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Asymptotic Expansions for Renewal Measures in the Plane

Robert Keener*

University of Michigan, Department of Statistics, 1444 Mason Hall,
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Summary. Let P be a distribution in the plane and define the renewal measure
R=)P*" where * denotes convolution. The main results of this paper are
three term asymptotic expansions for R far from the origin. As an application,
expansions are obtained for distributions in linear boundary crossing prob-
lems.

1. Introduction

o0
The renewal measure associated with a distribution P is defined as R= ) P*"
n=0
where * denotes convolution. When P is a distribution on R! with positive
mean ,u=jde, the renewal theorem asserts that

lim R{[x, x+K)}—K/u= lim R{[x,x+K)}=0 (1.1)

X = X — o

for any K if P is nonlattice and for K any multiple of the span if P is arithmetic.
Although applications of this result abound making it one of the most important
tools in applied probability, to some extent the basic limit theory starts and
ends here. As shown by Stone (1965ab), Carlsson (1983) and Griibel (1983,
1987), the rate of convergence in (1.1) is exceedingly fast — algebraic to any
power provided P has sufficient moments, and exponential if P has a finite
moment generating function. This should be contrasted with the central limit
theorem where correction terms which depend on moments of P must be incor-
porated to improve the rate of convergence.

In higher dimensions, results analogous to (1.1) have been obtained by Bickel
and Yahev (1965) and Stam (1968, 1969, 1971). Roughly speaking, Stam shows
that near infinity along the direction of drift, R is like the product of Lesbegue
measure over the length of y in the direction of drift with a normal (or stable)
distribution in the orthogonal direction. The covariance of the normal distribu-
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2 R. Keener

tion increases linearly in the distance from the origin. Unlike the case in one
dimension, extra terms are now necessary to improve the rate of convergence
in these theorems. The main results of this paper provide the first two correction
terms for renewal theory in the the plane.

To describe these results, let (X, Y)~P, and define v=EX, y=EY/v,
Z=Y—yX, 0c*=EZ* M, =EX'Z*(vd*j1k)), c;=—M,,, ca=My3—M,,/2,
c3=Mpo— M+ M3y, ca=Moys—M5/2+M,o/4+M7,—2M,; My;, and c5
=M33/2+M?2/8— M, My,/2. For x<0 let #(x, y)=0, and for x>0 let

— {2
e 2

) P —
t.9) v)/2rxa?fv

-{1 +1/g Lei H (D) +c; Hi(9)] +% Les Ho () +ca Hay(P)+cs Hﬁ(ﬁ)]}

where §=(y—yx)/|/xc?/v and H, is the k™ Hermite polynomial. Let t=1(x, )
=]/m+ |y—7x|. Theorems 1.1 and 1.2 show that as 7 —» o0, R is well approxi-
mated by the measure with Lesbegue or counting density 7.

Call P a lattice distribution on Z*={..., —1,0, 1, ...}* if P(Z*)=1 and
P(4)<1 for A the translate of any proper subgroup of Z>.

Theorem 1.1. If EX? log**(1+ X ")< o0, EZ*< 00, v>0 and P is a lattice distri-
bution on 72, then

R({(x, y)})=F(x, y)+o(1/7%)
as ©— oo uniformly for (x, y)eZ2. '
The next result is an expansion in the “continuous case”. To be specific,

let x denote the characteric function of P. Cramer’s condition is

lim sup x(p, q)< 1.

prtg2—o0

The theorem assumes Cramer’s condition and approximates f fdR for non-
negative functions that are zero in a large neighborhood of the origin. The
distance of a function f from the origin is measured by

T,=inf{z(x, y): f(x, y)>0},

so f(x, y)=0if 7(x, y)<1,. Also, define the variation function

wf(x7y7 8)=sup{f(x1,y1)—f(x2, yZ): (x17y1)7 (x2’ y2)€B8+(X,y)}

where B,={(x, y): x>+ y>*<¢°} is the ¢ ball about the origin. Also let | f||
=supg-|f| and define

mf(xayas): Sup |f’

B.+(x.7)
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Theorem 1.2. If EX?log**(1+|X|)<o0, EZ*< o0, v>0, Cramer’s condition
holds, 0<y<1/6, and e=¢,=exp{—1}} then
[ffAR=[[f(x, ») P(x, ) dxdy+O0(1) [fe,(x, y, &) (x, y) dx dy
+o()ffme(x,y, 1)1 3(x, y)dxdy

uniformly in f as 1, —00.
With f the indicator of a strip, we obtain the following corollary.

Corollary 1.3. Under the conditions of Theorem 1.2,

) 0
R{(x_a,x+a)x(—oo,y>}=—2v—¢(ﬁ)—ljvfx pO)les +c, Hy9)]

2,2

1+6°
X

as x — o0 with 5=0(]/)-c), uniformly for yeR.

Our final result gives expansions for densities. If P(XeZ)=1, let 1, be count-
ing measure on Z; otherwise let A, be Lesbegue measure. Define 4, similarly.

Let R,= Y P**=P*"4R.

k=n

Theorem 1.4. Suppose EX? log**(1+X )< oo, EZ*< o, P** is absolutely con-
tinuous with respect to i, X A, with a bounded density, and (1+1)*dP*"/d(4, % d,)
is directly Riemann integrable where n=2k+4. Also, assume P(Z*)<1 and that
X is lattice with span 1 if P(XeZ)=1 and Y is lattice with span 1 if P(YeZ)=1.
Then

dR,

A0 x 1) (x, y)=7F(x, y)+o(1/73)

as t — oo uniformly for (x, y) in the support of A, x 4,.

Remark. In our proofs, the condition EX?log*?(1+ X )< oo is used to deal
with difficulties associated with P(X <0)>0. When P(X =0)= 1, this condition
can be relaxed to EX?< oo (we conjecture EX? < co is always sufficient) and
the integrability condition for dP*"/d(4, x 4,) can be dropped in Theorem 1.4.
The condition EX?log¥?*(1+X )< oo can also be dropped when error rates
of o(|x|~3/?) are sufficient — see the proof of Theorem 2.5.

A unified treatment of the results just stated can be obtained by finding
approximations for convolutions of test measures with symmetrized versions
of R. These results are stated and proved in Sect. 2. Section 3 contains proofs
of the results in this introduction and Sect. 4 has applications to boundary
crossing problems.
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2. Density Theorem for Smoothed Symmetrized Renewal Measures

The results of the introduction will all be derived from expansions for densities
of R G with appropriate choices for the smoothing probability measure G.

If XeZ as. P, let a=n; otherwise let a=o00. Similarly let b=7 if yeZ as.
P, and let b= o0 otherwise.

Aside from sorting out the discrete/continuous cases for X and Y, it is conve-
nient to deal with the measure Q=% (X, Z). The characteristic function of Q
will be denoted by ¢. Define the measure A by

AA) =1, x Ay({x, y): (x, y—7x)€A})

for Borel sets in the plane. Let H be a probability measure which is absolutely

continuous with respect to A with density h=dH/d 1 and characteristic function

hoIf {f |h|< oo where S=(—a, a)x(—b, b) then h can be found from the inver-
h

sion formula

1 o
h(x,z)=— [ h(p,q)e "> "=dpdq.
dr

N

Moments of H will be denoted d;,= [{ x/z*dH. Let A be a fixed positive constant
and let # be the set of all probability measures H absolutely continuous with
respect to A satisfying d,o+dy4 < A. The expansion of Theorem 2.1 holds uni-
formly for Hes#. This uniformity is necessary for a smoothing argument to
obtain Theorem 1.2.

The measure G mentioned earlier is related to H by

G(A)=H({(x,z2):(x,z+yx)eA})

for Borel sets A in the plane. Densities for G are related to densities for H
by
dG
h(x,z)-—m(x,z+yx)

and consequently densities for G* R are related to densities for H* Y Q*" by
0

d(H*i::Q*")

da

_ d(G*R)
T (% 1)

(x, 2) (x, z+yx).

To avoid integrability problems near the origin, results will be derived initial-
1y for symmetrized renewal measures V,, 0 <n < oo defined by

hid)= 3 {Q(A)+0%(— A

Let U=H=V,and u,=dU,/d/,and let U=U_ and u=u,,.
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Theorem 2.1. Let t=|/|x|+|z], let 0<n<1 and let n=n,=o0(z"®) as t>o0. If
|¢| is bounded away from one on any open subset of S—{(0, 0)} then

u=a+u,+0( ) {1+exp(—n") [[UAI+ 1A, 1+ Ayl 41 gl + | Bygl + |y +1h500,11}
S

as © — oo uniformly for He#, x>0 and — oo <z<00. 1l is given by

AQZ/Z

1
i(x, z)=;l/76n;ﬁ7/v{1+]/§[c1ﬂl(f)+cz Hy@1+ [C5 Ha(2)

LG HL() csHs(f)]},

where H, is the k™ Hermite polynomial,

222[/ XO'Z/Vs Ci=dyjo—M;, Cy=My—M,/2,
C3:M20_M12+M%1_M11d01/0'+d02/(20')_d10/(2")=
Co=Mos—M 324+ Myo/4+M3, —2M My —M,, dy,(40),

and
Cs=M3gs/2+M7/8—M; Mqy3/2.

A starting point for proving this theorem is the following inversion formula.
Let ¥ =R{1/(1—¢)}.

Lemma 2.2. Under the conditions of Theorem 2.1,

1 o
u(x,2)=5— | P(p,q) h(p, q)e "** "= dpdq.
S

Proof. Let W,(A4) =ir" [0*"(A)+ Q*"(— A)] and w,=d(H * W,)/d . By monotone

convergence, ¥ =lim w,, and by Fourier inversion,
rtl

1 1 —ipx—iqz

By Taylor expansion of ¢ near the origin,

‘ i q)}’ 7 viqjizqw |
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as (p, ¢) — (0, 0). Since this function is locally integrable at the origin, and since
R{1/1—r¢)} > ¥ as r11 uniformly away from the origin, it is sufficient to
show that

limlim | | 4244

— =0
elortt 5, 2, [1=ré(p,g)l

As(p, 9)—(0,0),
¢, q)=1+ipv—q*a*/2+o(|p|+4?).

Hence there is a constant K, such that |1—¢|=K,(|p|+¢?) in some neighbor-
hood 4 of the origin. Since R{1—¢} =0, in A,
[1=r|=r{l=r?/r*+|1= P +2(1—r) R(1 - $)/r}'"
zr|1—¢|
zrK,(Ipl+4%).

The lemma follows since
fd jd _1 =4 V
=47l s
2, P 6Ilpl+qz

Theorem 2.1 will be proved by careful analysis of the integral in Lemma 2.2,
and the behavior of A% near the origin is of crucial importance.

Lemma 2.3. As (p, g) — (0, 0), ¥ = ¥ + o(1) uniformly for He #, where

1q**(1+iqdy, +ipd,o—q*doy/2)
PP+ qrat/h
{ [pq5v05{M03—M11/4}+p3qv3o-M11](1+iqd01) }
+q®6® Mo, /A+p*q* v ot {— Moy + My —M,o/4} +p* v My,

(p2v2+q40_4/4)2

{“qlzalegs/S‘*'qusVZGS{Mf1/8+3M(2)3/2—3M11Mos/z}

+p4q4v404{_3Mi1/2+2M11M03}

(p2v2+q4o'4/4)3

lI’)=

+

Also for j=1 or 2,

ai

¥ -
6pj(ﬁav):a—pj¥'+o((|pl+q) )

andfork=2,3,0r4,
ak ak Y74 —k/2
a—q*;((glp):a—q,c Y+o(ipl+q>) ™M)
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Proof. Taylor expansion of ¢ about the origin gives
¢, q)=1+ipv—q°c*/2—pgvo M, —iq’ 0> Mos—p*v* My,
—ipa*ve’ M, +q* a4, Moy +0((Ip|+¢%)?)

as (p, g) — (0, 0). Since

1 ¢ &
=—+—5+—5+0@E/xY
X X X

x—e
as ¢/x — 0, with x=¢?c?/2—ipv we obtain

1 _ 1
1—¢ —ipv+q®e?/2
n “PqVO'Mll“iqso'sMos-szzMzo_qu2V02M12+‘14<74M04
(—ipv+4q*a?/2)?
(quO'M11+iQSG'3M03)2
(—ipv+q*a?/2)®

+o0(1)

as (p, g9) — (0, 0). Taking real parts of this equation gives

0.2

pqa°vo’{Mo;—M,,/4} +p>qvioM,, +q808M04/4}
P2 g4 v ot { Mo+ M, — M, /4} +p* v M,
(p*v*+q*c*/4)*
{—qlzo'le(z)s/g'l'qus"zag {M%1/8+3M<2)3/2—3M11M03/2}}
+

¥=1q

+

+p4q4v40'4{—3Mf1/2+2M11M03}
o+ 4 Ay

+o(1)

as (p, g) — (0, 0). Multiplying this by the Taylor expansion,
h(p, @) =1+iqdo, +ipdio—q>dos/2+0(Ip]+4?)

as (p, ¢) —(0, 0) uniformly for He s, proves the lemma.

Although ¥ is a good approximation for A% near the origin, it has a few
bad properties. It need not be integrable on S, and ¥ and its derivatives may
not vanish at +b. To correct these deficiencies, let g: (—b, b)— [0, 1] have
a bounded continuous fourth derivative and satisfy g(x)=1 for |x|<nr/3 and
g(x)=0 for |x|>2n/3. Let ¥(p, 9)=g(a)(P(p, 9—M ). As (p, 9)—(0,0), the
second and third assertions of Lemma 2.3 hold with ¥ replacing ¥. An initial
approximation for u is

- | @ - o
#(x,2)=5— {dp [ dpP(p,q e Pxie=,
—b

-0
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Since ¥ is not absolutely integrable over the region of integration the integral.
A

over p should be interpreted as lim f dp. The order of integration can be
A= _ 4

interchanged as ¥(p, 9)—iq®0%d,o/(2p)—qv3>aM,,/p is absolutely integrable
over {p: |p|>1} x (—b, b), and ¢*/p and ¢/p both factor.

Lemma 2.4. Under the assumptions of Theorem 2.1,
u=d+u,+o(c ) {1+exp(—n" [| [IRI+ 18,1+ 1,1+ Ayl + | Frygl +1Fyq,
s

quqqu}

as T —> oo uniformly for He#, x>0 and —oo<z< 0.

Proof. Let us first consider what happens if (x, z) vary with 7 so that r=0(]/;)
as T—00. Fix ¢>0 and choose ¢ >0 so that
&

0 N
—_hY-9 'S-——
‘apz B =) =t

on (—6,8>% Let S;=(—1/x, 1/x)x(—1/)/x, 1/})/x), Sy=(—0,3?—S,, S3=5
—8,—S8,,and S,={p: |p|>a} x(—b, b). For 1 sufficiently large, x will be large
and we will have

9 l
‘ G B

on S; and S, C(—é, 5)2. Integration by parts gives

x[u_a] 2 — “’ (I,'iq’/ lp)e—lpx igz 2n2 j‘j’ —ipx—iqz
— —ipx—igz _ —ipx—igz
2 2n2 “ (ﬁlp P)e 2’ x” 6p (k¥ —F)e
s [ = g 2
1 1/Vx 0 o = »
—m j‘ I:ﬁ(h\q'l—':[l)e lpx] y e tpxdq
- 1/Vx p=—1/x
=II+IZ+I3+I4+IS.

By the choice of 4,

1 3 2¢
Ll£=— | dpldg—"—p="%
'1'—2n2_f,x Pl =

edpdq (1+me
Lisrt 0+ I VT =)/

and
1 2edq £

Is
| I_anx g>+1/x ﬂlf

Since 62 ¥/dp? is integrable on S,, after an integration by parts, I, =0(1/x).
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I, is the troublesome contribution. Let a=sup |¢|. Since 8(h¢")/0p?
S3

bounded by a constant plus a multiple of j2 uniformly for Hes# and j=0,
n—1

by the identity 1/(1—¢)=¢"/(1—-¢)+ Y ¢,
j=0

2n s (ﬁm{z 4)]}) e~ Px=127 4 0/(1/%)+ 0 (n /)
+0(/x) [ {| Al +1h, |+, 1}
S

as t — o0 uniformly for Hes#. The first term in this equation after two integra-
tion by parts is just xu,. Since ¢ is arbitrary and «<1 this establishes the
lemma for sequences where T= 0(]/;) as T—> .

To complete the proof, consider now sequences for which t=0(z) as t > 0.
Fix ¢>0 and choose 6>0 so that on (—4, 6)%, | (R¥Y — P)/oq¢’| <¢/(|p|+q*)"%,
for j=2, 3, and 4. Let S, =(—1/22, 1/z*) x(—1/|z|, 1/|z]), S,=(—96,8)>—S{, S,
=S—S8,—S, and S,={p: |p|>a} x(—b, b). For t sufficiently large S, <(—9, d)
and three integration by parts gives (boundary terms vanish in the lattice case
because &/ ¢ (p, m)/dq' =’ p(p—2my, —7)/0q’)

o & I i l? _
z3[u—u]=2—7—r7 j;j a—qs(lff‘ll—‘}”)e ipx— “’Z+—~ H e tpx—igz

272

= [l g =P

27z2

1 o* o 1 53‘1’
v Eq]__q/ —lpx—lqz —1px igz
2nz é['f 6q4( e 27r2 ” 0q aq®
1 1/z2 HT W fi —igz a=1/|z] *ipxd
+ﬁ_1j/zz [{ aq 2( 1+ z 0q 3( v lp)} ]q——mzle g
211+12+13+I4+15.

By the choice of 9,

z 1/z2 e 23
Li|S5— dpfdg —— ===
I 1|—2n2 _lj;zz pj‘ q|p|+ 3 7[’
edpd 1+
|Izl_2 i} pdq _( 2n)s
lpl>1/z2  |g|>1/{z| (lpl+q T
and
1 1/z2 2ed 5ed 241 ) J
Lisgs | 2de L g 2edp  2elog@) 4c
[y |p|+1/z (Ipl—l—l/z)/? - -
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After an integration by parts, I,=0(1/z) as t— oo uniformly for He#. To
approximate [5, again let a=sup|¢|. Using the identity 1/(1—¢@)=4¢"/(1
S3

_HEY

L= 2n - jj 5 (ﬁﬂt{gw})e—i“—f%r0(1/z)+0(n5/z)

+0(a"/2) ” {|ﬁ|+|ﬁq|+lﬁqq|+lﬁqqq|+| qqqql}
s

as t— oo uniformly for He 5. The first term in this equation after four integra-
tion by parts is just z*u,. Since ¢ is arbitrary and a<1 this completes the
proof of the lemma.

Proof of Theorem 2.1. By Lemma 2.4, the theorem follows provided di=1
+o0(t3). Integration over p in the equation defining # gives

1 © . 2
i )=y~ [ glge o /2{Hlﬁ[iqcl+(ic1)302]+1[(iq)2c3
Ty ~© X X
+(icz)4c4+(i4)6c5]},

where §=0q]/x/v. Although the algebra to obtain this equation is tedious,
the necessary integrals can all be evaluated by residue calculus, or by repeated
differentiation of the identity

~sz
T el

I 24‘62 é

with respect to & and x. At this stage there is no harm in setting g=1; errors
due to this change are o(z~*). Integration over g using the formula (derived
from equations XVI.1.6 and XVI.1.7 of Feller 1971)

L fagpemn dg= iy —
2n ¢ nxo?/v

completes the proof of Theorem 2.1.
The next result will be used to convert expansions of the symmetrized mea-

el

sure V to expansions for W=) Q*".
o]

Theorem 2.5. Let H be a finite measure with density h=dH/d A, and let g=(1
+1)3h. If g is directly Riemann integrable, if EX?log®?(1+X )< oo and EZ*
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<o, and if || is bounded away from one on any open subset of S—{(0, 0)},
then

d -3
T HeW=0@™)

as t© — oo uniformly for (x, z) in the support of A with x <0.

Proof. Suppose initially that H is a probability measure with support the unit
ball By, and that [{|¢'h/dp/|<co for j=0,1,2 and ({|¢’h/og’|<oo for
j=1,2,3, 4. By Theorem 2.1 with n_.=0,

d
- <
le*W(x,z):u(x,z)

=di(x,z)+o(z )

:0( |1x| exp —{4 lzzivaz})+o('f'3) (2.1

as T — oo uniformly in x and z. In particular, for some constant K,

d K,

T HsWix,2) £ ——=

d. 1/ 2+]|x|
for all x and z. Also, due to the rapid decay of the exponential function, it
is sufficient to restrict attention to sequences where z=0(]/|x|log|x|) as T —»c0,

and for these sequences T=0()/|x|log|x|). Consequently it is sufficient to show
that

£ HeW( 9=o({|x|log|x]} ) 22

as x » oo uniformly in z.
Let (X;,Z;), i=1 be iid. from Q, independent of (X, Z), let S,=(SV, §%*)

=(2Xi, ZZ,-), and let #,=06{Sy, ..., S,}. Then
1 1
d

7 Hs=Wi(x, z)= Engo h(S,—(x, 2)).

Let t=¢t,=inf{n=1: SV <x/3}. Since h=0 off By, for x sufficiently negative,
conditioning on %,

d d
JIH* Wi(x, Z):E[d_/lH* WS, —(x,z));t< oo]

=E|:%H* W(S,—(x,2); t< oo,S$1)>x/2]

HE| WS ~ (5,2 1 <0, S0 2372
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To see that the first of these terms is small, let f=inf{n>¢: SV < SN +x/3} —1¢
on {t<oo} and f=o0 on {t=o00}. Then tjt<oo~t, so P(f<oo)=P(t< o).
Conditioning on £, for x sufficiently negative,

d -~
E[HH* W(S,—(x,2)); t< oo,Sﬁ”>x/2]=EL%1 H+W(S;—(x,z); t< 0,

S§1)>x/2]

<K, P(t<o0)?*/2. (2.3)

This expression is O(1/x?) as x —» — oo by Markov’s inequality; EX*< oo and
EX >0 imply E[inf ${]> — c0. The second term is bounded by

K
B i< . 5557

/218D —x|
=y £
n=0

- s SV>x/3, s;1>+ng/2]
V2+[SV+ X —x|

; SWe(j+x/3,j+1+x/3], S§,1’+X§x/2:|

o] o0 K
= E[ L
ngo jgo ﬂ+|S§,1)+X—x|

o 0 K
< E[ ! ;s5,1>e(j+x/3,j+1+x/3],xg—j+x/6]
,,go Eo Y 1+1j+X—2x/3|

w5, et

0Sjs ~ X+x/6 ]/T+ j+X—2x/3]

o0
where K,=sup Y P(S{"e(x, x+1]) which is finite by the renewal theorem (in
X n=0
one dimension). To continue, with x sufficiently negative, this last expression
is bounded by
1-X+x/6 d
KK, E | 4

S Yy X—2x/3]

<2K, K, E[)/11+x/2|+)/| X —1—2x/3]; X £2+x/6]

<8K, K, E[}/|X]; X <x/10]
<8K,K,E[X?log*?(14+X7); X <x/10]/(x log(1 —x))** (2.4)

and (2.2) follows by dominated convergence finishing the proof in this case.
In the general case, first pick a function h that satisfies the conditions of
the special case and exceeds one on B, ;. Then

W (B, +(x, z))é%H* W(x,z)=0(t"3)
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as t—oo with x<0. Since the arguments leading to this result remain valid
under rescaling, for any (fixed) bounded measurable set I,

W(I+(x,z))=0(t"?) (2.5)

as t—oo uniformly for x<0. Using similar arguments and the bound (2.1),
for any bounded measurable set I,

W({I+(x,z)= O(r‘%%—O(exp—%) (2.6

as T — oo uniformly for x=0.
To continue, let {I,},»; be the unit squares with integer corners and let

g,=sup g. Since g is directly Riemann integrable, ) g,<co. Define (x,, z,)€l,
I

so that t(x,, z,)=infz(x, z). Then
I

13(x,z)%H*W(x,z)=Z il rs(x,Z)g(x—x’,z-Z’)dW(x,’Z,)

i NN
(o) =1, (I+1(x—x',z—2))
3(x, z)

wor———————= Wlx, z2)—1I,).
=Y (g W1

This approaches zero by dominated convergence — pointwise convergence of

the summands follows from (2.5) and domination follows from the next lemma

using (2.6) and the observation (x, z)— I, = (x—x,, z—z,)+ I where I is the square

[—1,1]%

Lemma 2.6. For all x, x', z and Z/,

1(x, 2)
$2 7 !
I+t(x—x",2z—2)" Frlx.2)

and for all x, x', z and 7' with x' <x <0,

_ N2
T(x, 2) exp{—ﬁ%}élz’] +]/M{1+ |/ 66%/(ev)}.

Proof. If x;,x;,x320 then (x;+x)/(x;+x3)=Z(x,+x3)/x; and |/x,+x,

51/:714-1/;2. Using these bounds,
Vixl+lzl — _ Vixl+lz]+]z=2]

L+ lx—x|+1z—2| " 1+}/|x—x[+]z—7]
)] +12]
TRy e
+])/1x—x|
<1 mex X|+17]

- 1+]/|x x|
L2+41(x, 2).
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Using the identity x, exp{—x, x3} £1/]/2ex, for all x; >0,

(z—2)*v (@2—2)v
ezl (o , o R S S
s 20p| gy SV e - T

6a%|x—x 2
< |x|+|z'|+{—'——'}
ey

and the lemma follows.

The final lemma of this section will be used to show in applications of
Theorem 2.1 that terms associated with u, are negligible. The proof is similar
to the initial arguments in the proof of Theorem 2.5.

Lemma 2.7. Suppose n=n,=o0(t) as t—0. If EZ*<o0, Ex?log*?*(1+|X|)< 0
and |¢| is bounded away from one on open subsets of S—{(0,0)}, then for any
bounded measurable set I,

Vil + (5 )=o)

uniformly in (x, y) as 1 — 0.

Proof. Rescaling we can take I=B,; without loss of generality and by (2.5)
and (2.6) it is sufficient to show that

W, I+ (x, 2))=o((xlog x)~*?)

n—1
uniformly in z as x »oo when n=n,=o0()/xlogx), where W,= Y Q*. Let t

i=0
=t,=inf{n=1: SP—2nv=x/3} and f=inf{n>1: S—2nv=2x/3+S"
—2tv}—t. Conditioning on %, for x sufficiently large

W, (I+(x, 2)) = E[W,_ (I +(x,2)=S); t=n]

SE[W,-,(I+(x,2)=8);t=n, SV <x/2]
+E[W, - (I+(x,2)=S); t=n, SV = x/2].

The first term is bounded for large x by a multiple of P(f<o)=o0(x"?) (as
in the derivation leading to equation 2.3). For x sufficiently large, {t
<n}={S¥, <2x/5}, so the second term is bounded by

Y E[W(I+(x,2)—S,); SV =2 x/2, S, <2x/5].
n=1

Bounding W(I +(x,z)—S,) by K(2+|5{V—x])~!/? the proof is completed by
the same arguments leading to (2.4).
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3. Proofs

Proof of Theorem 1.1. Let r(x, y)=R({(x, y)}). Since P is lattice, |¢| is bounded
away from one on any open subset of (—x, ©)> —{(0, 0)} and Theorem 2.1 with
H a point mass at zero and n=0 gives

r(x, ) +r(—x, —y)=F(x, y)+o(x"?

as T — oo uniformly for x >0. By Theorem 2.5, ¥(x, y)=o0(t ~ %) as T — oo uniformly
for x <0 and these assertions combine to prove Theorem 1.

Proof of Theorem 1.2. By change of variables,

[[fdR=[[f(x,z+yx)dW(x,z)
= {[ fx,z+yx)dW(x,2)+ [| f(x,z4+yx)dV(x,2)

x=<0 x>0

— | f(=x, —z—yx)dW(x, 2).

x<0

Partitioning R? into small rectangles and using equation (2.5), the first and
third terms in magnitude are o(1){{m,(x, y, 1)77*(x, y)dx dy uniformly in f
as 1,—00.

Let HY be a fixed member of # with support B, with

(TOAD [+ AP+ B[+ AP+ ...+ AL, 1=K <.

494949

Define H® for O0<e<1 by H®(A)=H™(A/e). Then H® has support B,,
K9 (p, 9g=H"(ep, eq) and
SR+ B+ B 1A |+ .+ G 1 S K /e,

94949

Fix 0<n<n'<1/6 and let e=¢,=exp(—1}) and n=n;~7}. Then by Theo-
rem 2.1

d d
—_H® —_p g -3
d/lH *V(x,z) r(x,z+yx)+d/1H =V, (x, 2)+o(t” °(x, 2)

as 1, »>oo uniformly for t(x, z) = 1,. Define f, (x, y)=f(x, y) I {x>0}. Since H®
has support B,

[ fe e z+yx){dV—dHO =V} = [[o,, (x, z+yx, (1+7y)e) d(HT* V)

(note that {(x, z): |(x, z+7yx| <(1+7)e} > B,). From Lemma 2.7, since H® has
support B,, for any bounded set I,

HO%V,(I+(x, y)=0(t"?).
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This implies for ¢ sufficiently small that

([ fxz4+yx)dHP« V)=o) [{m(x,z+yx, 1)1 (x,2) dx dz
and
for, xz4+yx,(1+9)e)dH? = V)=0(1) [{ms(x,z+yx,1) 17 *(x,2)dx dz

as 7, —00. The theorem now follows (a few minor details such as the legitimacy
of changing f, to f and (1+7)¢ to ¢ are easily checked. The constants dg,,
do, and d, , can be ignored since &, — 0 very quickly).

Proof of Corollary 1.3. Let us begin by looking at the integral of # over 4=(x
—d, x+0) X (— 00, y). Using the identity

fy His1(2) 9(2)dz=—Hy(2) $(2),

integration over y’ gives

x+é ¥ 1 x+é
j dx' j dy,f(xl,yl)__ j dx ¢(y*)%[cl+C2H2(y*)]

x—é - x—é

— B0 1 Les FL 09+ a0 s Hyo1),
G.1)

where y* =(y—yx')/ |/ x'a*/v. By. Taylor expansion,

1 1

Vx’ /v N ]/xaz/v

as (x'— x)/x — 0. Multiplying this by y—yx =y —yx—y(x'— x) gives

1= oty

ﬁ(xl_x)_y(x’—x) +0{x—3/2(x,_x)2}

% a
=y—
Y 2x |/ xa*/v

as x —»oo with y= 0(]/;) and x'—x= O(]/;). Taylor expansion of @ gives

qi(y*):cb(ﬁ)—qﬁ(ﬁ)[y ST

2()6 . )2

o FO{x 32X —xP+x T3P —xP) (32)

yo()
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as x ~»o0 with )7=O(]/;) and x’—x=0(]/;). In this expression, O{*} can be
replaced by O {x73?|x' — x> +x73*(x'—x)?} for if 1/p=0(x"1*), both sides
are exponentially close to 0 or 1. Since |/v/x'=}/v/x+O0(x~*?|x'—x]),

—¢>(y*>1/% Loy + 2 Hy (%))

o [V o 2X=x) Y . N
= —d’(y)]/; [cy+es HZ(y)]_l/xTaT/: 45()’)1/; [e. Hy () +c, H3(P)]
+O0{xT?[(x' —x)* +|x' — x| +|p(x'—x)[1} (3.3)

as x — oo with 9=0(]/;c) and x’—x=0(]/;c). As in (3.2), O{-} can be replaced
by O{x™%%(x'—x)*+x~*|x"—x|}. Finally,

—9 (%) 1 Les Hy () +cs Hy (%) +¢5 Hs (0]
= —¢0)~ [es Hy )+ ca Hy()+es Hs(NI+0{x > |x =]} (34)

as x —oo with )7=0(]/;c) and x’—sz(]/;c). Integration, after approximating
the integrands in (3.1) using (3.2)-(3.4), gives

x+d y 25 25
_[a dx' _fm dy' F(x', y’)=7 @(J?FW d(9)ey+c; Hy ()]

X

26 5%y?
2200 (et G L) M)+ Ha+es Hat)
FO{X™Y2(6* + 87+ %)+ x 3433 4 67)), (3.5)

as x - oo with = 0(]/;). If x »co with & =0(]/;), the O {-} term is o {(1 +67)/x}.
Turning to the other terms in Theorem 1.2, [t73(x, y)dy=1/x, so with f
=1y,
x+o+1

[imeCey, T3 oy dxdys | dx)x=0{1+8)%)},  (3.6)
x—0—1
as x—oo with 5=0(]ﬁ). Since ff(x, y)dy=0(1) as x—oo and sup?(x, y)
~0(1/)/x) as x>0,
flop(x,p6)F(x, ) =0(e), (3.7)

as x—o0 with 5=O(]/;) and ¢=o0(1). With e=¢,=exp]/ —1;/*° this term is
o(l/x) as x—> o0 with 5=0(]/;c) since t,2|/x—0. The corollary now follows
from Theorem 1.2.
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Theorem 1.4 follows immediately from Theorems 2.1 and 2.5, with G= P*".
Integrability of A and its derivatives follows because the characteristic function
of a bounded density is square integrable.

4. Boundary Crossing Problems

h n
In this section, (X;, Y}) for i=1 will be iid. P, S,= Y X;, W,=Y Y, and t=1,
i=1 i=1
=inf{n: §,>a}. We will only treat the “positive” case where P(X =0)=1. The
main result is an expansion for the distribution of W,.

Theorem 4.1. If E| X |* < 00, EZ* < 00, P(X =0)=1, and Cramer’s condition holds,
then

P<m<c)=¢(v*v)+¢(m/g [Dy+D; Hy(9)]
+ ¢ ()= (D3 H, (3)+ Dy Hy () + Dy Hy(9)] +0(1/a)

as a— o0, uniformly in c, where W=(c—ya)/|/aaz/v, k=vy/o, D= —kM,,, D,
==Mo3+M /2, D3y=—Myo/2—k*M3o—KkM, +xM; Mys, Dy=M,,/2
—Myofd—Moy— M3, 2+ M Moy +xM; Myo/2—kMgy My,  and  Ds=
—M3,/8+ M,y My,/2—M3s/2.

Proof. Since we are in the positive case, {t=n+1}=(S,<a, S,+ X, >a} (with
the convention S,=0). So

P(W/;<C)= Z P(Sn§a55n+Xn+1>a> VVn+Yn+1<c)

=§ If dP*(s,w)dP(x,y)

n=0 s=a
stx>a
wty<c

={R{(a—x,al x(—o0,c—y)}dP(x, ).
Using the same arguments as those used to prove Corollary 1.3,

R{(a—x,a]x (—oo,c*y)}:§¢(ﬁ)+%[%—xcl —xc, Hz(ﬁ)]

¢ () {xly_ s

+ [ei Hi(P)+cr Hy(D)]

a | 4v 6a? +7;

1 3
ax[csHl(ﬁ)+c4H3(y‘)+c5Hs(ﬁ)1}+o( +’°)

(4.1)
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as a— oo with x= 0(1/) uniformly for ceR, where §=(c—y—ya)/|/ac?/v. Call
the approximation in this equation R(x, y). By the ordinary renewal theorem,
for some K, R{(a—x, a] x R} <K (1+x) for all aeR and x=0. Since EX>< 0
and

E(X; X >b)<E(X? X >b)/b?,

we can choose a sequence b=>b, such that bzo(]/;) and E(X; X >b)=0(1/a).
For this sequence,

E[R{a—X,a] x(—w,c—Y)}; X>b]=o0(1/a)
as a — oo, uniformly for ceR. By dominated convergence and (4.1),
E[R{(a—X,a] x(—0,c—Y)}; X<b]=E[R(X, Y); X <b]+0(1/a)
=ER(X, Y)+o(1/a)
as a —» oo, uniformly in ¢. Now p=w— y/]/(Tz/v and Taylor expansion gives

yoWh) W)y’

PO~ et OV

and

Hmwm=mmmmwﬁﬁ%%ﬂ@ o(y11/a)

as a — oo, uniformly in W. So

R X - /v[yEX?  EX

2vo

+¢(W){WEX2_y2WEX3 yEX2
4v 602
—ves H (W) —vey, Hy(W)—ves Hs (W)
WEXY? yH,(WEX?Y
T2 T 202
HI(W)EXY_c2H3(W)EXY}
o c

4 Lci Hi(W)+c, H3(W)]

+o(1/a)

as a — oo uniformly in w. After some algebra this gives the result in the theorem.
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