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1. Introduction

In this paper we study the scattering frequencies y,. For the Laplacian 4, in the
region Q=RR™( exterior to a compact analytic obstacle @. We suppose that n is
odd and that Dirichlet boundary conditions are imposed on 0Q. The set {u,},
discrete in Reu <0, arises in a variety of different disguises (see [L.P. 2]).

(1) They are the poles of the analytic continuation of the resolvent (z2—4)~*
which is analytic for Rez>0.

(2) They are the values p such that the boundary value problem

W—ANDu=0 in Q, u=0 in 0Q,

where u satisfies the Sommerfeld radiation condition, has a non zero solution.
(3) Via an expansion Y e*k'u,, they describe the asymptotic behavior as t— oo
of solutions to

u—Au=0 in R,xQ, u=0 in R,x0Q, (1.1)
u(0, -), uf0, -) of compact support. 1.2)

(4) They are the poles of the analytic continuation of the scattering matrix.

(5) They form the spectrum of the infinitesimal generator B of the Lax-Phillips
semigroup Z(t).

Because of (3) and (4) a particularly important role is played by those u with
small real part, and this paper addresses the question of how fast Re y must grow as
- 0.

Lax and Phillips recognized that the response is related to the propagation of
singularities for (1.1). Their reasoning together with the resolution of the problem
of propagation of C* singularities by Taylor, Melrose and Sj6strand showed that
for non trapping obstacles there is a constant C>0 such that:

Rep, £ —CLoglw Vk. (1.3)
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The key to this is the fact that solutions to (1.1), (1.2) are, for large ¢, C* on
compact sets. Lebeau [L.2] has recently shown that for analytic, non trapping
obstacles this can be improved to Gevrey 3. As in the earlier work of Goodhue [G],
this allows us to improve the bound to

Rep < —Clu'"” Vk. (1.4)

For the case ¢=(}x| < R), it can be shown by explicit calculation that thereis an
infinite number of k with Rey, = —C|u/!’® so, in that case, the bound (1.4) is
optimal. Our main result is that this optimality is valid for most analytic strictly
convex obstacle. In broadest terms, our idea is to associate resonances with a
closed non degenerate geodesic on 6€2. Such a geodesic is an “analytic ray” in the
sense of Sjéstrand and is therefore the carrier of a function of class exactly Gevrey 3
which remains trapped. To take advantage of this, we follow [L.P.2] and [B.G.R.]
(and also [D.G.] and [C]) in considering:

Tr(®)=TrZ(t)= Y e", (1.5)

where the y, are repeated according to their algebraic multiplicity. When O is
analytic and non trapping Tr is Gevrey 3 on (0, o0) and for strictly convex O we
show that Tr is analytic except at the numbers T'e %, the union of the lengths of
closed geodesics in 0Q. If T'is isolated in L and is the length of exactly one geodesic
which is, in addition, non degenerate, we obtain a lower bound

[fT ()= AC*3n)!  A,C>0, (1.6)
and it follows that with a constant C' >0
#{mRep = —Clyy|V*} =0 )

showing that the bound (1.3) is sharp. In fact our results are more precise than (1.6),
(1.7). And finally it is reasonable to expect that the convexity can be replaced by
convexity near the closed geodesic.

The paper is organized as follows. In the first section, we state precisely our
three main theorems corresponding to the bound (1.3), the regularity assertions
about Tr(t) which we call the Poisson relation, and the assertion (1.7). We prove the
first and then show how the last follows from the Poisson relation. We then show
how the study of Tr can be reduced to the analysis of the restriction to IR, x 0Q of
elementary solutions in IR, x R" and IR, x 0. The crux of our proofis a calculation
of the constant C which appears in the Gevrey 3 regularity of Tr. This constant can
be viewed as a measure of regularity within the class Gevrey 3 and it is related to
the Gevrey 3 regularity of solutions to (1.1). In Sect. I, we recall the Fourier Bros
Iagolnizer characterizations of microlocal regularity. The notions of Gevrey 3
Lagrangian distributions and finally, Lagrangian distributions Gevrey 3 with
weight y. The weight y is a microlocal version of C. Section 3 (resp. 4) are devoted
to a precise analysis of the elementary solution in R, xR" (resp. IR, x Q) as
Lagrangian distributions. This done, the Poisson relation follows. The appendices
contain two geometric results. The first computes a Maslov index and the second
shows that, generically, obstacles do have closed geodesics with the properties we
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require. The results contained in this paper were announced in [B.LR.]. By a
different method (estimation of Greens functions) G. Popov [P.] has obtained
upper bounds like (1.4).

2. Main theorems

Suppose n=3 is odd and that @ CIR" is a compact set and Q=R™\¢. We assume
that Qis an analytic connected manifold with boundary dQ. Let u be the solution of
the wave equation with Dirichlet boundary conditions (1.1) and initial data

u(0, )=uo(-), (0, -)=uy(-). 21

We denote by u(t)=(u(t, -), u(t, -)) the Cauchy data at time ¢ and by H() the
completion of CF(Q) x CF(LR) in norm

Moo, ))* = (g, uy )= J D ctto| +fu|*dx.

Then, H(£) is a Hilbert space and the map u(t)= U(t)u(0) defines a unitary group

with generator.
01
=15 o

With ¢ chosen so that ¢C{|x|<g} we introduce the spaces D% Lax-Phillips
[L.P.1]:

D4 ={ucH:Ut)u=0 if |x|S+t+¢ and +:>0}.
Then D% are orthogonal, and if P% are the orthogonal projections on D% then:
Z(ty =P U(t)Pe

is a contraction semigroup on K =(D¢ @ D? )*. Z describes the behavior of U near
O in the sense that if fe H, supp f C{|x|<¢} then for all >0

Zof=U@®f on {Ix|<e}.

The infinitesimal generator, B, of Z(t) has discrete spectrum in Reu<0
consisting of eigenvalues of finite multiplicity. As discussed in the introduction
(1.3) holds for non trapping obstacles (see [M.1] for definition).

Theorem 1. If the analytic manifold, 6%, is non trapping, then there is a constant
C>0 such that

o(B)C{ueCIRep< —cly'?}. 22

Our main result is that this bound is optimal for convex analytic manifolds
satisfying an additional geometric hypothesis which is generically satisfied (see
Appendix 2).
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In the Theorem 2, as in many problems of diffraction, the Airy function, Ai,
intervenes. The Fourier transform of Ai(x)is exp(i&3/3) and a brief discussion of its
properties can be found on pages 203-205 of [H.2].

Theorem 2. Suppose that the Obstacle O is convex with analytic boundary of strictly
positive curvature. Suppose that vy is a geodesic or length T on 00 and satisfies

(1) Thereisaneigborhood of T inR suchthaty is the only closed geodesic on 00
whose length is in that neigbourhood.

(2) vy is non degenerate in the sense that the first return map of the geodesic flow
at time T has 1 as a simple eigenvalue.

Then for any ¢>0, the set

{neo(BRep —(C,+o)ul'} 2.3)
is infinite, where
C,=wcos(n/6)(2'*T)~! EQZ/"‘(s)ds, (2.9

— wis the zero of smallest modulus of the Airy function, g is the curvature inIR" of 7,
and s is the arclength parameter.

Theorem 2 is a direct consequence of Melrose’s [M.2] polynomial bound for
the resonances and the following Poisson type relation in the Gevrey category.

Theorem 3 (Poisson Relation). Suppose that 0Q is analytic and that O is strictly
convex. Then:
(i) The distribution Tr(-) defined in (1.5) lies in G3(]0, o0]).
(ii) If Lis the set of lengths of closed geodesics on 0Q, then Tr is analytic on
10, o\ L.
(i) If TeX and T is the length of exactly one closed geodesic y which in
addition, is nondegenerate, then for any ¢>0, one has:

lim sup [| sup |(3n))" 16;‘Tr(t)l”3"jl >(C,T)"". 2.5
n— o t—T|<e

with C, defined in (2.4).

In the remainder of this section, we derive Theorem 1 from Lebeau’s G*
propagation theorem and we deduce Theorem 2 from Theorem 3 and Melrose’s
polynomial bound. We then derive a representation for Tr(-). The remaining
sections are devoted to the analysis of the terms entering in this representation,
culminating in a proof of Theorem 3.

Definition 2.1. For QCIR" open, se[1, o[ and fe C*(Q), we say that f is of class
Gevrey s, fe G Q) symbolically, if for any compact K CQ, there are two constants
Ay, By such that

(VaeN")sup |0 f] = Ax(B)"(jof1)*.

The notion of G3 on an open subset of a C* manifold or C® manifold with
boundary is similar. In particular, G!() is the space of real analytic functions on Q.
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For a distribution f, the set of points p with the property that f is Gevrey son a
neighborhood of p is open and its complement is called the Gevrey s singular
support.

Proof af Theorem 1. For any R>yp, let Qg=0n{{x|<R} and consider Cauchy
data u(0) e H(Q) with suppu e Q. If ¢ is nontrapping, then we know that there is
a t;>0 so that any “C®-ray” beginning in Qg lies in @n{|x|>R} for t>¢,. By
[L.3] we know that the Gevrey 3 singular support is a union of C*® rays.
Therefore the solution u(x, t) with Cauchy data u(0) is Gevrey 3 on [t=t,]N2.
Following a proof of Lax [L, Thm. 2.2] we show that this implies that there are
constants 4, C depending only in Q,¢,,t,, R so that

V120 sup  [16;ul+10; V] < AC' B u(O)l - 2.6)

[t1,t2] X 2R

Toward this end let I'=[t,,t,] x Qg and, for NeN
Gi= {u eC™(I): sup |D“u|/(oz!)3N""} <.

Then G3(I') is a Banach space and G3(I")= U,Gy(I"). Let AyCH be the set of
initial data with the property that the solution with data in 4y lies in G3(I'). Then
Ay is a linear subspace of H and UyAy = H. The Baire Category theorem implies
that for some N, Ay, is of the second category. The map HD Ay su—ujre G (D)
is defined on a subspace of second category and has closed graph, hence is
continuous, proving (2.6) with C=N,,.

Choose ye C™ with y=0 on [2,00] and y=1 on [—o0,1]. Q, is then the
truncation operator defined by Q, f(x)= x(|x|/r) f(x). Following Lax and Phillips:
[L.P.11,let M = U(20)— U(20) where U, is the unitary group defined by the wave
equation on IR” and U(2g) is extended to H(R") as a linear map vanishing on
H(Q)*. Then formula (3.8) p. 155 of the above book asserts that for t =4g

Z(t)=P%, MQs,U(t—40)Q3,MP2 .
Then for t,=4g, and any leZ,,
B'Z(to)=01Z(to)=P% MQs,01U(to —40) Q3,P% . 27

Choosing R=10g and t,>t,, we see that (2.6) and (2.7) show that B'Z(t,) is
bounded from H(Q) to itself with

I1B'Z(to)) < A(CY (3D VL.

For peo(B), p'e°ea(B'Z(t,) and is therefore bounded by the norm of that

operator:
! eerer < A'(C) - B!

Given g, choose [ so that [3/—(|u|/C)}"?| <1 and use Stirling’s formula to prove
2.2).

Proof of Theorem 2 assuming Theorem 3. We show that if s(B)n{Rep2 —C] ui*}
is finite, then C<C,. To accomplish this, we use the supposed finiteness and
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Metlrose’s polynomial bound [M.2]
3y St VR # {pu: i) SR} S M(R+1) 238)

to derive upper bounds for 67 Tr(f) which are then compared with (2.5). In the
following sums, we sum such u € o(B) repeated according to multiplicity. Let M
Co(B) be the finite set of M with |u|<1 or Reu= —Clu|!/3. Write

Tr())= ¥ e+ ¥ (00 )= s 100,
neM =1 \ispui=i+1 1=0

Then fy= ¥ e is entire analytic and
pneM

|07 fLl S M(1+ 1)"+Ne—Cl‘/3t'

Thus, comparing the sum to an integral of a function with one maximum on (0, oc)
yields

INTr() — fo) S T M(I+1y+ Ve < Me | xn+Nem €'y
=1 10, o[

+e*M Max (x"* Ve C*'"*)) < const.(Ct) "3 3N 3(3n 4 3N +2)1 e
[0, o]

Thus, Tre G*(0, ) and Limsup J(3sn!)~ 127 Tr()}*"<(Ct)~!. Taking t=T and

comparing with the conclusion (2.5) of Theorem 3, we see that we must have
csC,. 0O

In the remainder of this section, we will derive a representation formula for
TrZ(t). We begin with a formula of Melrose [M.2]

TrZ(t)=20, { E(t,x,x)dx, >0,
o

where E is the fundamental solution of [] on R, x , that is for ye Q
(atz_Ax) E(ta Xy y)=0 E(t’ X, y)'(t,x)el(txaﬂzoa
E@©,x,)=0  E(0,x,y)=04(x—y).

There are similar kernels K*(t,x,y), (t,x,y)€e R x Q2 x dQ associated with
inhomogeneous Dirichiet conditions

(atz—Ax) Ki(t5 X, J’)=0 Supp[(i C{i‘tgo} Ki(L X, y)l(r,x)sktxaﬂ=6t=0,x=y'
Then
Ft,x)= [{ K'(t—s%)f(s,y)dsdy
R x 002

is the solution of [JF=0, equal to f on IR,xd2 and vanishing for
t<min{s:(3x)(s,x)esupp f}.
Define k*(t, x, )€ Z'(R x 62 x 082) by

K* =anxK+|R,xanxan- (29)
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Then for t,xeR x 00,

0, F(t, %)= [[k*(t—s,x,y) f(x, y)dsdy

so that k* is the kernel of the Neumann operator. Similar formulas hold for k™ and
for f e £(R x dQ), we can consider F, defined using k*. Green’s identity applied
to these functions yields

§{ (Fy0,F_ —0, F F_)dtdx=0.
02 xR

As this holds for arbitrary boundary data f,, we have the symmetry relation
k+(t’xsy)=k_(_t:y’x)' (210)

Finally we denote by eg € 2'(R x IR") the forward fundamental solution for [J,
Ceg =4, suppeg C{t=0}.

Restricting eg (t, x—y) to R x Q2 x Q yields E apart from a correction for the
inhomogencous Dirichlet data eg (t, x — y)l¢, yer x 20 € € (R, x 3Q):

E(t,x,y)=eq (t, x—y)—E(t, X, ),
E(t,x,y)= |f K*(t—s,x,z)eg(s,z—y)dsdz.
R x8Q

From Huyghen’s principle, we see that e (£, x—y)=0 on a neighborhood of
x=y when t>0, so for t>0
(x

Introduce hg (¢, x) solution in R xIR" to [Jhy =eg, supphg C{t=0}. Then
continuing the equality (2.11),

= [ | [ K*(t—s,%2)(0hg)(s,z—x)dsdxdz.
N 2R

— [ E(t,x,x)dx= [ E(t,x,x)dx, =[( {[ K*(t—s, x,z)e&(s,z——x)dsdz)dx.
2 Q 2 X 69

@11

Integration by parts in the dsdx integral yields
={ [f (hg6, K*—K*0,h3)dsdxdz.

o2 Rx 902

Taking into account the boundary values of K*, the second term is equal to
| ny-V.hg(t,0)dx. For t>0, hi(t, -) is smooth near zero so V,hg(t,0) is a fixed
a0

vector independent of x € #Q whence the above integral vanishes. Thus we have
shown that

—TrZ(t)=20, | B(t,x,x)dx, (2.12)
o0

where

B(t,x,y)zlj”)n he(t—s,z—x)k™ (s, z, y)dzds. (2.13)
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The kernels that intervene here are the traces of the free propagation k¢ and the
Neumann operator k™. The proof of Theorem 3 rests on a detailed analysis of these
kernels in sections four and five respectively. The description uses the language of
microlocal Gevrey regularity and Lagrangian distributions of class Gevrey 3
developed in Sect. 3.

3. Fourier-Bros-Iagolnizer transform and conormal Gevrey distributions

Following [S.1] we introduce the Fourier-Bros-lagolnizer (F.B.L) transform of
feSRY):
T (y, )= [e 20972 f(x)dx. (3.1

Tf is defined on €" xR, and is holomorphic with respect to y and bounded by
Ce*my1%72(5 L |y))¥. For y=o+ i, the asymptotic behavior, for A— 4 co, measures
the microlocal regularity of f at (o, — f) € T*IR")\{0}. For example, it is not hard
to show that

(%0, Bo) ¢ WEf < (YN >0)3Cx) s.t. | Tf (v, A < Cyy €™ 421N

holds uniformly for y in a neighborhood of ay—if, and 2> 1. The Gevrey s wave
front set, WF?, is measured similarly:

(00, Bo) ¢ WF® <= (AC)s.t. | Tf (v, A)| S A2 =4 (3.2)

for all y in a neighborhood of a,—if, and 1> 1.

It is not obvious that the characterizations of WF in terms of Tf are
homogeneous with respect to the action of R , on the fibers. For the proof we recall
Lebeau’s inversion formula for T [L.1]

@) f(x)=1/2 Js e R (1 —i(E/IE1%) - V) Tf (x—iR&/IE), 181/ RYdE ,
3
where R>0 is at our disposal; then:
Tf (y, A)=c [ fe” 20D 2= RIZ(1 —(¢/)EP) - V,) Tf (x —iRE/IE), 1)/ RYdE dx .

The crucial fact is that for any 6>0 the contribution from [£/A+Imy|>¢ are
dominated by Ce~**e*™*/2 for some £ > 0. The contribution from |/A+Imy| < ¢
is then estimated using (3.1). To see that |£/A+ Imy| > & is negligible, one deforms
the dx contour. Using the bound for Tf valid everywhere, the integrand has an
exponential with exponent

— Ay —x)*/2— R|¢|/2+ [Imx — RE/IE]I?|€)/2R
which has real part
—A[Re(y — x)1%/2 + A[Imy]1?%/2—Imx(¢ + A Imy) + (Im x)2 (1 + |£|/R)/2 .

Deforming to Imx=#n(¢+AImy)/[((+AImy)| with 0<#n <1 yields the desired
result.
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We next recall Sjostrand’s [S1] intrinsic formulation. The holomorphic
tangent space to Y=C" is spanned by /0y, ..., 0/0y,, with

0/0y;=1/2(8/00;—~i0/0B)), w;=Rey;, B;=Imy;.

The holomorphic cotangent space is spanned by d{; defined by d{{(/0y,) =4, and
the canonical two form ¢, is defined by Y d{; A dy;. Following Schapira [S.], we
consider the R multilinear forms Reoy and Imay, with dy;=Red(;and dé;=1md{;
we have:

Reoy=3 dy;ndo;—do;ndf;, Imay=73 dé;nda;+dy;ndf;.
j j

Both are symplectic forms on T*Y, the latter viewed as a C® manifold of
dimension 4n. (See [S.1, pp. 77-81].) If ¢ is a real valued C® function on Y, then

A,={(y, —2i¥,00/0y(ye Y}

is a C® submanifold of T*C") of real dimension 2n which is always Imay
lagrangian. In addition 4, is Reay, symplectic if and only if d0¢ is non degenerate.
In this case T*((C") is its complexification. This holds in particular if ¢ is strictly
plurisubharmonic (s.p.s.h.), that is

02p/oy Oy ww, >0  YweCMO.
J J

Suppose M is a C” manifold of real dimension n, poe T*M\0, ¢ € C*(C")
s.p.s.h., and x a C® canonical transformation from a neighborhood of p, to 4,
sendmg Do to the point of A, over y,. Denote by X the complexification of M and
x* the (local) holomorphic extensmn of ¥ to a map T*X— T*Y. Then there is a
unique holomorphic g defined on a neighborhood of (y4, X) (x¢ = 7(p,)), such that

@) 8(yo» Xo)= —i(¥o)
(ii) The graph of % in T*X x T*Y is the set of points (x, y, —dg/0x, 0g/dy)
(iii) The function x— —Img(y,x) has a non degenerate critical point at

[ 20
x=1y ‘(y,;%(y))

The critical value is ¢(y) and the signature is (0+,n—).
In particular, if M =IR" and y is the mapping (x, &)—~(x—i&, &) and if ¢ is the
function ¢(y)=1/2(Imy)?, the function g(x, y) which satisfies the properties (i), (ii),

and (iii) is ) R
g(x, y)=i(x—y)*/2
which appears in formula (3.1).

The above construction associates to any set (M, ¢, pg, dx, x: T*M — Ap), an
F.B.L transform given by:

(T )y, A= 409 f(x)dx.

In the right hand side, dx is a C® volume element on M, g is the function defined by
the properties (i)-(iii); A belongs to IR, and is assumed to be large; f is a
distribution (or more generally a hyperfunction) defined in a neighborhood of x,,.
The function T, f is holomorphlc with respect to y and more precisely belongs to
the H, space of Sjostrand, that is, for y near y, it satisfies the estimate:

Ve>0,3C, VA=A, IT,f(3AISC,eroW*o,
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The F.B.I transform is used to characterize the microlocal structure of the
analytic singular support according to the

Definition 3.1. For se[1, o[ and fe P'(M), the Gevreys wave front set, G'WFf
CT*M\O, is the complement of the set of points pe T*M\O with the following
property: there is an F.B.I. transform T, and a neighborhood w of n(x(p)) such that

(3AC>0) Vzew,A21) T, f(z, )| S Ae*e@ 4", (3.4)

Remarks. 1) The case s=1 yields the analytic wave front set
2) Functions Gevrey* at n(p) satisfy |0% f] < AB¥*I(s|of)|. The constant C in (3.4)
is a microlocal analogue of the constant 1/B.

Lemma 3.1. The Definition (3.1) is homogeneous with respect to the R , action in the
fibers. It is also independent of y in the sense that (3.4) is satisfied for one y iff it is
satisfied for all.

Proof. If y; are canonical transformations on 4,, i=1,2, then there exists a
complex canonical transformation I' between the Sjostrand spaces H,, with
I'eT,=T,,. This yields the desired independence. The homogeneity is a conse-
quence of the fact that the definitions are homogeneous for the ordinary F.B.1. as
indicated at the beginning of this section. [J

In our analysis, it is important to know how the constant C in (3.4) varies from
point to point. This leads to the notion of Gevrey s with weights. We consider s=3.

Definition 3.3. Suppose m s a strictly positive function defined on a neighborhood of
p in T*M\O which is Lipschitz continuous, and homogeneous of degree 1/3 in the
fiber. A distribution fe 2'(M)is microlocally Gevrey 3 with weight m at p if for some
F.B.I. transform T, there is a neighborhood o of n(y(p)) such that (Ve>) (3C,)
(Viz1) (Vyew)

IT,f (3, DS C, et 7m0 =0 | ywhere m=momnyoy. (3.5

Remarks. 1) That this is homogeneous and independent of y follows as in
Lemma 3.1.

2) Since m>0, Gevrey® with weight m at p implies Gevrey® at p.

Next we define what is meant by a Lagrangian distribution of class Gevrey 3.
Suppose that ACT*M) is a C* homogeneous Lagrangian submanifold and
p:4—-C is C* and homogeneous of degree 1/3 with Rey(p,)>0. Let h(x, 6) by
a C” nondegenerate phase, which represents 4 (see [H.1]). The parameter 8 is
defined in a conic neighborhood I of 8, in R". Let

Co={(x,0)[0sh(x,0)=0},

and j: C,— A the isomorphism defined by j(x, 8)=(x, d,h(x, 8)) with p,=j(x,, 6,).
Let I(x, 0) be C*, homogeneous of degree 1/3 with [|, =y j. We assume that [}, is
so small that Rel>0.

Definition 3.4. A distribution fe D(M) lies in I , at p, if for x near xo=mn(p,), one
has f=f,+f, where f, is microlocally Gevrey® with weight m at p, such that

m(po)>Rey(py) and )
filx)= [ MO~ 1=0g(x g)dp, (3.6)
Io
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where a is an analytic symbol in the sense of Boutet de Monvel [BAM.] with an
expansion

a~ § ax, 0), (3.7
k=0

where the g, are C®, homogeneous of degree d — N/2 —k/3 in 0. The expansion (3.7)
means that there are constants 4, B and a complex conic neighborhood N of n(p,)
in € x C" such that for all x, e N and ke N

k=K

a— Y a) SABKKIO|-N2- &K+ 13
k=0

Remarks. 1) Since Rel> 0, the integral is absolutely convergent and f; € G>.

2) This definition is clearly homogeneous in the fibers.

3) The fact that the definition is independent of the choice of & and [ is proved
in Proposition 3.1 below.

Preparing for Proposition 3.1, we introduce a canonical transformation y as
above and denote ¢, the unique holomorphic function defined by (cf. [L.1]):

d
(y,ai;(y)> =15A49;  ip(vo)= (o).

Here, y%, A% denote the natural complexifications. We recall that we have

2
—Img ,(y) < @(y) and that equality holds if and only if ( y,; %(y)) € y(A). Let

() be the holomorphic function on Y defined by the relation: yor,o y*=y°

where y* denotes the holomorphic extension of y to A%. Then we have the

Proposition 3.1. The following assertions are equivalent :

(i) f belongsto I3 .,

(ii) There exists a positive constant ¢ such that, for |y—yo|<e, T, f admits the
decomposition

T, f = a4y, 2)+1(y, ), (38

where the functions r(y, ) and b(y, A) have the following properties:
(@) r(y,2) satisfies the estimate

Ir(y, DI S 200~ 047, (3.9

with a constant C, strictly greater than Rey(p,).
(b) b(y, A) is holomorphic with respect to y and has, for |y — y,| <& an asymptotic
expansion of the form:

K
VKGN, sup b(y, A)— Z bk(y)ld—n/Z—k/S §ABKK!;L¢I-)|/2—(K+ 1)/3 . (310)
Iy —yol <e k=0

Proof. First we prove that (i) implies (ii). Since f, is microlocally Gevrey 3 with
weight m, the function r(y, A)=T, f, satisfies the estimate (3.5), and we have:

T, fy = AN § @400:0) hxio) = 37318 g x, A dxdlr.
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Since e~ *"*"*9g(x, Ax) is an analytic symbol, we can use standard contour
deformations to reduce the problem to the use of the stationary phase method at
the unique critical point of the mapping

(x, )= g(y, X) + h(x, @)

which is given by the relation

(x, ) =(x(y) YN =j" "1 ', (B,0.) ).

The critical value is @ 4(y), and we denote by y(y) the expression p(y) = l(x(y), a(y)).
Using the variables of the Morse lemma, we have:

’];fl ~ AN @it a0 — 11349 0) { e M2 —l"’(l(x(s),a(s))~w(y))a(y(s)’ Aa(s))J(s)ds .
k= (3.11)

In this integral J(s) denotes the Jacobian related to the change of variables. As it is
well known we have, at the stationnary point

J(8)ls=0=J (3, x(y), «(y)) = (det Hess(g + h)/i)""/2,

where the Hessian is taken with respect to both variables x and « and where he
square root is determined from the square of unity equal to 1 by the homotopy
s—(1 —s) Hess(g + h)/i + s1d. A formal application of the method of the stationnary
phase would give (see [S}. 1, p. 91)

Txfl ~ @HAPAB) — VI 300) AN —n)2 Z ,1"‘/k!(1/2A)"(e_‘m”("’“)_’("(”)'“(y” -Ja(x, Aa)),
k

where 4 is the Laplace operator in the variables from the Morse lemma.
To show that the above expression is not formal but satisfies indeed the
estimates (3.10) we proceed as follow. (3.11), yields an integral of the form

I= I e As2[2 + ,11/3sF(y,s)o.(y, s, /{)dS ,
Isl=e
where o is a classical analytical symbolin A~*/3. We split I into two integrals I, and
I, over [s|<A™Y3C, and A7 1/3C, £|s| < ¢ respectively. For s= A~ 13C, we have
—As2/24 AM35|F| £ — AY3C2/2 + C,|F| therefore, I,(y, A) satisfies the estimate (3.9)
(Note that C, can be taken arbitrarly large and that this type of estimate works for
terms of the form A* only for a<1/2.)
On the other hand, I, is given by the expression

I,= e I gFOATIEN Gy 13 A8t
It} <Co
which can be computed by the complex method of stationary phase with large
parameter 4/3 which gives the same result as the formal expansion and which is of
form (3.10).

To prove that (if) implies (i), we use the microlocal nature of the problem; the
property (i) is invariant under any real homogeneous canonical transform and (ii)
is invariant under any canonical transform between Sjostrand’s spaces. We can
assume that we have 4=TR" near (0,¢9), |£%=1 and that T, is the F.BL
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transform given by (3.1). In this situation, we have:
e(=1/2(Imy)*, @) =iy/2; ) =p(x=0,¢=iy).

If we assume that (ii) is satisfied, there exists an analytical symbol (in the sense of
Boutet de Monvel, i.e. holomorphic in A in a conic neighborhood of R, ) 5(y, 1)
which has the same formal asymptotic expansion as b(y, 4). Since we have, for 121,

h—bl<e (¢ > 0), we can replace b by b, with only a change on the term r(y, J).

Then we use the inversion formula, with R=1. We introduce a small conic
neighborhood I of £, and, microlocally near (0,¢&,), we can use (3.8); f is
microlocally the sum of the two following functions:

Sx)=01/2)@m)™" | e 21—/ - 2.9 (x—i/IE 1EDdE

fi(x)=02m)~" j ™% &= (PN ~ 131 Bulix + é/lél)g(b)d(;r .
Io

The term #(b) is given by the formula:
Lb)=(1/2) [(1 —iENEP) - 8,)b+iENEIP (&N (e —iENEN +1¢1 2 0,9)b] .

As in the proof of the Lemma 3.1, the function f, is microlocally Gevrey 3 with
a weight m, satisfying the estimate m(0, £%) > Rey(£°). Finally, since £(b) (x, &) is a
symbol in the sense of Boutet de Monvel, one can introduce, for |x| small, the
change of variables &— & +i(x/2) |&|, and obtain for f; an expression in terms of the
real phase x-¢ corresponding to right hand side of (3.6). The proof of the
Proposition (3.1) is complete. [

4. Traces of the fundamental solutions for (1, (1>

Our goal is to analyse Tr(t) using formulas (2.12) and (2.13). In B, two kernels
intervene, k¢ and k™. The latter is the Neumann operator on R, x @ and the
former is the trace on R, x 6Q of a fundamental solution to [7* on R x R™ In this
section, we study this second type of kernel.

The fundamental solutions ey, h, are defined by:

Deg =8, O%hi=5, supped,hi Clt20}.

In this section, we study the operators
T : €(R, x 0Q)— DR, x IQ)
T' f=[eg * (f®Js0)lir, o0
and T2 is defined with kg in place of eg. Here 0 is the boundary of the open set

RR"\0 and the traces are taken from the Q side. From the definition, we see that the
kernels of T¢ which are functions of ¢, x, 5, z € (R, x 0€2)* depend only on ¢ — s, x, z 50
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we write as Tt —s, x, y). Again from the definition, we see that

Tl(ta X, Z)=e(-)+(t’x_z)lx569,zeaﬂ> (4 1)
']I‘Z(t, X, Z) = h(-; (ta xX— Z)lxeaﬂ, 2zedf2 '

0Q x IR, is non caracteristic for the wave equation and therefore, with the exception
of t=0 and x =z the trace of e and h; on 02 x IR, is well defined and we have:

WF(eg laoxenxr) CTW F(eg )NnT*0QX0QXR,)
and
WF(hg lsoxonxw,) CEWF(hg InTHOQX0QXR ),

where 7 is the projection on T*(0Q2XQXIR,). The only difficulty for the definition
of the trace arises near t =0 and x =z =0 where we will, with a change of variables,
make an explicit computation. These computations are classical for elliptic
problems and like in the elliptic case they give differents results when the trace is
taken from the interior or from the exterior of the obstacle due to a change of sign
in the determination of the square root.

We denote by T(z, x, z) the partial Fourier transforms with respect to ¢, so Tis
holomorphic in Im7 <0, and we have

Tz, x,y)=2n) ™" [~ 1)) 7 Al o0, pe00,  ImT<0.  (42)

If x°€dQ, we may relabel the coordinates so that near x°, Q is given by
{x,>S(x)}, where X' =(x,, ..., X, ). With x" as coordinates for 02, the canonial
projection TXR"— T*3Q for xe0Q is given by

é’a én“’i’ + éan’S(x,) . (44)
Choose a C*(R"~ % R"" 1) function H such that
S(x)=S()=(x'—y)H(x,y), H,x)=0,5(x). 4.5)

Then, the metric form @ on T*(0Q) induced by the Euclidean metric is given by
0(x’, x', -) where

O%x,y,v)=v2—(v'- Hx,yy /1 + H?),

where the scalar products on the right are R* ™! Euclidean. Then & s a positive
definite form on T*(0%2) provided |y’ —x'| is small. The glancing set is given by
12=0%x,x’,v'), and the second fundamental form, R, by

R(x',v)= —HessS(&, &)- [(1 +|7SI> +|VS[*)/(1 +VSI%)*]'/2,
where &' is defined by
E=v—LNhS,  &=v-VS(1+|VSP).

The quadratic form R gives the curvature in R" of the 0R2 geodesic passing
through (x', v') when @(x] x',v)=1.
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In the coordinates I, x', I=x, — S(x'), we have §,,=(1 +|VS(x)N*®4(]). Thus
(4.2) yields

(e, x,y) = (2m) " [0 iS4 DS ()2 )

Following a calculation which is standard in the elliptic case, we take for new
phase variables v’ =¢&' + £, H(x', y'), v,=¢&, and integrating with respect to v, and
then letting [=x,— S(x') decrease to zero, we find that
T, x', y)=2792m) " [ '™ =A@ = A 22 [(1 + |V S(y)2)/(1 + H(x'y'))] dv'.

4.6)
The square root of @*—t? is chosen with positive real part. Next, let Q(x’, ') be the
positive definite matrix such that
O%x,y,v)=1Q" v
and introduce the new variable &' =Q v to find
rﬁ*j(‘[’ x/’ yl) =f(x', yf)j’eig’-Q(x’,y')(x‘ —y’)(é/l _TZ)a, . dér .

Thus, the analytic spectrum of TY can be computed in terms of the inverse Fourier
transform of the distribution (¢’ —(t —i0)*)* which is well known. In particular,
the singular spectrum of TV is, for t >0, the restriction to €2 of the propagation for
the wave equation; therefore we have the following:

Lemma 4.1. The analytic wave front of the kernels T¥(t, x, z) is contained in the set
of the points (t,x,z; t,X,Z) which satisfy one of the two following relations

t=0, x=z, X+Z=0, 4.7
or,

t>0,3eR", F=—p(d), x=pJ(8), I=TFeg/El, x=zxt&/¢l. (48)
Here p, denotes the canonical projection of TXR") on T}X0%).

Next, we use the results of Sect.3 to study the propagation of Gevrey 3
singularities on Q. Consider the C®, 2n— 1 manifold M =R, x 0Q x Q. In T*M,
we introduce the lagrangian manifold A=A4*uA~ where

A* ={(t,x, y; . &l L r=[E =l (x, )= Ly, —n)}. (4.9)

The metric on 02 is induced by the Euclidian metric in R” and @ denotes the
geodesic flow, or more precisely the flow induced on T*(9Q2) by the Hamiltonian
H. We will denote by g(x,¢) the curvature of the geodesic through the point
(x, &/|¢|) and by —m the zero of smallest modulus of the Airy function. Since
T+¢|=0 on A*, we have H,. 4 tangent to 4* and we define p on A* by

Hopqw=e*"+10"2)" 0,  pl=o=0, @10)

Our analysis turns on the fact that several distributions entering in the description
of TrZ lie in I3, and have leading terms which can be explicitly calculated. The
two propositions of this section are results of that form.
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Proposition 4.1. If fe D'(R, x 62 x 09), supp f C(t =0}, has analytic wave front set
in the union (t=0 and x=y)U(AN(t>0)) and lies in I}, for t>0 then on a
neighborhood of the set (t>0, |x —z| <t} the distributions g,

gj(,x,Z)E .” Tj(t—s’xay)f(s’y’z)ds‘iy

R, X 00
. . . - 3
have analytic wave front set in A and lie in I} .

Proof. Since TV propagates at speed exactly equal to one and |x—z|<t, the
singularities of f at =0 do not influence those of g(t, x, z). In addition, as A lies in
the glancing set and 02 is strictly convex, singularities in f for ¢ >0 are propagated
along glancing rays, and therefore away from 0Q. This shows that the analytic
wave front of g* is in 4 and in addition that for py=(to, Xo, Zg, To> Eo» o) € 4 the
microlocal behavior of g/ near p, is determined by that of f near p, and the
microlocal behavior of T* at (0, x,, X¢, T, &g, — &p). For the rest of the proof, we
suppose that poe A™. The case p, € A~ is similar. We compute in coordinates x', x,,
with = {x,> S(x')} as above. We write f = f, + f, with f, Gevrey 3 with weight m,
m(p)>Rey(p,) and

fils,y,2)= feloern07Her20q(s, y 7,0)df, (4.11)
where the phase ¢ is defined by the eikonal equation on dQ:

00/0s=60(y,,0,0), Oli=r,= 0oy, 2,0),

where ¢, is a non degenerate phase describing A near exp(—toH 5(zo, —1o))-

In the integrals (4.6) defining T*(r,x,y), we can take the inverse Fourier
transform to find expressions for Tz, x, y). In the resulting expression, there are
two possible sources of trouble, the vanishing of the denominator when 1% = @2
and contributions from v, t— o0, t% & @2. The latter is the transform of classical
symbol and does not affect T* microlocally at (0, xg, Xo, To» &0, — o). Thus we may
restrict attention to a neighborhood of 12=@©? where we introduce the new
variables 0,v' by 1=60(x,y,v)(1—-0), |6|=0, small, and modulo a microlocally
analytic correction we have:

T = | (04+i0)27F | ¥ =N+ -00s Ky y 5 Vdvde, (4.12)
) To

where I} is a conic neighborhood of &,, H*e C® is homogeneous of degree 2 — 2k

with respect to v, and we have suppressed the prime in v. Thus,

T= | (0+i0)* 12 ¥T*dg,
o

where T* are Fourier integral operators with canonical relations C, determined by
the phase @(x,t,y,5,v)=v-(x—y)+({—s) (1 —0)Ox, y,v).

We do not need to take into account the boundary of I, because the point (¢,
Xos To> £05 Lo» Xo» Tos &) does not belong to the canonical relation of @,,r,. Notice
also that for (t, s) near (t,, ¢,), @, induces a canonical isomorphism of T*(6Q) into
itself, which is close to the identity. (The relation C, itself is not an isomorphism
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but one can check that it induces a ramified canonical transformation with two
sheets; the branching points occur at ¢ =0 along the glancing hypersurface 4.)

To compute (T* f,) (¢, x, z), we superpose the integrals (4.11) and (4.12) and use
the classical stationary phase method to eliminate the variables (y, v). The critical

points are given by the equations:
V=X +(t —S) (1 - G)av@(xy Ve vc)
4.13)
V.= 0,0(5, Y, 2,00+t~ 5)(1-0)0,0(x, y,, v.).

We will denote by v, the vector d,¢(t, x, z,8). To compute the critical value, we
assume that the function S which describes 6Q near x, satisfies

S(x+uw)=—"udu+O0(u®,

where A is a non degenerate positive symmetric matrix. In this situation, we have
the relations:

O, x, V)=, 0,0(x,x,v=0,0(x,x,v})=0, 0,0=v/]y| (4.14)
and the Hessians 02,0, 02,0, 02,0 are all equal to —1/v|('- Av)*. Finally the
curvature of the geodesic through (x, v/|v]) is given by the relation

o(v, x)=2%- Av/|v|>.
Using these formulas, we obtain the expression:
TS (t, x, 2)= [ el =m0~ 1x20pk x 7 6)d0, (4.15)
where the b* are given by the relations

. bk(t, X, Z, 9) — [ (0'+ io)l/z -kdo.-"eige(x,x, vo) +1(t, x,2,0)

1—g0,00(
x Q(H*ae '6»20) _ | _ ds. (4.16)

0 denotes the operator from the asymptotic expansion in the stationary phase
method; H* is the function defined by the formula (4.12) and ge C® is homo-
geneous of degree zero with respect to 8 with:

g(sa t5 X,2,0, 0) = O'(S - t) - (1/3) (1/8) (S - t)sgz(x’ vO) + O((S - t)4 + O.(t - S)Z) .
4.17)
With (4.13), we have:
I(t, x, z,0)—I(s, y., 2, ) = (t — ) (B l(t, X, 2, 0) — 0,0(x, X, v() 3,1, X, 2, 0))
+0((t—s)* +o(t—s)),
and using (4.10), we obtain:
l(t, X, Z, 0) - l(sa Ve 25 0) = (t - S) (@(x’ X, vO))”:;QZ/S(xs vO)em/62 N 1/360
+O0((t—5)*+o(t—>s)).
Finally, the relation (4.15) is valid mirolocally near p, if the integration with

respect to s in (4.16) is done in a neighborhood of t, which is small compared to o,
that is |oq|> (t —5)* (see (4.17)).
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We denote by A the expression @(x, x, v,) and instead of (6, t — ), we introduce
the new variables (6, ) with the following properties: (6, §) depend analytically on
z,0/|6],t,x,A~ 2", and satisfy the relations:

6'6’:0505 §|r=sEO, §>0
if and only if t>s, and
8(s,t,x,2,0)—iA"*P[Ut, x, 2,0)— U(s, y,, 2,0)] = — 68+ §*/3—iA~*33a(t, x, z, /10]; ).

This reduces the study of the right hand side of (4.15) to the asymptotic evaluations
of the integrals:

L(A)= ] @A 848/3 1472080 £ (6 ¢ 1)(6+i0)/2 "% dg dS, (4.18)
C

where f denotes an analytic symbol in A which is classical in 2!/ and where C is
the IR? neighborhood of the critical point (o, s)=(0, 0) defined by:

|6]=60; 1818, with 0> 83.
We denote by @ the function
D(6,8)=—6-8+8%/3,

and we notice that we have 3,8+0 for §= 138, and ;@+0if 4=0 or 6= +6,;
finally on every vertex of 0C, we have @ #0. Therefore the boundary of C does not
contribute microlocally near p,. The only contribution comes from the critical
point (8, §)=(0, 0). With an integration by part, we can reduce the case k=2 to the
case k=1, which is considered below. The change of variable ¢ =u?, 2du= 611248,
yields an integral with a holomorphic symbol and a phase given by

D(u, 8, )= —u?8+83/3—iA"*3%a. (4.19)

This phase has an isolated critical point at (u, §)=(0,0), for 172> =0. We use the
division theorem for symbols [BdM.] with the Jacobian ideal of (4.19), spanned by
—2u$, —u? +§2—il’2/3a—sfl—.
0§

Nearzero z=A"2/3is an holomorphic parameter. For z=0 the quotient is spanned
by the four functions /, u, §, §? since the right hand side of (4.19) depends only on u?
there are no terms in u. Therefore we reduce the study of (4.18) to the case where f is
a linear combination of the functions 1,s,s? with coefficients which are analytic
with respect to z=1"1/3,

Finally the right hand side of (4.19) is holomorphic with respect to the zero
order term of the Taylor expansion of a. Deriving with respect to this parameter we
reduce the study of (4.18) to the case where f is constant. Then we write

e~ 2%%(g +i0)~"2dg = Constant (s, )~ '/* + e~ #70sT+(Ls)— e T~ (As).

160, ool
Here, T*(As) is given by:
TH(As)= [ (A+ao)~ Y2e *sdx,
0
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which is holomorphic in the sector —n—e < Args=<e¢, s+0 and which satisfies in
this region the estimate

|T*(As)| < Constant(1 +|1s| /%),

Therefore, a contour deformation with respect to s in the half plane Ims <0 shows
that the contribution of T* is microlocally zero near py; the same remark hoids for
the term T . Finally, it is enough to study the integral

I(l)=i—l/2 j‘ eil(53/3_il_z/3sa)s“1/2ds'
10,51]

In the right hand side, we replace a by ay+a,s using a change of variable which
leaves the origin unchanged and which is analytic with respect to 272/3; then we
replace s, by + co. We remark that:

[ et iERE124E — g A2 2™ 2in37) Ai(2 23 7) (4.20)
0

with a=373¢"12(1/6)(Ai(0))” 2, because the two sides of (4.20) satisfy the
differential equation:

—f"+zf'+ f/2=0, (4.21)

whose solutions are products of Airy functions and the identification is completed
by noticing that the left hand side of (4.20) is bounded for e<Argz<n—e.
Therefore, up to a function with exponential decay in 4, I{4) is given by the series:

S(,’{):;{-Z/S 0<kzs (((lll_lm)k/k!)'(-—-iaz)zk[ot Ai(2—2/se—2in/sz)

x Ai(2~%/3z)]]

z= —iag"*

The series converges because the derivatives of order 2k are bounded by C¥2k/3)!
QK3 - (k) S PkTH3,

It remains to show that T*f, is microlocally Gevrey 3 with weight m’, m'(p,)
>Rep(py). The analytic singular support of f is, by hypothesis, contained in
{t=0,x=y}u{An(t>0)}, we deduce from (4.7) and (4.8) that we can assume that
analytic spectrum of f, is arbitrarily close to p,. The result is then a consequence of
the following lemma applied to the distribution kernel T#(t—s,x, )5, .

Lemma 4.2, Let k(x,y) be a distribution kernel with the following properties:
(i) The analytic singular support SS(k) satisfies the relation:

{SS(k)NE=0}U{SS(k)nn=0} C{¢=n=0}. (4.22)

(ii) For anye> 0 there exists a neighborhood V of (xo, o) such that the relations
(x, &, y,m)eSS(k) and (y, —n)e V imply

(x, &), = Se.

Then for any a>0, there exists a neighborhood W of (x,,&,) such that for any
function with analytic singular support containted in W, and which is microlocally
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Gevrey 3 with weight mg|n|'’® on W, the function:
g(x)= [k(x,y) f(y)dy
is microlocally Gevrey 3 at (x,, £o) with weight my(1 — a)|£|13.

Proof. We just sketch the proof. Using (4.22), we can assume that k(x, y) is the
boundary value of a function h which is holomorphic in the region:

(Imx —Imy)- &4 > 6o [[Im x| +|Imy{]; Imx|, Im y| <6,

with 8, as small as we wish and, replacing k by 4~ Vk, we may assume that k is
bounded. Then we have:

fe™*e=D2k(x, y)dx = F(z,y, ),
where F is a holomorphic function in z and y which satisfies the estimate:
|F(Z, ¥, /{)’ Sel(lmz—ﬂlmy)z/z ,

provided z is close to x, —i&,, Rey is close to x,, 6 <1 close to 1 and Imy - £(1 —6)
< —0o[Imyl, [Im y| < 64/2.
Then the ordinary F.B.I. transform of g is given by

[fe~ M= 12k(x, y) f (y)dydx= [ F(z,y, ) f(y)dy.

The demonstration is completed by expressing f using the inversion formula for
the F.B.L transform, and then deforming the contour in y. []

The next proposition describes the action of the operators T* on the symbol of
feli .

Proposition 4.2. Let f=f,+ f,eI} , with f, microlocally Gevrey 3 with weight
larger than Rey(p,) and with f, having symbol a

fl(t: X, Z) — .(eizp(t,x,z,ﬂ)—l(t,x,z,ﬂ)a(t’ X, Z, 0)(10
and let b¥(t, x, z, 0) be the symbol of T*f
(']rkf)l (t, X, z) — Ieiw(t, x,z,0)~I(t, x,z,o)bk(t, X,z, 9)d9 .

Then, the symbol b* can be computed from the symbol a according to the formula

bk=ﬁa=@2/3—4k/3 § @"‘”Q’,ﬁ(a),
0

where
0x(t,%,2,0/0,D, D)= Y Q 4t x,2,6/0])0!
Bl =n

is a differential operator of degree less than or equal to n, and, the coefficient Q¥ gare
holomorphic functions satisfying the estimates:

Q5.4 SC(n—|BD)!. (4.23)
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Furthermore QJ is identically equal to zero and for the principal symbol denoted by o,
we have the relations

oM'a)=C,0 9 ' {1—0,0(a)}, oM a)=C,0 % 'a(a), (4.24)
where C, and C, are universal constants in €C\0O and where @ = O(x, x, v).

Proof. We follow the idea of the proof of the Proposition 4.1 using coordinates as in
(4.13). With T* given by (4.12), we have:

HY(x,y,6,v)=2"%2n)""[O(x, y,v)]* "2 —0)"> T [(1 + (3, - SY)/(1 + (H(x,y) )] /%
(4.25)
Let

fHt,x,2,0,0,5)=€"®7=0Q(H g e~ 157 29)

Y=V V=ve

the function which appears in (4.16) and we have:

ff= % 16I7"°F,(H'),

0Em<w
where F,, is a differential operator of degree 2m/3. Since O(x,x,v)=|v| and
det[@; (x,x,v)]=0, we have:
Fo=02n)" Y1+ 0((t—s)?)). (4.26)

The coefficients bX(t, x, z, ) are obtained from the asymptotic expansion, with
respect to @(x, x, vy) of the expression

1 §f , exp{i@[o(s—t)— 0¥ s —1)*/24+ O((s— t)* + (s —1)})]

+ O3 [(t—5)*? ™62~ V3w + O((s— t)* + a(s— )]} 62 *F¥a, s)dads.

To obtain the asymptotic expansion, it is convenient to introduce the change of
scale:

=078, (t—s5)=6"13y.

The terms Of(s—t)*+a(s—t)*] of the phase then contribute only lower order
terms to the symbol f* and we denote f* the new symbol which is obtained in this
way. We have to compute the principal term of:

(@)= ©2k/3-4/3 ” oilr’e?i24+y(= ig?/3eim/62 - 1/30) — By]
< B0 2p, 1 ) dydp.
We obtain the formal expansion

I(@)= @23 413 Z © @i +J'z)/3((__ 1)1'2/("1 1)(]2 |)

iz
X (031082 fX(0,5))g =0, s =20 )T ETNZLCE L (7322 ).
Here C*

% ;,(z) denotes the entire function of z given by:

(Z) -"ex(§3/3+z.§)£]zdé j’ e—‘ixéxl/l—k-ifjldx'
1112

Imx>0
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From the formula (4.27), we deduce that the Q* are differential operators of degree
at most n, because n is the maximum of 2m/3+j, +j, under the condition
2j, +j,+m=n; it is obtained for m=j, =0 and j, =n. The estimations (4.23) are
consequences of the Proposition 4.1 which implies that T* is a continuous
mapping of the space of regular symbols with respect to @1/3 to itself. The fact that
QJ} is identically zero is a consequence of the formula (4.20) which implies that one
has:
C} o(z)=Constant - Ai(e™ 2327 237) Ai(27 2/3)z)

and with z=2%3¢" ™3¢ we have:
Aife™ 2732~ 23(z)) = Ai(— ) =0.
The leading term of T'a is obtained for j, =0 and j,=1
C3,1=Constant d,(Ai(e*"327232) Ai(27 2P 2))|, 2 22130 ins30r -

Similarly, the leading term of Ta is obtained for j, =j, =0 and it is also of the
form:

C3} o=Constant d,(Ai(e >™327 23 2) Ai(2 72 2))|, < 2230~ imr30 -

The relations (4.24) follow form (4.25), (4.26), and (4.27).

5. Proof that k*(z, x,p)el§ ,,

This section is devoted to proving that k* e I3, in ¢>0 with 4,y defined in Eqgs.
(4.9), (4.10). The proof has two major steps, first the result is obtained for small ¢
{(Proposition 5.2), using a parametrix construction of Lebeau [L.2]. The result is
extended to all times using the methods of second microlocalization as in
[L.2, §4], [L.2, §5], [S.K.K.] and [S.1] and a transport equation involving the
operators T* of the last section.

The parametrix is constructed using families f(t,x,4), A= 4, of functions
holomorphic with respect to ¢, x.

Suppose f: @ X (Ag, ), @ a neighborhood in €, x €, of (¢,, X,), is holomorphic
in t, x and satisfies:

AC>0) |ftx A<, tx,Aewx [Ag, ], (5.1)
(ANy) (Vo) BC,) 1%, f(t, x, A S C A%+ ¢ x de(@nR x ) x [Ag, 0] .
(5.2)

(The exponential versus polynomial growth in these relations comes from the fact
that in (5.1) x and t are complex while in (5.2) they are real.)

Definitions 5.1. The asymptotic singular spectrum of f(t,x, A), denoted by SS,f is
the closed set of TR, x 0Q)UT*(R, x Q) defined as follows: An interior point
po€ T*(IR, x Q) does not belongs to SS, i, there exists a F.B.1. transform:

[ [t f(t,x, Adx,
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with value in the space H ,, related to the canonical transform:
2 (TR, X Q), po) (4, 20),

for which f satisfies in some complex neighborhood w, of z,, and with some strictly
positive constant Cy, the following estimate:

Vzewg, VA2 Ao,  |[e™3) f(1 x, J)dtdx| < Cero®~Co (5.3)

A boundary point q,€ T*(R, x 0Q) does not belong to SS,f if in a system of C*®
local coordinates x',1 with Q={I>0} there is a tangential F.B.I.

fo (e = (e x L A)dx' dt,
with values in H, related to the canonical transformation
X (THR, x 0Q), go) (4, 2o)

and C,Cy>O0suchthat forallz' € v, CC" ™' a complex neighborhood of z,, 0 <1< 1,
and A> 2,

|§ ee=-05 f(¢ ' 1, Ddtdx'| < C @)~ Co), (54
We say that f is an asymptotic solution if there exists constants C, C,> 0 so that
(02 —4)f(tx, ) SCe (5.5)

for all t,x,ew, A2 A,

We denote by g, € T*(IR, x 0Q) a point of the form g = (¢4, x¢, — ¢, — &p) With
1o=\&p| and, for ge T*(R, x 0Q) near ¢q,, we define the incoming flow F~(g). The
definition is different in the elliptic (7| <|&'|), hyperbolic (jz| > |¢']), and glancing
(Il =1¢")) sets.

If q is elliptic, then F~(q)={q}. (5.6),
If q is hyperbolic or glancing, then F™(q)={q} \) expsH_;2(3), (5.6);
s20

where §=(tq, x,, 1, &, £,) is the characteristic point projecting to g such that the
bicharacteristic expsH.2_¢2(q) lies over 2 for s>0. Notice that on bicharacter-
istics dt/ds~ —2|£| <0 so s>0 corresponds to the past.

Definition 5.2. We say that f(t,x,2) is an incoming asymptotic solution if it is an
asymptotic solution such that fy(t,x',2)=f(t,x',0, 1) satisfies

SS(fo)Cwq, a small neighborhood of q, in T*(IR, x Q) 5.7
SSAf)CF~ [SS(fo)u ( ())0 expsH,z_lg.lz(SS(fo)mG))], (5.8)

where G =the glancing set.

In Fig. 1, we sketch the projection on (t, x) of the singularities which correspond
to the relation (5.8) and which come from the points (¢4, X, 7, &), for (7, &) near
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A,

Fig. 1 R"

(70, £0) € G. This set is the union of a part of the wave cone coming from (t,, x,) and
of the rays which are glancing along the backward geodesic through x,.

One can find (cf. [S2] a system of coordinates and a positive function a(x) such
that, near x,, one has:

alod,ca=0%+B(x,l,D,), (5.9)

where | denotes the variable normal to 02 and where B is a second order elliptic
operator with

a(B)(x',0,&)=— L. (5.10)
Therefore, after a conjugation with the function a, the wave operator becomes:
P=a"Y4,~-0}a=(0})+ (B, D,)—(37) (.11

with symbol p= — &2 +(B(x', ], &) +1?).
After this reduction, we make a tangential F.B.L transform

Tf (2,1, )= [ 4070 f(¢,x', 1, A)dx' dt (5.12)
for z near z, in €. The transform is related to a canonical transform
1o: T*(R, x 9Q)—(C", —2id0¢,), po=1/2(Imz)?, 10(G)={z|lmz, =0} .
As in [L.2], the operator P is transformed to
P=03?+1*R(l,z,¢, %), (5.13)
where R is a classical C® symbol of degree zero,

R~ ¥ Rflz, i,

iz0
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The characteristic variety, 0=a(P)=R,—1I? (T dual to I), is given by
I=—q(z, &)= —& +e(z, OI* + O(1*) (5.14)

with ¢(0,0)>0.

Incoming asymptotic solutions to the wave equation are constructed in two
steps, following [L.2, Prop. 3.3 and 4.2.3.]. First incoming asymptotic solutions of
P =0 are constructed, then an inverse tangential F.B.L is applied. The next result
lifted from [L.2] accomplishes the first step. Note that T*(IR, x d22) and € are
identified using y,.

Proposition 5.1. There exists a linear operator K which maps the set of function f,
satisfying the relations |fy(z, )| <e*®, and, for |z|>6/2, §>0 small |fy(z, )|
<MD ~0 C>0. To the set or incoming asymptotic solutions of P=0 with the
following properties:

(K)©,2, )= fo(z, )+ 0(e™),

and
O(Kf) (0,2, )= (42n)"" ' [dy' nd¥’
25/3
x [ eMETYIEmRRHED HOO G oy &) f(y, A)dy, +Ofe™H).
~35/3

for z near (29,0), 29 e R, 29 = ry = 25. The holomorphic function H(z, £') satisfies the
relation

0., H(z,&)=we ™ (e(z,¢,=0,&)'?,

where e(z, ) is given by (5.14). k is an analytic symbol in a small neighborhood W
(independent of § and ry) of z, =0, y, =0, z'=0, {'=0. In addition, there exists a
Sfamily k! of holomorphic functions defined in W which satisfy the following estimate:

lkjléABJJ‘9 kOIx1=y1—=-i)
k(Zl,Zl, }’1, é,’l)— Z kl(Zl,Z,, ,Vp 51)21—1/3 éA(rO)B(rO)J:i!ll-j/S'
(]

STsj

Remark 5.1. Near qo=/(tg, X5 —To, —Cp), the incoming asymptotic solutions
propagate singularities in the direction of negative times; they coincide with the
outgoing solutions in the sense of [L.2]. Indeed, with P given by (5.13), they
propagate the singularities to the right along the bicharacteristic. We have used the
minus sign in front of 7, to recover the definition given in [L.2].

There exists an analytic, elliptic, classical symbol, a,, of degree zero such that
the F.B.L

f""T_ 1f=i'lIe'“‘go(z’t’x')o'o(t, X, Z, i)f(ls Z, 'l)dz

is a formal inverse of the F.B.I. defined by (5.12).

For (z, —2i8,p(2)) € (T »(R, x 0Q)), the function z—Imgy(z, ¢, X'} + ¢ol2) has
its critical points transversally non degenerate, and the critical value is zero with
signature (n*,07). Then if f(l,z,4) is an incoming asymptotic solution with
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S8, 1(0,2,A)Clz — 2o < 0/4, the function given by
flt,x, h=a(x)A" | e toEtxgo 7] 2, 2)dz (5.16)

2eXq
with
Zo={zl(z, —2i0.94(2)) = x(t, x; 7, ), l(7, ) — (— T0, — Lo)l Sk}
is an incoming asymptotic solution of the wave equation, for
(2, x)—(to, o)l S&1, & <e.
Let ¢ =(to, xo; 70, &) be the antipodal of ¢, and let

f-T, f=[e*Ee2) 1 X', dx' dt

be a F.B.IL transform related to the canonical transform
X1 1 (THR, % 8Q); 48°)—(C", (2/1)00¢,).

For z near z, (considered as a parameter), and (¢, x) near (¢, x,) We denote by
f(t, x;z, A) the incoming asymptotic solution, described above, which satisfies the
boundary condition:

£(6,0,%';2, ))=a(0, x')e #1261 =301 | (=¥ (5.17)

For |z—z,|<¢,, f decays exponentially with respect to A for t > t,+¢,. The kernel
K™*(t—s,x,y) from (2.9) has its support contained in the cone |x—y|<it—s|,
therefore, if [t,—s| and |x,—y| are small enough, we have

0= [dx | A=A f(t, %2 DK (t—5,%).
Q -

Integrating by parts in the right hand side yields

§ dx’ [dta(0, x')e' 1= " AeEEt (¢t X' y)=0,1 (s, ¥, 2, 1)+ O0(e” Y.

” (5.18)
This duality argument leads to

Lemma 5.1. The analytic singular spectrum of k*(t,x’,y’) is, for t >0, contained in
A.

Proof. Since k* is real, it is enough to prove the relation: {SS(k* nt>0n7>0}
C A*.For t small, one applies to both sides of the formula (5.18), a F.B.L transform
with respect to the variabiles (s, '), and uses the result of Sjostrand [S.2] describing
the propagation of analytic singularities. []

Proposition 5.2. For t>0 small enough, the kernel k* belongs to the class I3 .

Proof. It suffices to consider A*. For s <ty and {z— z,| <t, —s, we deduce from the
formulas (5.15) and (5.17) that for (w, —2i0,,@4(w)) near xo(exp((to— ) H, - |¢(q0))



Scattering frequencies and Gevrey 3 singularities 103

one has
§ (€900 23N a(0, y) "1 8, f (s, ', z, A)dsdy’
=(/1/21-[)”' i gdu' A dé’ j dul efl(w'““')5'“7»”3(3(39.5')—3(“‘5')]
X k(Wl, w’,u,, él, ll)j‘eiﬂ.go(u,t,x’)+i).gl(z,t,x')Ai.tpl(z)dtdxr . (519)

The phase g, + g, which appears in the right hand side defines an F.B.I. transform
related to the canonical transform.

11®xo: THIR, x 82,) x THIR, x 0Q2,)» A, x A, CT*C}) x T*C;).
Therefore we can use the results of the Sect. 3. First notice that the phase
W, u,t,x) =W —u)-&+golut,x)+g(z,t,x)

has, for each (z, w), a non degenerate critical point. The critical value @(z, w) is the
p.s.h. function which is canonically related to the Lagrangian manifold:

1®xoL{(t, X, 7, &) =explH, (s, ', —0, —1); t=[¢), o= ~[7]}]. (5.20)
This follows from the fact that the phase
(t, x)—>golu, t,x)+g4(2,,x")
has a non degenerate critical point, and the critical value G(u, z) satisfies
{zu; G, G} = (11 @ 10) (414)- (5.21)

Here A;, is the Lagrangian manifold t=s, x'=)', 14+0=0, £+ =0. This
Lagrangian intersects transversally the manifold t=1{¢.

The weight function i, homogeneous of degree 1/3, is computed from the right
hand side of (5.19) as is done in Theorem 1 of [L.2]. That 1s, p is obtained upon
integrating the 1-form ¢™/2~3¢J along the bicharacteristics following G. Here J
satisfies:

<J’ H|§| _,z> = {{xn— S(X,), 52 - TZ}’ 62 - 12}2/3/{{)6» _S(xl)! 52 - ,L.Z}’ Xy S(x/)}1/3 .

That this yields the w defined in (4.10) is verified by performing the above
computation in coordinates satisfying (4.13). This completes the proof Proposition
51. O

To extend this result to all positive times, we will use the notion of partial
Gevrey 3 regularity on a C® involutive submanifold ¥ C T*M\0. Toward this end
suppose that V' C T*RM\0 is an involutive manifold with its natural Hamilton
foliation. In our example, V will be

V*=[(t, X 5,7 & n)e THR, x 02 x 0Q\O[r =]},

and the leaves of the foliation are the integral curves of H,_,;. Let ¥V be the
manifold obtained upon Eomplexifying the leaves. Suppose m=V—R is pluri-
harmonic on the leaves of ¥ and homogeneous of degree 1/3. In our example, m will
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be the function Rey: ¥+ R defined by (4.10). Note that ¥*>A4" and the
restriction of y to A is the weight defining I3 .

Definition 5.3. Suppose that V and m are as above and that T is an F.B.1. transform
associated with M, y, @, dx, p, € T*M and let @, be the p.s.h. defined by y(V) of. [L.A,
§IL.S]. Then fe D(M) is partially Gevrey 3 on V with weight m at p, if for z in a
neighborhood of zo=mo° x(p,) and A> A, T, f satisfies:

(Ve>0)3C)  |Tf(z, Y S C elovemHrmaratis,
where m is defined by mom_ o y*=m.

We write f is V.m.p.G® at p,. To show that ke I3, for all t >0, we must show
that k is in this space microlocally at all points

p(t; ¥, )= X0,y 7. 0 1), (x(0), ' (O) =exp—tHe (¥, —1),  (5.22)

where y',#' € T*(0€) and t>0 is arbitrary. It is sufficient to show that if ke I3 ,
microlocally at all such points for 0 <t < ¢, then the same is true for ¢ =t,. The first
step is partial Gevrey 3 regularity.

Lemma 5.2. If for all 0<t<to, and y',n' € T*(0R), we have ke I} , at p(t; ¥, %)
then for all (y,n)e T*(Q), k is partially Gevrey 3 on V with weight Rey at
p(t09 y’9 '1')

Proof. Choose 8e G¥*(R) with =0 on [— o0, —1] and =1 on [1, 0]. For ¢3
=(to, Xo; To» £o) € T*(IR, x 0Q) with (x}, &o) =exp —tH s (vo, — 7o) let f(t,x,2,4) be
the incoming asymptotic solution (5.16) with boundary values given by (5.17). For
0 small and 0<e <6 define wyt, x, ), t,x,y e R, x R" x Q, by

(07 — 4 )w,=0((t—to +)/e)k* (1, X', y)®ag

w,=0 for t<ty—d—s.
The asymptotic incoming solution f(t, x, z, 2) decays exponentially in A away
from the projection on IR,xR} of a small neighborhood of F~ [(qo)

v (Jgo expsH . _mz(qo))]. Therefore, an integration by parts in a small neighbor-
hood of x, in Q, yields (cf. formula (5.18)):
[fdxdta(0, x)e*9:=1x)"201B g w (8, %, )|xco0
= [§0, ft,x;2, WWt, X, )| xeandtdx’ + O(e™%). (5.23)
Since for t>ty—d+¢ or xe
(07— 4)[K .+ (t %, ¥)—wit, x,y)] =0,

and K* and w, have no singularities for t <0, we deduce from the strict convexity
of 0Q that, for t>t,—d+¢, we have

p(t; y:)’ ']2)) ¢ SS [(K - Wz)'xeaﬂ*]

(5.24)
p(t; y:.'h ’72)) ¢ SS [anx(K+ - ws)lxeé!l*] .



Scattering frequencies and Gevrey 3 singularities 105

Therefore in the left hand side of (5.23), we can replace d,w, by k™ (t, x', y'). Since
Welxeon=T'(0,k "),
the relation
k*el}. , for t<t,

implies that w/,..,o is microlocally Gevrey 3 with weight w+o0(1) near
P(to—9q, Yo o), With o(1) going to zero with & (use Lemma 4.2). From (5.24), we
deduce that w, is microlocally zero near the points p(t; yo, o) if t > t, — ¢ +&. To
conclude the proof, we estimate 8,f(t,x’,z,A) for z near z, =mo y,(q¥), t near
to— 0o and x' near x'(t, —dq; Vo, —Ho)- Using (5.19) and (5.20), we obtain:

ei/hpl(z)a"f(s’ y/’ z, /1) — eild)(s,y’,z)—ll/sw(s,y’,z)o(s,y"z,l) .

In the right hand side, @(s, y',z) denotes the holomorphic phase which describes
the lagrangian manifold

(@I [(t, X', 7, &) =explH._ig((s, ¥, —0, —7);  t=|{',o=~n].

 is given by integrating the one-form ™°271/3 J from o to B along a leaf of G€
where o and f§ are given by

(Z=(Z, (D'z(s’ yl’ Z))s ﬂz(sa yl7 —¢;.y(sv y,7 Z))

with an implicit identification by the isomorphism x, ®1d. The symbol a(s, y, z, 1)
is C* and classical with respect to A!/3. To complete the proof, one estimates the
right hand side of (5.23). This is done using the fact that w, is microlocally Gevrey 3
with weight Rey + o(1) near the point p(t, — &; yo, 110) and the inversion formula for
the F.B.I. transform (cf. Fig.2). (O3

pltg.yongl

24 Y A TR ittty tg-ﬁo

Fig. 2 f
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Lemma 5.3. Withnotations from Lemma 5.2, we suppose that f is VY. m.p.G3on V*
and microlocally Gevrey 3 with weight m’ at p, with m'(pg)>m(p,). Let FoCV™* be
the bicharacteristic through p,. Then there is a weight m">m such that f is
microlocally Gevrey 3 on F, with weight m”.

Proof. Since the Definition 5.2 does not depend on the F.B.1. transform choosen,
we can work in the standard setting:
z=(z,2"), o =(Imz)?/2, V*={Imz'=0},¢,=(Imz")??2,
Fo={(z,0)|Imz =0}.

We consider a real C® weight function m(z', z") pluriharmonic with respect to z'.
Let f(z; 4) be a holomorphic function which satisfies the two estimates

Ve>0,3C,, |f(z, A)| S C,eMMm="22 = 410m", 2y +ed i
For

|zl S 00, |/ (2, M) S HMm2= A2 with - Co>m(0,0).

The maximum principle implies the existence of two positive constants ¢; >0
and C,>m(0,0), such that:

|f (2, A Sem=02= AP vz |7 <o, .
Let G(z',z") be a function holomorphic with respect to z’ which satisfies ReG=m.
Let F be the function

F(Z,2, )= f(2,2"; A) e*'/°6"2")

Then,

Ve>0,3C,, |F|<C,etme 2 +edllt (5.25)
and

|F| S eMm=22-CA%  with  C,>0 for |z]<g,. (5.26)

Since F is holomorphic with respect to the variable z’ a second application of the

maximum principle shows that (5.25) and (5.26) suffice to complete the proof of the
Lemma 4.3. O

The next proposition passing from local to global in time is a major step in our
proof.

Proposition 5.3. For any positive t the kernel k* belongs to the class I3+ .

Proof. We have to show that k* belongs to the class 3.
p(tos ¥'s1), t>0, (v, n)e T*0Q.

Near p(t; o, o) t <ty we have k* =k*'* +k* 2 where k**? is microlocally
Gevrey 3 with weight m>Rey and k! has a representation as in (3.6). From the
definitions of k*, T, we see that k* satisfies the hypothesis of the Proposition 4.1
and that T'(k*)=0 microlocally near A for t>0so if k* is the symbol of k' * we

have
Ti(k*)=0.

» near the points
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From Proposition 4.2, we deduce that the formal operator T has simple
characteristics on V' * (it is analytic-classical with large parameter A!/3 instead of 1),
therefore £+ can be extended to a neighborhood of t, and therefore we may assume
that k*! is also defined in a neighborhood of t,. By Lemma 5.2, k* is V*.m.p.G?
near p(to; ¥o, o). Since k' belongs to I3, it is also V.m.p.G? near the same
point. Therefore, the same property holds for r=k—k™**'.

Applying Lemma 5.3 to r completes the proof of Proposition 5.3. []

Remark 5.3. Except for the formula (2.13), where they are used to reduce the
problem to €2, the proof of the Proposition 5.3 is the only place where the
operators T play an essential role.

6. Proof of the Theorem 3

We recall that Tr(¢) is for t >0 a C* function, given by the formulas (2.12), (2.13):
—Tr(t)=2(0/ct) { B(t, x, x)dx
with B(t, x, y) given by

B(t,x, y)= Djo ds | T2t —s,x,2)k™ (s, 2, y)dz.
- 02

Since we have proven, in Proposition 5.2, that k* belongs to I3, in ¢>0, we
deduce from Proposition 4.1 that in >0, |x—y| <t

SS(B)cA (6.1)
and

Bel3,. (6.2)

Choose ¢ so that {|t — T| <&} contains only T from the length spectrum of 9Q. We
deduce from (4.2), and part (i) of Theorem 3 that in a neighborhood of t=T we
that we have.

SS(Tr(){(t,7), I(x, &), (8,7, x, &, x, —E) e A}

and this proves part (ii).

Now suppose that y is a closed geodesic of length T, which satisfies the
hypothesis of part (iii). We use the arc length s as a parameter on . The lift of y in
T*(0Q) is the union of the two bicharacteristics curves

't ={x=y(s), £ = £ k(dy/ds), k>0} .

Proposition 6.1. For t near Ty, one has Tr(t)e I3, ,,, with

s To
Ao=TERY); ol Ty, 1) =[]/ 820621130y | g23(5)ds
)
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in addition, microlocally near (T, +1), one has

Tr(t)= | €€~ T0~veToda()dz + (1), 63)
1

where a is an analytic symbol in ™13 of degree zero and r(t) is microlocally Gevrey 3

with weight strictly greater than Rey(Ty, z) near (T, + 1).

Proof. Since Tr(t) is real, it is enough to consider the case 7> 0. Furthermore, for
any (x, &) e I'*, one has (T, x, &) =y,(T, |€)). Since y is non degenerate and since T,
is isolated, the fixed points of the mapping

are the points of I'* and these fixed points are clean in the sense of [D.G.].
Therefore the principal part of the right hand side of (2.12) can be computed, for
(t,7) near (7, 1), by the classical method of [D.G.], [C.], provided the computation
of (7.5) in [D.G.] is replaced by the following lemma.

Lemma 6.1. Let f(s, x) be an analytic function defined for seS!' and xeR?, |x| <r
and let I(s,x) be an analytic function which satisfies

I(s,0)=C*=1,.
Suppose that f satisfies
Ref(s,x)>0 for |x|=£0,f(s,0)=0,Vf(50)=0. (6.4)
[ is transversally non degenerate on S' x {0} . (6.5)
Then, for any analytic symbol, a(s, x, A), classical in 23 and of degree d, the integral

()= [( e~ MEX ARG o(s v Ndsdx,
stx{lxl=n

is equal to e *"""b(1) where b(J) is an analytic symbol, classical in 1'%, of degree
d—p/2. Furthermore, the principal symbol is given by

b°(2) =(2m)P? jl 0(s)a’(s, 0)ds, B(s) = (det £7.(s,0)~ /2,

where the square root is chosen to converge to 1 when u goes to zero in the homotopy
u—(1 —wld+ufls.

The proof of this lemma, using the Morse lemma and the method of steepest
descent is ommitted. Proposition 6.1 is a straightforward consequence. [

Proposition 6.2. The principal part a, of the symbol a(t) in (6.3) is not equal to zero.

Proof. The principal symbol a, is the sum of two terms a,=ag +a,, where a3
corresponds to the contribution of I'*. We know that for t >0 the kernel k* (¢, x, )
belongs to I . We denote by k (¢, x, £) the leading term of its symbol (which is of
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degree 1), when it is written in the form (4.11).

k¥ (1, x,y)> felotxn 0 tmr R4, x, )de,
with phase ¢ defined by

0ip=0(x,x,00/0x),  @(0,x,y)=(x—y)- L.

From Proposition 5.1, we deduce that the mapping t—k*-°(¢, x, &) can be extended
to t=0 and that we have k*' %0, x, &) e iR*.

Since we have, for t >0, Tk =0, Proposition 4.2 (and in particular the formula
(4.24)) implies that k*-? is constant along the geodesic flow. Finally, using formula
(4.24), B=T? -k and the method of [D.G.] for the computation of the principal
symbol of the function B= { B(t, x, x)dx, yields af =a*i"*, where «* denote two
non zero complex numbers with the same argument while o, are the Maslov
indices related to the curves I'*. The proof is therefore a consequence of the
equality 6™ =¢~ which is proved in the Appendix 1. [

We are now ready to prove the final assertion (2.5) of Theorem 3. If (2.5) were
not true there would exist £>0 and # >0 such that one has both:

— 1 dnTr(y) [
lim sup i dtf'() <(C,T+e)7 !

n->w {t—Tl<e

and

1/3n

1 dw() <(C,T+9)".

3nl de

Tim sup

nsw |t—T|<e
Choose yeGevrey*(R), Suppy C{{t— Tyl <&}, x=1 near T,. Then f(t)=y(¢) Tr(z)
satisfies

1/3n

L ASO (g, (6.6)

3n! 4t

In addition, for ze € near T,—1, one has with a C>0,

T )=[e M2 dt= | e * 2 Tr(r)dt+0(e ).

1To—e, To +el
The integral defining f is equal to
(2r2)~ V2 [ A f (1) de
and using (6.6),
|7 @)= ABRY/EHCo Ty +n)>")
which in turn implies

F o Ae M2 S A% B> C,T,. (%)
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On the other hand, from (6.3), one has as A—o0
e M2 f(z,4) e woTod L g £ 0, 6.8)

Since Reyy (T, )= C, T, the contradiction between (6.7) and (6.8) completes the
proof. []

Appendix 1

Proposition 1. Let I' be a closed geodesic on M =0Q and let
I'*={x=y(s),{= +dy/ds} C T*M)

be the two bicharacteristics projecting on I, parametrised by the arclength. Then the
Maslov indices o, and o _ related to the curves I't and I'” coincide.

Proof. Starting from x,=7(0)=y(T), we define the phase function: ¢ *(x, y, &, t) by
the eiconal equation:

0,0 =10} (A1)

and the initial condition:
o(x, y,£,0)=(x—y)- . (A2)

The Eq. (A.1) is defined in the complementary of the focal points (x,, x5, ..., Xy)
which are of finite number. At each focal point x,,, v,n/2 is added to the phase ¢.
Since the Maslov index is an integer, it is enough to prove the result for a sligthly
perturbed hamiltonian on 6M. With this perturbation, we may assume that y(T) is
not a focal point. We denote by ¢, the phase on the arc(x,, x, ). @, is a real non
degenerate phase; and from 0 to T, microlocally near (y(0),y'(0)), the identity

j ei(x-y)édi’

is changed into the operator
l'V1+V2+ -~-"yj'ei(¢lm(x,§)“}"§)b+d€’
where b, constructed by the transport equation, is a real positive symbol.

Now we notice that, since @u(x,& T) is a real non degenerate phase, a
microlocal identity is given by

T = I el(mv(x, é)—tmv(y.C))bdé , (A.3)

microlocally near (y(0)=7(T), y'(0)=y'(T)), where b is a real positive symbol. We
use this form of the identity to construct a microlocal parametrix on I' ", starting
from (y(0), —y'(0)), this changes the exponential appearing in T into its conjugate,

T= jei“’"(y' Q- ionxDp g,
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Reversing the time, we see that passing through any focal point x, introduces a
factor i ~*». Therefore

e lon(x.8) _ gion(x.§)

is changed into i*t*vz* Ve TixS,
Thus we have shown that on I'* the identity is changed into:

T+=ivl+v2+...vpjei¢N(xv§)”iY§b+dé (A4)
and that on I'"", it is changed into:
T~ =i 2t oo [ glon.9-ixtpy_ge (A.5)

Taking x=y in the right hand side of (A.4) and (A.5) and integrating over x gives
the result.

Appendix 2

In this appendix, we briefly discuss the genericity of the geometric hypothesis of
Theorem 2. Denote M =30, S*M = T*M\ O/R ., the cosphere bundle of M and ¢,
the geodesic flow on S*M.

Proposition 1. The condition of Theorem 2 is open in the sense that if v is a closed
geodesic satisfying the hypotheses (1), (2) of Theorem 2, then all C* obstacles C*
close to 00 possess a closed geodesic y close to y satisfying the same conditions.

Proposition 2. The conditions of Theorem 2 are satisfied for a dense set of M in the
Sollowing sense. Any M has a closed geodesic y and for any such y and any k= 4 there
are analytic manifolds arbitrarily close to M in the C* topology with a closed geodesic
close to vy satisfying the conditions of Theorem 2.

Sketch of Proof of Proposition 1. Let y, be the two liftings of y to S*M. Since 1 is a
simple eigenvalue of the differential of the Poincaré map; a perturbation theorem
of Poincaré implies that nearby obstacles have nearby closed geodesics § with
period and first return map close to those of y. In addition, there are no other
geodesics of M which are close to .

On the other hand, compactness implies that given an open neighborhood of
ysuUy_ in S*M, there is a >0 so that |p4(p)—p|=d for p outside that
neighborhood and thus for M close to M there are no closed geodesics of length
near T which lie close to this neighborhood. Combining the above two observa-
tions yields the proposition. []

Sketch of proof of Proposition 2. It is well known that by a small perturbation of M
we can insure that the non degeneracy condition (2) is satisfied. We therefore
suppose that (2) is satisfied and consider (1).

We construct perturbed analytic manifolds M , as follows. For fe C*(M,IR)
small in C* norm, one defines

M,={x+f(x)n(x):xe M}, (A.6)
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where n(x) is the outward unit normal to M. We consider those f such that
Vxey, Vo] <2, D*f(x)=0. (A7)

Since f1],=0, one sees that ye M . Since df |, =0, we see that for xey, n(x) is also
normal to M . Since y is geodesic in M, the osculating plane of y is spanned by its
tangent and n(x). As nis also the normal to M (, y is also geodesic in M ;, closed and
of length T. Since D? f|, =0, we see that 7 satisfies the non degeneracy condition (2)
of Theorem 2.

We denote ¢{ the geodesic flow in S*M ;. We identify S*M ; and S*M by the
parametrization (A.6). Let B be the closed subspace of C¥M) consisting of
functions satisfying (A.7), and let B,={feB:| flls¢}.

We choose ¢ so small that M7 is a regular convex obstacle satisfying condition
(1) for all fe B,. We will show that there exist arbitrarily small f e B, such that M/
also satisfies condition (1).

As in the proof of Proposition 1, there is a neighborhood w of y, uy_ in S*M,
and a 6>0 such that for ¢ sufficiently small, feB,, pedw, [t—T|<d, we have
|@f(p)—p|>6. We must find arbitrarily small f such that this is true for
peS*M\w=K with, perhaps, a smaller §.

The crucial step is to show that for any g € K, the point ¢%(g) can be perturbed
in any direction along S*M by suitable small f.

Lemma. For qe K and any vector u tangent to S*M at ¢(q) there is an f€ B such
that

4,07 (@)ls=0=u. )

Assuming the lemma, we complete the proof of Proposition 2. Since K is
compact, we can find a finite dimensional linear subspace F of B with the property
that for any qe K the differential at f=0 of the map Baf—¢f(g)eS*M is
surjective. Thus, shrinking ¢ if necessary, we see that in S* x S§* x F the subvarieties

A={(4,9.f):9eK,feB,nF} and C={(q,9Hq).f):qeK,feB,nF},

with dimA4=dim C=dimS* + dimF intersect transversally. Thus either AnC is
empty or ANC is a submanifold of dimension equal to dimF. In the first case,
y€ M = M, satisfies the hypotheses of Theorem 2. In the second case, we consider
the projection n of AnC on F.

1f (g, q, f) € ANC, then the same is true of (¢{q, ¢{q, f) so if 5q is the tangent to
the geodesic ¢/(q) at t =0 the (g, d¢, 0) is tangent to ANC. Thus n (T, ,. r, (ANC))
has dimension at most dimF —1 in T«(F). The theorem of Sard implies that n(4
NC) is nowhere dense in F. Thus, we may choose f¢e F arbitrarily small so that f
¢ n(ANC). For such f,ye M satisfies condition (A.2) of Theorem 2. It remains to
prove the lemma.

Sketch of Proof of Lemma. Fix qeK and let %,id=¢%q)eS*M. In local
coordinates a product of balls in R", [x—x|Zr, lu—i|<r, defines a small
neighborhood of x,4. We will construct f with support in B(r), the subset of B
consisting of functions supported in |x — x| <r. We must show that the differential
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Ix-Xxl<r
Fig. 3

of the map

B(r)>f-of{g)eS*M

is surjective. It suffices to show that there is an r, €]0,r] and C >0 such that for all
x,u with |x—X]<r,, lu—a]<r;, there is an fe B(r} with

H@)=0xu), [fI=Clx—X|+u—dl).

Choose discs in M as in Fig. 3. We will construct f with support in AUB.
From (x, u) as above trace the backward geodesic till it intersects 0B x |u—if| S r at
(1, 1y). Let xq, ug be the point in @,(g) where y enters B. Choose a smooth curve on
M near y joining x, to x, and with cotangent passing from u, to u;. For any k this
can be done with the C* distance to y being O(|(x — X, u — #)}). Choose f of the same
order, supported in B so that this curve is a geodesic to M. To do this, one needs
only deform M so that the normal to M is transformed to the principal normal of
the curve. Having done this, the geodesic on the deformed M arrives at x, u in time
T with T — T'=0(|x — %, u —it]). Next deform M by choosing f in A4 so as to speed
up or slow down the time spent through A to compensate for the time lag. Here it is
crucial that M is strictly convex in 4. The construction is complete. [
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