Invent. math. 76, 1-14 (1984) Iﬂveﬂfwn&:
mathematicae

© Springer-Verlag 1984

Unitary structure in representations
of infinite-dimensional groups and a convexity theorem*

V.G. Kac! and D.H. Peterson?

! Department of Mathematics, Massachusetts Institute of Technology,

Cambridge, MA02139, USA

? Department of Mathematics, University of Michigan, Ann Arbor, MI148109, USA

In this paper, we show that a Kac-Moody algebra g(A4) associated to a
symmetrizable generalized Cartan matrix A carries a contravariant Hermitian
form which is positive-definite on all root spaces. We deduce that every
integrable highest weight g(A4)-module L(A) carries a contravariant positive-
definite Hermitian form. This allows us to define the moment map and prove a
generalization of the Schur-Horn-Kostant-Heckman-Atiyah-Pressley convexity
theorem. The proofs are based on an identity which also gives estimates for the
action of g(A4) on g(4) and L(A).

We hope that the main idea behind the paper is apparent: it is to use the
interplay between the coadjoint and the highest weight representations.

We are grateful to V. Guillemin for an introduction to the moment map.

§ 1. Basic definitions (see [6, 8, 9] for details)

11. Let A=(a;);;,., be a symmetrizable generalized Cartan matrix, i.e.,
a;=2, a;; are non-positive integers for i=%j (i,j=1,...,n), and there exists
an invertible diagonal matrix D=diag(d,,...,d,) such that D~'4 is sym-
metric. Then we can (and will) choose the d; to be positive rational. Choose a
triple (b, I1, I17), unique up to isomorphism, where by is a vector space over
R of dimension 2n—rank 4, and [1={ay,...,a,} bk, 1" ={h,,....h,} by are
linearly independent sets satisfying a;(h)=a;. We put h=C®gby.

The Kac-Moody algebra g=g(A) is the Lie algebra over € generated by
the vector space ) and symbols ¢; and f; (i=1,...,n), with defining relations:
(9 51=(0); [e;, fi1=6;;h;; [h eJ=0o(h)e,, [h f1=—o;(h) fi(heb); (ade)' ~*i(e))
=0=(ad f)' () (%))

We have the canonical embedding heg. Let n, (resp. n_) be the sub-
algebra of g generated by the ¢, (resp. f), i=1,...,n. We have the triangular

decomposition: g=n_@h@n,. Every ideal of g which intersects § trivially is
zero [3].

*  Partially supported by NSF grant MCS-8203739
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We have the root space decomposition g= (Pag,, where g,={xeg|[h, x]
aeh*

=a(h)x for all heb}, so that g, =Ce;, g_, =C f;, g,=bh. A root is an element
of 4:={aeb*|a+0, g,+(0)}. Put Q=%Zo, and Q, =Y Z_ «; where Z,

={0,1,...}, and put ht(x)=3 k, for =) k;a,€Q. Introduce an ordering on h*
by: Azpif A—peQ,. Put 4, =4nQ,. We have: n, = @ g.,-

aed 4+

The root space decomposition of g gives us a Q-gradation of the universal
enveloping algebra: U(g)=® U(g),.

We choose a nondegenelr]ate symmetric C-bilinear form (.|.) on b such that
(h;|h)=d,a;(h) for i=1,...,n and hed. This form extends uniquely to a nonde-
generate g-invariant symmetric €-bilinear form (.|.) on g (see [6], Proposi-
tion 7 and Lemma 2). We have:

(el f)=d;. (L.1)

The form (.|.) induces an isomorphism v: h—»bh* and a form (.|.) on h*. Then
v(h)=d;a;. Furthermore, (g,/g,)=(0) if a+ —p, and g, and g_, are nonde-
generately paired; we have:

[x,y1=(x|y)v"}a«) if xeg, and yeg_,. (1.2)

Define a conjugate-linear involution w, of g by requiring wy{e)=—f,
wo(f)=—e;, (i=1,...,n), wy(h)= —h for hely, and define the following non-
degenerate Hermitian form on q:

(x1y)o= — (x]wo (y))-

Then the root space decomposition is orthogonal with respect to (.|.),.
Choose peh satisfying (pla)=3%(o;|e;)) (or, equivalently, p(h)=1) for i
=1,...,n. For A, aeh*, put

Ty(@)=(A+plo)—(ala).
In the sequel we will need
To()>0 if aed ~1I. (1.3)

Indeed, (1.3) is clear when («ja)<0; otherwise, using [6, Lemma 14 and
formula (23)], 2v~'(a)(«|x)ed. Z , h,~ 11", proving (1.3} in this case also.

1.2. Given Aeh*, a g-module V is called a module with highest weight A if
there exists a non-zero cyclic vector v, eV such that n, (v,)=(0) and h(v,)
=A(h)v 4 for all hel. Such a module is h-diagonalizable.
Given an h-diagonalizable module ¥, we have the weight space decomposition
V=@ V,, where V,={veV|h(v)=A(h)v for all heb}. Elements of P(V)
Aeh*

b
+={Aeh*|V,#(0)} are called weights of V. For a g-module V with highest weight
A, we have: V,=Cv, and P(V)cA-Q,.
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Let V be a g-module such that for every veV, the set {xed, |g,(v)%(0)} is
finite. Such a module is called restricted. Note that every highest weight
module is a restricted module. Following [7], we define the partial Casimir
operator Q, on a restricted module V as follows For each aeA, choose bases
{x¥1} of g, and {y¥} of g_, such that (x®|y"=4,,, and put

Q)= Y Zy""(X"" v)).

acd+ k

Lemma 1.1. a) If «, fe A and zeg,_g, then, in g®g, we have:
Z xO@[z, W] = %“ (X, 2] @y,

b) If Vis a restricted g-module and ue U(g),, then we have on V:
Qou—uQo=u(To(= BTy, —v(B). (1.4)

Proof. a) is checked by pairing with an element e® f, where eeg_,, feg,:
Z(X“"Ie (Lz, y11.N)= Z(x"‘)le) OIS 2D =(elLf. 2D =([z €]l f)
—Z(x""l[z e LS Z([x("’ z]le) (Vg1 ).

Since g, and g_, are nondegenerately paired under (.|.), this verifies a).

If b) holds for ueU(g), and w'eU(g)y, then it holds for uw'elU(g),, ;.
Hence, it suffices to check b) for u=x, or y, (for ueU(h), b) is obvious). Using
a) and

(y+Zoa)nAdcd, for yed ~{a;},
we have, on V:

(24, %, 1=y, X,, X 1= — v~ (o) X,,

= —(a;lo;) Xy, — X,V 1(O‘i)zxm.(To(_O‘i) Iy ~v~ Ho);
[Q20. Vo 1= Xas Va 1= Ya v~ ()

=y, (To() I, —v™' (=), proving b). [

Among g-modules with highest weight A, there is a module M(A) which is
free of rank 1 as a U(n_)-module, and an irreducible module L(A). M(A) and
L(A) are unique up to isomorphism.

A Hermitian form F(.,.) on a g-module V is called contravariant if
F(gw),v)= —F(u, wy(g)v) for all u,veV and geg. For example, the form
(-1.)o on g is contravariant. It is standard that for Aeb}, L(A) carries a unique
contravariant Hermitian form, denoted by H(.,.), such that H(v,, v,)=1; this
form is nondegenerate and the weight space decomposition is orthogonal with
respect to it.

Fix fundamental weights A;ebg, 1 <i<n, satisfying A4,(h))=0,;;, 1<j<n, and
put P, = ZZ A;. A g-module L(A), A€P_, is called an integrable highest

weight moldule. We have [9, Proposition 2.4d]:
T,(8)>0 if AeP, and A-—pfeP(L(A)~ {4} (1.5)
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§ 2. The crucial lemma

By analogy with the partial Casimir operator, we define an operator 2, on n_

by:
Q@)= ) Z[y"" [x$, 211,

axed s

where the subscript “minus” denotes projection on n_ with respect to the
triangular decomposition.

Lemma 2.1. If ae 4, and zeg_, then
Q,(2)=2Ty() z.
Proof. Put R=4_ n(ax—4,) and calculate in M(0):
270200 =200(200)=2 T T 200)=2 T TP Lxf21(00)

Bed. BeAd
=23 Yy lxP 2l wo)= Y X [ [xg, 211 (vo)
BeR k BeR k
+ 2, 2 0 D, 2]+ Ixf, 21 yf) (00) = (@, (2)) (v).

BeR k

The first equality follows from (1.4) and the last one from Lemma 1.1a.
As M(0) is a free U(n_)-module, the lemma follows. []

Remark. Lemmas 1.1 and 2.1 hold (by the same proof) for the Lie algebra g(4)
associated to an arbitrary symmetrizable matrix 4 over a field.

§ 3. Unitary structure on L(A) and g

3.1. Theorem 1. Let g{A) be the Kac-Moody algebra associated to a symmetriz-
able generalized Cartan matrix A. Then:

a) The Hermitian form (.|.), is positive-definite on n_@n,.

b) Every integrable highest weight g(A)-module L(A) carries a positive-
definite contravariant Hermitian form.

Proof. We first prove a). Using w,, it suffices to show that (.].), is positive-
definite on g_, for all xe4 .. We do this by induction on ht(x). The case ht(x)
=1 is clear by (1.1} Otherwise, put R=4, n(x—4,) and use the inductive
assumption to choose, for every feR, an orthonormal basis {y{"} of g_, with
respect to (.|.),. Then, setting x{ = —w,(yy"), we have (x{|y)=4,,. Now we
apply Lemma 2.1 with this choice of x“‘) and v (the ch01ce for the Beda, ~R
is unimportant) and zeg_,:

2To(0)(2]2)o= (2, (2)| 2)o = Z Z([y“" xi, 21112)o
=3 2 (I, Z]I[x;"’, z])o-

BeR k
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By the inductive assumption, the last sum is non-negative; using (1.3), we get
{z]2)o=0. Since (.|.), is nondegenerate on g_,, we deduce that it is positive-
definite, proving a).

By remarks in Sect. 1.2, the contravariant Hermitian form H(.,.) on L(A)
satisfies: H(v,,v,)=1, and the weight spaces are pairwise orthogonal. We
prove by induction on ht(A—A) that the restriction of H(.,.) to L(A), is
positive-definite. Let 2e P(L(A)) and ve L(A),. Thanks to a), we can choose bases
{(x¥Y of g,, aed,, such that (x¥|x"),=6,,. Note that v=u(v,) for some
ue U, _,. Hence, by (1.4), we have:

Q,(0)=T,(A~A)v. 3.1)
Therefore, we have: T (A—21)H(v,v)=H(Q,(v),v)= Y Y H(xP (), x¥ (). In

asA+ k
the same way as in the proof of a), we conclude, using (1.5), that H(.,.) is

positive-definite on L(A),. This proves b). []
Remark. Positivity of H(.,.) in the affine case i1s due to Garland [4]; our
argument in the proof of b) is similar to his.

3.2. We now derive estimates for the action of g on g and on L(A). For this
we need:

Lemma 3.1. Let {x,} be a basis of n_ such that (x,[x),=27,,. Let yen _, and let
vel(A), AeP, . Then:

a) H(Q,(v),v)= ZH(xk(v) X, (V).
b) (Ql(y)ly)o=;([xk,y]_l[xk,y],)o-

Proof. Putting x}= —w,(x,), {x,} and {x}} are bases of n, and n_, dual under
(.].). Since the operators 2, and 2, can be expressed using arbitrary dual bases
of n_ and n_, we have:

Qo(v)=;xi‘(xk(v)) and Ql(y)=;[x;’!‘,[xk,y]_]-

The lemma follows. []

To state our estimates, we need some notation. Choose an inner product
(, ) on b. The induced norm on h* satisfies: |A(h)| < |A| |h| for all Ach*, heb.
For zeg, write z=z_ +z,+z,, where z en,, z,eh, and define an inner
product { , ) on g by: (z,2)=(z_|z_ )0+(zo,zo)+(4 |2,)o. We will write |z| for
(2,2)%, and also |v| for H(v,v)*, where veL(A), AeP,. Define deDer(g) by d(x)
= ht(a)x for xeg,, and deEndL(A) by d(v)= —ht(/l A)v for veL(A),.

Put C,=0 if n=1, C,=( max —(la))* otherwise; C,= max|o}; C
1<i,jSn 1Zign
= max |v~*(x)|. Then we have, for all xeQ, :
1gi<n
TSy C2ht(@?;  lal< C,ht(); (32)

v )| = Csht(w)
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Indeed, for a=) k,a,€Q,, we have:

Ct ht(2)* = 2Ty (w)= C} Z ki + Z(klz —k;) (o o)+ Z (Cf+(“i|°‘j)) kik;=0.

i*j

The rest of (3.2) is obvious.
Put C,=4C,+2C,+2C,.
Below, we shall use the Schwarz inequality, etc., without comment,

Proposition 3.1. If xen_, z,z'eq, AcP, and ve L(A), then:
a) |[x,z]_|=Clx]|d(z)|
b) [z 2] C,(ld(2) 12| +]z] 1d(2)).
c) |x) 1Al x| o]+ C4lx| 1d ().
d) [z(@)£3]A4]|z| [v|+ C4(ld(2)] o] +]z] |d()]).

Proof. Let xen_ ; y,y'en_; z,z'eg; heh. We claim:

I[x, y1_17 <112 (2, (9), ).

Indeed, we may assume that |x|=1, complete {x} to an orthonormal basis of
n,, and apply Lemma 3.1b. Furthermore, (€2,(y),y)< Cild(y)I* by (3.2) and
Lemma 2.1, yielding:

ILx, y1_I= Cylxl W)l (3.3)
Let y"en_ satisfy d(y")=[y, y']- Then:
Ly, Y112 =1Ly, 1, AN =1Ly, ¥ D,y =I[d(), ¥ T+ Ly, d(¥)1, ¥

=1@d), lwo(y), Y1)~ (@), Lo (), y"1)I
=AW Lo () y 1 1+1d ()] [Lewe(v), ]I

Applying (3.3) to estimate the right-hand side, we obtain, using d(y")=[y, y']:
1Ly, Y= CLdWL YT+ ] 1d D G4
Write z=2Xz,, z/=2z,, where z,,z,€g,. Then

[Tk, 217 = Z|a(h)|* |2,)> < C3 1R 2 ht(2)? |2,)> = C3 |h|? |d(2)/?,

$0:
ILh, ]I = C, |hl 1d(2)]. (3.5)
Using (1.2), we have:
[z, 21| SZ Mz, 2_ V@IS Z 1z, ] 12 v 1o S C3 Zz,) |2, [ht ()]
=C; Z1d(z,)| 12| £ C(Z1d(z,)1 )} (212 1)
=C,ld(2)l 121,
so:

Lz, 2]l = C5ld(2)] |2 (3.6)
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Applying (3.3-5) and the triangle inequality to
lz,2]_=[z_,2" J+[z,,2.1_+[z .2, 1 +[2,2_ 1+[z_, 2],
we obtain:
Iz, 21 12 QC, + C)(1d(2)] 2] +]z] 1d (). (3.7

Using (3.6), (3.7) and an analogous estimate for |[z,z'],|, the triangle
inequality applied to [z,z]=[z27]_+[z 2]+ [z 2], gives:

[z, 211=(4C, +2C, + C3) ([d(@) 2] + 2] |d(2))). (3.8)

Now, let AeP,. Using (3.2) and T (A—A)=T,(A—A)+(A|A—4), we have,
for all leP(L(A)cA—-Q :

T (A=AD)ELCHht(A— A + Cyl A ht(A—A).
Hence, by (3.1) and Lemma 3.1a, we have

x(@)I? S [x|* H(o (v), v) £ IxI* (; CT1A()|* + C5] 4] H(—d (), 1))
SIx2 (4] o] +(Cy + C3) ld @)Y,

SO‘ Ix@)I =14} 1x] [o] +(Cy + C3) |x] [d(v)]- (3.9)
We also have, for v=Y) v,, v,€L(A),,
[h@)?=Z |20 (0,12 S R1P Z 1412 )2 < R1P Z(Al+ Coht(A— 1)) |v,)?
=1hl? |14] o= C,d ),
so that:

|h(@)l £14] |h] [v] + C; |kl |d(v)]. (3.10)

We now take yen_, and put X' =wy(y) and s=[y, x], so that wy(s_)=—s,.
Using the contravariance of H, we obtain:

y@)? =Ix'@)|* +2Re H(s , (v), v)+ H(so(v), v),
SO:

[y @12 SIx @)1 + 215, @) [o] + o) ol

We estimate |x'(v)] and |s, (v)| using (3.3 and 9), and |s4(v)| using (3.6 and 10).
From this, we obtain:

ly@I =141yl ol +(Cy + C) [dW) o] +(Cy + C, + Ca) Iyl ld(v). (3.11)
Finally, (3.9-11) combine to show:
[zl =314} 2] [ol +(Cy + Ca) |d(2)] 0]+ 2(C, + C,+ Cy) |z| ld(v)l.  (3.12)
(3.3, 8, 9 and 12) prove the proposition. []
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Remark. 1t is not difficult to sharpen these inequalities. Also, using
{H (v, d(v))] £1d(v)|?, we have an alternative version of (3.9):

x4+ Ci + C3) [x] [d (). (3.13)

§ 4. A convexity theorem

4.1. We first recall the construction of the group G associated to g and its
unitary form K, and related results from [11]. Put V= @ L(A) and V°=

AeP
Y. Cv,c V. We endow V and g with the finest topology which induces the metric

topology on finite-dimensional subspaces. Since the eclements e, and f; are
locally nilpotent on ¥V, we have the one-parameter groups expte; and exptf,
(teC) for all i; they generate a subgroup G of GL(V). G acts on each L(A),
AeP_, say by mn,, and also on g via the adjoint action Ad. We have:
n4(Ad(g)x)=m 4(g)m 4(x) 7 (g)~* for geG and xeg.

The mvolution w, lifts to G; let T and K be its fixed point sets in g and G.
Note that K preserves the Hermitian forms (.|.), on g and H on L{A).

Let B={geG|g(V°) =V°}, H=Bnw,(B), and let N be the normalizer in G
of H. These definitions are equivalent to the ones in [11]. (B is denoted B, in
[11])

hcg is Ad(N)-invariant and Ad(H)-fixed. Hence, we have an action of the
Weyl group W:=N/H on b; moreover, this action is faithful. W is generated by
the set S={r,}}_,, where r,(h)=h—a,(h)h, (heb), and (W,S) is a Coxeter system
(cf. [8] or [9]). C:={hebylo,(h)=0 for i=1,...,n} is called the fundamental
chamber for W. The set X= () w(C) is a convex cone in by, called the Tits

weWw
cone. Note that X =hy if and only if dim g< oo (cf. [9]). Let < be the Bruhat
order on W (see e.g. [1G]).
For weW, put K, =KnBwB. Then [11]:

K=]]K,. 4.1)

weW

Fix AeP,. Since G=KB [11], and hence K, B=Bw B, we deduce:
C*K, (v, )=C*BwB(v,). 4.2)

For ve L(A), denote by supp v the set of all Aeh* such that v has a non-zero
component in L(4),. We have by [11, Theorem 11:

If veK,(v,), then suppvc[{w(A)|w Ew}]. 4.3)

(Here and further on, the convex hull of a subset M of a real vector space is
denoted by [M1].)

Put H=Hom(Q, C*); this is a group isomorphic to (C*)". Define a homo-
morphism Ad: H—Aut(g) by Ad(h)x=h(a)x if xeg,, and an action of H on
L(A) by: h(v)=h(p)v if veL(A),, Py H normalizes G and B under these actions
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and commutes with H; since the centralizer of H in G is H [11], we have,
using (4.2): .
C*HK, (v )=C*K,(v,). (4.4

There exists a finest topology on G stich that (cf. [10]):

a) G is a topological group;

b) the maps t—expte; (i=1,...,n) are continuous on € with the usual
topology.

We fix this topology on G. Then G is Hausdorff and the action of G on V
and g is continuous. w, is continuous and hence K is a closed subgroup of G.
Furthermore, each K, is a compact subgroup of K, and the commutator
subgroup (K K, ) is 1som0rphlc to SU, as a topological group. (Here and
further on, M denotes the closure of M) Let weW, and write w=r, ...1;,
where s is minimal. Then

ris

K,=K, ..K
i

This is shown by the same argument as in [13, Sect.8]. In particular, K, is
compact.
Fix weW. Put L(A;w)= P L(A),; clearly, dimL(4;w)<oo. Then

/1>w(A)
BwB(v,) < L(A; w) is irreducible in the Zariski topology (see [11, Theorem 17).
Since the closure of BwB{(Cv,) in the Zariski topology is U Bw B(Cv,) [11,
Theorem 1c], we obtain, using (4.2): wEw

There exists ve K (v,) such that supp v> {w'(A)|w Sw}. 4.5)

4.2. Denote by p the projection of g on Iy with respect to the root space
decomposition. Now we can prove the following convexity theorem.

Theorem 2. a) If he C and weW, then
p(Ad(K, ) h)=[{w'(h)|w <w}]. (4.6)

b) If he X, then
p(Ad(K) h)=[W(h)]. 47

Proof. Formula (4.7) follows from (4.6) and the following
Lemma 4.1. If w,, w,eW, then there exists we W such that wzw, and wzw,.

Proof of Lemma 4.1. Induction on {(w,;)}+I(w,) using the following two facts:
I(r,w)>Il(w) implies ,w>w; r,w=w,w' implies rw=rw. [

To prove (4.6), we employ the moment map. Let a be il or by. Fix AeP,.
We define the moment map M, from the projective space IP(L(A)) to a by:

(x|M,(v)o=H(x(v), v)/H(v,v) for xea

(we can make this definition thanks to Theorem 1). Notice that M, is K-
equivariant and that M (v,)=v~'(4). We also have:

Mhm(;vl)=;H(vl,vl)v‘l(l)/zl:H(vl,vl), where v,eL(A4),. (4.8)
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Let we W. The crucial observation is:
M (C*K, (v ) =[{w(~ (A)w =w}]. 4.9)

The inclusion < in (4.9) follows from (4.8) and (4.3). On the other hand, by

Theorem 2 from [1] applied to the action of the complex torus H on the finite-

dimensional projective space IP(L(A4;w)), M, (H(v)) is convex for every non

zero ve L(A; w). The reverse inclusion now follows from (4.4), (4.5) and (4.8).
The following properties of the moment map are clear:

Mb]R=p0M“.
M (k(v )= Ad(k)v-1(4) for keK.

Using this, (4.9) implies (4.6) for all he C such that a;(h)e® (i=1,...,n). Using
the compactness of K, we deduce that (4.6) holds for all heC. [

Remarks. a) If dimg< co, then K is a compact group and X =hy; in this case,
(4.7) is due to Schur-Horn-Kostant and (4.6) to Heckman (references may be
found in [1]).

b) We have p(Ad(K)X)=X by Theorem?2. What are [Ad(K)X] and
{xeitip(Ad(K)x)= X}?

¢) Let he C have finite stabilizer in W and let K'eh+ Y Rh,. Put

IW|,=sup A (p(Ad(k) k) for s=1,....n.
keK

Then the following are equivalent:
(i) He[Ad(K}h].
(ii) We[W(h)].
(iif) ||, 2 A h) for s=1,...,n.
This is immediate from Theorem 2, W(h')c Ad(K)#, and:

W= () wh=3 R h), where R, ={teR|t20}.

The latter formula follows from [14, Proposition 2.4] and the fact that if M is
a bounded subset of [W(h)], then p(h—w(h))—o0 as l(w)-»co, uniformly for
hHeM.

d) The previous remark implies that, in the case dimg< oo, one has for
hebg (using that all K-orbits in if intersect By): [Ad(K)h]= {xeif|(p(Ad(k)x))
<A h) for s=1, ...,n and all keK}.

€) Using the proposition below and the fact that Mb‘R(e"(v))
=3grad log H(e"(v), e"(v)) for heby, one can avoid the reference to [1].

Proposition 4.1. Let V be a finite-dimensional real vector space and let S be a
finite subset of V* such that [S] has non-empty interior. Let ¢, (A€S) be positive
real numbers. Put G(v)=) c,e’™ and F(v)=logG(v). Then the image of

Ae8

(grad F): V—V* is the interior of [S].
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Proof. First, let f: V—»R be an arbitrary convex function. For leV* put f(l)
=inf{f(v)~1l(v)|veV}eRuU{—0}; put T;= {leV*| f(l)> — 0}, Ty={leT,|f(v)
—1I(v)= f(l) for some veV}. Then:

Interior(T)) = Ty <= Ty (4.10)

Indeed, if leT,~ T}, choose v,,v,,...€V such that f(v)~I(,)—f({). The con-
tinuity of f forces |v,|—o0, so that by choosing a subsequence if necessary,
there exists I'eV* such that I'(v,)— + oo. Hence, [+¢el'¢ T, for all ¢>0, and so
I¢Interior(T}). This proves (4.10).

Let G and F satisfy the hypothesis of the proposition. Then it is easy to
check that Tr=[S] and that F is of class C*. Moreover, one calculates that

2G*(Dj F)= AZSCA c,(AB)—p(B)* e*+4,

so that (D2 F)(v)>0 for all 8,veV such that §+0. In particular, F is convex
and of class C!, and therefore T’—(gradF)(V) Moreover, D(grad F) is sur-
jective at each veV, so that grad F is an open map and hence (grad F)(V) is
open. Applying (4.10), the proposition follows. []

4.3, Example. Let K< GL,(C) be a connected simply-connected compact sim-
ple Lie group, with Lie algebra T gl (C), and let T be a maximal torus of K,
with Lie algebra t<f. For a subset 4 of a finite-dimensional vector space U
over €, we denote by A the set of all polynomial loops on 4, i.e., the set of all
maps f: S'-—A such that f(e'%)= p(e“’ e % for some polynom1al map p:

C2-U. If feU, then we write f’ for —f(e"’) and { f for 2m)~! f f(e®)do. We

regard GL (€) and gl(C) as subsets of Mat (C). Using pomtw1se multipli-
ot

o — S —
cation and addition in Mat,(C), GL,(C) becomes a group and gl.(C) a Lie
algebra.
The unitary form of the Kac-Moody algebra g associated to the extended
Cartan matrix of K (a “non-twisted affine Lie algebra”) is f:=RJI®I®Rc,
with bracket (for x, yef):

[x.y]=xy—yx)+((rx' e [dx]=x; [eT]1=(0).
We put t:=Rd®t®Rc (its complexification is the Cartan subalgebra of §).
We define a f-invariant symmetric R-bilinear form (.].) on f by (for x, yef):
xiy=[trxy); (cld=1; (xlg=(x|d)=(clc)=|d)=0.  (4.11)

As we shall see in a moment, the unitary form K of the group G associated
to g is a central extension ¢: K—K of the loop group K. (One can show that
Ker g~ ') We proceed to compute the adjoint representation Ad of K on {.

We extend the obvious action of f on € to a representation # of I by
putting 7(c)=0, #(d) f=/" Then # is an integrable representation (cf. [11]),

and hence induces a representation 7 of K on € satisfying:

#(Ad(k)2)=#(k)A(2)R(k)"' for keK, ael.
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On the other hand, it is easy to check that the obvious representation # of the

group K on @ is faithful, and that fz:(IZ)cﬁ(Iz).~ Hence, there exists a homo-
morphism ¢: K- K such that #=7#-0; we write k for o(k).
For aeK and xef, one easily calculates:

fla)A(x)#(a) '=n(axa™"); #(a)n(d) @) '=r(d—aa?).

For keK and xef, we find:

#(A(K) x)=7(k) 7(x) (k)" =7 (k) 2(x) #(R) ' =~k xk 1)

and, similarly, #(Ad(k)d)=#(d—k' k~'). Now, Ker(R)=Rc, and (.|.) is Ad(K)-
invariant. Hence, using (4.11), we obtain for ke K (cf. [2]):
Ad(k)d=d -k k-1 er(k k=" c;
Adk)x=kxk'+(for(K xk=*)c  (xef); (4.12)
Ad(k)c=c.
We proceed to write (4.7) more explicitly. Put Q¥ ={yet|exp(2ny)=1eK},
and define an injective homomorphism ¢: Q¥ —K by: (¥(y)(e*)=exp(0y).
Now, regard K as the group of constant loops in K. Letting N (resp. N) be the

normalizer in K (resp. K) of T, it is easy to see that T=Txy(Q"¥) and N
=N<y(Q"). Put

T={keK|Ad(k)x=x for all xel}, N={keK|Ad(k)T=1)}.
Using (4.12), we have:

-~

T=e"YT), N=o"Y(N).

Since K is connected and simply-connected, the standard construction of N
uAsingAthAe Chevalley generators of § shows that N co(N). Putting W= N/T and
W= N/T, we therefore have:

o induces an isomorphism W— N/T;

N (4.13)
N/T=(No<yp(@")/T=W<Q".

Moreover, W is the Weyl group of K, and its natural action on 1 is that
described in Sect. 4.1.

Theorem 2c¢ in [11] implies that K =N o(K). But, as we have seen above, N
=g(N)=o(K). Hence, we have:

K=a(K). (4.14)

Let p be the orthogonal projection of f onto t (i.e., the projection along
[t,£]). Then the projection of Sect. 4.2, denoted here by p, is given by:

pAd+x+pc)=Ad+p([x)+puc.
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Now, let xet; then d+xe+iX, where X is the Tits cone (cf. [9, Proposition
1.9D). Applying (4.7), we obtain:

PAAK)(d+x)=[W(d+x)] for all xet. (4.15)
Finally, taking x=0 and transforming (4.15) using (4.12-14), we obtain:
{p(faa H+3(fr@a ") claeK}=[{y+3(In) clyeQ 1], (4.16)

which is due to Atiyah-Pressley (according to Guillemin).*

§5. On a KAK-decomposition

The following results are due to the second author [12]. Proof will appear
elsewhere.

We regard G and H as subgroups of GL(V), V= @ L(A), so that HNG
AePy

=(I) and H normalizes G, defining G:= Hi<G < GL(V). We denote the action
of G on L(A) by =,,.

If & is a Hilbert space, let 4(#) be the algebra of all bounded operators
on #. For AeP,, let 5#, be the completion of the pre-Hilbert space L(A) with
inner product H(.,.). Put G°* = {geG|n ,(g) is a bounded operator on L(A) for all
Ae€P, }, and define 7 4: G B(H), AeP,, in the obvious way. Then KcGeon
acts unitarily on #,.

Let K be the closure, in the strong operator topology, of

{(m 4 (k). 74 (K)*) gep, [KEK] C%(A@ (A D HY)).
We identify K with a subset of K, and extend the 4 10 K in the obvious way.
We have the following strong “rigidity” statement.

Proposition 5.1. A sequence k,,k,, ... of elements of K converges in the strong
operator topology if and only if the sequences

Ty (k) vy, g k) vy, and ma k) v,y (K)* 0, ..
converge, in norm, for all i, 1<i<n.

Put G°?*={geG*™|n ,(g) is a compact operator for all AeP,}, and let G?*
be the norm-closure of G in # (@ «761), so that G** is a semigroup of
compact operators. Then G*?* acts or:;fA, AeP,, in a natural way, denoted by
n,. Let 4, be the norm closure of (Hx H)nG" in # ((—nD me). Then G
=KA_K in the following sense. -

1

Note added in proof. This result has already appeared in [15]
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Theorem 3. If geG*?', then there exist k,,k,e K and acA, such that for all
AeP,:
T4(8) =7 (k1) m4(a) m(ky)*,
and
ra@)v,=lm (gl v,.

Moreover, a is uniquely determined by these conditions, and is, in the norm-

n

topology on # (@ .}ﬁl), a continuous function of g.
i=1
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Oblatum 26-V-1983

Note added in proof

(a) We take this opportunity to correct a misprint in [11]: in line 5 of the proof of Theorem 1,
replace Q(A—-S(v)) by Q. (—1+S(@)).

(b) We have recently computed the cohomology ring of the topological space K and of the Lie
algebra ¢'. In particular, it turned out that H*(g, C)~H*(K, €), and that in the case when A is
indecomposable and not of finite or affine type, the algebra H*(K, €) is a free graded commutative
algebra on ¢ generators of degree 3 and a; generators of degree 2j, j=2,3, ..., where ¢=1 or 0
according as A is symmetrisable or not and a,, a;, ... are determined from the formula:

Y = (1) (L =2 (L) (L)

weW



