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Abstract

The long-time asymptotics of two colliding plane waves governed by the fo-
cusing nonlinear Schrodinger equation are analyzed via the inverse scattering
method. We find three asymptotic regions in space-time: a region with the orig-
inal wave modified by a phase perturbation, a residual region with a one-phase
wave, and an intermediate transition region with a modulated two-phase wave.
The leading-order terms for the three regions are computed with error estimates
using the steepest-descent method for Riemann-Hilbert problems. The nonde-
caying initial data requires a new adaptation of this method. A new breaking
mechanism involving a complex conjugate pair of branch points emerging from
the real axis is observed between the residual and transition regions. Also, the
effect of the collision is felt in the plane-wave state well beyond the shock front
at large times. (© 2007 Wiley Periodicals, Inc.

Contents
1. Introduction 1349
2. Solution in the Plane-Wave Region 1359
3. Solution in the Residual Region 1371
4. Solution in the Transition Region 1386
Appendix A. The Forward Scattering Problem 1402
Appendix B. The Plane-Wave Region Parametrix 1406
Bibliography 1413

1 Introduction

We consider the one-dimensional, cubic, focusing, nonlinear Schrodinger equa-
tion (NLS)

1
(1.1) iq,+§qu+|q|2q=0
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FIGURE 1.1. The three solution regions for the NLS shock problem.

with nondecaying initial data
(1.2) q(x,0) = Ae~Hl,

Here A and p are positive real constants. The initial data is interpreted as two plane
waves colliding at the origin at time r = 0.

This choice of initial data was inspired by the Toda shock problem studied by
Venakides, Deift, and Oba [16]. The Toda lattice is an integrable system modeling
an infinite chain of particles with nearest-neighbor interactions. Evenly spaced
particles were taken to impinge on the origin at a constant speed at time ¢ = 0.
Letting n represent particle number, it was found that for large |n/¢|, the solution
behaved as in the initial state. Then at a certain value of |n/¢| the system entered a
new solution region where the effect of the shock was being felt. Finally, for |n/¢|
small enough, the system settled into a quiescent state when the initial speed was
below a critical value or displayed nearest-neighbor oscillations when the speed
was supercritical. The modulation equations for the NLS are elliptic, as opposed to
hyperbolic for the Toda lattice. Still, the overall structure of the solution is similar
for both problems, with three distinct solution regions.

1.1 Main Results

The leading-order term of the long-time limit of ¢ (x, #) behaves differently in
three different regions depending on the magnitude of § = x/¢: the plane-wave
region (|| > &), the transition region (§; < |&| < &;), and the residual region
in which the solution has settled to its final form (|§| < &;). See Figure 1.1. The
variables & and &, are defined in terms of A and u by the system (3.29) and by
equation (2.3) . Only nonnegative x are considered since the problem is symmetric.
The solution is given in the three regions by Theorems 1.1, 1.2, and 1.3.

THEOREM 1.1 In the plane-wave region (|&| > &, with &, defined by equation
(2.3)), forx > 0and t — oo,

glx,t) = Ae—i[(ulé|+u2/2—A2)1—2g(oo)] + O(t_l/z),
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where g(00) is given by equation (2.25) and depends only on & and the parameters
A and .

THEOREM 1.2 In the residual region (|| < &, with & defined by the system
3.29)), forx = 0and t — oo,
B(ZL1 + 2 — u(00) + d)A (u(00) + d)

0 (541 + $- + u(00) + d)b (—u (o) + d)
where H(t) depends affinely on t. Specifically,

g(x,1) =2A D L o,

2
H(t) = |:2G(oo) — g — % + A2:|t + 2g(00).

Here 0 is a standard one-phase theta-function defined by equation (3.43). p
and w; € R are given by equations (3.25) and (3.36), respectively. u(00), d,
G (00), and g(oo) € C are given by equations (3.47), (3.58), (3.26), and (3.35),
respectively. All of these quantities depend only on & and the parameters A and .

THEOREM 1.3 In the transition region (&, < |&| < &, with & and &, defined by
the system (3.29) and equation (2.3)), for x > 0 and t — 00,

0(321 + 5= — u(00) + d)0 (u(c0) + d)
0 (ot + 52 + u(00) + d)f (—u(00) + d)
where H(t) depends affinely on t. Specifically,

q(x, 1) = QA+3()) Lo,

2
H(t) = |:2G(oo) — ulE| - ’% + A2:|t +2g(00).

Here 0 is a standard two-phase theta function defined by equation (4.28). @ and
w € R? are defined by equations (4.33) and (4.34), respectively. o, G(o0), and
g(00) € C are given by equations (4.12)—(4.15), (4.16), and (4.20), respectively.
u(o0) and d € C? are given by equations (4.32) and (4.40), respectively. All of
these quantities depend only on & and the parameters A and L.

1.2 Discussion of Results

In the long-time limit, the leading-order solution to the NLS (1.1) with shock
initial condition (1.2) exhibits three qualitatively distinct behaviors depending on
& = x/t. For large enough &, the leading-order solution is a plane wave per-
turbed by a phase shift that decays as |£] — oco. Note that if the initial condition
to (1.1) was given by g(x,0) = Ae '#*, then the solution would be g(x,t) =
Ae~imE+1*/2=A1 For x > 0, this is the same as the leading-order result in The-
orem 1.1 without the phase shift g(co). This shift shows that, at large times, the
solution feels the effect of the shock even beyond the outer caustic lines £ = +&;,
a result of the nonhyperbolicity of the problem.

Inside the outer caustic lines the solution enters a transition region with two
nonlinear phases. From the Riemann-Hilbert point of view, this change occurs
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when a contour of zero imaginary phase collides with a branch cut off the real axis.
Inside the inner caustic lines at & = +&; the solution enters a residual state with
one nonlinear phase. This change occurs when a contour of zero imaginary phase
collides with the imaginary axis. This breaking mechanism is previously unseen
for the NLS. A genus change when contours of zero imaginary phase collide off
the real axis was seen in [15].

Our main technique is the Deift-Zhou nonlinear steepest-descent method for
Riemann-Hilbert problems (see Section 1.4). The initial condition (1.2) does not
decay for large |x| as |g(x,0)] = A for all x. This introduces jumps off the real
axis and necessitates a new adaptation of the nonlinear steepest-descent method.

1.3 The Inverse Scattering Method

Our solution uses the inverse scattering method for integrable systems such
as the NLS. Integrable systems have the remarkable attribute that they are the
compatability condition for a system of linear differential or difference equations
known as the Lax pair. The latter was introduced by Lax [13] following the integra-
tion of the Korteweg—de Vries equation by Gardner, Greene, Kruskal, and Miura
[12]. The Lax pair we use for the NLS is

(1.3) W, = —iBW,
(1.4) W, = —iAW,
with
2 1 2 1.
~ ~ |73l zq+3iq
(1.5) B= [5 "] . A= ’ N
7 -z 2q — 3iq, —7°+3lq

and was discovered by Zakharov and Shabat [17]. Their method was generalized
by Ablowitz, Kaup, Newell, and Segur [1].

The inverse scattering method in our problem reconstructs the solution g (x, )
from the associated scattering data r(z, ¢). The scattering data r(z, 0) at time t = 0
is found using equation (1.3). The key is that the time evolution of the scattering
data can be found directly using equation (1.4) without the knowledge of g (x, ).
Therefore it is possible to find the scattering data r(z, ¢) associated with the solu-
tion ¢ (x, t) at some later time ¢ without knowing ¢ (x, t). r(z, t) is computed ex-
plicitly in Sections A.2 and A.3. The solution ¢ (x, t) is reconstructed from r(z, t)
by using the inverse scattering transformation. See Figure 1.2.

1.4 Riemann-Hilbert Problems and the Nonlinear
Steepest-Descent Method

The Riemann-Hilbert approach to inverse scattering was first introduced in [14].
A multiplicative Riemann-Hilbert problem, or RHP, for an n x n matrix M(z)
consists of finding M (z) given:

e an oriented contour X such that M (z) is analytic for z ¢ X,
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FIGURE 1.2. The inverse scattering method.

e a jump condition M, (z) = M_(z)V(z) for z € X, where M, (z) and
M_(z) are the nontangential limits from the left and right of X, respec-
tively, and the n x n matrix V (z) is called the jump matrix, and

e a normalization, often of the form M (z) ~ I as z — oo. This normaliza-
tion is necessary for uniqueness because if M satisfies the first two condi-
tions, then so will EM for any invertible n x n matrix E.

Such a problem P will be represented by
P:{¥,V,Iasz — oo}.

In our case, M© is a straightforward transformation of a fundamental matrix solu-
tion of equation (1.3) satisfying appropriate conditions as x — =£00. As a result,
the jump matrix V© can be expressed in terms of r(z, t). ¢ (x, t) can be found from
M© as shown in Section A.5. Since r(z, t) is known from the forward scattering
procedure, all that remains to find g (x, ¢) is to solve the RHP for M. Solving the
RHP will constitute the bulk of this work.

To analyze the RHP P© for M© in the long-time limit, we use the nonlinear
steepest-descent method introduced by Deift and Zhou [8, 10] and extended by
Deift, Venakides, and Zhou [6, 7] to treat problems in which the asymptotic wave-
form is fully nonlinear. This method finds asymptotic expansions in terms of small
or large parameters (in this case, large ¢). The main technique is to factor jump
matrices and deform contours such that the jump decays to the identity for large
time. Then the matrix satisfying the new RHP is approximately analytic across this
contour, which may be disregarded in finding the highest-order solution.

For example, consider M (z) with jump V@ across £©@. Assume V© has a
decomposition

(1.6) VO = vV,
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M® = pr@)

MO = M(O)V3‘1
MO = pOVy;

M® — pp0)

FIGURE 1.3. Sample deformation of the contour (.

into invertible factors. Along a segment split £© into three and deform one con-
tour to the left and one to the right according to the orientation of X. Define a new
matrix M1V (z) by

MO V3_1 inside new contour to the left,
(1.7) M®D =3I MOVy,  inside new contour to the right,
MO elsewhere,

as shown in Figure 1.3. Across the left contour,

i =
(1.8) =MV,
=MV,

Therefore MV has a jump of V3 across the left contour. Similarly, MV has a
jump of V| across the right contour and a jump of V, across the center contour.
Therefore, if MV can be found that satisfies the RHP with the deformed contour,
the solution M to the original problem can be found from equation (1.7). We say
two RHPs are equivalent if, given the solution to one problem, the solution to the
other can be found by a change of variables.

In this work we start with the RHP P© defined in Section 1.5 and perform a
series of transformations P — PM — p@ _ ... to obtain equivalent RHPs.
We peel off successive layers of the RHP, eventually arriving at an exactly solvable
model problem that gives the leading-order term of ¢ (x, 7).

1.5 The RHP for the NLS Shock Problem

The fundamental solution M to the Lax pair for the NLS shock problem is
defined in Section A.4. Define

2 1/2 2 12
(19) AL@:((H%) +A2) , AR@:((z—%) +A2) .
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FIGURE 1.4. The RHP P©,

The A, branch cut is taken to be the vertical line segment from —u/2 — iA to
—un/2 4+ i A, and the A branch cut is the vertical line segment from ©/2 — i A
to /2 + iA. The sheets are chosen so that Ay, A\x — z as z — oo. Further-
more, Ay (z) = Ap—(z) and Ag(z) = Ag_(z) on their respective branch cuts. The
subscripts L and R refer to the left and right branch cuts, respectively. Also define

X
(1.10) ="
(1.11) A(z) = M’
2 _ _
(1.12) D = 2= 2C DD
(1.13) Fz8) = 2k +2(z + %)AR,
AR =@ pu/2) g — (2= pu/2) = A+ (24 p/2))
(114 p@) = .
A Ok + @ — /D) + A — 2+ 1/2)

Now M (z; x, t) is the solution to the RHP

PO (zO =RU G, cut) U (rgcut), VO, I asz — oo},
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with V(© given by Figure 1.4 and

1 —if
VI(O)(Z) = |: 1 O:| , VZ(O)(Z) = |:1 5 (—=p+ +p-)e t] ’

Do —p)elt 1 0 1
0) — Ay pyell+t D_A_
(115) V") =[ N
. 2 . p
Oy _ [~A-p-e™ 0 O _ | - pe!
V4 ()= |: —D_A_ _A+p+eflf+l ’ VS (@) = peift D :

These jump matrices satisfy the symmetry relation V@)WV =1.

1.6 The Controlling Phase Functions f and &
and Overview of the Procedure

The sign structure of I( f) (which depends on &) controls where in the complex
plane the factored jump matrices will decay or blow up. Assume x > 0. For the
plane-wave region (¢ > &;), the jump matrices will, after appropriate factorizations
and deformations, decay everywhere except on a single band along the A cut. See
Figure 1.5 for an overview of the intermediate tranformations in the plane-wave
region. The model problem that gives the leading-order behavior of g (x, t) consists
of only the A cut. In the plane-wave region the real point z is the stationary point
of f(2).

For & < &,, this procedure breaks down, and blowup can no longer be avoided
simply by contour deformations. We use the g-function mechanism to remove the
exponential growth. The controlling phase function will now be a function %(z),
and zo will be the stationary phase point of 4(z). Different transformations will
be used in the transition and residual regions. Figure 1.6 shows the evolution of
the final transformed problem as & varies. At £ = &, two contributing bands
are born that lie along the A, branch cut and whose jumps cancel each other. As
& decreases, one band stays on the A, cut, and the other moves to the right and
decreases in length. There are three bands in the model problem in the transition
region (§; < £ < &).

At & = £, the center band disappears into the real axis, and the problem enters
the residual region (§ < &;) with two bands in the model problem. The genus of
the Riemann surface associated with the solution changes from 2 to 1 when the
contour of zero imaginary phase collides with the real axis (see Figure 3.3).

Note that we start with the plane-wave region in Section 2, but then proceed
to the residual region in Section 3 and then to the transition region in Section 4
because the problem with two bands is less complicated than the problem with
three bands.
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FIGURE 1.5. The series of intermediate transformations of P© in the
plane-wave region.

The different deformations shown in Figure 1.6 use different factorizations of
the jump matrices V(©). The factorizations we use are

1 1 0]l b 0 1 -2
o 57 =La ol Sl

1+ab 14ab

S| A
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FIGURE 1.6. The final transformed RHP for decreasing values of &. The
jump on the thin contours decay in time; the jump on the thick contours
contribute to the leading-order solution. The dashed line in the first pic-
ture is not part of the RHP but indicates the Ay, cut.

oo 1)=La 1[5 )

a 0 1 —ab™! 0 b7 '[[1 —a'p!
[—b a‘1:|:|:0 1 ][—b o][o 1 ] @b #0),

and their transposes.
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2 Solution in the Plane-Wave Region

The solution to the shock problem is simplest when the jumps Vl(o) and V2(0) on
the A, branch cut decay to the identity. Then the problem reduces (modulo higher-
order terms) to a single band on the Ag branch cut. In this case the leading-order
solution is a plane wave with a perturbation in the phase, and the problem is said
to be in the plane-wave region.

2.1 Overview of the Solution in the Plane-Wave Region

We begin by studying I(f) in Section 2.2 to find the & that comprise the plane-
wave region. We then do a series of transformations of the RHP P© to find the
leading-order contribution.

e PO — pM: pM g found in Section 2.3 by factoring V© and deforming
2 © v decays uniformly in 7 to the identity off (—o0, zo) U (A branch
cut) and outside of a small neighborhood of z.

o PV — P@: P@ s defined in Section 2.4 by removing the jump across
(—00, z0) using 6(2).

e PP — P®: The factor of D(z) in the jump matrices is removed by the
definition of P® in Section 2.5.

e P — P®: The definition of P® introduces terms involving §(z) to
the jump on the A branch cut. P® removes these terms by the use of a
g-function in Section 2.6.

The leading-order term of g (x, #) can now be found by solving the model RHP
P™d which disregards all of the contours of £ except the A branch cut. P9
is defined and solved in Section 2.7. However, the nonuniform decay near zy must
be taken into account for the error estimate. Therefore in Section 2.8, P® is split
into an approximate RHP P@P) with jumps on the A branch cut and near z, and
an error RHP P©™ with uniformly decaying jumps. The error estimate is proved
in Section 2.9.

2.2 Behavior of I(f)

From equations (1.15), VI(O) decays to the identity when J(f) > 0 everywhere
along the A; branch cut in the upper half-plane. Write z = n +iv where n, v € R.
Forn < 5and0 <v <<,

= )E+n+L) / n%
(2.1) S(f) ~ —2v —2v, A2 + <n — —) .
VAT + (1 — p/2)

Therefore, immediately above the real axis, sgn(3I(f)) = 0 when

_p-ExJ/E+p 84
_ ; .

2.2 n=nx
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(c) & = 2.4 (plane-wave region)

FIGURE 2.1. Sign structure of J(f) for A = 1, u = 1.5. The dashed
line does not participate in the structure but demarcates the Ay, cut.

As seen in Figure 2.1, J(f) > 0 everywhere along the A; branch cut in the upper

half-plane when n_ < —%5. Therefore the problem is in the plane-wave region
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FIGURE 2.2. The RHP P for the plane-wave region.

when

2 A2
2.3) e
"

The Schwarz symmetry of f guarantees that VQ(O) will also decay to the identity
for £ in the plane-wave region.

Two different factorizations of the real axis will be used in all three regions.
The point at which the factorization changes will be called zy. In the plane-wave
region, define

p—&— JE+ =82

4

2.4) Z0 =

See Figure 2.1(c). The appropriate factorization of V@ and deformation of £©
will now be given for the plane-wave region.

23 P® - pWM; Factorization of V® and Deformation of X ©®
The RHP P is given by

PW . {2(1) (see Figure 2.2), VD Tagz — 00},

where
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c 1 D" ip N 0
v _ | D7 T € ' v _ D2
= 1/2 ’ 2T D Ppise pi2|”
L0 D | 2pelt D
S| - —ift
(2.5) v D2 0 v o7 pme g
3 12|’ 4 172 ’
| Size'/t DY 0 D
i 0 1 ) _1 + p2 0
-1 0 R

Here the square root is chosen so D'/? — 1 as 7 — 0o. Comparing Figures 2.1(c)
and 2.2, one sees that in the plane-wave region, > M can be chosen so that Vi(l),
i =1,2,3,4, decay as t — oo. This new RHP will be useful for analyzing the
asymptotics of g (x, t) for § > &,.

CLAIM The RHPs P and PV are equivalent.

PROOF: Consider first the jump along the A, branch cut in the upper half-plane.
The matrix Vl(o) is factored as
(2.6) V(O) (V(l)) V;}r).
Split this contour in two, keeping the new contours attached to the A, branch cut
—u/2 and —u/2 + i A. The right factor is the jump matrix for the contour
being deformed to the left (the plus side) of the original contour, so p, becomes
p. Therefore the jump matrix on the left contour is V;l). Similarly, the left factor
is the jump matrix for the contour being deformed to the right (the minus side) of

the original contour, so the jump matrix on the right contour is (V3(1))*1. The other
matrices are factored as follows:

2.7) V(O) V(l) (V(l) ) on the A, cut in lower half-plane,
(2.8) V«)) (V(l)) V(l)V(l) on the A cut in upper half-plane,
2.9 V(O) V(l) V(l)(V(l)) on the Ag cut in lower half-plane,
(2.10) vO = yOyDyD on (—00, o),

Q2.11) v =yyh on (z9, 00).

The contours are split and deformed as shown in Figure 2.3. The jump matrices
Vl(l), Vz(l), V3(1), and V4(1) now decay in time to the identity away from the points
—u/2, /2, u/2+iA, and u/2—iA. Ideally the contour would be deformed away
from these points to achieve uniform decay. However, f and p are not analytic at
these points, nor at —u/2 4+ i A and —u/2 — i A. Still, it is possible to lift the
contour away from these points as follows.

Consider the two contours connected to —u2 + i A and deform them so they
coincide on the vertical line M(z) = —pu/2. Since the jump matrices on the two
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FIGURE 2.3. Initial deformation of P©.

'
o) °
—£+iA —£+iA £ +iA
— v (D
1)\ 7} 1)\ 7}
oyt | ey

FIGURE 2.4. Three stages of the final deformation of P©) near —1/2 + i A.

contours are inverses, the resulting jump matrix is the identity where the two co-
incide, and so this part of the contour can be removed. Finally, reorient the right
contour and replace (V3(1))*] with V3(1). Now there is a single contour oriented
left to right with jump matrix V;”; see Figure 2.4. A similar procedure is used
on the contours at —pu/2 —iA, —u/2, u/2, u/2 +iA, and u/2 — i A. Deform
the loosened contours so that the contours with jumps Vl(l) and V4(1) lie in regions
where J(f) < 0, and the contours with jumps Vz(l) and V;U lie in regions where
J(f) > 0. This completes the construction of P() and establishes the claim.  [J
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24 PY - p®@: Elimination of the Jump on (—o0, z¢)

The jump matrix V6(1) on (—o0, z¢) is removed by introducing the function 6 (z).
Let §(z) solve the scalar RHP

P® . {2(5) = (—09, 20), ve =1 +p2, I as z — oo}

Explicitly,
@12 3 = e S
Define
(2.13) M = pDs—os
Now
2 03
(2.14) Yo — s V(1)8+‘”_
Specifically,
1 82D1/2 i — L
2v® = | P7? T ft:| Ve = DI 0
B 172 ’ = | s2p12, P
L 0 DY szeﬂ DY/
-1 S e
(2.15) vo _| 7 0 yo _ [ 20 emift
’ -glz/geift D]’ ! | 0 D12
o [ 0 &
W= 5 0]'

Since § ~ 1 as z — oo, the normalization of M® at infinity is unchanged from
MDD, M® now satisfies the RHP

PO (2@ = s\3O® yv@ [a57 > o0}

V@ is defined by Figure 2.5 and equation (2.15).

2.5 P@ - p®: Removal of D(2)

The factor of D(z) can be removed from the jump matrices by a change of
variables outside of the deformed contours. Define
M®PD%/2 inregion,
(2.16) M® =1 M@ p=o3/2 inregion 111,
M® in regions II and IV,

where o3 = [} _?] and regions I through IV are defined in Figure 2.5. M satisfies
the RHP

PO (2® =3x® v [asz — oo},
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FIGURE 2.5. The RHP P® for the plane-wave region. Regions I
through IV are used in the definition of M.

Szpe—ift 1 0
3 |1 L G) . 3) _ 1 0
2.17) " _[O " ] " _[Slzfﬁlzﬂ e _[5‘206’”’ 1]
@ _[1 8pe /! ®»_[ 0 &
Ya _[o 1 RCEE PE R

2.6 P® — P@: Removal of §(z) from the Jump on the Az Cut
A g-function [7, 10] is introduced to remove the é terms from V5(3). Define
(2.18) M@ = MOeis@s,
Here g(z) is a to-be-determined function that is analytic off the Az branch cut. On
the A cut, the new jump matrix is given by
V@ = gmis-onyDgisos

(2.19) 0 §2e—ilgrts)
= |:_526i(g++g—> 0 } :

Recalling the explicit formula for §(z), V5(4) will be a constant matrix if

1 (o1 2
(2.20) g++g_+_/ Mdg —
T J-_c é'_Z

for some real constant wg. Take wg = 0. Now equation (2.20) is a scalar RHP
for g. Divide by Ag, remembering that Ay = Ax_ = —Ag, on the branch cut:
gr |, 8- 1 f“ In(1 + p*(2)) d

2.21 + = —
( ) AR— AR— AR_TT —00 {—z

wgr on the Ag branch cut

g,
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SO

(2.22) (i) _(i) 1 /ZO 1n(1+p(§))
AR/ 4 AR AR_TC {—z

Therefore, by the Plemelj formula (see Deift [4, sec. 1.1]),

Ir(2) / 1 / In(1 + p*(9))
2.23 = T K
(2.23) 8 272 N =DAr-(M) Joos ¢ —1 o

Agcut

As z — oo, using Ag = z + O(1),

e 2 ln(1+p ©)
8@ =3 5 f (1—n/z)xR (n)/ dedn

AR cut

_ @) @ 1n<1+p ©) N
AR cut

__1 w0 ln(1+p ©) .

~m% | W (n)./ dedn+ 0.
AR cut

Therefore, g(z) ~ g(o0) as z — oo, where

B “ Inl +p (;))
025)  go9=—1p / e / dz dy

Agcut

depends on &, A, and p, but is independent of z. Now M@ is the solution to the
RHP

PW . {2(4) — 2(3)’ V(4), 1800003 4g » 00},

where
—1 82pe=iU/1+29) B 1 0
4 2 “)
Vl = I+p j| R V2 = B_Zpe"(f"ﬂf") 1 s
_O 1 1+,02
B 1 0 1 52pe—i(ft+2g)
(2.26) v = ‘ , v = :
_S—Zpet(ft+2g) 1 _O 1
0 1
V5(4) = .
_—1 0

2.7 Model Problem P(med)

The jump matrices V1(4), V2(4), V3(4), and V4(4) decay exponentially to the identity
away from the point zy as t — 00. Disregarding the jump on these contours leaves
the jump V5(4) on the Ar branch cut. We prove below that this problem, dubbed
the model problem, will produce the leading-order solution. The other contours
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E4+iA

2

0 1
(mod) _—
v =15

£ —4A

g
FIGURE 2.6. The RHP P™°d for the plane-wave region.

provide higher-order corrections. M ™Y (see Figure 2.6) is the solution to the
RHP
pmed . (ypmed — 50 cut, VoD /80909 45 7 00},

with
moay _ @ _| 0 1
2.27) ymed _ y@ [_1 0} .
For large z, we introduce the factorization M® = M©™ pmoD  where the

higher-order contribution from the contours besides the A branch cut have been
factored out into an error term. We write the Laurent series for a matrix M as

M, M,

M=My+—+—F+-- asz—> o0

Z Z

Then (M1(3))12 = (Mmed) +M§err))12, where (M), is the 12-entry of M. Therefore,
by equation (A.40),
(2.28) q(x. 1) = —2(M™ 4 M{e“))n o~ illxI+H(? /2= A% —g ()]
By representing M©™ as the solution to a RHP, we show in the following sections:
LEMMA 2.1 |[M™| = 0~ '7).

Furthermore, the model RHP is solved explicitly by

ig(00) 0 L+L~! —iL4il”!
(229) M(mod) _ {e } [ 2 2 } ,

0 e~ i8() | | iL—iL~! L+L~!
2 2

where

(z—u2—ia\"*
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The sheet is chosen so L — 1 as z — oo. This formula for M™% gives

A
(2.31) (M™) ), = =5 €.

Equations (2.28) and (2.31) along with Lemma 2.1 complete the proof of Theo-
rem 1.1. Note that in the absence of the shock, the wave would have the form
Ae~i(EF#2=A71 - Therefore the effect of the shock is to impart an O (1) shift
2ig(o0) to the O(t) phase. From equation (2.25), this phase shift is nonzero but
decaying to 0 as § — oo.

2.8 The Error Problem P

It would be expedient to extend the factorization M® = M©™ MM to the
entire complex plane. However, the decay on the other contours is not uniform in z
near z, a condition that is necessary for the error estimate. Therefore the strategy
is to write

(2.32) M® = pem pg@ep)
where M@P) includes the jump across the A branch cut and near z.
For a given R € R and C € C, let rg (Dg) be the circle (closed disk) of radius

R centered at z = C. Choose ¢ sufficiently small so that r; does not intersect the
A branch cut and define

parametrix of M inside rf ,

2.33 MO =
( ) M (mod) outside rfo.

By a parametrix of M® we mean M@P satisfies the same jump conditions as M

inside r£ . M) will have a jump VPP across the circle ré . The construction of

the parametrix is deferred until Appendix B. There V-**" is shown to have the form
I+ 0(t~'/?), which suffices for the error estimate. rfo is oriented counterclockwise.
M@P gatisfies the RHP

PEPP) ; [33@PP) (see Figure 2.7), VP 8097 45 7 — 0o}
with
Ve = v inside e, i =1,2,3,4,
(2.34) Vl(eapp) — /(mod),
Ve =1+ 0@ onr.
The definition of M@P and equation (2.32) constrain M©™ to satisfy the RHP
P (2C™ (see Figure 2.8), V™, I as z — oo},
with £€™ and V™ defined by Figure 2.8 and
Ve = pary S ey outside 7, i =1,2,3,4,

—1 2 —
Vem =y (v ) ()t on e

(2.35)
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E1iA
Vz(app)
(app) — Y/ (mod) _ 0 1
v 1% [_ Lo
LA

FIGURE 2.7. The RHP P@P) for the plane-wave region. The circle i
is enlarged to show detail.

+iA

N[=

—iA

SIS

‘/:1 (err)

FIGURE 2.8. The RHP P©™ for the plane-wave region.

2.9 Error Bound on M{err)

We now prove Lemma 2.1. Given an oriented contour X, define the Cauchy
transform Cy, as

BRI
2mi ¢ —2)
¥

(2.36) Cs(N) = dg.
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Define C5(f) and C5 (f) to be the nontangential limits of Cx ( f) approaching %
from the left and right, respectively. Also, given a matrix V defined on X, let

(2.37) Cyf=Cs(f(V=D).
We have the identity
M(err) —J = Cz(en‘) Mfrr)(v(err) _ I)
_ M (@)(VEI () — 1) i
T i -z
(2.38) e ¢
1
- / ME (@) (VD () — Ddg + 0z,
2miz
¥ (err)
Therefore, since M = lim z(M©™ — I),
7—> 00
1
(2:39) M == [ MO - e
Tl
¥ (err)
Thus,
(2.40) IME™) < CLIME™ — 1|2 IVED — 1| 2 + G| VED — 1]

for positive constants C; and C,. On X \ r£ | V™ decays uniformly in #, so
there exist positive constants C3 and Cy4 such that

(2.41) N Hirsenye ) < Cze ', p=1,2.
From equation (B.45) in Appendix B,

(2.42) IVED —TliLreey = 0™, p=1,2.
From equations (2.41) and (2.42),

(2.43) IVED — I pgemy = 0@ %), p=1,2.
We also have the identity

(2.44) MED — 1= (I = Cre) ' Crnl,

SO

— _1 —_
IME™ — I 2 gsemy < 1T = Crram) ™ - 1€y Ll 22(m)
(2.45) < CIVE™ — Il 2 gem
— 0@
for some constant C, since V©™ is uniformly close to / on £©™ as t — oo.

Together, (2.40), (2.43), and (2.45) give | Mferr)| = O(t~'/?), which completes the
proof of Lemma 2.1 and thus Theorem 1.1.
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3 Solution in the Residual Region

For 0 < § < &, J(f) is negative along part or all of the A; branch cut.
Therefore the method used in the initial region will not work. A new factorization
of the jump on the A, cut leads to a two-banded model problem that is solved using
theta functions.

To avoid overly cumbersome notation, some symbols will be reused in this
section and the next. For instance, the sequence of RHPs will again be labeled
P® even though P¥) may be different in different regions. Notation is not reused
in a single section, and the exact meaning will be clear from context.

3.1 Overview of the Solution in the Residual Region

We start with the RHP P© of Figure 1.4 and perform a new set of transforma-
tions.

e PO — pM: We define the new RHP PV in Section 3.2 by introducing a
new factorization on the A, branch cut. The point z( is now to the right of
—u/2.

e P — P®: The jump across (—oo, z¢) is removed by P in Section 3.3.

e P — P®: The factor D(z) is removed from the jumps by the definition
of P® in Section 3.4.

e P — P®W: The point 7, and the RHP P are defined in Section 3.5 by
introducing the function G(z), which removes the exponential blowup of
the jump on the A, cut.

e P — P®: The jumps on the branch cuts are reduced to constants using
the function g(z) by the definition of P in Section 3.7.

The two-banded model problem P™°Y is defined and solved explicitly in terms
of theta functions in Section 3.8. The approximate and error problems P@P and
P©™ are defined in Section 3.9. The error estimate follows that of the plane-wave
region, with an overview provided in Section 3.10.

This new method will work for 0 < & < &; but breaks down for &; < & < &, for
some & depending on A and w. Why and when this breakdown occurs is discussed
in Section 3.6. The transition region §; < § < &, will be covered in Section 4. For
now assume 0 < & < &;.

3.2 PO o pM. Factorization of V© and Deformation of X ©
Start with the RHP P© from Section 1.5. Define

- D2y _; _1_ 0
a1 vO=|P7 e v vih=| "
) I 0 D2 ’ 2 = Dl/zpeift pu2 |’
L _]+p2
— 1 _1 —f
yo_| o7 Y yo _ |07 e v
307 e ift 12|’ 4 172 ’
| p1z€ D L 0 D
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V3(1)
+ 1A

V=

V7(1)

‘/21(1)

FIGURE 3.1. The RHP P for the residual region.

_P=_ ,—ift 1+02 _;
V(l) _ 02 l+pze V(l) _ 0 pf e i1
5 _ I4p2 i1t 0 ’ 6 —P—z eift 0 ’

p— I4+p
1 2
e-[1) el )
The factorizations used are similar to those used before except on the A, branch
cut. Using p, = —1/p_ on the A, branch cut, we factor
(3.2) VO = (v)) vV Y on the A, cut in the upper half-plane,
33 V2 =vOvO(v2)™ onthe i, cutin the lower half-plane,
3.4) V3(0) = (V;P)*] V7(1) V3(J1r) on the Az cut in the upper half-plane,
(3.5) V4(0) = V4<l) V7(1) (V4<Jlr))_1 on the Ag cut in the lower half-plane,
(3.6) v = yyLyWh on (=09, 20),
3.7) v =yDy® on (29, 00).

Assuming —4 < zo < %, splitting and deforming 2O in a similar manner as in
Section 2.3 gives the RHP

PO =W v a5z - oo},

where £ and V) are defined in Figure 3.1 and equations (3.1). As in the plane-
wave region, two different deformations are used along the real axis. The point at
which the factorization changes is again called zo. However, zo will not necessarily
be a point where J(f) changes sign. Instead it will be where the imaginary part of
a new function /(z) changes sign. & and z, are found in Section 3.5.
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V2(2) ‘/:1(2)

FIGURE 3.2. The RHP P for the residual region. The regions I
through IV are used in the definition of M.

3.3 PD - p®@: Elimination of the Jump on (—o0, z¢)

The contour on the real axis with jump matrix Vg(l) can be removed using a
3-function as in the plane-wave region (see Section 2.4). The function

20 2
(3.8) 5(z) = exp( 1 / In(1 + [p(£)] )dg)

2i S {—z
satisfies the appropriate RHP. Define M® = M(1V§=3. M@ satisfies the RHP
PP (2@ =D\ 5@ v [asz — oo}

V@ is defined by Figure 3.2 and

M1 2n1/2 p=1 —if B 1
yo | ot SPUEP e v = DI 0
1 0 Dl/z ’ 2 8—2Dl/2P—leift Dl/2 ’
B 1 M1 2 —i
V(2) _ W O V(z) _ m 8 #e lft
3 3—2#61'1% pl2|’ 4 0 Dl/2 ’
3.9) - - .
-1 — 2 _
V(z) - 0 821)_ e lft V(Z) _ 0 8 P,(B [jt
R B e 0 B R I Ak 0 ’
B 2
7 52 o
wherein

1 2
(3.10) Pg) = —*
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34 P® - p®: Removal of D(2)

The factor D(z) is removed from the jump matrices in the same manner as in
the plane-wave region. Define M® by

M®PD%/2  inregionl,
(3.11) M® =1 MO p=o3/2 inregion 111,
M in regions II and IV.

Regions I through IV are defined in Figure 3.2. The RHP satisfied by M is

POz =3® vO Tasz — o0},

with
V(3) _ _1 52P—le—ifl V(z) _ 1 0
1 _O 1 ’ 2 szpfleift 1’
V(3) _ 1 0 V(3) _ 1 52[0e—ift
Gy LT p B L |
oo e O 82 P_e it
S ) 0 B e 0 ’
»_[ 0 &
V7 = _—572 O] .

35 P® - P@: The g-Function Mechanism

Although the jump on the A, cut has the desired off-diagonal form, the terms
involving e/’ in VS(S) and e~/! in V6(3) are still increasing exponentially in time. A
g-function is now introduced to eliminate this growth.

Define
(3.13) M® = MOl

Here G(z) is a to-be-determined scalar function that is analytic everywhere except
on the A; and Ag branch cuts. M™ satisfies the RHP

PW(Z® = 5O y@® 6t 57 o0},
with

(3.14) V@ = miG-my @ giGsant
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Explicitly,
B 2 p—1,—i(f+2G)
v _ 1 §2ple i/+201 v _ 1_ 0
1 0 1 ’ 2 8—2P—lel(f+2G)r 1 ’
@) _ [ ! 0 @ |1 8pertUF20N
Vit = 52peif+260 1| Var = 0 1 ’
@ _ r 0 62P_—1e—i(f+G++G—)f
(3.15) V5~ = | _572P_ i/ +GHGo 0 ’
“ - 0 82P_e—i(f+G++G—)t
Vo' = _§2p i (f+G+G ) 0 ’
“ B 0 §2¢—1(G++G )t
Vit = _§26i(G++G ) 0

To remove the growth in time from V5(4) and V6(4), f+ G+ G_ should be areal
constant along the A; branch cut. To avoid introducing blowup in v, G +G_
should be a real constant on the Ag cut. This constant is normalized to be 0. This
normalization changes the value of G (co) but has no other effect. Therefore G (z)
satisfies the scalar RHP

e G is analytic off the A, and A branch cuts,

f+G.+G_=Q; onthe Ay branch cut for some real constant 2, ,
* Gy +G_-=0 on the Ag branch cut,
e G=0(l)asz — oo.

To deal with the condition G + G_ = 0 on the A branch cut, let

(3.16) G(z) = Ar(2)k(2),
where k(z) is analytic off the A, branch cut. Then
(3.17) Gi+ G- = (Agk)y + (Agk)- = Agyrk — Agik = 0.
k(z) satisfies the scalar jump condition
— Q
(3.18) ki +k_ = TSR e A, branch cut.
R

To change k. + k_ to ky — k_, divide by A, _:

ky ke —f+Q
3.19 —_—t — =
(3.19) AL + AL AR

or

(3.20) <£> —(i) iy
AL/ o AL)_ AL—AR
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Therefore, by the Plemelj formula,

Ar(z) f@) -
321 k(z) = dé,
(3:2) @) i tAL_(c)AR@)(;—z)g
and so
_ AL(@)Ag(2) f @) —
(3:22) G =— / O = %

Arcut

The constant €2;, can be found by applying the condition G = O(1) as z — oo.
Indeed, using the fact that A; Az = z> + O(1),as 7 — 0

—AL(2)Ar(2) @) —QL
G(z) = d
@ =" @m0 -5 ‘

recut

2
_ 2400 [ @) - (1+C+0(Z ))dg

27iz . AL—(O)Ag()
3.23 Leut
02 [ So-2
2mi AL—(&)AR(Z)

Apcut

1 f@) - 1
_ L (0]
i | (c)xR(o{ &+ <z>

Apcut

For G to approach a constant at infinity, it is necessary that

(3.24) SO
: . tkL—(C)AR(f)
SO
([ o)/ s
\ t)»Lf(é')?»R(é') x t)»Lf(é'))»R(é')
SR Yy p——
(3.25) = iA (A2+(;+“)2)1/2 A [AL_(C)/\R(C)
=2 .
’”f/g Y (c)xR@) §>
Furthermore,
—1
(3.26) Am G@) =Gl =57 | x{(i2>xR<z>§d§
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The last step in defining the RHP P® is to deform the contours with jump V1(4)
and V4(4) into regions where J(f 4+ 2G) < 0, and the contours with jump V2(4) and

V3(4) into regions where J(f +2G) > 0. This will not always be possible, in which
case an alternate factorization is required; see Section 3.6. For now assume such a
deformation exists. Define

(3.27) h(z) = f(z) +2G(2).

In the residual region, there will be three points where the locus (/) = 0 intersects
the real axis (see Figure 3.3(a), noting that -1 /2 are not along this locus). Define
2o to be the middle of these three points. Using the conditions on g, P® is defined

by
@ '1 82P—1e—iht @) 1 0
it =1o 1 V2= st
@w_[ 1 0 @ _[1 8%pe
V3 = 8—2peihl 1] ’ V4 = [ 1 )
n_[ 0 82P- 1e"QL’
(3.28) Vi = _ap i
V(4) _ [ 0 - 82P e_lQLt
6 _8—2P_—1elQLt
T O
V7()= —8_2 O}

Now the jump matrices decay uniformly in time except on the A; and Ak branch
cuts and near the point zj.

3.6 When the Residual Region Deformation of X () Fails

The sign structure of J(h) is given by Figure 3.3(a) for sufficiently small &.
There are three points on the real axis from which four branches of J(h) = 0
emanate. The function /2 behaves quadratically near these points since it is analytic
on the real axis away from the branch cuts. Therefore, solving #'(z) = 0 with
& fixed gives three real-valued solutions for z. The middle point is chosen to be
20, and the sign structure required by P@ is satisfied. However, as £ increases, the
leftmost point and zo approach each other, eventually merging when § = &;; see
Figure 3.3(b) for a numerically computed example. Here / exhibits cubic behavior,
and &; and zo may be found by solving the system of real equations

(3.29) h'(z0) =0, h"(z9) =0.

For £ > &, the factorization required for P breaks down. Four of the zero-
level curves of J(h) = 0 interchange connections and the point zy ceases to exist
(see Figure 3.3(c)). In the upper half-plane there is no way to draw a contour
connecting the real axis on the left of the A, cut with the real axis on the right of
the A, cut while staying in the region where J(h) < 0. Therefore the matrix V1(4)
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J’_

| |
1 1.5 2

\_(/ +
-0.5 —
+ -
| | | | |
5 -1 -0.5 0 0.5

2 -1
(c) & = 0.85 (transition region)

FIGURE 3.3. Sign structure of J(h) for A =1, u = 3.

will not decay along part of its contour. Similarly, in the lower half-plane there is
no sea of pluses through which to pass the contour with jump V2(4). This means that
there is a range of & for which neither the plane-wave region nor residual region
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factorizations will work. This range is referred to as the transition region and will
be covered in Section 4.

3.7 P¥ — P®: Creating a Constant Jump on the Branch Cuts

To formulate a solvable model problem, it is necessary to have constant jump
matrices on the branch cuts. This is accomplished by the use of another g-function.
Let
(3.30) MO = MWeis™s,

Here the scalar function g(z) is analytic everywhere off the A, and A branch cuts.
The jump matrices for M® are

(3.31) VO = emigany@eieres =1 7.

Explicitly, on the branch cuts these jumps are

V(S) B B 0 52P_1e—i(QLt+g++g)]
5 - _872P_ei(QLt+g++g_) 0 ’
(332) V()(S) = 872P—l z(')(QLt+g++g_) 82P_el(QLt+g++g_)i| s
- e 0
) B 0 §2ei(g++g-)
ViT = s2piterten) 0 } -

These jump matrices will be constant if g satisfies the RHP

e g is analytic off X“ = (A cut) U (Ag cut),
w; —iIn(8?/P_) on the A; cutin the UHP,
e g . +g =3w,—iln(8>P_) onthe A, cutin the LHP,
—i1n(8?) on the A cut,
e g ~ g(oc0)asz —> 00,

where g(00) is a constant in z and wy is a real constant. Let
(3.33) R(z) = ALAg.
Then

—(wr —i1In(8%/P_))/R_ on X cutin UHP,
(3.34) (—) _ (—) —{ —(w, —iIn(8®P_))/R_  on i, cutin LHP,
i ~ |im@»/R- on Ag cut.
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V3(5)

‘/:1(5)

FIGURE 3.4. The RHP P® for the residual region.

By the Plemelj formula,

B R(2)
2mi

g(z) =

(3.35)

—n/2
[/uﬂiA
—5+iA wp — lll’l((sz({)/P—({))

“
-4
o)

wp — i) P-(5))

dg

(& —2)R_(¢)

5=

dg

(& —2)R_(¢)

EHA _iln(5%(¢))
ia (C—2DR(0)

ac),

The integration is done along the branch cuts, and w is chosen so that

(3.36)

g =0Q1)

as 7 — OQ.

The limit of g(z) as z — oo is called g(oo). M® satisfies the RHP

PO (20 = 5@ YO iGN o 7 s o).

With this choice of g, V® is given by Figure 3.4 and

0
1 9

e—i(QL[-i-a)L)

0

B 2 p—1_,—i(ht+2g)
v](s) _ 1 6P e ’
0 1
3.37) VO = i !
: 307 (57 2peiti+2e)
e _ [ 0
Vs™ = | _gi@urton)

:|, V6(5) —

1
872[)71 ei(hl+2g)

:l 52pe—i(ht+2g)
0 1

[0 1
-1 of"

0
1

]

]
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—£+iA £ +iA
Vlgmod) Vlémod)
—2liA £ 2GA

FIGURE 3.5. The RHP P™Y for the residual region.

3.8 The Model Problem P (mod)

The procedure for calculating g (x, t) continues as in the initial region by defin-
ing the matrix M™°9_ The main difference is that in the residual region the jump
across both the A, and A g branch cuts contribute to the leading-order solution.

M™D g defined as the solution to the RHP

pmod . (smod — (3 cut) U (Ag cut), VoD, /(G200 56 7 5 50},

See Figure 3.5. The jump matrices are given by

—i(Qrt+or)
(mod) __ 0 e (mod) __ 0 1
(338) VL 0= |:_ei(QLt+wL) 0 :| ’ VR 0= |:_1 0:| .
Write M = M©™ M ™ for Jarge z. From equation (A.40),
(3.39) qx,1) = —2(Mfm°d) + Mfm))lzei[(G(OO)_’”é‘_”2/2+A2)’+g(°°)].

In Sections 3.9 and 3.10 we show
LEMMA 3.1 M| = 0(~'7).

We now solve the model problem using a theta function as in Tovbis, Venakides,
and Zhou [15]. Consider the cycles A; and B; defined in Figure 3.6. A, and B
form the canonical homology basis for the torus of genus 1. To define 6(z) it is
necessary to find a basis for the space of holomorphic differentials on the torus.
Each differential has the form

(3.40) w=—S

Y
where c is a real constant. Thus the dimension of this space is 1 (in general, it
is equal to the genus of the Riemann surface). For the basis element, pick the

dz,
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2

(SIS
-+
N

Ay

B,

—E2 A

N

— 1A

(SIS

FIGURE 3.6. The canonical homology cycles { A1, B;}. The solid lines
are on the first sheet, while the dashed line is on the second sheet.

differential w; such that

(3.41) /wl =1.

Aq

Also define the Riemann period matrix 7 (in this case the matrix is 1 x 1) by

(3.42) T = / .
B
By Farkas and Kra [11], 7 is purely imaginary and —it > 0. Define
(343) G(Z) — 26271’1[24»”%21"
Lel

6 (z) has the following properties:

(3.44) 0(z) = 0(—2),

(3.45) 0(z+1) =0(z),

(3.46) 0(z41) = e TTO().

Denote

(3.47) uz) = /Z w].
n/2—iA

Next, define

M(z,d) = (M, M»)
(3.48) B (9(?—;t+%+u(z)+d) (5t + 2 —u(z)+d))

T

O(u(z) +d) ’ O(—u(z) +d)
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where d € C is to be determined. M(z, d) is well-defined even though u(z) is
multivalued. However, M (z, d) has singularities that depend on the choice of d.
If Z is a zero of 0 (u(z)),

d_” _ 9 )
(3.49) el e O((z—=2""7)
implies
(3.50) u(@) —u@) = 0(z—-2"%

near Z. Furthermore, the zero of 6(u) = O (u(z) — u(z)) is simple by the argument
principle, so the singularities of M are of order % The identity

—T—n, zZE€EAMCU, ne,
(3.51) uy(2) +u_(z) = t
0, Z € Ag cut,

can be used to compute the jump of M. On the A cut:

M = 9(2Lt+5—u,—n—r+d) 6(2Lt+2ﬂ+u +n+1+d)
= O(—u_—n—t+d) Ou_+n+1+d)
9(2Lt + Ly 4 d)e72ni(f§2Lt/2nwa/2n+u_7d)771ir
=< 9( u_ + dye2riu——d)—it ’
9(2Lt + @ 2 +u_ +d)€—27u(QLt/2n+wL/2ﬂ+u +d)—mit
b
G(u,—i-d)e 2wi(u—_+d)—mit )

(3.52)

— (Mz_ei(QLt+wL), Ml_e—i(QLl+wL))

0 e*i(QLH‘CUL)
= M- [eimumm 0 -
On the Ay cut

M+_(9(2Lt+2n—u +d) 04+ 2 tu +d))

O(—u_ +d) ’ O(u_+d)

(3.53) = (M-, M)

0 1
|
Thus M comes close to satisfying the model RHP, but there is a minus sign lacking
in the 21-entry of the jump matrix. Now set

y(Z):<(z—(%+iA))-(z— —5+1A))) ’

3.54
G>9 (= —iA) - (=5 —-iA)




1384 R. BUCKINGHAM AND S. VENAKIDES

chosen so that y(z) ~ 1 as z — o0 and y(z) has branch cuts along the A, and Ag
cuts. Y. = iy_ along these cuts. Define

y+y HMiz,d) —ily —y HMa(z, d)} .

1
(3.55) N(z,d) = ) |:i(y -y HMiz, —d) (v +y HMy(z, —d)

Now N satisfies the desired jump condition on the A, cut:

Ny =1L [ e+ i IMiL @ d) =il — 77 Moy (@ d)}

2 iy — vy WMz —d) (v +vi D Moy (z —d)
L ity —yZ Mo @ dye! @etten) (4 y =My _(z, d)e™ @Li+or)
(3.56) = -1 i(Qri+or) -1 —i(Qri+or)
2| —(r- +y2H Mo @ —d)e it e iy — yTH M _(z, —d)e T CLiter
0 e*i(QLlﬁ*wL)
ZN_ [_ei(QLt+a)L) 0 ] .

Similarly, on the A cut,

1
(3.57) No=n| YL
-1 0
Now d is chosen so the poles of N from M coincide with the zeros of N from
y — y~ L. Let z; be the unique zero of y — y~!; also let X|(z;) and X,(z;) be the

preimages of z; on the first and second sheet of the elliptic surface, respectively.
Choose

X2(z1)
(3.58) d = —/ w;.
—p/2—iA

By Farkas and Kra [11], X(z;) is the zero of 6 (—u(z) +d), and X;,(z;) is the zero
of O(u(z) + d). Since N is defined on the first sheet, the only singularities are in
the 12- and 21-positions, which are canceled by the zero from y — y . A is also
analytic off the A; and Ag cuts. Thus the solution to the RHP pmod) jg

(359) M(mod) (Z) — ei(G(oo)t+g(oo))a3N—1(OO)N(Z).
Note that
(3.60) Y@ —y N2) = —2iA77'+ 0@ asz— oo
and
1 0
(3.61) N (c0) = Mlgo,co : '
Moy (00,—d)
Therefore
(3.62) (M§m°d>) — _A Ma(00, d) 16 (c01+3(00)]

127 M, (00, d)



LONG-TIME NLS SHOCK ASYMPTOTICS 1385

—£+iA £ +iA
vV (app)
2o
VL(app) V}éapp)
—% — 1A % — 1A

FIGURE 3.7. The RHP P@PP) for the residual region with enlarged de-
tail around zg.

3.9 The Error Problem P (€™

As in the plane-wave region, the proof of the error estimate requires taking into
account the nonuniform decay near zy. Therefore, define

(3.63) M — pplm pyapp)

M@P) has the same jumps as M™°Y plus an additional jump near zq. Pick & suf-
ficiently small so that rf = {z : |z — zo| = &} does not intersect £™¥. Define
M@P) by

parametrix of V¥, |z — 79| <&,

3.64 M@ —
( ) M(mOd), e <z —z0l-

This matrix function satisfies the RHP
PEPP) : (3 @PP) (see Figure 3.7), V@PP) o (GF8CN% 4¢ 7 00},
with V@P) given by

(app) __ y7(mod) (app) __ y,(mod)
Vi =V VR = Vg )

9

(3.65) Vi(apm =v®, i=1,2,34

L

There is also an additional jump Vz((?pp) on rzg0 having the form I + O(t~'/?) as
shown below. See Figure 3.7.
The definition of M@P) and equation (3.63) fix M©™, which satisfies the RHP

P . (¢ (see Figure 3.8), V™, I as z — oo},
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‘/-1(crr) ‘/3(crr)

FIGURE 3.8. The RHP P©™ for the residual region.

with V©™ defined by Figure 3.8 and
Ve = p ey O (pgery-t outside ¢, i = 1,2,3,4,

1

VEm = pgeP) (v @y =t el on

(3.66)

3.10 The Error Estimate

The proof of Lemma 3.1 follows the proof of Lemma 2.1 in the plane-wave
region. The parametrix near z¢ inside the circle r; has the same jump conditions as
in the plane-wave region except that f(z) is replaced by 4(z) = f(2)+2G(2). g(2)
has a different form but is still analytic near zy and does not change the process.
The construction of the parametrix proceeds as in Appendix B with f(z) replaced
with A(z), yielding

(3.67) Ve =T1+0a""?)
as t — oo. Continuing as in Section 2.9 yields
(3.68) M = 0@,

which is Lemma 3.1. This, along with equations (3.39) and (3.62) proves Theo-
rem 1.2.

4 Solution in the Transition Region

The leading-order solution for g (x, ) has now been computed for the plane-
wave and residual regions. As seen in Section 3.6, there is a range of |£| between
these two regions where neither method works. These |&|-values constitute a tran-
sition region in which it is necessary to use a third factorization. The resulting



LONG-TIME NLS SHOCK ASYMPTOTICS 1387

RHP lies on three main bands, and the leading-order solution is found to have two
nonlinear oscillations.

4.1 Overview of the Solution in the Transition Region

We start with the RHP P® from the residual region. As |£]| increases to the
boundary of the residual region, the point zo where J (k) changes sign immediately
above the real axis is lost, as shown in Figure 3.3(c). Now the jump V1(3) grows
exponentially in time on the contour near z, instead of decaying to the identity. A
new set of transformations is introduced to deal with this growth by keeping part
of the contour near z( in the model problem.

e P — P@W: The RHP P@ is defined in Section 4.2 using a new factor-
ization of the jump on the contour near z;.

e P — P®: The exponential growth of the jump near z; is removed by
the function G(z) in Section 4.3, leading to the RHP P,

e P® — P®: Using the function g(z), P©® is defined in Section 4.4 so
that the jumps on the three branch cuts are constant in z.

The three-banded model problem P™°9 is defined and solved explicitly in terms of
theta functions in Section 4.5. The approximate and error problems P@P and P©™
are defined in Section 4.6. The approximate RHP consists of jumps on the three
bands of the model RHP plus jumps near zo and the endpoints & and o of the center
band. The error analysis near & and @ require the construction of parametrices,
which is done in Section 4.7. The parametrix near z( is computed in Section 4.8,
and the error estimate is outlined in Section 4.9.

42 PO® - P@W.: New Factorization of V®

Start with the RHP P® from the residual region as defined in Section 3.4. The
point zo € (—u/2, ;/2) is unknown at this stage and will be determined after
the introduction of a g-function. Recall that when the g-function from the residual
region is used in the transition region, the norms of two of the jump matrices around
Zo grow exponentially. A new factorization of V1(3) and VQ(S) near zo and a different
g-function will remove this difficulty. First, define

v =vP i=1,23.4,
@ 1 0 @ _[1 82Pe7ift
Vs = [5—2Pel’ff 1] c Ve = [o 1 ’
4.1) . .
v _ 0 §2plemift v _ 0 —82Peift
7 _8—2Peift 0 ’ 8 - 8—2P—1eift 0 ’

@ _ 3 @ _ 3 @ _ 03
Vol =VsT, Vg =Ve, Vi =V

Now deform the contour in the upper half-plane with jump V1(3) so that it passes
through the point o, which will be found in Section 4.3. In a similar manner,
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L4 4A
2 V3(4)
4
A%
(4)
B _GA Vi

FIGURE 4.1. The RHP P®™ for the transition region.

deform the contour in the lower half-plane with jump V2(3) so that it passes through
o. Along the contour from « to zg, use the factorization

(3) D@y
4.2) Vi =V vV
Similarly, in the lower half-plane along the contour from o to zo use the factoriza-
tion
(3) @DyDHy®
The new RHP is

P® (=@ (see Figure 4.1), V® T asz — ool

4.3 P@ — P®): The g-Function Mechanism

One of the contours from « to & will contribute to the leading-order term of
q(x, t). With this in mind, it is expedient to define the function A¢(z) with a branch
cut on this center contour between the left and right branch cuts. Let

(4.4) he(@ = (Z =)z —ap'/2.
The branch cut is taken to be two straight-line segments from « to zg to &. The
sheet is chosen so that A ~ z as z — o0.

A g-function is now used to remove the exponential growth in time along the

three branch cuts. Let G(z) be a to-be-determined scalar function analytic off the
branch cuts. Then define

4.5) MO = p@piGost
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M is the solution to the RHP

P(S) . {2(5) — 2(4), V(S) — e*iG_03tv(4)eiG+03t, eiG(OO)(T3t as z — OO}

V© is given explicitly by

V(S) '1 82P—le—i(f+26)r V(S) _ 1 0
1 0 1 ’ 2 8—2P—lez(f+20)t 1l
S B 1 ®) '1 82pefi(f+26)t

Vit = | 572 pei(f+20 , Vo = 0 1 ’
G) [ 1 0 6 _ -1 82 Pe (/260

Vs = [s2peiuon |- Ve =g 1 ’
) B 0 82P_1€_i(f+G++G’)t

Vit = __8—2Pei(f+G++G,)z 0 >

(46) (5) r 0 _82Pe*i(f+6++G_)t

Vgo = _8—2P—lei(f+G++G,)t 0 >
) r 0 §2p 1o i(f+G++G )t

Vy© = __8—2P78i(f+G++G,)t 0 )

) B 0 §2P o if+G++G)t

Vio = __5—2P:lei(f+c++c,)t 0 >

V(S) _ B 0 <326—1'(G+-§—G,)t
11 __8*261(6++G_)I 0

G (z) is defined to eliminate any growth or decay in time in the jump matrices
on the three branch cuts. The RHP satisfied by G is
e G is analytic off the Az, A¢, and A branch cuts.
f+G.+G_=Q; onthe A, branch cut,
o f + G+ + Gf == QC
G+ + G_ - 0
o G~ G(x)asz— 00,

on the A¢ branch cut,
on the A, branch cut,

where Q;, Q¢, and G(o0) are real constants. Define

4.7) R(z) = (DA (2)Ag(2).
Observe that
2

(48) R@) =2z —N+ (A2 - MT + %[S(a)]z) 24+ 0() asz— oo,
Using the same reasoning as in the residual region,

R(z) f(@) - f(@) —Qc }
4.9 G(z) = ——d¢ + ———d¢|.
@ = 2ai L ROG-0" " ] Roc-0®
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It still remains to find «, zo, 21, and Q¢. As in the residual region, let

(4.10) h(z) = f(2) +2G(2).
Near «,
4.11) h(z) = Co+ Ci(z—a)'? + 0((z — @)*"?),

where Cj is a real constant and C is a complex constant. The desired sign structure
of J(h) requires three branches of J (%) = 0 emanating from «. Therefore C; = 0,
or

(4.12) @—o'?h@)| _, =0.

Condition (4.12) gives two real equations. The sign structure also requires J (/)
to be positive along the contours in the upper half-plane with jumps VS(S) (with
corresponding conditions in the lower half-plane). This is equivalent to requiring
J(h) = 0 immediately above zo. Writing z = z¢ + iv near zg, this condition
becomes
(4.13) R) (lh(zo + iv)) =0.

v v=0

Also, G(z) = O(z?) as z — o0, and removing this singularity at infinity gives the
two equations

£ - £ - Q¢
4.14 ——~d¢ + ————d¢ =0,
19 AtR@)gktR(c)C
FO) - £(O) - Qe
T =0 qey | L2220y
A GRS A GRS
(4 15) L cut c cut
\ f@) — L f@)— Q¢ >
—N 2~ dc+ = —-d =0.
(‘”(A RO ¢ JTR@ ¢

Now equations (4.12), (4.13), (4.14), and (4.15) give five real equations for the five
real unknowns N («), I(a), 2o, 21, and Q2¢. For fixed A and u, the values of & for
which these equations are solvable with — /2 < RN(x) < u/2and 0 < J(a) < A
comprise the transition region. Now, using equation (4.8),

G(00)

-1 f@) - , @) —Qc ,
Zﬂi[ R() erde R(?) &

AL cut Ac cut

(4.16) % ( fO-2 f@o-2c )
(@) R Skt | TR (%
AL cut Ac cut
2
2 WL a2 f@Q) -9 @) —Qc
+ (A 2 + z[o(a)] )( T de + RO d)]

Ar cut Ac cut
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15
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FIGURE 4.2. J(h) for A = 1, u = 3, &€ = 0.85 (in the transition
region). J(h) is 0 on the contour connecting ¢ and « but has a jump
across the Ay, and A branch cuts.

With this choice of G, the jump matrices Vi(s) simplify to

) _[1 82p~lemint G _ 1 0 G _ 1 0
Y _[o 1 c = szpteh q] V3T 526k 1]

& _[1 8%peilt G _ o s _[1 82Pe~iht
Ya _[0 1 C Vs = s2peint 1|0 Ve T o 1 ’
V(S) B B 0 82P:167iQLl‘

7 = _872P_eiQLt 0 ’
4.17) - .
) 0 82P7€_ZQLI
VS = —8_2P__1€iQLt 0 ’
5) B 0 (SzP—le—iﬂct
Voo = -2 p,iQct ’
| 572 pei®c 0
ve 0 =82pPeTiRcr) s _[ 0 8
10 8—2P—lelﬂct 0 ’ 11 _s—2 ol

Finally, = is chosen so that the contours with jumps VI(S), V4(5), and V6(5) pass
through regions where 34 < 0, and the contours with jumps VZ(S), V3(5) , and VS(S)

pass through regions where 34 > 0. See Figure 4.2 for an example of the numeri-

cally calculated sign structure of J(h).

4.4 P® — P®: Reduction of the Jumps on Branch Cuts to Constants
The jump matrices on the branch cuts are reduced to constants by writing

(4.18) MO (z) = M® (2)e'$.

g(z) is chosen to satisfy the RHP
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e g is analytic off X“ = (A cut) U (A¢ cut) U (Ag cut),
wr —iIn(8?/P_), A cutinthe UHP,
wr —iln(82P_), Az cutin the LHP,

e 2.(2)+g-(2) =Gz 0L, wc) = {wc —iIn(8?/P,)  Ac cutin the UHP,
wc —iIn(82P),  Ac cutin the LHP,
—i1n(8%), Ag cut,

e g~ g(0o0)asz— 0o,

for some real constant g(00). g(z) is given explicitly by

(4.19) g(z)z_mz’)/ G o, 00)
2mi
Yo

C—9R.©) "

where the integration is done along the branch cuts. w; and w¢ are chosen so
g(z) ~ g(o0) for some constant g(co) as z — 0. Specifically,

1 G 2y g
g(o0) = —27”.[ / —R(g)i d¢ — N(w) w RQ) ¢d¢
(4.20) > 21 > o
2 M1 2 g
+ (A 1 + 2[J(Ot)] )Ew R @) dg':|.

With this choice of g, the RHP for M© is formulated as
PO . {2(6) = 2O y© Li(Geo)i+g(00)os 4¢ 7 — 00}

where V© is defined by Figure 4.3 and

®) _1 52P_1€_i(hl+2g) 6) B 1 0
il =1o 1 ; Vy© = | g2 p-tithi+2ge) |
VO _ 1 0 y© _[1 82pemihit20)

3 T |8 2peiit28) 1| 4 o 1 ’

© _[ I 0 6 _[1 82peithi+2g)

(4.21) VS - 8—2Pei(/’lf+2g) li| ’ V6 o 1 ’

V6 _ r 0 e~ (Qct+wc) V6 _ i 0 —e—i(Qct+oc)
7 __ei(QcH-wc) 0 '8 T _ei(Qct+wc) 0 ’
V(6) 3 r 0 e—1(Qritwr) V(6) _ 0 1

9 - __ei(QLt+a)L) 0 ’ 10 — __1 ol

4.5 The Model Problem P™od

The model problem is defined by disregarding all but the three contours with
constant jumps. Define M ™Y as the solution to the RHP

P(mod) . {Z(mod)’ V(mod)’ ei(G(oo)t+g(oo))o3 as z — OO}
Here

(4.22) smod) — (3, cut) U (A¢ cut) U (Ag cut),
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£4+iA
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V3(6)
(6)
Vio
V(6)
u_jalt
FIGURE 4.3. The RHP P© for the transition region.
—E A B4iA
o
Vémod)
V[Emod) 20 V]({mod)
Véﬂlod)
a
24 4 n .
-5 — 1A 5 — 1A

FIGURE 4.4. The RHP P(™°Y for the transition region.

and the jump matrix V™9 is given by Figure 4.4 and

V(mod) B 0 e~ i(Qritowr)
L | —eiQLttor) 0 ’

—i(Qct+owc)
(mod) 0 —e (mod) 0 1
VC o e [ei(gct_,'_wc) O } B VR o — [_1 0] .

We now write M (©® = M©™ p1mod for large 7, which gives, using equation (A.40),

424)  glo 1) = —2(MTD 4 ME) G HE 2 A0

(4.23)

Sections 4.6, 4.7, 4.8, and 4.9 complete the error analysis by showing
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FIGURE 4.5. The canonical homology cycles {A;, Az, B1, B>}. The
solid lines lie on the first sheet, while the dashed lines lie on the sec-
ond sheet.

LEMMA 4.1 M| = 0~ '72).

The model problem is now solved explicitly in terms of theta functions. Let
the cycles A, A, B;, and B, define the canonical homology basis for the torus
of genus 2 as shown in Figure 4.5. Now pick a basis of holomorphic differentials
{w1, w,} of the form

Pi(z)

(4.25) w; =
ALACAR

dz, i=1,2,
where P;(z) are first-order polynomials. Normalize the basis so
(4.26) fw,» =1, i,j=1,2.
Aj
The 2 x 2 Riemann period matrix is given by
(427) Tij = /a)i, l,_] = 1,2.
Bj

7 is purely imaginary and symmetric, and —it is positive definite. Define the theta
function by

(428) Q(S) — Z eZﬂi(f,s}-‘rni(@,‘L’f)’ s e (C2’
Lez?
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where (-, -) is the standard inner product for C>. Define ¢; as the i column of
[J9]and s; as the i™ entry of s. Then 6(s) has the properties

(4.29) 0(s) = 0(—s),
(4.30) O(s +e;) = 0(s),
4.31) O(s + te;) = XTI (g).

The vector-valued function u(z) is given by

Zz Ve T
(4.32) u(z) = (/ wi, / 602) .
w/2—iA w/2—iA

Let
(4.33) Q= (Q, ),
(4.34) w = (o, wc)',

and define the single-valued function

M(z,d) = (M, M»)
(4.35) B (9(%t+%+u(z)+d) 0 (521 + 5= —u(z)+d)>
- Ou(z) +d) ’ 0(—u(z) +d) ’

where d € C? is determined below. The jump conditions for M are given by

B 0 e~ i(Qui+wr)
Mo =M_ ol (@ui+or) 0 ] on the A, cut,
- 0 e—i(Qct+wc)
(4.36) My =M_ o (@ct+oc) 0 on the A¢ cut,
[0 1
My =M_ 10 on the Ay cut.
Next, define

4.37)

(o) — ((z— —%+iA))-(z—a).(z—(%+iA)))1/4
PO G- CEZia) o - (E—iA)

so that y(z) ~ 1 as z — oo and the branch cuts lie on the A;, A¢, and Ag cuts.
Also set

[ 4y OIMiGd)  —iy -y MG, d)]
38 N=3 [i(y Yy MG —d) (v 4y HMa(, —d) |
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N has the correct jump conditions:

B 0 e*i(QL[+CUL)
N,y =N_ i @uitor) 0 on the A, cut,
r 0 e~ i Qcttaoc)
(439) N+ = N_ _ei(QCH‘wc) 0 i| on the )\.C cut,
0 1
Ny =N_ 1 0 on the Ay cut.

Let z; and z, be the two zeros of y(z) — ¥ ~'(z) and take

Xa(z1) - X2(z2) -
(w1, w2) —f (w1, w2) ",

w/2—iA

(4.40) d=— /

o
where X (z;) is the preimage of z; on the second sheet. By Farkas and Kra [11],

X1(z1) and X (z») are the two zeros of 8 (u(z) —d), so N is analytic off the branch
cuts. Now the solution to the model problem is given by

(4.41) M™oD (7)) = H (GH8EN3 \[=1(56) N (7).
Now
(4.42) y@ -7 (@) =—iRQA+3I@)z '+ 0% asz— oo
and
1 0
(4.43) N(0) = [Mlgxw | } )
Moy (00,—d)

Therefore from equation (4.41),

M; (00, d)
———e¢
M (o0, d)

i[G(00)t+g(00)]

1
a8 (M"™), = =3 QA+ @)

4.6 The Error Problem P (€™

The jump matrices off (MY decay uniformly in time to the identity outside of
neighborhoods of zo, &, and @. Take ry, rg, and rf to be small circles of radius

¢ centered around «, @, and z, respectively, with & chosen so the circles do not
intersect each other or the A; or A g branch cuts. Write

(4.45) M© — pglm prapp)
everywhere in the complex plane. M@PP) is defined as

parametrix of V© inside r¢, r<, Fos

M (mod) outside rj, rs, rjo,

(4.46) MEP —

and satisfies the RHP

P@pP) . (53(@pp) 7 @pp) i (G(e0)IF+8(00)03 5g 7 5 o),
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£ +iA £ +iA

VL(app) Vl(zapp)
—L A £ —iA

FIGURE 4.6. The RHP P@P) for the transition region.

Vz(app)

e

FIGURE 4.7. Detail of the RHP P@P) inside r¢ and rf,.

See Figures 4.6 and 4.7. The jump V@ is given by

V(aPP) -V Ifmod)

(app) __ y,(mod) (app) __ y,(mod)
L - VC _VC VR - VR ’

’ ’

4.47) Vi(app) _ Vi(G)’ i=1,...,8.

Vz‘g‘Pp) has the form I + O (:~"/2), and V™ and Va—(app) have the form 7 + O(¢t™!).
This definition of M@P implies M©™ satisfies the RHP

PEm . (pEm yem [ agz — 0o},
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FIGURE 4.8. The RHP P©™ for the transition region.

where V©™ is defined by Figure 4.8 and
Vl.(m) = M(app)Vi(@(M(app))*1 outsider; ,ry, andri, i =1,...,6,

70’ T

Vz(grr) — M(_aPP> ( Vz(spp))—l (M(_app)) -1 onrt

20°

Vogerr) _ Mflpm(vogapp))—l(M(_app))—l on r¢

o’

ngerr) — Mflpp)(véapp))—l(prp))—l on rg.

(4.48)

4.7 Construction of the Parametrix near « Using Airy Functions

The parametrix near o will be constructed explicitly using the method of Deift,
Kriecherbauer, McLaughlin, Venakides, and Zhou [5]. The construction around &
is similar. Start with the RHP

PQO) . (£(Q0) (Q0) primod) o ey
The jump matrices Vi(QO) are given by Figure 4.9 and

V(QO) B 1 SZP—le—i(ht+2g) V(QO) 1 0
1 10 1 ’ 2 8—2Pei(ht+2g) 11

V(QO) — o 0 82P_le—i[(f+G++G_)t+g++g_]
3 52 Pell(f+G++G )itgi+g-] 0

4.49)

The jump matrices can be reduced to constants by writing

(4.50) V(@D = pmil5In@/P)+(3 [+G)i+g-103 1/ (Q0) 4il 3 In®?/ P)+(3 f+G1)t+g+4103

or

on_ |1 1 (o1 1 0 (01 0 1
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The function Q! satisfies the new RHP P@D . Now introduce the auxiliary con-
tour @V that divides the complex plane into four regions, I, II, III, and IV (see
Figure 4.9). The function

[Ai(Q)  Ai(e4mr)

) ) e~ imos/6 el,
Al/(g) e4lﬂ/3Ai/(e4lT[/3§-) ;

Al(é‘) Al(e4”1/3§) e—iﬂ(73/6 |: 1 O:| , é— II,
Al/(f) e4lﬂ/3A1/(64m/3§)

452) oW =1 _ s a i
Ai(g) —e"mPAiE )] T 0
AT(Q) Al € [1 1] ¢etil

_Al(é') —e4i”/3Ai(e2i”/3§)-

. iro/e, elv,
AlQ)  —AT@ g |€ ¢

satisfies the jump conditions Srl) = Q(,l)Vl-(Ql) on 2@V which can be checked
with the aid of the identity

(453) AI(C) + eZiﬂ/3Ai(eZiﬂ/3é.) + e4iﬂ/3Ai(84iﬂ/3§) =0.

Now suppose F(z) : r§ — F(rf) is a biholomorphic function mapping % @% N r¢
onto 2@V N F(rf) and satisfying F(«) = 0. Then, for an appropriate choice of
the analytic 2 x 2 matrix-valued function E(z),

(4.54) 0 (2) = E(2) QW (F (2))e/lz MO*/ P+ [+G)r+gloy

will satisfy the RHP (V@0 £(@0)  E(z) and F(z) are chosen using the asymp-
totics of the Airy function (see Abramowitz and Stegun [2]):

(4.55) ALE) ~ —— ¢ 4e 1+ 0, Jare(¢) < )
2J7 ’ ’

(4.56) A(2) ~ —

b3 312
st a0 ), ) < )

The asymptotics of Ai show that F'(z) should satisfy
2
(4.57) JE@) =iz —a)*H o,

where H(z) is analytic. Therefore,

3i 3/2
(4.58) F(z)=(z— 00(? Ht)

is analytic. Now E (z) is chosen to be an analytic approximation of

M(mod)[Qa)(F(Z))ei[g ln(Sz/P)+(%f+G)t+g]a3]*1.
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FIGURE 4.9. The RHPs PQD and p@QD,

From equations (4.55) and (4.56),

in/12 —1/4 0 1 1 )
Rt i (R !

Choose

' . _ 1/4
(4.60) E(z) = /me ™12 ppmod (1)oimos/4 |} }] [(F(%)) (F(z()))—1/4:| .

This gives
4.61) Ve =14+ 01

and completes the construction of the parametrix Q' (z).

4.8 Construction of the Parametrix near z

The construction of the parametrix near zq is similar to the construction in the
plane-wave and residual regions with additional contour splits. See Appendix B for
details in the plane-wave case. However, in the transition region extra care must be
taken because zo now lies on the A¢ cut, which is a branch cut of 4 (z).

To the left of the ¢ cut and in DZ‘EO, h(z) can be written in a Taylor series as

(4.62) h(z) =hf+ > hi(z— 20"
n=2

Similarly, to the right of the A¢ cut and in D} " h(z) can be written

(4.63) h(z)=h§ + D h¥G@—2z0)".
n=2
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A3(0) AS(O)
"}1 (0) ‘77(0)
0
‘72 (0) ‘78 (0)
"}4 (0) ‘76 (0)

FIGURE 4.10. The RHP P© for the transition region.

In D, define T : z — Z by

oo 12
t
) i\/;(z — 20) (2;hﬁ+2(z — zo)"> left of the A¢ cut,
(464)  i= n= 1
! hk n ight of the A
E(Z — 20) ; ni2(Z — 20) right of the A¢ cut.
Now
htt — 252 left of the A cut,
(4.65) Thn =19 "7 ¢
hyt +2z° right of the A¢ cut.

The transformation is chosen so that a z on the A¢ cut is mapped to the same Z
using either formula.

In T(D;O), MO is defined to satisfy the jump conditions of T(V©), SO g
chosen to be four straight lines through z = 0 that do not intersect 7 (A, cut) or
T (Mg cut) (see Figure B.1). As in Appendix B, we can express z in terms of z as

(4.66) z=12z0+ B (i) ,
AW

where the B, can be expressed in terms of known quantities and are understood to
be possibly different if Z is to the left or right of T'(A¢ cut). Given F(z), define F
by

4.67) F() = F(m + ﬁn(i> )
W
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The RHP is written as

PO . {'2‘:(0)’ VO [as? — oo},

with
po_[ 1 0] co_[1 8 Po—ihki—222429)T
1 _872P€l(}10172Z +2g) 1- s 2 _O | | ,
7O _ [ 0 o—i(Qct+oc) 50 _ r 0 i (Qcttac)
’ —el(Berteo) 0 4 i (Qcttoc) 0 :
(4.68) - ) . - A ]
VO = : 0 g _[1 §2Peitr+25420
5T [§72Peithg 12242 | s <o . |
‘7(0) _ [ 1 0 ,‘7(0) _ _1 SZﬁe—i(h§t+222+2@
7T 5 2pei o212 | s = o ] .

The construction of the parametrix now continues along similar lines as in Appen-
dix B, yielding

(4.69) VP — [+ 0.

4.9 The Error Estimate

Combining equations (4.48), (4.61), and (4.69) and the uniform decay of Vi(m),
i=1,...,6,gives

(4.70) IVED — [l pgemy, = O, p=1,2.
Continuing as in the error estimate for the plane-wave and residual regions leads to

|M™| = O(t~'72), which is Lemma 4.1. Now Theorem 1.3 is proven by Lemma
4.1 and equations (4.24) and (4.44).

Appendix A: The Forward Scattering Problem
A.1 Solution to the Zakharov-Shabat Eigenvalue Problem at ¢ = 0

For any time ¢ and large enough x, g (x, #) should behave asymptotically like a
plane wave Ae#IXI=ik' The dispersion relation from NLS is k = u?/2 — A2, so
qGx, 1) ~ Ae HIKI=iG2=A1 a¢ x| 5 00, Start with the Lax pair (1.3)—(1.4) and
make the transformation

e ilulxl+(u?12-A%11/2 0
(A.D Wx. 1) = 0 pitubsl+ 2 2-any2 | U060
The Lax pair becomes
(T4 qem|x\+iw2/2—A2>t
(A2) U, =—i U=-iDU,

2
GemimlxI=itr =A%) —(zF Y
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2L,z _ Len 42 1o ilulx]+(n2/2— A1)
z lq] ( A%) (zq + 3igx)e
(A.3) Ut=—i|: 2 22 2 U

— .- . 2 /9 _ A2
(2G — 3iG)e WG R=ADN - 22 4 J1g 2 + 5 (u?/2 — A?)
= —iCU,

where the minus sign holds for x > 0 and the plus sign for x < 0. Attime ¢ = 0,
the x-evolution equation simplifies to

_ L e=FYH A
(A4) Ux— l|: A2 —(Z:F%) U

This linear system can be solved explicitly for U. The matching condition between
the solution for x > 0 and x < 0is that U (x) is continuous at x = 0. For z € R,

7)»L+(Z+/L/2) 1 ei}an O clL
4 AL—(z+u/2) _ir , x <0,
1 L 1 0 e ML oL

—AR+(z—1/2) 1 el ARY 0 C1R
i hr=(z=1/2) —in » x>0
1 % 0 e IARX CIR

Here ¢y, ¢31, c1r, and cox are constants independent of x that may depend on z.
Az and Ay are defined by (1.9).

(AS) Ux,z)=

A.2 The Reflection Coefficient at ¢t = 0

The eigenvector solutions W; and W, (see [3]) are defined for real z by their
behavior as x — oo:

1 - —Ar+(z—1/2) ‘
(A.6) Vi(z;x,1) = [ }e_”\”, Wy (z;x,t) = [ 4 }e””.
1

rR—(z2—1/2)
A

Similarly, let ®; and &, be defined by their behavior as x — —o0:

1 A —Ap+(z+1/2) .
(A7) Di(z3x,1) = [ }e_””, DPy(z;x,t) = { 4 }e””.
1

Ar—(z4+up/2)
A

The initial data is symmetric in x, so from here on the problem is restricted to
x > 0. ¥ and W, form a basis for the solution set forz € R, soatt =0

(A.8) D(z;x,0) =a(z; )W (z; x,0) + b(z; 0) Wy (z; x, 0).
a(z; t) and b(z; t) are independent of x. Explicitly,

(hr+ (2= 1/2) + hr — (2 + 1/2))
2Ag

(A9) a(z; 0) =

and

AR — (@ =/ Ag — (2 —p/2) —Ap + (2 + u/2)

(A.10) b(z;0) = 1 e
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Define the scattering coefficient p(z) as

b(z; 0)
p(z) = —
(A1) a(z; 0)
' AR =@ = p/2) g — (2= p/2) — AL+ (2 + 1/2))
A Ar+@—w/2)+r,— (@ +up/2)
A.3 Time Evolution of the Reflection Coefficient
Let CDY)(Z; x, t) be the solution to the equation 8,<I>§[) = —iC QDY) with initial
condition ®(z; x, 0).
~ w\ [z+5 A
(A.12) C—<z—5>|: A _Z_%} asx — —oo,
o)
. 1 )
(A13) qDY)(Z; X, t) = 871(17/4/2))%1 |:)~L—(Z+M/2)j| eilALx as x — —OQ.
A

®,(z; x, t) is normalized to be constant in time as x — —o0. Therefore
(A.14) ®(z; x, 1) = & CHILDW (7: x, 1),

Also, let \I/](t)(z; x, t) be the solution to the equation 8,\111(’) =—iC \Ill(’) with initial
condition ¥, (z; x, 0) and define \Ilg)(z; x, t) analogously.

~ _ K
(A.15) C=<z+%> [ZAz _Zﬁﬂ} as x — oo,
2
SO
, ]
(A.16) \lll([)(z; X, 1) = e {EHR/DARE |:AR(ZM/2) e MRY as x — 00
A -
and
—Ar+(z—p/2)7
(A.17) W (5 x, 1) = ! GHH/DIRE [ A e R*as x — o0,
1

W, (z; x,t) and W5(z; x, t) are normalized to be constant in time as x — 00. There-
fore

(A.18) Wy (z; x, 1) = e TGO (70 x 1)

and

(A.19) Wy(z; x, 1) = e CTMDARIGD (21 x 1),

Now

(A.20) DPi(z;x, 1) =a(z; )W (z;x, 1) + b(z; )Wz x, 1)
or

(A21) ei(z—u/Z))LLtq)(ll) — aei(z+ﬂ/2)ARt\pl(T) + be—i(Z-HL/Z)ARt\IJg).
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As x — o0, since C is constant,

(A.22) o (x,1) = e TPy (x,0),
(A.23) VO (x, 1) = e O (x,0),
(A.24) W (x, 1) = e Cwy(x, 0).

Therefore, as x — o0,
(A25) CTHPMIP (z;x,0) =
ei(1+u/2)tha\Ijl (Z, X, 0) + e*i(ZJr/L/Z))LRtblIJZ(Z; X, 0)

Comparing this with

(A.26) D(z;x,0) =a(z; 0)W¥(z; x,0) + b(z; )W, (z; x, 0)
gives
(A.27) a(z;t) = ei[—(Z+/A/2)}»R+(z—u/2))»L]ta(Z; 0),
(A28) b(Z, t) — ei[(Z+u/2)kR+(Z7“/2)AL]tb(Z; 0)
Note that the coefficient a(z; t) depends on z. Now

b(z;t .
(A29) (2 t) = (1) _ QIR (7).

a(z;t)

A.4 The Fundamental Solution M © ()

a(z; 1), b(z; 1), p(2), ©12(z; x,1), and W 5(z; x, 1) can be extended analyt-
ically to the entire complex z-plane except for the A, and Ay branch cuts. For
x > 0, choose the fundamental solution M@ (z; x, 1) to be

o n . R
' N _\IJ (z: x, [)eitks B2l efi)»Rx_ X7 < 0
| F1(Zs X, a@nD() |
and for x < 0 choose
S . e
(A31) MO _a<zl:(tz>7l);<2)elm Wa(zx, e |, 32> 0,
Wi x et ERLe MY 3z <0,
where
202 —2(z — 4/2) AR
(A.32) D() = det[W, W] = 2R =212

A2
is independent of x and ¢ by equations (1.3) and (1.4) and Abel’s theorem. The
function M) (z; x, t) is analytic except across the real z-axis and the branch cuts
for A; and Ag, and is normalized to the identity matrix as z — oo. The factor of D
is included to ensure det M@ = 1 for all z. For instance, for x > 0 and Jz > 0,

. . 1
(A33) det M = det[ 5 (¥ + r¥)e™ e i*rr] = 5det[\lf1 W] =1.
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The determinant condition can be checked for Iz < 0 using the identity

(A.34) Dy(z; x, 1) = —b(z; )V (z; x, 1) +a(z; )W (z; x, 1).

A.5 Reconstructing g (x, t) from M© (z)

M© in the upper half z-plane can be written as Ue'*#*°3, where

(A.35) U= [& wz]

a(z;t)’

satisfies equation (A.2). As z — 00, equation (A.2) becomes

) z qei[mx|+(u2/2—A2)r]
(A.36) Up = —i c—le—i[ulx|+(uz/2—A2)t] —z U.

Also,
(A.37) U= MDeizxos,

Therefore, as z — 0o, M© satisfies

[l |+ (2 /2— A1)
O _ g © z ge' ©)
(A38) MO —izM 0, = l|:c_1€_i[mx|+wz/2_A2)t] . M.

Write M© at infinity in a Laurent series as
(A.39) MO =14+""MO +772mM" + ...,

where the Mi(o) are independent of z. Looking at the 12-entry of this matrix equa-
tion and matching terms of order unity gives

(A.40) q(x, 1) = —2(M”) ]ze_i[ll\x|+(ltz/2—A2)t],

where (Mfo))lz is the 12-entry of Ml«)).

Appendix B: The Plane-Wave Region Parametrix

This appendix outlines the construction of M@P inside r,, for the plane-wave
region. The idea is to use a locally analytic transformation 7' : z — Z to simplify
the phase function f. The parametrix is then constructed via a method used by
Deift and Zhou [9] for the defocusing NLS.

B.1 Reduction to a Constant RHP P(¥)

By the definition of zy and the Cauchy-Riemann equations, z( is a stationary
point of f(z), so f'(zo) = 0. Therefore f(z) can be written in a Taylor series
around zg as

(B.1) f@=fo+ ) falz—z0)",
n=2
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‘71(0) ‘73(0)

‘72(0) ‘/}4(0)

FIGURE B.1. The RHP P© for the plane-wave region.

where the f; depend only on A, i, and &. In D; , define T : z — Z by

) 1/2
(B.2) z= \/g(z - m)(% Jnr2(z — zo)n) )

Then 7 is biholomorphic in D7 , and T (e @) = eifot o212
The transformed RHP is called P©. In T(D:), M© needs to satisfy the jump

conditions of T(V®). The solution outside T (r;,) is not used, so we are free to
choose the contour, jumps, and normalization. For the contour choose two straight
lines through z = 0 that do not intersect T (A cut) or T (A cut) (see Figure B.1).
This contour is independent of . The RHP is written as

PO {ZO VO Jasz — oo},
with
(B.3) vO=1(v?), i=1234

To write down formulae for V@ we express z in terms of 2. Starting with equation
(B.2), we see that near zo we can express Z/+/7 as a series as

(B.4) % = gan(z — 20",

where the known coefficients «; depend only on A, u, and &. We also write z — z
as a series in 2 /4/1:

o0 2 n
(B.5) —2=S"g (—> .
25\
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Now substitute equation (B.5) into equation (B.4) and match powers of Z/+/t. This
yields an infinite system of polynomial equations of the form

a1 B + Pi(Br-1, Bi—2, ..., B1) =0,

where Py is a polynomial with coefficients depending on «y, ..., a;. Therefore
the B can be solved for recursively in terms of known quantities starting with

pi=1/a. R
Given a function F(z), define F(Z) by

(B.6) FG) = F<Z0+ ﬁn(i> )
2.5\

Using integration by parts, § can be written

A 00 A n—1
(B.7) §G2) = exp{v[ln(%) + In By +ln(1 + ,12:; %(%) )] + x(ﬁ)}

wherein
1
(B.8) v=—In(1 + p*(20)),
27
B9 () =-—— /1( ‘o +iﬁ<2)n>dl (14 2@
. Z)=—— n{ — Z n|l —= n .
X 2mi J_ oo 0 o Jt P
Now write
(B.10) Semitf/® _ 5051

where §° and 8! are defined by

(B.11) §0 =17 exp|:v InB; + x(0) — ifoé — i§(0)},
(B.12) §'¢) =2 exp[—i22 +ln(1 + i &(iyl)
= B NG

+ x (@) — x(0) —ig@) + i?(O)]

So V© can be written as

=0 1 (898122 0 1 0

1+p2

o~ 1 0 ~ S0 81\2 A
V3<0>=[ ] V4<0>=[1 @ 5)/)]‘

(B.13)
8°5H25 1 0 1
To factor out the z-independent 89, introduce

(B.14) MDY = (8979341 (5%,
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‘71(2) ‘73(2)
Q5
0y Q3
0
1 1
Qz Q4
Q6
v, 7@

FIGURE B.2. The RHP P@ for the plane-wave region.

MO satisfies the RHP
PO ED =3O YO = (§973VOF0) % [ a5 2 — o).
The jump matrix VO g given explicitly by

N 1 ("L S0 _ 1 0
V(l) 1+p2 , V2 s ﬁ ,
[o 1 @H2 s 1

L0 sm_[1 ¢
v _ a1 _ P
Vs |:(8 H=2p 1]’ Vi = |:0 1 ’

Ast — o0, p(2) and s 51(3) tend uniformly in  to 0(0) and pve=it? respectively.
Thus for large times, V(" ~ V& where V® is independent of 7. Augment the
contour ¥V by adding the real axis oriented left to right with jump equal to the
identity. This divides the z-plane into six regions €21, ..., Q¢, as shown in Fig-
ure B.2. M is defined to be the solution to the RHP

P (E@ =3SDUR, VO Tas? — 0o},

(B.15)

where
22v 721 5(0)
?1(2) = e Z lfﬁ o, f/\2(2) = | s-2v 2i212 $(0) (1) )
0 1 7T 0

~ 1 0 —~ 1 22v 7211 (0)
(B.16) @ _ @_ |1 2

V3 —2v 211 ,0(0) 1 ’ V4 0 1 s

V(Z) V(2) I.

From Deift and Zhou [9],
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(B.17) MY =M? + 0@ nr).

Note that p(Z) and f(i) no longer appear in the jump matrices V@, Therefore the
barriers to deforming the contours back to the real axis have been removed. Define
the function

2—1}03({/:_(2))_1’ Qi,i=1,3,
(B.18) ¢ = {27V Qi i =24,
77V, Qs U Q.
Also define MG = M @@~ as the solution to the RHP
PG . {f(3', V@ 395 a9 5 00}.

Observe that zZ¥ has a jump discontinuity on the negative real axis, and therefore

50\" evnlz+in i -
(B.19) (2—_> = R e =14 p°(0) on (—o0,0).
Using this yields

R PRI [1 +72(0) /3(0)} e
(B.20) v = 5(0) 1| o

1, i=1,2,3,4.

We arrive at a constant-jump RHP on the real axis by defining
(B.21) Y= MOeiTos,

Y satisfies the Riemann-Hilbert problem
PYW (ZW =R, VW), #5293 a5 2 > o).
B.2 Solution of the RHP P¥)
Starting with ¥, = ¥_ V¥ it follows that
(B.22) (09 + 2iZ039) 4 = (B:9 + 2iZosy)_ VW,

Since (d:3 + 2iZo3v) and ¥ have the same jump across R, (3:¢ + 2iZo3y)y !
is analytic everywhere in the complex plane. Define

(B.23) U = 500y,

Now because det(lﬂ) = det(yr) = 1 for all Z, lﬁ_l exists and
(B.24) vl =1-3"MP +0¢E?) asz— oo
This gives

(B.25) (3:y + 2iZozyr)y !
— (82(1/72”"3e_i22"3) + 2l-20,31;2v03e—i2203)ei22032—va3(J/)—l

= @)W v o) = 2i20 03 (Y) T + 2iZos i (Y) !
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= 2izlos, Y1)+ 0@
=2i%[o3, [ + 7'M + 0EHIU - 27'MP + 0@ ™) + 0¢E™
=2i[o3, M1+ OG7).

This is bounded in Z, so (d: +2iZo3y )y ~! is bounded and entire. By Liouville’s

theorem,

—~ 7 (2)
(B26)  8:y +2itosy = 2ilos, MOy = 4i [ 0 (M! )12] v

—(M 1(2))21 0
Define

(B.27) Bra=4i(M") 12, o1 = —4i (M),

Now, two of the components of equation (B.26) yield the system

: V11 + 2iZy1 = Biay,

B.28 X
( ) 0:¥21 — 2izyra1 = BarYi,

which reduces to

(B.29) 391 + (422 +2i — Bufa)y =0,
Let ¢ be the solution v for Iz > 0 and ¥~ the solution for IZ < 0. Set
(B.30) vh@ = je ) = j©).
J (¢) satisfies the standard parabolic cylinder equation
(B.31) 02 + (X §2+ i =0

. ——=—+alj=

T\ g /

fora = %,312,321. This means
(B.32) Y (2) = 1 D2 7/*2) + ¢a Dy (—2e7F2)

for some constants ¢; and ¢;. The asymptotics of the parabolic cylinder function
D, (¢) are given in Abramowitz and Stegun [2] as

a,—¢2/4 -2 3
(B.33) D,(8) =¢%" "(14+0(&™), ¢ — o0, largl| < I

Also, from the asymptotics for ¥, for ¢ > 0,

(B34) wﬁ(% e3i7‘[/4§> — (% e3i71/4) §v€7{2/4(1 + 0(@.7])) as é. — 00.

Therefore by matching along the positive real axis, a = v, ¢; = (%e3i”/ 4y, and
Cr = 0. So

1 Y o
(B.35) 1/,143 — (5 ezm/4) Da(ze—Stn/étz)‘
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From equation (B.28),
1//21 = ,312 (0; w“ +2118 )

(B.36) v
=B85 ( 3’”/4) [82DV(2673’”/4A)+21zD (2e” 3”7/4Z)]

Similar computations are done in the lower half-plane. Start by defining

(B.37) k(2™ =y, (D).

The end result is

(B.38) v = (% e_i”“)VDa(ze’”/“)

and

(B.39) Uy = :312 ( _m/4) [32Dv(2€m/4A) +2izD, (26’”/“)]

From the jump condition, (¥ ")~ 'y+ = V¥, so
pO) = Y ¥y — ¥ii¥
(B.40) 2
(27.[)1/226171/4 ( m/4)
B2l (—=v) ’

from which it is possible to express i, in terms of known quantities. Explicit
formulae for v;, and ¥,, may be obtained in an analogous manner.

1. 2v .
- (_e’”“) B;,' Wronskian [ D, (2¢'™2), D, (2¢¥"/*2)]

B.3 Computation of V™
Now that ¢ is known, MO is given by
(B.41) MO = (599673 5% 1 02 1nt).

We are interested in the behavior of M on T(rjo). As t approaches 00, Z € T(rjo)
also tends to infinity. By equations (B.14) and (B.17), for large ¢

1
M(O) I+ - M(O) + 0( —2)
(B.42)
=1+ 7(50)@ (M? + 0GP In)E) ™" + 0E )

z
on T (rf,). Switching back to z using (B.4), we have
(B.43) T' M) =1+ 007
onr;. M (mod) j§ analytic near zq, so define

(B.44) M@ = MO () inside rf, .
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By the definition of M@P) in (2.33), Vz((? ) _ g + O(t~'/?) for large ¢. By equation
(2.35),
(B.45) Vem =14+ 0@'?)

20

for large 7.
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