 o M  ~ x IDkx I represent an element 

of [Mq xIDk xI,r G/Top,*].  Therefore, fLe?WI: OW~ ~ ( M q  xIDk x I )  is a ho- 
meomorphism, and we do not need to deform g. The inverse image of the 
'diagonal submanifold'  Mq x IDkx I c E 1 x I can be taken to be the quotient by 
A~ of the graph o f f :  f f ' l - - ,~/]  x l D k x l  in 17r 1 x ~ / ]  xIDk x l .  Hence, we get f:  
W 1-oM] x l D k x l  back and we have a left inverse to 0. Now suppose J~: 
W~ --, M'[ x I19 k x [0, 1], f2: W--, M'[ x lD k x [1, 2] represent two elements x~, x 2 
of /2,+k+ l(rtlM",col(M")). Let gl ,g2 be the maps of (3.22) corresponding to J],  
f2. As we observed before, we may deform (g~)+ (g+ corresponding to ft)  to be 
the identity and we may stack the inverse images of diagonal submanifolds for 
gl ,  g2 together to produce the inverse image of diagonal submanifold for x~ 
+ x  2 of/2n+k+ I(rclM',col(M")). This represents the addition of the correspond- 
ing elements of [M]  xID k x I, (3; G/Top, ,],  and (3.25) is a homomorphism. 

In proving Addendum 3.1.1 we need to construct a function 

a: JAn+k+ 3(gl(M~ x r3) ,col(M q x r3)) 

[Mq x T 3 x ID k, M]X T 3 • (~IDk; G/Top, *]. 

We begin, as before, with a normal map f :  V I / - * M  1 • T 3 •  I D k •  [ representing 
an element in /2,+k+3(Trl(Mq x T3),col(Mq x T3)). We triangulate M 1 x T 3 and 
perform the fiberwise Alexander trick in the associated bundle constructed as 
(3.18) (omitting condition (ii) of (3.18)). This produces a normal map which is a 
homeomorphism over M 1 x T3x<?(IDkxI) .  Argument like the ones above 
show that this construction determines a factorization of the forgetful map. 

Notice that in the proof  of Addendum 3.1.1 we make no use of delicate 
deformations of the maps and hence no reference to Lemma 2.2. This is 
fortunate because Mnx T 3 only has non-positive sectional curvature and not 
strictly negative sectional curvature. Thus, the more delicate geometric infor- 
mation about the cusps needed for 2.2 is not available. The reason that we 
needed Lemma 2.2 in the proof  of 3.1 was to make sure that the normal map 
between the fiber bundles constructed in (3.22) when restricted over the diag- 
onal submanifold was a homeomorphism in the cusps. For this we needed a 
careful deformaton over the cusps. As noted betore, this careful deformation 
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must come from a direct study of the cusps since there is no version of the 
Alexander trick which preserves the homeomorphisms of ID" which are the 
identity on both c~ID" and a horodisc inside of ID". This then is the delicate 
new part of the argument that one needs in addition to the ideas of [4] to 
prove 3.1. This study of the cusps is irrelevant however for Addendum 3.1.1. 

w 4. Proof of Theorem A and Concluding Remarks 

Let g: N"--*M" be a proper homotopy equivalence. Recall from [7] and [11] 
the notion of simple homotopy equivalence. In fact, since Wh~lBi=O and 
/(07/(TrlBi)=0 (for i=  1,2 . . . . .  q), by [7], g determines an element r(g)e WhrclM 
which vanishes if and only if g is a proper simple homotopy equivalence. We 
conjecture that WhrclM=O but cannot prove this. In any event if g is a simple 
equivalence and n>5 ,  then Theorem A can be deduced from Theorem 3.1 and 
Lemma 2.1 by a method very similar to that which we gave in [4] to deduce 
Corollary B from Theorem A of [4]. Namely, if g: N"---, M" is a proper simple 
homotopy equivalence, then we can deform g until it is a homeomorphism 
over the cusps. Then we have a simple homotopy equivalence gl: N I ~ M I  
which is a homeomorphism on ?N1. Applying 3.1 we see that gl is normally 
bordant relative to 0N 1 to a homeomorphism. Let G: V ~ M  1 x I  be such a 
normal bordism. Cross with ID 3 to get G x idn)3 �9 Vx ID3-~M~ x ID 3 x I. By the ~r 
-~r theorem [10], [12] we can do surgery on this normal map relative to (M 1 

'~ ][133 I) to make it a simple homotopy equivalence. It then x1D3 x C3I)L)(cM1X x 

becomes an s-cobordism and therefore a product between N~ x ID 3 and M 1 x 
ID 3. It provides a homotopy from g~ x idw3 to a homeomorphism. This ho- 
motopy is an isotopy over gM 1 x ID 3. This proves that g x ida3 is homotopic  to 
a homeomorphism relative to c~M~ x ID 3. Such a homotopy of course provides 
a proper homotopy of g x ida3" N x ~ 3 - + M  x ]R 3 to a homeomorphism. 

Unfortunately, for this argument we assumed that n > 6  and that g was a 
simple homotopy equivalence. Now we give another argument using Adden- 
dum 3.1.1 instead of Theorem 3.1. It does not have these restrictions on g and 
n but it will produce a proper homotopy of g xida~ to a homeomorphism 
which is uncontrolled in the cusps. 

Notice that we may assume that n > 2  without loss of generality since 
Theorem A is trivial if n<2 .  By the product formula of [11], g x i d :  N" 
x T 3--+ M" x T 3 is a simple homotopy equivalence. By Addendum 2.1.1, g x id 
is homotopic to h: N " x  T3--+M"x T 3 such that h is a homeomorphism when 
we restrict h to h I(CixT3 ) for i = l , 2 , . . . , q .  (This is not valid for locally 
symmmetric spaces of higher rank.) Let h~ : N~ + 3 __+ M] x T 3 denote the restric- 
tion of h to N~'+3=h 1(M] x T 3) where M] is defined by formula (2.7). Note 
that hi is a simple homotopy equivalence and the restriction of h~ to 0N~ is a 
homeomorphism. Hence, h I determines an element [h~]e f f ' (M]  x T3,~?). Con- 
sider the canonical "forgetful" map 

ff:o~(M'~ x T3,?)---, 5P(M] x T 3) (4.1) 
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If we push [hl]  down two steps in the surgery exact sequence for 5g(M] x T3), 
we (of course) land at the zero element in /2,+30z1(M ] x T3), co~(M" 1 x r3)). 
Hence by Addendum 3.1.1 q~(q([hl]))=0 where 

I/: ~9 ~ (M] x T 3, c?) ~ [ M ] x  T3, ~-~; G/Top, . ]  (4.2) 

is the canonical map in the surgery exact sequence for 5~(M] x T3,?). But the 
forgetful maps commute with r/; i.e., ~b r/= t/ '0 where 

r/': Y ( M ]  x r 3) ~ [ M ] x  r3 ;  G/Top] (4.3) 

is the canonical map  in the surgery exact sequence for 5~(M] x T3); con- 
sequently, t/' 0([hl ]  ) = 0. 

Therefore by the exactness of the surgery exact sequence for 5f(M'~ x T3), 
N~ '+3 is normally cobordant  to M ] x  T 3 (but not by keeping the boundary 
"fixed"). Hence N~'+3-?N~ '+3 is properly normally cobordant  to M] •  3 

" "+ is homeomorphic  to N " x  T 3 and M s x T 3 -((?M~) x T 3. But, ~.llV"+3-cN1 3 ,, 
- ( 0 M ] )  x T 3 is homeomorphic  to M " x  T 3. Therefore, the covering space of 
this normal cobordism corresponding to the subgroup ~1 M" of ~1 (M"x T 3) is 
a proper normal cobordism between N " x  IR 3 and M" x lR 3. Since the funda- 
mental group of the end of M R x lR 3 maps isomorphically to 7c~ (M R x N3), the 
proper ~c-~ theorem [10], [12] gives that N"x  11t 3 and M" x lR 3 are properly 
s-cobordant and hence homeomorphic by [7], [11]. Also, it is easily seen that 
this homeomorphism is properly homotopic  to g x id. This completes the proof 
of Theorem A. 

We next note that  Theorem A cannot be naively extended to spaces N" of 
non-positive sectional curvatures; i.e., in the statement of Theorem A, the 
words "strictly negative and bounded away from 0 and  -oQ"  cannot be 
replaced by non-positive and bounded away from - o 0 .  For example, let 
Fm~SLm(ZZ) be a torsion-free subgroup of finite index and  N" be the double 
coset space defined by 

N ~ = F~\SL m (IR)/SO (m) (4.4) 

where n=�89  Then N" is complete, has finite volume, and non- 
positive sectional curvatures which are bounded away from - s o .  But when m 
is sufficiently large (m>200 is adequate), there are many manifolds M R proper- 
ly homotopically equivalent to N" but not even stably homeomorphic to N ". 

We may compactify N" to N~' [2] such that ~a N~'~-7cl 0N[', i.e., N " =  IntN~', 
provided m>3 .  Choosing m>200,  because of the stable calculation [ I ]  of 
H*(F re,Q), we can let f l :  MI-~N1 represent an element of [N~, G/Top] such 
that its characteristic class in Hg4(N~; Q) is +2P~l(N~) and 0. Since 
rClCON~-~lN~, it follows f rom ~ - ~  theorem that we may  assume that f~ is a 
homotopy equivalence. Let M = I n t M ~  and f = f ~ l M :  M--*N is a proper ho- 
motopy equivalence. But f •  id: M" xlRk--.N" x IRk is never homotopic  to a 
homeomorphism for any k, because M " x R  k and N" x R k have "different" 
rational Pontriajn classes. 

But the following conjectures are plausible. 
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Conjecture 4.1. Let M n be a compact aspherical manifold with possibly non-empty 
boundary. Then the surgery map 

0: [,m" x 1D k, 0 (m" x I ~  k) ; G/Top,  *] --* E n + k (Tr 1 m",  co I (m")) 

is a split monomorphism provided n + k > 5. 

In this paper ,  we verified the above  conjecture  for p inched  negat ively 
curved manifo lds  of finite volume.  (We cut off the cusps to p roduce  the 
manifo ld  with boundary . )  The a rgument  was ra ther  del icate  because we had to 
cont ro l  the behavior  of the cusps. We hope our  technique will p rove  the 
conjecture  for the a r i themet ic  group case, but  the cont ro l  of the Borel-Serre  
b o u n d a r y  has to be much  more  careful. 

Conjecture 4.2. With the same hypotheses as in Conjecture 4.1, the rational 
surgery map 

0 |  [-M n x if)k, ? ( M  . x lDk); G/Top,  , ]  @Q -~/~n+k(nl  M", o) t (M")) @ Q  

is a monomorphism provided n + k > 5. 
This is Conjec ture  1.2 of [4]  replacing the closed aspher ica l  mani fo ld  by a 

compac t  aspher ical  mani fo ld  with boundary .  If one can prove  this conjecture  
for M ", then the so-cal led Nov ikov ' s  conjec ture  (Conjec ture  1.1 of  [4])  is 
verified for the group 7 r = ~ l M " .  If  one is not careful abou t  (?M", it is possible  
to th ink that  the full N o v i k o v ' s  conjecture  is verified when one has only shown 
that  the kernel  of 0 |  is con ta ined  in the kernel  of  the canonica l  " forgetful"  
h o m o m o r p h i s m  

4: [ 'M"xIDk ,~(M"x lDk) ;  G / T o p , , ]  |  G /Top]  |  (4.5) 

(cf. A d d e n d u m  3.1). As po in ted  out in [-9], this is p robab ly  the reason why 
Miscenko  at t imes c la imed that  he has p roved  the full Nov ikov ' s  conjec ture  for 
M " a non-pos i t ive ly  curved comple te  R i e m a n n i a n  manifold.  
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