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Spin fluid spacetimes from static general relativistic solutions
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_ Abstract. A method for generating spin fluid solutions to the field equations in a Riemann-
Cartan spacetime is presented. The method uses any general relativistic static perfect fluid
solution as input. The resulting RC solutions are irrotational and stationary, They will
support 2 non-zero spin density, The spin density has zero Fermi derivative and will not
contribute to a circulation.

PACS numbers: 0420, 0450

1. Introduction

Exact solutions to the gravitational field equations are useful, not only for the evaluation
of actual physical situations, but also in comparison with each other. The same
spacetime metric can result from many matter contents and even from different theories
of spacetime structure, Understanding the similarities and differences of theories that
can build identical metrics will help our large scale understanding of gravitational
Processes.

In investigating a metric that can arise from different matter contents or theories,
it is often convenient to consider matter with spin. Spinning matter is useful because
simple perfect fluids, luids with viscosity, heat flow or other similar properties [1] and
spin fluids can generate the same metric [2]. It is also of interest since spin can activate
the torsion that distinguishes two of the carrently competing theories of gravitation:
the standard Riemannian general relativity (GR) and its extension to spacetimes with
torsion, Riemann-Cartan (rC) spacetimes.

Spin has been of interest in relativity for some time. The review articles of Hehl
[3] and Hehl et al [4] contain references to many early investigations. Of particular
interest is the work of Weyssenhoff and Raabe [5] and Weyssenhoff [6]. A great deal
of the work on a relativistic treatment of spin has focused on Lagrangian-based
variational calculations. Lagrangian-based theories have been discussed in general by
Kopczynski [7], Bailey [8], Isracl [9] and Israel and Bailey [10]. These discussions
have focused on general relations that such theories must satisfy by Noether’s theorem.
A specific Lagrangian density is not assumed. Fluids with intrinsic spin also have been
discussed by Unal and Vigier [11], Aymard [12], and Gursey [13]. Halbwachs [14])
developed a specific Lagrangian describing spinning fluids in special relativity. Ray
and Smalley generalized the work of Halbwachs to describe Auids with spin in Gr
[15] and also in rcC spaces with torsion [16-18). Their work was based on a specific
Lagrangian density and produced a variationally derived stress-energy tensor. In their
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first development, spin was not included as a thermodynamic variable. The resulting
stress-energy content was that of the classical Weyssenhoff fluid. Later calculations
[16-18] included spin as a thermodynamic variable. The development which includes
the thermodynamics of spin is referred to as the ‘self-consistent’ formalism [19], Several
other authors have also discussed the development of a spin fluid stress-energy content
which can be used in predictive model calculations. Kopczynski [20] uses a variational
method which assumes a stress-energy form. The treatment of Obukhov and Korotky
[21], which is Lagrangian-based, differs in significant detail from the work of Ray and
Smalley. A detailed comparison of the two methods is given in [18]. Other variationally
derived stress-energy contents have been given by Amorin [22] and de Ritas et al [23].

In this paper, using the self-consistent stress-energy content of Ray and Smalley,
we present a method of penerating solutions to the axis-symmetric field equations in
an rc spacetime. The method uses any static general relativistic solution as input. The
output solutions describe matter with general relativistic fluid vorticity and an intrinsic
spin content. The r¢ vorticity is zero. The field equations associaied with the method
can of course aiso be solved for new Einstein-Cartan solutions which would then also
be solutions in static general relativity. The method is interesting, not only because of
the intrinsic interest of interpreting exact solutions to the field equations, but also
because it generates some interesting insights into the idea of static versus stationary
metrics in RC spaces.

In the next section we briefly review the spin fluid formalism and the structure of
the field equations, describe the generating method and discuss rRC spaces with spin
density. An example is given in the last section.

2. Formalism

2.1. Spin fluids

A spin fluid is a fluid with an angular momentum density S,, defined throughout its
extent. The stress-energy tensor derived by Ray and Smalley [16-18] from the
Lagrangian variation can be written as the sum of two parts:

Top = Tap(spin) + Top(fluid) (1)
where T,_,(fluid) is the perfect fluid siress-energy tensor
Tab(ﬁuid)=(£+p) Uan+pgab (2)

and ¢ is the energy density and p is the pressure.
The spin fluid portion of the stress-energy tensor is

T.»(spin) =2 U(a‘sb}cUc + VI UaSe)" — @e(aS)"]- (3)

@, is the angular velocity associated with the spin. It is defined in terms of an
orthonormal tetrad A% chosen so that AL lies along the fluid velocity.

By = A(”)[aAb]m}- (4}
The spin density is constrained by the Frenkel [24] condition

Uasafa =0 (5)
with U*° the fluid velocity. The spin density Fermi-Walker transports along the fluid flow

DS, .

== - U US + UpS,). (6)

dr
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The spin density S, is related to the proper torsion S5 by
Sut =4SaU" (7

This is the Weyssenhoff convective form.
The proper torsion is the trace-free part of the torsion S,,°

3 " = Sas” +38aSs1- (8
The quantity S,,, is the torsion vector and describes that part of the torsion that does
not satisfy the Frenkel condition. It is zero in our calculation. The V¥ derivative is
Vi =V, +28,/. Although the stress-energy tensor was constructed for self-consistent
fluids in a Riemann-Cartan spacetime, it is also valid in a self-consistent general
relativity. The only difference is in the derivative operator V§. In general relativity it
is the ordinary covariant derivative. For zero torsion vector, it is also the covariant
derivative in the Einstein-Cartan theory with the additional spin connection calculated
from the torsion.

l"ca;, = Sabc - Sbea -+ Scab. (9)
The field equations in a Riemann-~Cartan spacetime may be written as
Gub = Tab+vf(sabc+scab _Sbca)- (10)

2.2. Field equations
The metric that we consider is the general axially-symmetric metric
ds?=~fdf -2k d¢ dt+(D* - k*/f) d¢?+e* dr’ +ef d2°. (11)
The tetrads that diagonalize this metric are
AP = (Jf,o 0, j}) A=(0,¢e*%0,0)
(12)

D
532)= 0.0 .3."2’0 (3)_(0 )
Az’ =(0,0,€77,0) A 00,\/?

The tetrad indexed Einstein tensors for this metric in a Riemann~Cartan spacetime are
(Df £ D D.B, D#., o7 )
2Df 4f 4D*
D z 2 z ZZ
+e‘f’[——‘f+f L. | D Qz(fk

z—kj; z
o tif 30 D _f +\/j_'Sz¢)/4D] (13)

Guy=

_af D.fe D Dt 02)
Gpony=¢" £ +
@en=e (2Df 472 2D " aD?

) Df f D#’r rr .fkr kf; 2
+e [ 2Df af 2D+D Q( 7 +ﬁs,¢)/4D] (14)

oo [B(8) (555 fon) -2 o 3]

-8 i Bz)(_z ) po  Defe S Q_§:|
e [2f( )+( 2 N\t )Y T i (15)
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2
G(OO}=CHM[2 (_f_’) +(.B F‘r)(j;"'g) #ngr_&r_(ﬁ)

2F\D af 2D 4 2 4
_D, 3D, 3f} fh =¥, )/ }
D+2Df 4f2+n,(3 7 VfS.,) /4D
[P 1 f; D) s pre (1)
-3 Wil NEL2 —2 Y -~ . . 7.0
te [2f(D) * e ’3’)(41’ 7} A R
a5 s ]
D+2Df 4f2+ﬂ 7 E—VFS..) /4D (16)
—-( -+ 'r_kr D {B“M“zr Sr D (ﬂ-ﬂ-)/zr
Giosy+ Gy =€ (n p)/z{[((ﬂt f)/f )e ] _[(f of ‘/)J: ]
Lk —K£)/ D) e Y, [(fS./D) e"‘"””]z} (an
f vf
_wD, BD. D, Dif. D Ll fl=Kf, fk—K,
R,.+R, = D + D ZD Df Df f2+ 2D 0, + 2D 0, (18)
where
Q,:fk;;-’ié-\/jfsw and n,=fk’;kf‘—\/fsz¢.
The field equations for a perfect spin fluid matter content are
G(oo)=8 (19)
G(“) =p -+ e_" \/ZTDZ ,. (20)
Gaoy=pte 'B\/szzmﬂ (21)
ep VF Sea . Vf 8.4
G(33}=p +e™# ;Dz Q 8 Esz ﬂ (22)
_'\/.F'Snj: ‘/}.SM:
R.+R, = D7 Q.+ 2D 0, (23)
38..f.e”" 3S
Gunt Gagy = 2;{ \/;- ;bf \/; (24)

with £, the energy density, p the pressure and S; the spin density of the fluid. We
consider only spin components in the radial and z-directions. We assume the spin
density S, is zero.

2.3. Generating method and spin

The special solution that we will study imposes the conditions 0, =0, .0

fkr"—kﬂ and S =sz_kf;.-
P VY

These conditions are equivalent to requiring the fluid vorticity in the rRC space to be zero.

Sho = (25)
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If we had included S,, as a possible non-zero spin density, the lack of ¢-dependence
in the metric and the definitions (25) would have enforced a zero. With these conditions,
the diagonal Einstein tensors, the (rz) Einstein tensors and the associated field equations
{19)-(23) are formally identical to those found in static general relativity for the metric

2
ds’=—fdri+e™ dr2+DT do*+e™? dz? (26}

and for a perfect fluid with pressure p and energy density .
The remaining (03} field equation, (24) becomes :

e (fk —kf) fr+ e P (fl, — k) . =0 (27)

This equation is especially interesting. Rewriting it in terms of the spin and
accelerations, one finds that it takes the form

UTaS ab =0, (28)

The spin is orthogonal to the fluid acceleration. From equation (6), this implies that
the Fermi derivative of the spin is zero. Equation (27) also implies that the spin
contribution to the fluid current with a potential representation is zero [17, 23, 25].
Since it is this current which could enter into a calculation of the circulation [26], the
spin will not contribute to the circulation for these solutions.

It is also interesting that (25) can be rewritten as

The vector 8, is hypersurface orthagonal to the surfaces of fluid irrotationality in a
GR spacetime. The vector 8, was discussed by Landau and Lifshitz [27] in a discussion
of Coriolis effects on particle motion in constant gravitational fields. Greene et al [28]
have pointed out that 8, is related to the rate of rotation of a Killing based frame
relative to one that is Fermi-Walker transported.

In the next section, we will discuss whether the solution is static or stationary.

2.4. The static condition and spin

In general relativity, a static solution is one which has a hypersurface orthogonal
timelike Killing vector £° [29]

£°¢,=8oo<0 (30a)
§(a;b)=o (30b)
E[a;bfc} =0, (300)

The last condition implies that £, is proportional to the gradient of a scalar function,
o [30] '

£, = constant({c) ,. ' (31)

In general relativity, a vector that is locally hypersurface orthogonal is also irrotational.
Since in general relativity, the two statements imply each other, irrotationality is often
given as the condition for a spacetime to be static. Greene et al [28] have discussed
the conditions for a spacetime to be synchronizable. Ehlers and Kundt [31] have
expressed the conditions for a spacetime to be static in terms of the fluid velocity.
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In spacetimes with torsion, the condition for the Killing vector to be the gradient
of a scalar is complicated by the antisymmetric connection. Since torsion is usually
activated by rotation and the presence of spin, inquiring into the condition for a
spacetime with torsion to be static seems to have a trivial answer, However, we have
seen in the previous section that in a Riemann-Cartan spacetime, it is possible for the
contributions from spin and fluid rotation to cancel each other in ali of the diagonal
and some of the off diagonal field equations. The fluid vorticity in the rRc space is
zero; the fluid is irrotational. One may ask the question: is the irrotational re space
generated from the static GR space itself static? Is there a hypersurface orthogonal
Killing vector? )

From equation (30c} we can write

fu(gc);b+§b(§a);c+gc(‘fb);a=0 (32)
where

&=(-£0,0,-k)
is the usual stationary Killing vector, &; = gq,- The twist of this vector for the generated

RC space is zero.
Multiplying through by £, and antisymmetrizing we find in an RC spacetime

& & € m
(&), (), - som G3)
£, is not expressible as the gradient of a scalar in general. However, if S, can be
written as
EnlU ™Sz ¥y a
ee (.f"f,,),a _(E),b 34
then equation (34} becomes
ba — &=y
( £, ).b ‘( £, ) G3)
and we have that
ba— b =£"8u(0) 0. (36)
£, — i, 1s locally hypersurface orthogonal. Using equation {25) one finds that
¢, =(0,0,0,—k). (37)

Note thai because of the Frenkel condition, U®S,, =0, ¥ is zero. The rC vectior
that is hypersurface orthogonal is identical to the Killing vector of the static Gr space.

We have exhibited a hypersurface orthogonal, timelike vector. When the vector,
&, — ., is substituted into Killing's equation, one finds that the condition for this
vector to be a Killing vector is that (k/f) = constant. This relation between k and f
will zero the spin. The hypersurface orthogonal vector is not a Killing vector in the
RC spacetime, except in the trivial case. The metric is most generally stationary.

2.5. The generating process

The statement describing the generating process is: to every static perfect fluid metric
in general relativity (gas, D, p, ), a stationary Riemann-Cartan solution {g%,, D, p,
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g, Sa) can be assigned with

8% = gab a,b=trz (38a)

goe=—k e (S~ i)+ e P (fk,— k) f,=0 (385)
2_ g2

g$¢=D 7 £ ' (38¢)

s =taMe (38d)

JF

3. Application

Barnes [32] has considered solutions of the field equations in general relativity with
a static, perfect fluid matter content. Using the method described in section 2, the
metric solutions given by him may be easily generalized to Riemann-Cartan solutions
with a spin fluid content. For example, one of his solutions for constant density is a
type D solution with metric

ds’=—r*z22 d+r dz’+ F(r) A+ F'(r) dr?

2
F(r)——-ATr A>0 and A=-¢ pre=0. O
Applying equation (38b) and assuming that k(r, z) = k(r}k{z) we find _
kir, z) = Briz*e* (40)
__C(3
i= 4(Ar2+z ) (41)

C is a separation constant and B is a constant of integration.
The rC metric is

ds’=—?z3(dt+ B e d¢) +r2dz>+ F(r) dé*+ F~\(r) dF’. (42)
The spin densities associated with this solution are
3BCz &~ BC e*¢2?

Srs = A b = I (43)

In general relativity, solutions with negative energy have generally been considered
unphysical. Morris and Thorne [33] have however physically discussed negative energy
density in squeezed states. Some recent work [34] on the energy conditions in spacetimes
with torsion indicates that this type of sclution may possibly be physical and not in
violation of the energy conditions.

4. Discussion
We have exhibited and applied a method that will generate a spin fluid solution in an

RC spacetime from any static Gr perfect fluid solution. The generated spin Auid source
will be described by the Ray-Smalley stress-energy content [18]. Non-trivial solutions
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require gg, to depend on at least two coordinates. The passage from GR to RC maintains
a twist free Killing vector. It also keeps the identical vector hypersurface orthogonal
in both spaces. However, in rC, the hypersurface orthogonal vector is not a Killing
vector, except for zero spin. Another of the interesting properties of the generated rRC
fluid spacetimes is that they are rc-irrotational and stationary. An observer in a
boundary matched vacuum spacetime outside of the fluid could however, see a pre-
cession of his gyroscope axes relative to distant stars. The effect would depend on the
particular rC solution generated and the way that it matched to the vacuum exterior.
In the bounding process, the matching of the first and second fundamental forms at
the boundary surface will require that the off-diagonal metric components satisfy,
among others, relations like [35, 36]

[k]. =[k]- and [ka+tSsale =Lkal- (44)

where we are using the off diagonal component of the metric of equation (11). Clearly
one could arrange a special case where the matching, vacuum off-diagonal metric was
zero but in general it is not. The vacuum observer can be in a stationary spacetime
with all of its usual properties.

The metric of the stationary rc spacetime is clearly generated from the static GR
metric by the coordinate transformation

drzd:+§'d¢ dop=de¢. {(45)

This is a formal substitution. The antisymmetric connection implicit in the rRC space
is not generated by this transformation but by the identification of the generated metric
as describing a spacetime with torsion. The Fermi constant spin density is also not
generated by this transformation but is a stated part of the stress-energy content of
the generated statiopary solution. The method is of interest not only because it
broadens the interpretation of existing solutions but also because of the insights it
generates into the meaning of static versus stationary in a space with torsion.
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