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INTRODUCTION 

Water loss and carbon dioxide exchange between the plant and its environment 
occur mainly through s tomates.  The processes  are  each affected by diffusive 
res is tances  due to the stoma tes and to the external boundary layer .  The des i re  
to reduce the amount of water t ranspired during the production of biomass and to 
minimize excess t ranspi red  water loss f rom a watershed has spurred on r e sea rch  
to further understand and control the res is tances  to t ranspirat ional  flow. 

Brown and Escombe (1900) pioneered work in stomatal control of t ranspirat ion 
and calculated that the res is tance  in a single c i rcu la r  tube was the sum of the 
res is tances  due to the tube length and to the two m i r r o r - i m a g e  diffusional shells 
on ei ther side of the tube. Their  result  has been reconfi rmed theoret ical ly  by 
Patlak (1959) and more  recently by Parlange and Waggoner (1970). When the 
calculation was applied to predict  t ranspirat ion ra tes  from leaves or mul t iper-  
forate septa, the values were several  t imes  in excess of measured values.  In 
order  to explain the discrepancy, Brown and Escombe (1900) suggested that 
initial interference of flow lines when the stomates were  wide open increased the 
stomatal res is tance .  Although relevant discussion on mutual in terference has 
resulted since 1900 (see Parlange and Waggoner, 1970) it is now known that 
Brown and Escombe 's  problem lay in the fact that they made no allowance for the 
external boundary layer  res is tance .  Other invest igators  agree  that an external 
res is tance  has to be taken into consideration whether or not stomatal res is tance  
is l imiting.  Bange (1953) described the res i s tance  as the adhering a i r  layer  while 
Lee and Gates (1964) called it the "hypothetical motionless a i r  layer  of a cal-  
culable thickness over the leaf" .  In general, the a i r  surrounding a t ranspir ing 
leaf is never stagnant because of natural or forced convection. Consequently, 
convective t e rms  should be included in the diffusive equation which yields the 
boundary layer  res is tance .  This paper aims at developing a mathematical  model 
to predict  t ranspirat ion ra tes  and, from f i rs t  pr inciples of engineering mass  
t ransfer ,  to determine mass t ransfer  coefficients which con/bine the effects of 
diffusion and convection. 

PHYSICAL MODEL 

The t ransport  of water  vapor from the leaf to the outside environment takes 
place in the presence  of radiant energy, because a mois ture  density gradient 
exists between the more  or  less  mois ture-sa tura ted  a i r  in the open intercel lular  
spaces of the leaf and the atmospheric a i r .  If the stomates, found mostly in the 
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lower  l ea f  sur face ,  a r e  open, the vapor  will  diffuse through them.  By combining 
F i c k ' s  diffusion law and Stefan 's  d i a m e t e r  law, Brown and Escombe  (1900) ob-  
rained the fol lowing re l a t ion  for  the diffusion r a t e  through a s tomate  po re :  

D( r r  2) A C 
Mm = L + D(2r) AC 

With N p e r  em 2 as  stomata1 density,  the a v e r a g e  m o i s t u r e  flux, lVlm, is  given by 

AC 
1Vim = L 1 (1) 

ND~r 2 ND2r 

• A c lose  examinat ion  of eqn (1) exposes  the e r roneous  " d i a m e t e r  law" which is 
r epea ted ly  found in plar~t physiology l i t e r a t u r e  (Ting and Loomis ,  1963). This  law 
sugges ts  that  diffusion through smal l  po re s  is  p ropor t iona l  to t he i r  d i a m e t e r .  
This  is  the c a s e  only when L = O. In na'ture, however ,  L is gene ra l ly  g r e a t e r  
than 2r  (Meidner  and Mansfield,  1968), which impl i e s  that  s tomata l  conductance 
is d i r ec t l y  p ropor t iona l  'to the pore  a r e a  and i n v e r s e l y  p ropor t iona l  to i ts  length.  
Thus, at any given ep ide rma l  ' thickness,  L = constant,  the  conductance is  p r o -  
por t ional  to the c r o s s - s e c t i o n a l  a r e a  of the pore .  An ir~termediate condit ion in 
which the po re  length is  app rox ima te ly  equal to ~the max imum d i a m e t e r  sugges ts  
that  as  the  s tomate  begins to c lose ,  i ts  d i a m e t e r  becomes  sma l l  r e l a t i ve  to the 
ep ide rma l  th ickness ,  and the s tomata l  conductance becomes  p ropor t iona l  'to the 
a r e a .  F igure  I is  a plot of s tomata l  conductance v e r s u s  po re  rad ius .  It s t r e s s e s  
the a r e a  p ropor t iona l i ty  and points  out 'the fact  tha't s tomata l  cont ro l  is grea ' te r  
at l a r g e r  openings.  The cu rve  will  a lways r e m a i n  concave  upwards  i r r e s p e c t i v e  
of the s lope and dens i ty  of the s tomare .  The convex upward cu rve  drawn by 
Bange (1953) fo r  a hype rbo l i c - shaped  s tomate  omi t ted  the  ( l / r )  t e r m  of eqn (1). 
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The  c o n c e n t r a t i o n  d i f f e r ence ,  A C, be tween  t he  ends  of the  s : tomatal  l eng th  is  
g iven  by  (Cmi -Cmo) ,  w h e r e  Cmi  and  Cmo a r e  r e s p e c t i v e l y  t h e  c o n c e n t r a t i o n s  in 
the  i ~ t e r c e i i u l a r  a i r  and a t  the  s u r f a c e  of the  l ea f .  When t h e  l e a f  is  wel l  supp l ied  
wi th  wa te r ,  t he  a i r  in t he  i ~ t e r c e l l u l a r  space  is  a s s u m e d  'to b e  s a t u r a t e d  wRh 
w a t e r  v a p o r  so 'that t he  Cmi  c o r r e s p o n d s  to 'the s a t u r a t e d  w a t e r  v a p o r  c o n c e ~ t r a -  
t iou  a t  the  l ea f  t e m p e r a t u r e .  

G a a s t r a  (1959) has  po in ted  out t ha t  i t  is  i m p o s s i b l e  to  p r o v e  by  d i r e c t  m e a s u r e -  
m e e t s  t h a t  the  a i r  in 'the i ~ t e r c e l l u l a r  s p a c e  is  s a t u r a t e d  wi th  w a t e r  v a p o r .  Ob- 
s e r v i n g  no d e c r e a s e  in 'the t r a n s p i r a t i o n  r a t e  of i~ tae t  c u c u m b e r  l e a v e s  exposed  
for  s e v e r a l  h o u r s  to  h igh  l igh t  inLensi t ies ,  he  a c c e p t e d  the  a s s u m p t i o n  of s a t u r a t -  
ed i n t e r c e l l u l a r  s p a c e  a s  a p p r o x i m a t e l y  c o r r e c t .  The  m o i s t u r e  c o n c e n t r a t i o n  a t  
the  l e a f  s u r f a c e  l i e s  b e t w e e n  the  m o i s t u r e  con teu t  in t h e  i n t e r c e l l u l a r  a i r  s p a c e  
and t h a t  in  the  a i r  s u r r o u n d i n g  the  l ea f .  Al though  m o i s t u r e  c o n c e n t r a t i o n  a t  the  
l e a f  s u r f a c e  canno t  be m e a s u r e d ,  i t  can  be  e x p r e s s e d  in t e r m s  of the  f r e e  s t r e a m  
va lue  of m o i s t u r e  c o n c e n t r a t i o n .  

Unde r  s t e a d y  s t a t e  condi t ions ,  the  to ta l  a v e r a g e  m a s s  f lux a c r o s s  t h e  s t o m a t a l  
t h i c k n e s s  is  the  s a m e  o v e r  'the e x t e r n a l  b o u n d a r y  l a y e r s .  Thus  

C . - C  
= ml mo = h Cmoo ) (2) IVIm L 1 m (Cmo- 

ND z r 2 ND(2r) 

where C is the free stream value of moisture concer~tration and hm is by defini- 
tion the average mass 'transfer coefficier~t. Eliminating Cmo and rearranging the 
above equation we obtain 

Cmi - Cm~o 
Mm = L + 1 +___I (3) 

ND ~ r  2 2NDr ]~ 
m 

Equa t ion  (3) is  t he  a v e r a g e  ' t r a n s p i r a t i o n a l  f lux in t e r m s  of t h e  concer~tra t ion 
d i f f e r e n c e  a c r o s s  the  s t o m a t e s  and  e x t e r n a l  b o u n d a r y  l a y e r  and  i s  a func t ion  of 
t h r e e  r e s i s t a n c e s  to  d i f fus ion .  The  f i r s t  two r e s i s t a n c e s ,  a s  no ted  e a r l i e r ,  a r e  
r e s p e c t i v e l y  r e s i s t a n c e  to d i f fus ion  a long  the  s t o m a t a l  l e n g t h  and  t h e  r e s i s t a n c e  
to d i f fus ion  due to t he  d i f fus iona l  s h e l l s  a t  e i t h e r  end of the  p o r e .  They  depend  on 
s t o m a t a l  g e o m e t r y  and  d i s t r i b u t i o n  on t he  l e a f  and  t o g e t h e r  c o n s t i t u t e  t h e  s t o m a -  
'tal r e s i s t a n c e ,  Rs ,  to  t r a n s p i r a t i o n .  The  ' th i rd  r e s i s t a n c e ,  due 'to convec t ion ,  
depends  on 'the shape  and  s i ze  of the  leaf ,  t he  p r e s e n c e  of o t h e r  l e a v e s ,  and  the  
flow condi t ions  a r o u n d  the  leaf ;  i t  is  known as  'the b o u n d a r y  l a y e r  r e s i s t a n c e ,  R a . 

CORRELATION 

R a s c h k e  (1956) showed  t h a t  the  a i r  flow o v e r  a l e a f  can  be  i d e a l i z e d  to flow o v e r  
a f i a t  p l a t e  wi thout  a p p r e c i a b l e  e r r o r .  T h r o u g h  e x p e r i m e n t s ,  he  f u r t h e r  showed  
tha t  such  flow is b a s i c a l l y  l a m i n a r  fo r  f o r c e d  c o n v e c t i o n  o v e r  t h e  l e a f  a few 
c e n t i m e t e r s  long.  A j i r i  (1970) ob ta ined  t he  fo l lowing e x p r e s s i o n  for  the  c o n c e n -  
t r a t i o n  boundary  l a y e r  t h i c k n e s s ,  ~ c : 

~c _ 2~_~m 1-Q ~ee 
x Qf2(P) " 

(4) 
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The mass  flux at any length, x, is given by 

M 
m o  

C dCm 
= hm (Cm~- Cmo) = D C----z-C~ ( d'-~y-- o 

m o  

Described as a dimensionless mass t ransfer  coefficient, the above expression 
becomes 

hmX C 1 Mm Qf2 (P) 
D Z C-----C---- 2 M 1-Q Re (5) 

m o  

The resul ts  a re  summarized in Table 1. 

TABLE I .  

Q 

-3 

-1 

-0 .2  

0 

0.2 

1 

3 

Solution of boundary layer equations for velocity and concentration in 
cases involving absorption and evapotranspiration of water vapor 
across  the laminar  boundary layer  over a fiat plate imbedded in 
moist  a i r  

5e 5 V~/  hmX C-Cm 1 
P ~ c / ~  X- /Re x / R e  U ~ Re D C RY~e 

0 .666-1 .010  2.062 4.95 2.40 -0.277 0.606 

0.5 -0.663 1.436 4.50 3.13 0.171 0.444 

0.156 -0.166 1.238 5.26 4.25 0.703 0.304 

0 0 1.203 5.59 4.64 0.870 0.269 

-0.204 0.180 1.163 5.96 5.13 1.060 0.235 

-2 .0  0.985 1.063 8.19 7.71 2.011 0.122 

-~  3.000 1.000 ~ ~ ~ 0 

Remarks 

evapo'tran- 
spiration 

TT 

T? 

cr i t ical  
point 

absorption 
I? 

T! 

The ratio 5c/~ is unity for evapotranspiratiou but increases  to 2 during 
absorption with large part ial  density differences.  At Q = 0, which implies that 
the convective velocity v o is zero at the plate surface, 

5c 5t59 
X ¢ Re (6) 

and 

4 . 6 4  
X 7Re  (7) 

Equations (6) and (7) a re  approximate solutions for the concer~tration and hydro- 
dynamic boundary layer  thicknesses respect ively  when mass t ransfer  occurs by 
diffusion only. However, a convective velocity, v ~ , exists in the outer portion of 
the boundary layers  because of the presence  of the hydrodynamic boundary layer .  
It constitutes a small  percentage of the mains t ream velocity. Its value decreases  
during absorption but increases  during evapotranspiration and approaches infinity 
as boiling is reached. 
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The  d i m e n s i o n l e s s  m a s s  t r a n s f e r  coef f ic ien t ,  h m x / D  , depends  on t he  p a r t i a l  
dens i ty  r a t i o  ( C - C m o ) / C  and  on the  p a r a m e t e r s  a, B and Re .  It a p p e a r s  in 
Tab le  i in the  d i m e n s i o n l e s s  f o r m  (hmx) (C-Cm) 1 whose  va lue  i n c r e a s e s  

D C 
d u r i n g  a b s o r p t i o n  and  d e c r e a s e s  du r ing  e v a p o t r a n s p i r a t i o n  to a z e r o  v a l u e  a t  
Q = 3. The  p a r t i a l  dens i ty  of the  a i r  a t  t he  wal l  is  z e r o  a t  Q = 3 which  i m p l i e s  
b o i l i n g - w a t e r  s u r f a c e .  Note, however ,  t ha t  hmX/D s t i l l  h a s  a f in i te  va lue  when  
Q = 3 even  though  t he  p a r t i a l  dens i ty  r e l a t i o n  C / ( C - C m o  ) m a y  be in f in i te .  

Once the  m a s s  t r a n s f e r  coeff ic ient ,  hm,  ha s  been  d e t e r m i n e d ,  i t s  va lue  can  b e  
u s e d  to eva lua t e  t h e  b o u n d a r y  l a y e r  r e s i s t a n c e ,  s i nce  

1 
R = - -  

a h 
m 

When R a is  neg l ig ib ly  sma l l ,  t he  shape  of the  o v e r a l l  l e a f  conduc tance  v e r s u s  
p o r e  r a d i u s  is  concave  upward  as  for  s t o m a t a l  conduc t ance .  As  R a i n c r e a s e s ,  
the  to ta l  l e a f  conduc tance  c u r v e  wil l  t end  to b e c o m e  l i n e a r  wi th  s t o m a t a l  r a d i u s .  
Ra i n c r e a s e s  as  t he  l eng th  of the  ob jec t  is  i n c r e a s e d  and  a s  t he  w indspeed  is  d e -  
c r e a s e d .  Hence,  for  an  ob jec t  of cons t an t  c h a r a c t e r i s t i c  length ,  Ra w i l l  be 
g r e a t e s t  in c a l m  a i r .  If R a i s  t he  dominag t  r e s i s t a n c e ,  the  l e a f  conduc tance  
c u r v e  is  convex  upward .  F i g u r e  2 i l l u s t r a t e s  t he  e f fec t  of v a r i a b l e  bounda ry  
l a y e r  r e s i s t a n c e  on the  to ta l  l e a f  conduc tance  c u r v e .  Conve r se ly ,  when  R a is  
fixed, the  ef fec t  of R s can  be s tud ied .  
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Fig.  2. The  ef fec t  of v a r i a b l e  boundary  l a y e r  r e s i s t a n c e  on to ta l  
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NOMENCLATURE 

C = c o n c e n t r a t i o n  (a lso  p a r t i a l  dens i ty) ,  g m / c m  3 

D = di f fus ion coef f ic ien t ,  c m 2 / s e c  

h = loca l  m a s s  t r a n s f e r  coef f ic ien t ,  e m / s e c  
m 

= a v e r a g e  m a s s  t r a n s f e r  coef f ic ien t ,  c m / s e c  
m 

K = aBZ 

L = s t o m a t a l  length ,  c m  

M = m o l e c u l a r  weight  

M = m a s s  flow ra te ,  g m / ( c m  2 . sec  1) 

N = s t o m a t a l  dens i ty ,  ] / c m  2. 

3K (~/ /5c)  
P = K(~ _ ~c)-4  

Q = 3 - 2 Z  

R = r e s i s t a n c e ,  s e c / c m  

Re = Reynolds  n u m b e r ,  u~x/v 

r = s t o m a  tal  r ad iu s ,  e m  
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U 

V 

X = 

y = 

Z 

B = 

= 

= 
e 

p = 

"0 

v e l o c i t y  p a r a l l e l  to  s u r f a c e ,  c m / s e c  

v e l o c i t y  n o r m a l  to  s u r f a c e ,  c m / s e c  

d i s t a n c e  a l o n g  s u r f a c e  f r o m  l e a d i n g  edge ,  c m  

d i s t a n c e  n o r m a l  Lo s u r f a c e ,  c m  

2 - ~ ] 4  - 6 B  

d i m e n s i o n l e s s  r a t i o  D M m -'Yi- 

d i m e n s i o n l e s s  r a t i o  Cm~° - C m o  
C - C  

m e  

h y d r o d y n a m i c  b o u n d a r y  l a y e r  t h i c k n e s s ,  c m  

c o n c e n t r a t i o n  b o u n d a r y  l a y e r  t h i c k n e s s ,  c m  

d e n s i t y ,  g m / c m  3 

k i n e m a t i c  v i s c o s i t y ,  c m 2 / s e c  

d y n a m i c  v i s c o s i t y  

a = m a i n  f low g a s  (a i r )  

i = i n t e r c e l l u l a r  s p a c e  in  l e a f  

m = d i f f u s i n g  g a s  ( w a t e r  v a p o r )  

o = w a l l  

s = s t o m a t a l  

oo = f r e e  s t r e a m  

SUBSCRII~TS 


