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A Lower Lipschitz Condition
for the Stable Subordinator

JoHN HAWKES

1. Introduction
In [5: pp. 168-172] Lévy showed that if X,(w) is the Brownian motion process

in R and if ¢(h)=(2hlog 1/h)%
then I
_ X, (@)= X ()|
lim su t+h ' =1
0 e, $(h)
O<h<e

almost surely.

Since the Brownian motion process is the only stable process with continuous
sample paths we can have no such result for stable processes of index o, a <2. We
can, however, pose a related question for the stable subordinator, T,(w). Here the
sample paths are increasing and one can ask to what extent they are uniformly
increasing. In other words, for what functions ¢, if any, do we have

g D@ T@) _
e R

. O<h<e
holding almost surely?

In this paper we answer this question and then use the relationship between
the local time at zero of a stable process of index o, «>1, in R and the stable
subordinator of index 1—1/x to obtain a modulus of continuity result for the
local time. Finally, we apply our result to a problem considered by Jain and
Pruitt in [4].

2. Preliminaries

Suppose that 0<a < 2. A stable process of index « in R is a stochastic process
X,(w), defined on some probability space (R, % P) with X,(w)=0, stationary
independent increments, and with characteristic function given by

Eexpi(zX)=exp[—ty(z)].

Here y(z)=c|z|*[1—ihsgn(z) w(a, z)], where w(x, z)=tan(n«/2) if a1, and
w(l, z)= —(2log|z|)/n. h and c are real constants satisfying |4 <1 and ¢>0. If
a=2 and c¢=1%, X(w) is the Brownian motion process, if 0<a<1, c=cos(n a/2)
and h=1 the corresponding process, T,(w), has increasing sample paths and is
called the stable subordinator of index a. T;(w) is seen to satisfy

E exp(—A T)=exp(—t1i%).
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It is easily seen that these processes have transition densities p(t, y — x) which,
for each t, are bounded and continuous functions of y. When a3 1 we always have

1/a 1a .y
for each r> 0. P p(r, rx)=p(t, x)

Now suppose that X,(w) is a stable process of index «, «>1, in R. Then for
any Borel set B we define u
T(u, B, w)= | Iz[ X, (w)] dt

0

where I(x) is the indicator function of the set B. Boylan [3] demonstrated the
existence of a density L(u, x, w) of T(u, B, &) which is jointly continuous in x and u.
L{u, x, ) is called the local time at x of X, {w).

Let A,(w)=L{u, 0, ) be the local time at zero of X,(w). In [8] Stone showed
that if S,(w) is the process defined by

S, (w)=1inf[u: 4, (w)>t]
then S,{w)=p T,{w), where T,(w) is the stable subordinator of index y, y=1—1/a,
and p is given by
p '=n"'I(1+1/x) T(1—1/o)c~Y*Re{[1 —ihtan(ma/2)]~ ). 1)

3. The Distribution of T,
We could deduce our estimate for the distribution of T, from that for the density
given in [ 7]. However, we lose nothing by doing the computation directly.

Lemma 1. Let T,(w) be a stable subordinator of index o. Then, as x -0,
P(T,< L= X)~¢, x (21 ~a) exp(—c, x—(al(l—a)))_
Where
e, =c,()=[2n(1 —a)oA-D]-%
and
cr=cyle)=(1—a) -2,
Proof. Let F(x)=P(T,<tY*x)=P(T, <x), and let f(x) be the density of F(x).

Then
exp(— 4 =E exp(— AT

= Fexp(—lx)f(x)dx.
¢

By the formula for the inversion of a Laplace transform we have
a+iom
f(x)zi—lf [ exp(—A*+xA)di
i g
for any a>0. At
Put A, =(x/x)""~* and take a=4,, then
1+ic0

A
=2 1 expl (] du
where ¢ (u)= —AF p*+x Ay .
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Now we have
d(1)= —c, x~ @@=,
#'(1)=0,
d)//(l):oc(l —OC) ad/(l—-oz) x‘("‘/“—“))_
So,if u=1+iyand yreal, as y—»>07
Pw)=¢(1)—3 ¢" (1) y*.

The saddle point approximation shows that, as x —» 0%,

i o0
f)~5 2= explp (D] | expL—49" (1)1 dy
_to 2m
- 271_ exp[¢(1)] d)”(l)

= A x~WA-N+a/20-2) exp (o x= (o0

where
a1/(2(1—<1))

AT R

Now F(x)= | f(s)ds so that, as x > 07,
4]

X
F(x)~A j g~ (WA —aP+a/(2(1—a) exp(—02 S—(a/(l—m))) ds.
0

Putting u=s~®-%) we have

1—u o s
F(x)~A4 [ ufexp(~c,u)du
x x-(l-a)
A 1—ua
—(a/1—a)\—3% —(a/(1—a))
~— X Zexp(—c, x
Sl )+ exp(—c, )

— ¢, x20A=0) exp (— ¢, x~@1-)

and the lemma is proved.

4, Lipschitz Conditions
We come now to our main theorem.

Theorem 1. Let T,(w) be a stable subordinator of index «, and let

hl/a

=
4)( ) [log l/h](l—a)/az
then
. . T;+h(w)__ 7:(0‘)) _ l—a)a
L R ®
O<h<e

almost surely.
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Proof. Let g, j and k be non negative integers such that 0<;j<2?and [¢/3]=Z
k=g, and let § be such that 0<d< 1.

Let A, be the event:
Tk k+2 ¢, U
’Izj_,.k)/zq(w)_ 7}/2.,((1))§¢ (T) [ 146 ]
)=P(T, £ x) where

24 1/a k+2 ¢, 1 —a)fe
x“(T) d)( % )[1+5]

Lemma 1 now applies to show that

P(Ajkq)=0(1)

so that P(A4

jkq

@+2'*

24(1+%4)

and hence w 29 g

Y, Y X Ply)<eo.

a=1 j=0 k=[g/3]
The Borel-Cantelli lemma now shows that, for almost all w, there exists an integer
q(w) such that, whenever g2 q(w), ¢ Aj;,. That is g 2 g(w) implies

k+2 c, U9
ﬂj.;.k)/zq(w)_ T}/Zq(w)>¢ (7) [ 1_55 ] (3

for all integers k=[q/3],...,q
j=0,...,24%

Now let ()= q(w)/21“). For any ¢ satisfying 0<t< 1 and h with 0<h<#(w)
we define integers g, j and k as follows:

+1
%{:{éh<%,
so that g = g(w),
j—1 jjtk j+k+1
SIS StthTE
so that [¢/3]£k=<qand 0=<j<2% We now have
T 4(@0)— T(@0) 2 T; , y24(@0) — Tj2a (), by the monotonicity of T
k+2 c, U~
>¢( 21 )[1+5] » by3
¢, U .
> ¢ (h) [ Y ] , by the monotonicity of ¢.
Thus
inf 7‘;+h(w)_’1—;(w) >[ CZ ](1"1)/1
oJis, P LI

Since P[n(w)>0]=1, we have

e T - Ti(w) [ 2 ](1_“)/“
>
im ol = om  =l1ts

O<h<e
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Now, letting d tend to zero through a countable sequence, we obtain

T (@)-T
lim inf t+h(2)(h) )5 g @

O<h<e
almost surely.

To obtain the opposite inequality we again take 6 with 0<d<1. Now let 4,;

be the event c (=~ a)ja 1
Tyenan@ -T2 6 ()

1-6 Pa
and let
291

B,= ) 4y
j=0

Now, by the independent increment property,

29-1

P(B,)= [] P(4;)
j=0
which, by the stationarity of T,,
=[P(450)]*
=[1-P(4,0)1*".
Using 1 —x<exp(—x) we obtain
P(B,)<exp[~2' P(4,0)].

Lemma 1 shows that 2% P(4,,)— o as g—co, so that P(B))—0 as g— . We

thus have
. ¢ (1—a)/a 1
Pl om0z (125) e (o9)]

as g — oo.
This, and the arbitrary choice of , shows that

o T (@) Te)
R

O<h<e

<l 5

almost surely. (4) and (5) combine to prove the theorem.

Now let X,(w) be a stable process of index a, «>1, in R and suppose that p
is given by 1. We can now establish the following modulus of continuity result for
the local time at zero of X, (w).

Theorem 2. Let A, (w) be the local time at zero of X,(w) and let Yy(g)=
g*~Y2(log 1/g)"/*. Then we have

. Ayyg(@)— 4, ()
lim sup —%*8 =
£50 0gus1 v(g) :

O<g<e

c 1-y
almost surely. ¢4 is given by c;=p* [—252] and y=1—1/a.
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Proof. Let

0(a)=a’ [czy(y) log %]H

Wi
(10g 1 /h)(l -

and
o (hy=
then, as h— 07,
OLc, ("7 g (h]~h.

Thus if B,(w) is defined by B,(w)=inf[t: T;(w)>u], where T,(w) is the stable
subordinator of index y, the proof of Theorem 1 ensures that

B, .u(@)—By(@) _

lim sup =1 (6)

£>0 0<s=<1/p 0(h)
O<h<e

almost surely. If S, (w)=inf[u: 4, (w)>t] we have, by Stone’s result, S,(w)=pT,(w).
Thus B, (w)=A4,(w) and, from (6),

. A4, (0)—A4, ()
1 u+g L
81_1)13 oséuu% 0(g/p)

O<g<e

ulp

almost surely. Now, as g — 07,
1 v 1—y 1\i-7
oo~ | =] ¢ (o)
L el R
(g

C3

and the theorem follows.
We can now deduce the following result.
Corollary. Let A, (w) be the local time at zero of the Brownian motion process.
Then
. Ay g(0)— A, ()
1 u+g { -
sl.I.% 02321 (glog 1/2)*

O<g<e

almost surely.

Proof. If «=2 we have y=3 and ¢,(3)=%. For Brownian motion (1) implies
that p=2. The corollary follows immediately.

5. Collision Sets

We recall the definition of Hausdorff dimension. For any subset E of R and
each pair o, e>0 we define AZ(E) as

A%(E)=inf ) (diam S )*

where the infimum is taken over all covers of E by sets, S;, of diameter less than &.
Now let A*(E)=lim A*(E). Then A*(E) is a metric outer measure and so, at least,
&0
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the Borel sets are measurable. For any Borel set B there exists a number b, the
{Hausdorff) dimension of B, such that
b=sup[a>0: A*(B)=o0]=inf[a>0: A*(B)=0].

(Here we take the supremum of the empty set to be zero.) We write b=dim (B).
We now show how Theorem 1 can be used to obtain Hausdorff dimension
results.

Lemma 2. Let T,(w) be a stable subordinator of index « and for any Borel
subset B of [0, c0) we define T(B, w)=(x: x=T,(») for some teB). Then

P(dim T(B, w)= o dim B for all B)=1. (7)

Proof. It is sufficient to prove (7) in the case where dim B> 0. Suppose o is

such that (2) holds, and take k and 6 so that 0<1/k<a and O0< @< dim B. Choose
any ¢>0 and let 6=¢"*. Now cover T(B, ®) by intervals S, of length a,< 5 and let

b,=inf[t: T,(w)eS,],
¢;=sup[t: T,(w)eS,].

Let I, be the interval centre (b, + ¢;) and length 2(c;—b,). Then the I, cover B, and,
if ¢ is sufficiently small, we have

a*=lc;~b;|  forall i.
Hence,
2% af* =3 [2(c;—b)1".

The sum on the left hand side can be made as close to 2° A%* T(B, w) as we please
but the sum on the right hand side is always greater than A% (B). So
2° A% T(B, w)= A%, (B).
As £¢—0, 6 — 0 and the right hand side tends to infinity so that A%* T(B, w)=co
and dim T'(B, w)=0/k. Now, by the choice of # and k we have
dim T(B, w)=o dim B.
This is true for any B and any w satisfying (2) so the lemma follows.
In [4] Jain and Pruitt established the following result.

Proposition. Suppose that 1<a<B=2 and that X, (o) is a stable process of
index f in R. Let Y,(w) be a stable process of index a, defined on the same space as
X,(w) and independent of X,(w). We define C(w), the collision set of X,(w) and
Y,(e), by

Clw)=[x:x=X,(w)=Y,(w) for somet].

We then have
dim C{w)=a(l1—1/p) almost surely. (8)

Their arguments apply directly to show the following, slightly weaker, result.
Ifa<1 and Y,(w) is not a subordinator then

a(l —1/B)=sup[0: P(dim C>0)>0].
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In what follows we establish the stronger result in the case where Y, (®) is a sub-
ordinator.

Theorem 3. Suppose that 0 <a <1< =<2 and that T,(w) is a stable subordinator
of index a. Let X,(w) be a stable process of index f, defined on the same space as
T,(w) and independent of T,(w). If C(w) is the collision set of T,(w) and X, (w) then

dim C(w)=a(1—1/B)

almost surely.

Proof. Let
S(w)=[t: x=X,(w)=T;(w) for some x]

=[t: X,(0) - T(w)=0]
=[t: Y,(0)=0]

where Y (w)=X,(w)— T,().
It is easily shown that Y, (w)is a process with stationary independent increments

such that
Relog Eexpi(z ¥)~ —ctlzlf  as |z]>o0.

Under these circumstances Blumenthal and Getoor [2: p. 64] have shown that
dim S(w)=1-1/p
almost surely. Now C(w)= T[S(w), w], so that by Lemma 2 we have

dim C(w)=a(1—1/p)
almost surely.

We will now indicate how the arguments of [4] can be modified to obtain the
opposite inequality. For the remainder of the paper we shall assume the notions
of polar sets contained in [4].

Let f,(t,x) and f£,(z, x) be the transition densities of X, and T, respectively.
Then, see [ 7], there are positive constants c,, c5 and ¢4 such that

G=f0Ses i X<,
f,x)Sce i [x]£1
whilst
f,(1,x)=0 if and only if x<0.
Let Z,(w)=[T,(w), X {w)], z=(x, y) and

Uw=fﬁmw@mwm.

The following lemma plays the same role as Lemma 3.2 of [4].
Lemma 3. Define

I S
k(x)=x == jf x>0

=0 if x=0.
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Let z be the point on the diagonal in R?* whose polar coordinates are (r, ). Then
there is a positive constant ¢, such that

U(z)=c, k(r) ©)
whenever |z|=|r| <]/§.

Proof. Suppose that z has cartesian coordinates (x, x). If x<0, (9) is trivial
since both sides of the inequality are zero. So we may suppose that O<x<1.
Now, by the scaling property,

o]
U(z)g j‘ t‘“/“"‘””’fa(l, W x)f,,(l, t— WA x) dt.
Since 0<x <1, t>x* implies that ¢t ~/# x <1 so that

feel
U2)Zc, | e~ Wm=W0) £ (1, =0 x) g
xﬁ

Putting s=t~%/ x we obtain

F a1 8)

2017 4S-

1
Uzyzx!~=1-18 g, p
0

Since 0 < a(l —1/8)< 1 the lemma follows immediately.
We can now argue as in Theorem 3.1 of [4] to prove:

Lemma 4. Let B be a Borel subset of the diagonal in R?, and let B be non polar
Jor Z (). Then, if we consider B as a subset of the line, B has positive k-capacity.

Now let Y,(w") be a symmetric stable process of index 8, defined on (', #', P')
and taking values in the diagonal. Define I' by

I'=[(ow, v'): Y(0)=Z (w) for some ¢, s>0].

Jain and Pruitt assert that I'e % x %' but this is not clear. It seems better to con-
sider the set II defined by

H=[(w,0): Y,_(v)or Y(0)=Z,_(w) or Z () for some s, t>0].

k—1 k
S =X= ; ] and %, is the sphere in R? with S, as

1A

Then, if S, = [(x, x):

diameter, we have

where
Apgn=[w: Z,_(w) or Z,(w)eX,, for some t>1/n]
and

By =[0" Y, _{o) or Y(w)eS,, for some t>1/n].
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Then A,, €% and B, €% (see [1: p. 59]) and hence

kgn kgn
HeF xF'.
We now make three observations.

I. If X(w)is one of the processes we are considering and B is a Borel set we have

P{w: X,(w)eB for some > 0]
=P[w: X,_(w) or X,(w)eB for some ¢ >0]

(see [1: p. 59]).

II. k(y—x) is proportional to the potential kernel of a stable subordinator
of index a(1 —1/p) (see [1: p. 264]).

ITII. A set is polar for a stable subordinator of index vy, y< 1 if and only if it is
polar for a symmetric stable process of index y (see [6]).

The proof of the theorem can now be completed by the arguments of Jain and
Pruitt.

This result is interesting because the collisions take place at small times. For
the collision set of recurrent processes Jain and Pruitt essentially showed that
sooner or later the dimension of the collision set became arbitrarily close to
o(1—1/B). For the processes we have considered the collision set actually takes
the dimension «(1-—1/p).
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