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Abstract. We extend the basic results on mappings of subexponentially integrable distortion
to the cases where the usual distortion function is replaced by various weaker versions based
on the minors of differential matrix.

Mathematics Subject Classification (2000): 30C65

1. Introduction

We consider mappings f € W,!'(£2,R™), where £2 C R™ is a domain. Such a

loc
mapping is said to have finite distortion if

1. fe WhHQ,R).
2. The Jacobian determinant J(z, f) of f is locally integrable.
3. There is a measurable function Ko = Ko (z) > 1, finite almost everywhere,

such that f satisfies the distortion inequality
|IDf(x)|" < Ko(z)J(x, f) a.e. (1)

Above we used the operator norm of the differential matrix. There are several
distortion functions that are each of considerable interest in geometric function
theory [6]. The principal feature of those distortions is, roughly speaking, that they
provide some control on the lower order minors of the differential matrix in terms
of the determinant. Let \' () denote the () x (")~ matrix of all | x [-minors of
Df(z),l=1,2,...,n — 1. Inequality (1) yields

‘ NG
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< Ki(@)[J(z, )] ae. @)
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where 1 < K(z) < [Ko(m)]l. Notice that K (z) = Ko(x). On the other hand,
notice that the assumptions f € WL!{(B,R"), J(-, f) € L*(B) and (2) with some
[ > 2 and K;(x) > 1, finite a.e., do not guarantee that f be a mapping of finite
distortion; consider e.g. f(z1,...,z,) = (21,0,...,0). The smallest K; > 1 for
which (2) holds will be denoted by C;(«, f) and called the {-th distortion function.
Of particular interest is the inner distortion function Kr(z, f) = K,—1(x, f). In
this case we denote by D* f(z) the n x n-matrix of cofactors of D f. Thus (2) reads
as

|Dtf(z) |77 < "V/K (x, f) J(z, f). 3)

In this paper we prove the following continuity estimate.

Theorem 1.1. Letn > 2andl € {1,...,n — 1}. Assume that f € Wllo’i(B,R") is
a mapping of finite distortion such that

I= /Bexp(/\\l/ Ki(z, f))dz < o0 4)

for some \ > 1?> — 1 and a ball B = B(xg, R). Then f is continuous and we have
the modulus of continuity estimate

Cxx,rn(€) [5J(2, f)dz 5)
A—I12+1—¢ ( nl )

wWn—1|z—y|"

[f(@) = fy)l" <

log

forall z,y € B(xo, (R/8)|-2-]"=") and every small ¢ > 0.

Wn—1

If n > 3, then the example f(z) = (u(z),0,...,0), where u is a discontinuous
function in the Sobolev space W1"~1(B), shows that the assumption that f be
of finite distortion cannot be dropped from Theorem 1.1. We mean that we cannot
replace the distortion inequality (1) by the the weaker distortion inequality (2), for
any [ € {2,...,n — 1}. We do not know if the bound A\ > [? — 1 is necessary.
For [ = 1, our estimate is contained in [12] but the case [ > 2 is new. If one
tries to reduce the case [ > 2 to [ = 1, one is faced with the following obstacle.

By pointwise estimates one can only guarantee the integrability of exp(AK (13/ lz)
which is, in general, too weak to imply continuity [10]. Our proof is based on an
improvement of our argument in [12].

Theorem 1.1 leads to compactness results via the Ascoli’s Theorem and our
compactness result in [S].

Theorem 1.2. Fix [ € {1,..n— 1}, A > 1> — 1 and A, B > 0. Let F be the
Sfamily of mappings f : 2 — R™ of finite distortion for which

IRy ©)
2
and
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Fix z¢ € {2 and define f~: {9 :9(x) = f(z) — f(xo) and f € F}. Then each
sequence of mappings in F contains a locally uniformly converging subsequence,
and the limit of any such a sequence belongs to F.

Furthermore, by combining Theorem 1.1 with results by Kauhanen, Koskela
and Maly (cf. [8] and [9]), we can conclude topological properties, such as openness
and discretness and also an analytic property, the Lusin condition (V). Openness
means that f maps open sets to open sets and discretness that the set of preimages
of any point in R™ is finite in each compact subset of {2. The Lusin condition (')
means that f maps sets of measure zero to sets of measure zero.

Theorem 1.3. Fixl € {1,...,n — 1}, A > (2 — 1. Assume that f € W,-'(2,R™)

is a mapping of finite distortion such that exp((A\/K(x, f))) € L},.(£2). Then f
satisfies the Lusin condition (N) and if f is non-constant, then it is also open and
discrete.

2. Distortion functions

Distortion functions are designed to control almost everywhere the minors of the
differential matrix of the mapping f : {2 — R"™ by means of the Jacobian determi-
nant. We begin with the distortion functions of linear mappings, also regarded as
matrices. The space of all n x n matrices will be denoted by R™*", and those with
positive determinant by R’,™". It will be convenient to include the zero matrix and
denote such extended class of matrices by R,*™ U {0}. that The commonly used
distortion functions on matrices A € R’*" are:

The outer distortion

Ko(A) = A

The inner distortion i

K1(A) = Ko(A™") = A=

The linear distortion

H(A) = {/Ko(A) K1(A) = |A[|A7}].
Note that the operator norm |A| = max {|Ah| : |h| = 1} is being used here,
and A* is the adjoint matrix, made of cofactors of A. In what follows all distortion
functions of the zero matrix are assumed to be equal to 1. There are in fact many
more distortion functions which are readily defined in terms of the lower order
subdeterminants of the matrix A. For each integer 1 < [ < n we denote by /\l A
the (7}) x (}) matrix of all I x {-minors of A. This, of course, includes A as A A,
Afas A" ' A, and det A as \" A. The following distortion functions will be of
Interest to us:

A A" -1
Ki(A) = ——= =K,—i(4 for l=1,...,n—1. 8
l( ) (detA)l v l( ) or n ( )
Having examined these distortion functions for matrices we set for orientation
preserving mappings (i.e. J(z, f) > 0ae.) f € Wh!(2,R"):

loc

INGEY NG ©)
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We define the point wise distortion functions by setting

NF@
TGy T =0
Ki(z, f) = Ki[Df(z)] = 1, @) =0
00, J(w, ) = 0and |\ f(x)] # 0.

(10)

These functions are coupled by the inequalities

"VEKr(z, f) = "VEKno1(z, f) < < VK, f) <K (z, f) = Ko(x, f).
(11)

Let us also note for later use the reverse estimate

2

Kole. /) < Ki(e, ) = (Vi 1)) (12)

that holds when J(z, f) > 0.

3. Monotonicity

A very powerful method when dealing with continuity properties of functions is
furnished by notion of monotonicity, which goes back to H. Lebesgue [13] in 1907.
Monotonicity for a continuous function « in a domain (2 simply means that

osc(u, B) < osc(u,dB) (13)

for every ball B C (2. It turns out that monotonicity can be defined without the
continuity assumption. The following definition is due to J. Manfredi [14].

Definition 3.1. A real valued functionu € W1(82) is said to be weakly monotone
if for every ball B C (2 and all constants m < M such that

(u—=M)" —(m—u)t € Wy''(B) (14)
we have

m<u(zr) <M (15)

for almost every x € B.

The space W' (B) is the completion of C5°(B) in W1 (B), as usually. The
following proposition states the weak monotonicity of a coordinate function of f,
under assumptions which are adapted to our situation. This is based on the fact that
J (-, f) coincides in this setting with the distributional Jacobian, i.e.

/ () (. f) dw = — / FiT (@ frr oo fit o0 fists o fa)  (16)
N 0

for all test functions ¢ € C§°(§2) and each index i = 1,2, ..., n.
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Proposition 3 2 Let f € VVl1 l(Q R™) be a mapping of finite distortion such that
exp(M/Ki(-, f)) € L1, .(£2) for some X > O and some | € {1,...,n — 1}. Then
fe Wll”(ﬂ R”) forallp € [1,n), 7T log (e + \Dﬁf|) € L} .(92), the
equation (16) holds, and the coordinates functions of | are weakly monotone.

Proof. Fixp € [1,n) and (2. Then by Holder’s inequality we have

(/ |Dfp)p < ( Kg%”(x) dm)p/ J(x, f)dx. 17
Q! X o

Using the power series presentation for the function exp(AK (1)/ ¢ ), inequality (12)
and inequality (17), we see that f € W1P(£2' R"). Recall here that D f vanishes
a.e. in the zero set of the Jacobian.

The point of special note is that our assumptions imply

|D*f ()" < Kp(w, f)J(z, f)" (18)

with
/ exp(A "V Kj(x, f))dx < o0 (19)
Q/

n— 1

(see our estimate (11)). Combining Hadamard’s inequality J (x, ) < |DEf(z)|™
with (18) and with the elementary inequality ab < alog(a-+1)+¢e®—1fora,b > 0,
we have

nfl/ Lmﬂmw“Mr</" | DA ()| 77 dar
n Jo logle + [D¥f(2)]) = Jor log(e + | Dt f ()| 7T)
i / I, fde+ / exp (A YK (z, f)) dz

< oo0. (20)

| /\

This and the fact f € whn 1( ) imply, via recent results in [1, Theorem 1.3],

loc
that we can integrate by parts against the Jacobian, i.e

/ ( ) (.’E f /fz (E f17~ 7f2 1, P, f1+11~ afn) (21)
0}

for all test functions ¢ € C§°(f2) and each index i = 1,2,...,n

Next we follow the idea from [4, Sect. 4] to prove that the coordinates functions
of f are weakly monotone. Let B be aball in B and suppose that for some coordinate
function, say the first one, we have

=(fi = M)t —(m— f1)" e Wy (B).

Then )
0 if m < <M
Vv(x)—{ ifm < f(=) <

a V f1(z), otherwise (say, on the set £ C B)
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Hence, in view of the distortion inequality (1), we can write

/|V1}xd</\x
(x)

S/EJ(os,f)da:S/I;)J(z,v,fg,...,fn)dx:O

by equation (21). Thus v = 0 on B, which simply means that m < f;(z) < M for
almost every x € B, as desired.

4. Proof of Theorem 1.1
We will split the proof of Theorem 1.1 to two parts, Lemma 4.1 and Lemma 4.3.

Lemma 4.1. Let f : 2 — R"™ be a mapping in the Sobolev class VV;;Z“1 (2,R")
such that J (-, f) € Li,.(£2) and

|Dff(z) |77 < VK ()] (z, f) (22)

with
= / exp (A" Y/KI(@)) dar < oo (23)
B

Sfor some A > 0 and a ball B = B(xg, R) CC {2. Then for every small ¢ > 0, we
have

Cxx,rn(€) [ (2 f)dz

(2, f)
J(z, f)de < ——= ; 24
/B(CE(),’I“) 1og/\76 (nil)

Wp—1T™

whenever r € (0, R/2).

The proof of Lemma 4.1 will be based on the following integral type isoperi-
metric inequality, established in [16] (also see [4]).

Proposition 4.2. Suppose that the Jacobian of f € W, G (£2,R™) is non-negative

loc

a.e and the mapping f obeys the rule (16) of integration by parts. Then, for every
zo € §2, we have

/ J(z, f)dz < (n /@) (/ IDﬂf> (25)
B(zo,r) OB(zo,r)

for almost every radius v € (0, dist(xg, 012)).

The basic idea of the proof of Lemma 4.1 goes back to Morrey [15], we follow
the ideas from [12].
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Proof. Using Proposition 3.2 we see that the assumptions of Proposition 4.2 are
fulfilled, and so

n

/ J(z, f)de < (n"~y@n1) " (/ Dufl) 7 (26)
B(z0,s) OB(z0,s)

for almost every 0 < s < R. Write Bs = B(xo,s). Fix e € (0,1) and 7 €
{1,2,3,...}. We denote the interval (R2~</, R2~<("1)) by A, . and the annulus
Bgo-ci-1) \ Bra-<i by A; .. Using Fubini’s theorem we observe that for every
0 > 0 the set

E; = teAM:/ |D*f| < 1+5)/ |D*f(z)| dx 27)
OBy ‘A7 ‘ A e

has a positive measure.
Choosing r € A; ¢ so that 7 lies in the set E; and so that inequality (26) holds, we
obtain the estimate

J

oy < [ e pan < e ([ o)™

B,

140\ 1
< (n "*wl/wnq) ! (|A”|) </A ‘an ’ dm)

We set t,,(\) = (”T’Q)n_l and

R2—€l

Ki(z) = (28)

~ 1 n—1
Combining the distortion inequality | D* f (z)| < K (z)J(z, f) = with Holder’s
inequality, we find that

J;

J(z, f)dz < (n Wm)—l <1A+5>n1

(/. KI) [ i e

Jensen’s inequality applied to the convex function (¢, (), 00) — (0,00) : 7 —
exp (ArY/("=1) yields

J

R2—€t

_1_
n—1

—1 1+(S "%1 Aie
J((ﬂ,f)dl'g (TL 71’_\1/‘4171—1) (|A |> | 7/\

log(f exp(A"VE)) / J(x, f) dz
Aje Aje

R2—¢€t
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and computations show that

146 gen _\TT
< €1 .
/B J(z, f)dx < (n ) (26 — ) R2™|A; |

log< exp(A "/ tn(A))nl2 )/ I, f)d

R2—€i

Wp_1R"2— en(i— 1) 25n7

Write Cx(n) = exp(A "{/tn(A))2". Letting 6 — 0, using the elementary inequal-
ity ealog2 < 29¢ — 1 < ea2%log?2 for all ,a > 0, and the fact that e < 1, we

conclude that
i Cx(n)nl
/B | J(z, f)de < log (wn_lR"QC”(il)e (30)

R2—¢i
X / J(z, f) dm|Ait€|_1.
Ai.s

ne

Next we introduce two auxiliary functions. We set
— R27¢
wide) = [ ender TS [ g
By |Diel Jas.
and

ZUZE X[RQ ei R2—e(i— 1))( )

for every x € R. Using mequallty (30), we see that

ne

2n-T . Cx(n)nl —ei
R27¢1 - — R2™¢
An o8 (wan”QE”(ll)e T

ue(z) < uj (z) (31)

for all x € A; . Combining the inequality R27<(i=1) _ R2=¢ < R2~“9¢ with
the fact that

_ C’,\(n)nI 1 2enc)\ (n)n[
log ™" : <1 A
08 <wn_1R”2€"(11)e) =08 €wn_1R™

<log™! <W) <Ci(n,\)

€

for all € € (0,1), we conclude with

i) < (2;;; ¥ 201<n,A)e> stog (CUV) @) @

Wp_1X"€

forallz € A, .
For shorter the notation, we write




Mappings of finite distortion: minors of the differential matrix 343

and o ;
ale) = M

Wp—1€

vel() = llog ( aﬁ) ] W (33)

for all z € (0, R). Using inequality (32), we see that

2 (vee) (@) = ve(a) [ - (ﬁ(e)xlog (‘;@))1 ue(w) + u;(x)} >0 (34)

We define

forall x € U2, A; (, and so the continuous function vcu, i_s increasing on (0, R).
Let r < R/2. Choosing i, € N so that r € [R2~», R2=<(i=1)) we find that

1}675(R2_6ir) /
B

Since the Jacobian of f is non-negative almost everywhere and € < 1, we find that

Iz, f)de < 2v.s(R — ) / Iz, f)dz.  (35)

R2—cir Br-s

/ J(z, f)de <2 ve(R) J(z, f)dz (36)
B,

UE (2T) BR
for all 0 < r < R/2. Using the fact that n3(e) — 1, as € — 0, we obtain the
desired inequality (24).

Theorem 1.1 1is provenin the casel = 1in[12, Theorem 1.1]. So we will assume
thatn > 2and! € {2,...,n — 1}.

Lemmad4.3. Letn > 2 andl € {2,....n — 1}. Assume that f : 2 — R" is
a mapping of finite distortion such that (4) holds, for some A\ > 0 and a ball
B, = B(xg,r) CC 2. Then

|f<x>—f<y>|"scA7n,lloglz1( nl ) /B Iy G

Wh_1T™

forall z,y € B(xo, (r/2)¢| nl ]1%)

Wn—1

Here

]:/ exp(A\/Ki(z, f)) dz
B,

we used the representative f for the mapping f, defined by setting f = ( fl, vy fn)
and

r—0

fio) = limsup [ fi(e)dz (38)
B(z,r)

foralli € {1,...,n}.
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ﬁ
Proof. Letp = n —  and write o(r) = (r/2)° [%} " . Combining Proposi-
tion 3.2 with Lemma 7.2 in [4] we have

@) — fw)r N7
C(p,n)tr = </§B(;co,t) =l > 59

for almost every t € (p(r),r) and all z,y € B(zo, ¢(r)). We would like to point
out here that the estimate (39) goes back to the oscillation lemma by F. W. Gehring

(2].
Write B, = B(zo, s) forall s € (0, ) and define

Gi= {t€(2i1<p(r),2ig0(r)):/ exp(AK Y )< 3()/A exp()\Kl/IQ)}

oB; 2i=1p

foralli € {1,2,..} N[1,log, ﬁ] =: 5. Here and also in what follows we denote

the set Byi () \ Boi-1(,) by A;. Because I > ““=Lr" we see that S # (). Using
estimate (12) we remark that

/exp()\Kl/l _/ exp(AVK
A;

By Fubini’s theorem, we have

1—1
|Gi| > 2T¢(T)

l2

Next we fix tg = to(p,n,l, \) so that to”" R > then the function ¢t —

A(n p) g
exp(At i ) is convex on (tp, 00). We set
_ Ko(z), Ko(z)>to
Ko(x) = (40)
to, KO((E) S t().

Combining the distortion inequality | D f(z)|* < Ko(z)J(x, f) and Holder’s in-
equality with inequality (39), we have

o < (], o) © [ snar e

forae.t € (o(r),r)andallz,y € By(y. Jensen s inequality applied to the convex

function (g, 00) — (0,00) : 7 — exp(A7 »1* o ) yields

WSO 3o (f ek [ e
) 9B, 9B,

12

< A\n—p logl2 (exp()\té/lz)/[ exp(AKé/l2)> / J(z, f)dx
OB OBy
(42)
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forae.t € (¢(r),r)and all z,y € B,(,). Fix i € S. Integrating this estimate over
the set G; with respect to ¢, we have

2 AYEYenT\ dt
1 -1 exp( .0 a _ /
§ o8 (wn_12l tn71 (p(r) C)\(p7 n) 4, J(Z, f) dZ

@) - fw)" /

G

for every x,y € B(,y. Here we also used the estimate

/ exp ()\K512> §/ exp ()\\Z/E):I.
A; B,

For every t € G;, we have t < 2i(r) and so

2 exp(/\tl/ﬂ) 6nl \ dt
10g7 0 7

@) - fw)" /

G .

SC,\(p,n)/A J(z, f)dz

i

Wn—120t"= L o(r)
(44)

forevery x,y € By(r. Replacir;g the constant Gexp()\t(l)/ 12) in (44) by the constant
2

Ci(to) = max{e™””, exp()\té/l ) 6} we see that the function ¢ log’ (%) is

Wn—1

increasing on (0, R) (Here we used the fact I >
estimate (44) and the fact |G;| > %, we have

@) - iwr | O g (W) Lo [ Je)ds

r™). Combining this with

n

21=230p(r) Wp—1t" t i
(45)
forall z,y € B (.. For shorter the notation, we write
Ch(to)nl
o= 7’\( 0)n .
Wn—1

Because

/Qitp(r) dt /2i23¢(7“) ds
— 2
zerap) tlog' (§) T Jriet) (s + 2 20() log” (%ML )
1 278 d
>4/ R — (46)
3 . 12 (0%
2i7ip(r)  slog (ti’l)

we obtain

le(n) ¢ ;

. 2%p(r) 5
fa = ol [ e (2)F <0t [ senas @
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forall z,y € B(,). Summing over the set S, we have
r/2

)t =

@) - iwr |

w(r)

log_lz (a) dt < Ci(p, n)/B J(z, f)dz (48)

forallz,y € B,(.Because I > ““=1r" we see that w”’illtn > 1,forallt € (0,7)
and so

r/2 r/2 T
/)1%”(i)ﬁzc*%w/'l%”< ”n)ﬁ
w(r) t t p(r) wp—1t t

= M(l _ el—lz)log*l%rl (TLI) _

(2—1)n Wp_17"

Finally recalling the fact p = n — % and tg = to(p,n,l, \) we complete the proof
of Lemma 4.3.

Now we complete the proof of the whole theorem (in the case n > 2 and
1 €{2,..,n—1})asfollows. Given = € B(xq, (R/8)¢[-2-]"=") we consider the

Wn—1

ball B(xo,7), r = [| — zo|(z2) “]¢. By Lemma 4.3, we have

. R 9 I
|f(x) = f@o)|™ < Canylogh " < n n) / J(z, f)dz.  (49)
Wn—1T B(zo,r)

Using Lemma 4.1, we obtain

Ox,Rn(€) |g(ae my (2, f) d2
‘/ J@ﬂmgAKRAh“m . (50)
- o (20)

Wp 17"

Combining the inequalities (49) and (50) with the assumptions A > 12 — 1 and

nl__ — ( |”I_ = )% we finally conclude the desired modulus of continu-
.wn—(lsg Wn—1|T ‘50‘
1ty (5).

5. Proof of Theorem 1.2

In [5, Theorem 1.2], we proved the following result.

Theorem 5.1. Fix! € {1,...n—1}, A >1—1and A, B > 0. Let F be the family
of mappings f : {2 — R™ of finite distortion for which

/J@ﬁMSA 1)
(9]
and

/Q exp (/\\l/ Ki(z, f)) dr < B. (52)

Then F is closed under weak convergence in Wlf)cl (£2,R™).

Combining this with Ascoli’s Theorem and the equicontinuity property of the family
JF, obtained from Theorem 1.1, the claim follows immediately.
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6. Proof of Theorem 1.3

The proof of Theorem 1.3 will be based on the following result.
Theorem 6.1. Let f € Wl’p(ﬂ, R™), p > n—1 be a continuous mapping of finite

loc

distortion Ko € L} (£2), ¢ > n — 1. Suppose that (16) holds, and the equation

loc
v

@(f(f))J(w, ) da

(53)

/ O(F @)@ Frvos fits s Figts oo f) dm / o(x)
N N

is valid for all v € C*(R"™,R"), each ¢ € C$°({2) and everyi € {1,...,n}. Then
f is either constant or both open and discrete, and [ maps sets of measure zero to
sets of measure zero.

We refer to [8, Theorem 2.4 and Theorem 3.1] and [9, Theorem 3.2] for the proof
of Theorem 6.1. As we are going to appeal to Theorem 6.1, we first observe that f €
WP (£2,R™), for all [1,n) and (16) holds, by Proposition 3.2. Furthermore, using

loc
the power series presentation for the function exp(AK (1)/ lz) and inequality (12), we
see that Ko € L} (12), for all ¢ € (1,00). Thus, Theorem 1.3 is immediately
from Theorem 6.1 once we verify equation (53).
Fixp € C§°(£2)andi € {1,...,n}. Pick adomain {2’ so that spty C 2’ CC {2
and denote 8 = max{|Vu(z)|: x € ﬁl}. We consider the mapping

Fi = (f1, .o, fim1, Bfi +0(f), fig1s oo fn)-

n

By Proposition 3.2 we see that | Df f| =T log ™" (e + | D! f|) € L}, .(£2) and so the
same is true also to F;. Since

ov
0yi

for almost every = € (', we can apply Theorem 1.3 in [1] to conclude that

J(z, F;) = (B +

(f(x))J (2, f) >0

| e@I@ Ryde == [ (B +0(0) @ oo it s ) o

Furthermore, as (16) holds, we have

Ov
| e Ryde= | o@p @) nde+ [ sow)e s

— [ ele) (@) (o o

_ﬁ/ fiJ(mvflv"'7fi*17903fi+17"'7fn)
Q/

and so (53) follows. All hypothesis of Theorem 6.1 are therefore fulfilled, complet-
ing the proof of Theorem 1.3.
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