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Abstract. We calculate the Green function, particle-hole susceptibility and Cooper pair
susceptibility of a 20 Luttinger liquid that results from an electron gas with long-range current-
current interactions. The Haldane bosonization scheme aflows this model to be written in terms
of boson operators, from which the required fermion operators are constructed, We find weakly
decaying power law tails in the spectral function and 2 Kohin anomaly in the 2kr particle—hole
susceptibifity, but no divergence in the Cooper amplitude.

The physics of the normal state of high-T; systems is considered in many quarters to be of
a new kind of fermion state completely different from that of the normal Fermi liquid. One
of the phenomenclogical approaches to this issue stresses the similarity of the normal state
of high-7; materials to that of the 1D Luttinger liquid [1, 2]. This state is characterized by,
among other features, (i) the removal of the Fermi surface discontinuity in the momentum
distribution and (i) a power law decay in the single particle spectral function. This latter
feature is regarded as a definitive property of normal high-7; systems [3]. Several aspects
of the Luttinger liquid phenomenology have been shown to hold rigorously for the 1D t—J
model [4] and for the 2D 7—J model; numerical evidence to this extent has been presented
{5]. Until recently, however, it has not been understood what the necessary or sufficient
conditions are for Luttinger liquid phenomenology to be valid above one dimension,

Most recently, this phenomenology has been shown to be valid for a 2D electron
system with long-range current—current interactions, by Khveshchenko et al [6], using
the bosonization scheme devised by Haldane [7]. This scheme replaces the 20 Fermi
surfaces by patches (of size A) characterized by the vector normal to the Fermi surface.
The normal, non-singular electron interaction, in principle, couples all such patches, but
after renormalization and taking the limit of vanishing patch size, this type of interaction
i5 found to be an irrelevant quantity. The special feature of the interaction considered
by Ehveshchenko et al [6] is the fact that the Ampere force responsible for the current—
current interaction is (i) long ranged, (ii) wavevector dependent, and (iii} persists in the
{imit of vanishing patch size. In this limit, it allows a bosonization of the electronic degrees
of freedom, which, taken together with a non-vanishing interaction strength, leads to the
result that one of the above mentioned Luttinger results holds, namely the vanishing of the
momentum discontinuity at the Fermi surface and its replacement by a weak power law
dependence.

A natural question to ask is then to what extent the other properties of this 2D model
with current—cument interactions follow the expected properties of a Luttinger liquid. In
this paper, we follow up on the bosonization procedure of Khveshchenko et al [6] by
calculating various fermion correlation functions in 2D. We shall start by calculating the
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single particle propagator, and then consider two related two-particle Green functions that
reflect the instability of the Luttinger liquid against two types of ordering. We shall consider
the 2kg particle-hole susceptibility and the Cooper pair susceptibility. For all cases, we shall
necd to develop the bosonic representation of fermion operators—we shall therefore follow
quite closely the procedures adopted by Luther and Peschel [8] for the 1D problem, although
a number of calculational details are different.

Our starting point is the model of Khveshchenko er al [6]written in terms of bosonized
density operators Ry(q) = X ¢, €F (0+a)c. (p), where ¢(p) denotes the (spinless) fermion
operators, A, denotes the region in momentum space assigned to the patch o and the
wavevector sum is restricted to states such that |[p — pr #a| < A. The resulting boson
density operator, when commuted with the kinetic energy Hy, = E s(p)c"‘cp, satisfies
[Hyin, Ra(g)] = Vo - @R,(q), Where v, = vp Wy is the Fermi vclomty along the patch o,
as long as &(p) is constant in the direction perpendicular to the ray 7. This allows one to
write the kinetic energy as

2
i = 2108 S L L Rk M

where £ is the volume of the system, and the paich size A is taken independent of .
The central aspect of the model is the nature of the interaction vertex I'(p, ¥, q. @) (for
scattering of incoming states p, p’ through wavevector q), which expressed in bare form
becomes

Np.v.q.o)=

Re[(_g_z_)(p-q)(p’-c;')/qz—p-p’] @)

(g% +iy /gl
for which the singular g dependent nature of the interaction is apparent. Here g denotes

a coupling strength and m the electron mass, while y represents Landau damping. The
effective interaction Hamiltonian corresponding to the expression (2) can be written [6]

1 -z | pel*g? sina sin B
H. A= — — R, Ra(— 3
int 10 ;;(mz)q4+}’2]UFI2(COSC¥+COS,8)2 (Q) ,B( q) { )

where o and B denote angles made by patches Ay, Ag with g. In the limit A — 0, this
takes a simple form

12
H = 1 @212 303 lsinal(Ra(a) ~ R-a@)(Re(-0) = Roe(e) @

where —a denotes the mirrer paich of « in g, and «* denotes the opposite patch of the
Fermi surface to . The parameters in (2) and (3) are combined as a dimensionless coupling
3 = glprl/2y. The interaction term depends only on the antisymmetric combinations of
density operators with respect 1o g, Ay(g) = (1/vV2)(Ry(g) — R_,{(g)), while the kinetic
part also depends on the symmetric part S,(q) = (1/v/2)(Ra(q) + R_x(q)). In terms of
these operators, the Hamiltonian takes the form

(21r) fve]

H=
4A8

3 Y (S @Sal—9) + S (— @) S (@)

@ fiy-q>0
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+ 25| sin ot Ax (@) Aar (—q) + Au(~q)Ae (@)}] = Ha + Hs (5)
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where Hs and Hy refer to the symmetric and antisymmetric parts of the Hamiltonian
respectively.  The latter is simply diagonalized via the canonical transformation
e’ H, e~ where

2
5= 02 M HOIREE ©

and tanh2¢s(q) = —28|sin B|. The diagonalized form of the Hamiltonian involves two
types of Bose quasiparticle with energies Eg) = (v + @)[1 — (28)%(sinw)?]"/? and
E3(q) = vy - ¢- The crucial step in formulating correlation functions is to find a bosonic
representation of the fermion operators. Such a representation (i) has to satisfy the same
commutation relation with the density operator R,(g) as the original fermion operators, (ii)
has to obey the same equation of motion as the fermion state function ¥, (), and (iii) has
to transform the same way as ¥, (x) under the canonical transformation parametrized by
(6). Such requirements are satisfied by a field operator

(2m)? [Ro(—q)ei¥® — R, (g)e~19%)
AL Z Ty q J

Yol@) = f@)exp| m

e q>0

where f(x) is chosen so that the free fermion propagator takes on its correct value.
Separating (7) into symmetric and antisymmetric parts yields

Yo(Z) = f@)P5(2) D2 () (8)
where
(2m)? 1 {(Au(_Q)) i (Aa(Q)) i }]
(DA,S — g gz
w (@) = [ﬁAg Zallsco) s/ ®

The transformation of ®2(z)is then e @XM (z)e S = WA (z)RA(x), where

A _ (21!,")2 Cosh¢a(q) _ ige _ A —igx :I 1
e (m)—exp[ﬁm m_Zq;O g AT — Ag(@)eTe) (10)
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We note that W2 (x) is different from that given in [6], the difference being due to the
explicit extra fermion operator retained in [6]. The Green function of interest is then given
by

G2 (@, 1) = (G|¥a(x, )Y (0, 0)|G) = (0l y, (x)e™Se ™ oteiS iy te~i5|0) (12)

where Hp = Hf + HS, and Hf is the diagonalized antisymmetric component of the
Hamiltonian. Here |G) denotes the ground state of & and |0) denotes the ground state of
Hp, related to |G) through |0) = &!¥|G). After some rearrangements, and after deployment
of the relation ei¥ f(A)e™¥ = f(e'5 Ae~5), we obtain

(GYalz, ) 0, DIG) = f(@) f*(0){01e™ O (w)e™ ™ Wi (@, 1) Re (. 1)
x 3 0)RA(0, 0y WA(0, 0)F10) (13)
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where

~ (2m)* cosh ¢, (q) (i EA b ER
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The above combination of exponentials is then rearranged, using repeatedly the relation
ehef = ATBHU/MIABL <o that the exponential of destruction operators lies to the right.
The result for the Green function G (w, f) is then

(Glal(z, DY 0, 0IG) = f(@) (00l DS (z)e 5" 05 (0)/0)

2 LA
> oAP [i?; —COSh ¢W(Q){ igque—iEN (g} _ 1}
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which can be written in terms of the free Green function G7{®,1), as G7 (®,1) =
G3(x, ) exp X (z, 1), where G3(z, 1) = —§ T4 [1 — mple @ ¥ik% ang

2% = sinh?® ¢o(q) igA A
Xz, 1) = — —Er e gz =iEF{g)r + erigT1ER () 2} (17
AQ,§I Ay g

From (16), we can check that setting ¢ = 0 does in fact yield the free Green function, and
hence compiete the derivation of f(x). Following the argument of Khveshchenko et al (6]
and making use of the facts that at zero temperature the g integral in the exponent in (16)
is restricted to a region A <« |pg} within the patch &, and, that &, is independent of g, the
q. integral yields a factor (2/x) sin{Ax /2), which is significant only for x, < 1/A. This
allows the x, dependence of the exponents to be suppressed. We find in this way that both
the symmetric component of the Green function, namely (0[e!¥5 @S (z)e= 15 S (0)}0), and
the exponential term in (16), yield a factor [A%/4(xy — vept)}™ ”2 This is to be expected
since in the non-interacting limit we have simply split the fermion operator into identical
symmetric and anti-symmetric parts, and each of these bosonic contributions therefore yields
a square root of the expected free electron denominator (see (19)). Hence, we determine
f(x) = e*r={Ae€ /2)'/2, where C is Eulers’s constant. Our particular interest is in the
Fourier transform of G (z, t)

G;‘(p, w) = f d2xe—ip-:cf dt c:r.o:( ) Zesk o] - nk]e"s“' X{z.2) (18)

which becomes,

o dyy [ expl[—i{pp — kry)x + iwt]
G (p. @) = f dx dt L — kra)x)
« (@ ) -0 2 (xp — vrpt)

explX (xy, )] (19)

from which we can extract the correct form of the free Green function, by setting X 0 To
evaluate X (x", 1), we assume a small coupling parameter & so that sinh® ¢, (g) = &2 sinfa =
5%¢% /(g} + g]) after which the g, integral can be evaluated, with the result that

2

X0 = M[eiq“(x“_"”n + emintatmn ) [A — 2¢) tan™' (i%-)] (20)
I

2A q)
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To be consistent with our small-§ assumption, we must work to leading order in x), f and
A. It is straightforward to show that X(xy, 0, £} = —(82/2) In{(A%/4)(x] — vg?t?)], apart
from constant terms of order §. Substituting in (19), we obtain, after some manipulation

1 2 842
G (p.w)= T (1_2) F(1+8/2,ksy ~ p) — o/ vey)
V|

x F(82/2, {key — p1 + w/2vur}/2) 21)

where
m .
F(r,2) = f (e /7).
—oo

We expand above prefactors to leading order in §, which yields F(§2/2, z) == 2sin(8? /4)
x(2/(@ — PNI=¥7 and F(148%/2,2) = —im|F + &5/2, where § = py — key, 0/ vp = &.
The result is that

Im G2 (p, @) = (—m 8 favg[|@? ~ B2¥72/(@ — PA~Y, (22)

Thus, the spectral function shows a power law dependence on the forward and backward
moving combinations of frequency and wavevector. For electrons at the Fermi surface, we
obtain a sublinear power law decay in the spectral function

Im G2 (pey, ) = —(8 fdug)a® ~ A~ (23)

which has the same behaviour for both signs of the interaction parameter.
Turning to the particle-hole susceptibility, we note the susceptibility

Xa(®, 1) = —iOCN[pule, 1), 03 (0, 0)]) (24)

where pu (@) = Pi{x)¥e () is the particle-hole operator, the operator that scatters an
electron across the Fermi surface. The Hamiltonian is not diagonal in these particle-hole
operators so the same boson representation of the Fermi operators as in (8) has to be used.
Following through as before requires that we calculate the quantity

{Gloa(, )7 (0, 0)|G) = (0}'#’e™ p, (m)eFeH0leS pF (0)e ™10} (25)

which, on substituting (8) and carrying through the transformanons under e'Sand &'#o’,
Tequires that we evaluate the combinations W2 (z, 1)* R (x, £) Ry (0, O} W“(O 0} and
R"‘(m 1yt WA(z, £)W2L(0, 0)* R2(0, 0), which are slightly more involved combinations of
exponentials of boson operators than occurred in the evaluation of the single-particle Green
function. These are, as before, rearranged until the exponentials of destruction operators
lie to the right. The difference, compared to the single particle Green function case, is
that somewhat more involved phase functions result, with the upshot that we can write
the interacting particle-hole propagator (25}, in terms of the free particle~hole propagator
(Ontlpa (2, £)p (0, 0}{On1) with [Oni) denoting the non-interacting ground state, as

(Gloa(z, 1)y (0, 0)|G) = (Ol pa (. )7 (0, 0)]0i) explT (z, ] (26)
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where

T(:C I) = % Z [{505h¢a (CI) -I?}Sinz ¢xx- (QJ}Z - 1] {ciq.x—i,ﬁ;\(q}r + e—m-m-iE&‘(q)r _ 2}
-

Ay -g>0
27)

Applying exactly the same procedure to the quantity {0|p} (0)p(z, £}|0}, we obtain,
for the Fourier transformed quantity x.(q, o),

, +o0
Xalg @) = f dPxemia? f dt e (i@ )){{On1l0a (@, 2)02(0, 0} |Opgje” =

—00

— (Ol (0, 0)pu(z, £)Onp)e™ "=~} (28)

The simplification that may now be made concerns the non-interacting particle~hole
propagator which simply factorizes into a product of free single-particle Green functions.
In addition, the same arguments, that led to the neglect of the x; dependence of the single
particle phase shift X (=, ¢}, apply to T (z, ), with the result that, for ¢ in the patch «,

I+ZF: X
Xa(g, @) =1 f dxy e~ f dt _v:i:r_') (q1)
X [exp(T (xy, 0, 1)) — exp(T(—xy, 0, —1))] (29)

where

1 A2 A2
S(01) = —— d _
@ =gz [ [ dia ek

is a phase space factor of order A, reflecting the fact mentioned earlier, that for these
systems, two particle effects pick up extra factors of the patch size A. The evaluation of
T(xy, 0, t) parallels that of X (x;, 0, r) with the result that

T(x", 0,)=48In [i%(xn - vp"t)] +4In [ - i%(x" -+ U;:"t)] (30}

apart from non-singular terms of order 8. The imaginary part of the susceptibility can be
written, using the oddness of x (g, w) with @, and the evenness of T (x;, ¢) with respect to
Xy, a8 (deﬁning Q =4 - 2kp")

1 icur
Im xo (q, @) = Ef dx; c—:ans(qJ_)f dt__t[e’r(xu.o.r) — eT(—xpO.-:)] (31)
— %)

which, on inserting (30) and making various substitutions, yields

S(q.)(A%/4)
Im xo (L2, )—-%TL{F(@_UF"Q)F(W‘[‘QUFE)"'F(_W vp Q) F (—w+vry @)}
Fll

(32)

where

F(z) = f_m ds exp (isz/2)(—is)*~.



Properties of a 2D Luttinger liquid 3243

It follows that the combination in brackets above depends crucially on the relative phases
of w —veQ and @ + vy Q.

If w? — vy 2Q? < 0, the two terms cancel, whereas for w? > vp2Q? the phase factors
combine to yield, to lowest order in 4,
st

Im ¥, (0, w) = 20m

S(fu)( (33)

2 -
w® — vk QFN\
AZ
showing, for positive 8, a weak power law divergence at the edges of the particle~hole
continuum & = Zvpy Q. The Kramers-Kronig relation

2 *d
Rexa(Q,0) = = fo 2 im 22, @)

yields, for small &,

52
Re x.(Q,0) = HU_FHAIS(QJ.)(QA)_M (34)

where

oc -5 —§
A =f P e O N
0 (x+1)

Clearly the real part of the static particle-hole susceptibility shows the same weak power
law divergence as |g| - 2{kg| for positive §. The essential point here is the severity of this
power law divergence compared with the logarithmic dependence on |g — 2&g{ (in 1D) and
certainly when compared with the slope discontinuity (in 2P), that are usually associated
with the Kohn anomaly.

A simple modification of the particle-hole susceptibility analysis allows us to compute
the Cooper pair propagator

Po(z, 1) = =10 (Gl[Ya (T, DY (z, 2), ¥ (0, 0)¥ 1 0, D]IG) (35)

where, for example, the calculation of (G|vu(®, 1)¥er (2, DY, 0¥ (0, )G}
WAz, )R (z, )W, )Y RL (0, 0" and Rz, HWA(x, ) RA(0,0)* WA (0, 0)*. The
only modifications from the particle~hole susceptibility lie in the relative signs of the
cosh ¢, (g) and sinh g, (¢) phase factors, as well as-the fact the wavevector dependence

is on g, not on g — 2kg. For example, one component of the pair propagator takes the form

(Gl ¥a(, ) ¥ur (@, DV Y5 |G) = Ontl¥a (2, DY (2, DYy [Onr) exp S(zz, 1) (36)

where
272 {(cosh @, (g) — sinh ¢ (@))* — 1}
Sz, 1) = — —
A2 mzq;D Re+ g
X {exp(igx — iEﬁ(q)r) +exp(~ig-x — iEi‘(q)t) -2} 37N

The essential difference is in the sign of the sinh¢, which in the small § limit reverses
the sign of the power law found for the particle-hole susceptibility. Thus for positive &,
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there will be no divergence in the Cooper pair susceptibility on the Fermi surface, so a
superconducting instability is not favoured.

In conclusion, we have calculated the spectral function, particle-hole susceptibility and
Cooper pair susceptibility, to our knowledge, for the first microscopically derived and
exactly solvable model that demonstrates Luttinger liquid behavior in 20. This model relies
on the fact that the Ampere force underlying the current—current interaction is long ranged
and cannot be totally screened, so that it survives the renormalization procedure that lies
behind bosonization in higher dimensions. We find that the spectral function shows a
power law tail with a power dependent on the square of the interaction strength, while the
particle-hole susceptibility shows, for the conventional sign of the Ampere force, a power
law divergence at g == 2kg, with a power law given by the interaction strength. At the same
time, the Cooper pair susceptibility remains finite. While these results essentially follow the
known behaviour of 1D Luttinger liquids, the knowledge of these gquantities is a prerequisite
for the calculation of effects due to additional interactions or interlayer 3D couplings.

In particular, it has been suggested [9] that for systems where the spectral function shows
the generic Luttinger liquid scaling behaviour, the additional of a weak attractive coupling
will lead to superconductivity, provided that the attractive coupling exceeds some critical
value, This conclusion is based on treating the additional interaction within the ladder
approximation, in the absence of a detailed knowledge of the inherent superconducting
properties of the underlying Luttinger liquid. However, the formulation presented here does
allow for a detailed examination of this issue because of its treatment of both inherent and
additional superconducting interactions on an equal footing. Work on including interlayer
coupling and additional interactions fs in progress.
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