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In this article, two sets of fourth-order compact finite difference schemes are constructed for solving heat-
conducting problems of two or three dimensions, respectively. Both problems are with Neumann boundary
conditions. These works are extensions of our earlier work (Zhao et al., Fourth order compact schemes of a
heat conduction problem with Neumann boundary conditions, Numerical Methods Partial Differential Equa-
tions, to appear) for the one-dimensional case. The local one-dimensional method is employed to construct
these two sets of schemes, which are proved to be globally solvable, unconditionally stable, and convergent.
Numerical examples are also provided. = © 2007 Wiley Periodicals, Inc. Numer Methods Partial Differential Eq 24:
165-178, 2008
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Neumann boundary conditions, local one-dimensional method

. INTRODUCTION

In this article, two sets of fourth-order compact finite difference schemes for heat-conducting
problems of two or three dimensions are studied, respectively. Both problems are with Neumann
boundary conditions. These works are extensions of our earlier work reported in [1].

What makes these two sets of schemes different from many others, such as those reported
in [2] and [3-14], is that they are uniformly fourth-order at both interior and boundary points.
The LOD method is used so that the schemes are constructed through a sequence of two or three
one-dimensional equations. Moreover, they are proved to be globally solvable, unconditionally
stable with respect to initial data, and convergent. Numerical examples are also provided.
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166 ZHAO, DAI, AND ZHANG

The two sets of schemes are derived based on the following two-dimensional problem:

U=U,+Uy+Fx,y1), 0<x,y<l, t>0,
U(x,y,0) = Up(x,y),
Ue0,,0) = ay(y, 1), Ux(l,y,1) = aa(y, 1), ey
Uy(x,0,1) = Bi(x,1), U,(x,1,1) = Ba(x,1);

and the following three-dimensional problem:

U=U,+Uy+U,+F(x,y,z,t), O0<x,y,z<1, t>0,
U(x,y,z,0) = Up(x,y,2),
U:0,y,2,t) = a1 (y,2,1),  Ui(l,y,2,0) = aa(y, z,1), (2)
Uy(x,0,z,t) = Bi(x,z,1), Uy(x,1,z,t) = Bo(x,2,1),
U.(x,,0,1) = yi(x,y,0), U.x,y,1,1) = n(x,y,1),

where o (-, 1), 02 (+,1); B1 (-, 1), B2 (-, ); Y1 (-, 1), and y, (-, t) are reasonably smooth functions of two
or three space variables.

Here is the outline of the article. In Section II, a set of fourth-order compact schemes
for the two-dimensional case is derived. Its solvability, stability, and convergence results are
shown in Section III. Since the detail in proving these properties for the 2D and 3D cases
is similar to each other, in Section IV, we only list the set of schemes for the 3D case. In
Section V, numerical examples are provided to test the accuracy for the set of schemes in the 2D
case.

Il. ASET OF COMPACT SCHEMES FOR 2D CASE

Assume that the space meshes for both x and y directions are the same, which is denoted by 4 and
assumed to satisfy (M + 1)k = 1 for a positive integer M. At denotes the time increment, and
u;’fj, (uxx);fi, and (uyy);ffi are used to represent the approximations of U (x;, y;, "), Uy, (xi, ¥, "),
and Uy, (x;,y;,t™), respectively, where U (x,y,t) is the exact solution of (1). i, j, and m are
used to denote the discrete x, y space, and time indexes, respectively, where 0 < i,j < M + 1
and m > 0. Please take a note that m represents a positive constant, which may not be an
integer.
Using the LOD method reported in [2], we first separate the following equation:

Ut =Uxx+Uyy+F(x,y,t)

into the following two one-dimensional equations:

1 1 1 1
zUz=Uu+§F(x,y,t); EUzzUnyrzF(x,y,t). 3)
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FOURTH-ORDER COMPACT SCHEMES 167

We then apply the well-known Crank—Nicolson method to the above two equations and obtain
the following two discrete equations:

1 u; = — u:n 1 m L m 1 sl
E i At ! 5 <( xx)ll 2 + (uvcx),j> + EF}J 4, (4)
2
m+~
1 u:'nfl - ui ;7 1 m+ 1 m+
D) . At — = ) ((“yy)i + (uyy); 2) + 2F . (5)
2
where
m+% 1 m m+l
F, "= E(F(xi,yj,t )+ F(xi,y),t 2)), (6)
or
FZ‘“ F(’C”yf’ m%)’
m+4 1 m+ L m+1
F; _5( <xi,yj,t 2)+F(Xi,)’j,t )), 7
or

+3 3
F.m. 4 = F(xi,yj,tm+4).

1]

According to the result of Crank—Nicolson method, the truncation errors of (4) and (5) are order
of At? in time.

Applying the results in [1] to { (u,)?"}. {(u“)'”+2 b Gy )’”+2 b { )t} in (4) and (5), we
obtain the following three schemes for both interior and boundary points, which provide fourth-

order approximations to {(u”) } and {(u”):”]} in (4)

1 m m 6 m m m
ﬁ(uxv")ifl,j + (uxx),‘,j ( Uxx L+lj - 5]12 (uifl,j - 2ui,j + ui+1,j)’
2<i<M-1,1<j<M; 8

R R U o W Rt .

g(umn-——(um)z,,— L Loo<jem ©)
. ar(yi, t™) u’"iﬁ—u’”’. )

PRSI (uM)M = e <= (10)

and the next three schemes for both 1nter1qr and boundary points, which provide fourth-order
approximations to {(u,,)}"}"'} and {(u»)l ;2 Hin(5)

6

%(u;rfjfl — 2u;! +ul}+l)

l<i<M, 2<j<M-1; (1)

1 1
E(“yy)?jjfl + (u,\’)')zr",lj + E(“_\’)'):',le =

11 m 1 m 13 (xi’tm) u;’? _MT .

z(”yy)i,l - _(”yy)i,z =-= h + 2h2 Lo 1<i<M; (12)
11 m B, t™) iy — .
g(“yy)i,M (“yy)[M 1= - h I 1h2 Xo1<is<M. (13)

Numerical Methods for Partial Differential Equations DOI 10.1002/num



168 ZHAO, DAI, AND ZHANG

From the above derivation, it can be seen that the new set of schemes, (4)—(13), has a truncation
error of order At> 4+ h* in time and space, and hence, it is consistent with the original differential
equations.

To express the set of schemes (4)—(13) into vector forms, we first define the following six
vectors of M? dimensions; and the two block matrices of M? x M? dimensions:

- T
u™ :(“’171,1’”21’-”»”"1\11,1? R u'l"Mug”M,u;(;M) s
N T
uzlx = ((Mxx),ln,p (uxx 31,1, ceey (Mxx),j\yﬁ[,l; cees (Mxx),ln,Ms (uxx)gl‘M’ ceey (uxx)n]\z,M) s
R T
e (S T (S O (780 L S S (72000 LN (7250 [ PSN (00% L /70 (14)
T
G = (L") _aa(ym,1") a1t ~aa(ym,1")
Y e Y S — T )
T
B(tm) _ _ﬂ](X[,tm) _ﬂz(XM,tm)' . _ﬁl(xhtm) _ﬂz(-vatm)
A e, I Do —h A —h s
ﬁ'm p— Fl‘f’l Fm FWl . . Fm FW! F}’ﬂ T
—( L Lo fpypgs o mtom-- M,M) >
A B
A B
and Ab = . s Bb = A s
A M2x M2 B M2xM?

where A and B are the following two M x M matrices obtained in [1]:

22 —4 6 -6
1 10 1 -6 12 -6
A= Lo ., B= SR (15)
1 10 1 -6 12 -6
—4 22 MxM -6 6 MxM
Furthermore, we let matrix P denote the M? x M? permutation matrix such that:
-m m m m . . m m m T
Pu =P(u1’1,u2’l,...,uM’1, R ul,M,uqu,...,uM'M)
m m m . . m m m T
= (uy L uly s uM’l,uM’z,...,uM,M)' (16)

It should be pointed out that the elements of vectors #™ and 4" are arranged in M sectors
according to their rows, while elements of i 1y and Piui™ are arranged in the same number of sectors

according to their columns.

Numerical Methods for Partial Differential Equations DOI 10.1002/num



FOURTH-ORDER COMPACT SCHEMES 169

Thus, the set of schemes (4)—(13) can be expressed into the following vector forms at a time
level ¢t™:

N N At ([ Smtd At -
@ =i = (A it )+ = Frs (17)
2 2
! A" ! Byii" + 6ﬁ(t'") (18)
— AplU,. = ———= Dyl -« s
1077 T 520 5
1 m+l 1 1 6 1
—A _)xx 2 ——B gm+z P (tm+§> , 19
T szt s (1
and
1 m+l 1 1 6 g 1
—A -»w 7 —___ B P—>m+7 e <tm+§) , 20
10 by, 5h2 bl U + 5,3 ( )
1 1 6 -
=“m+1 __ =m+1 m+1
EAb”yy = —%Bbpu + gﬁ(l ), (21)
N N At [ _m+1 At -
Pum—H — Pum-&—% + 7 <u§:l):l-l + uy;'z) + 7Fm+% (22)

Here A, is invertible since A, is a block-matrix of A, and A is invertible which is shown in
[1](see the Appendix).

lll. SOLVABILITY, STABILITY AND CONVERGENCE FOR THE 2D CASE

A. Solvability

Assume that {ul’" j} have been obtained for 0 < m < n. The following two steps show that they

can be advanced to the next level {u/7'}.

el
Step 1. {uf/} — {ui;r2 }
We substitute {ufl j} into (17), (18), and (19), which can be combined into the following vector
form:

- o, At 2 SN At (o 1\ - At - 1
B =i — (_ﬁAb 'Bb) (u"+% + u") + 712Ab' (oz (t”%) +oz(t”)) + TF"H‘.

(23) can be further simplified to the next form:

. _ . . At -
(I+rA;' By)ii"* = (I — rA; ' B)i" + 6A1A; " <a(z"+%) +a(") + TFH%, (24)

where r = &L

h2:
From Lemma 1 in [1] (see the Appendix), which shows that the eigenvalues of A~! B are real
and non-negative, one may see that the eigenvalues of A,'B, are real and non-negative since

Ay B, is a block-matrix of A~'B. Hence, I + rAy ' B, is invertible because all its eigenvalues

Numerical Methods for Partial Differential Equations DOI 10.1002/num



170 ZHAO, DAI, AND ZHANG

are real and in the form: 1 +ra, Wthh are strictly positive. This proves that the system

_] Bb’
equations in (24) are solvable, and thus, { } can be obtained from {u} ;}.

Step 2. {u'ﬁ%} — {ul?}

i,] L]

Once {’4, J } are obtained in Step 1, we substitute them into (20)—(22), which are combined
into the following vector form:

(I +rAy By P = (I — rA;‘Bb)Pﬁ”% + 6ALA;" (ﬁ(z”*z) + B(" )) F"+4 (25)

Because I +rA, ' B, is invertible, (25) shows that the system equations in (25) are solvable. That

l
is to say that { ”“} can be obtained from { Iy } These two steps show that { } (0 <m <n),

ij
can be advanced to { e

B. Stability

Assume that 7', 4} are two solutions of (4)—(13) with different initial data sets but the same
: cer bt - - e 1 - + - "'l

function F and same boundary conditions. Then, 6™ = i — iiy,0"*2 = i, *> —iiy °,and

6"+ = it — uy ! satisfy the following relations:

(I47rA; By)G"s = (I —rA;'B,)8",
(I +rA;' B))P6™" = (I —rA;' By, P"+3. (26)

By eliminating the intermedium term 6”*2 in (26), we obtain that:
6" = PN (I +7rA; B (I —rA;'By)P(I+7A7'By) (I —rA;'By)8". (27

Theorem 1.  The set of schemes, (4)—(13), is unconditionally stable with respect to the initial
data. This implies that no restriction on the ratio r is required.

Proof. Since P, P~! are permutation matrices obtained from the identity matrix I, they
satisfy the following results:

W(P)=1, i (P H=1. (28)

Here, X, (C) represents the spectral radius of a matrix C. According to the result obtained in [1],
the following result is true.

o (I 4+7A7 By) " (I = 1A' By)) < 1. 29)

According to a result stated in [15] (see the Appendix), we have the following results:

IPle <T4e [P <1+e, (30)
(1 +rAy'B) (I —rAy'By)|, < 1 +e. 31)
where € is a positive constant, and | - || represents a matrix norm corresponding to €.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Thus, by applying (30) and (31), we obtain the next result: At any fixed time level ", where
t" < T, we have that:

16"l < NP (T +r A B) 7 (1= A B [P
< (141"

< (1+e)*[6°. (32)
If € is taken to be A¢, we then obtain from (32) that:
16" a0 < [ 4 AT 6% o
< 20160 o,

< M0, " <T. (33)

(33) does not mean that the difference between the two solutions, || " | os» increases with n. Instead,
it shows that for a given time 7 > 0, the difference between the two solutions, || " Il os» is bounded
by the initial difference between the two solutions for any #* < T'. This indicates that the new set
of schemes is stable. ]

C. Convergence

According to the theory for the finite difference method stated in [3], a set of consistent and stable
finite difference schemes is convergent to the exact solution of the original differential equations.
Thus, we conclude that the stability and consistency results for the set of schemes, (4)—(13), imply
its convergence.

IV. A SET OF COMPACT SCHEMES FOR 3D CASE

The detail for constructing the set of schemes for the three-dimensional case is very similar to
that of the two-dimensional case derived in the previous two sections. Therefore, only the set of
schemes is listed here.

As in the two-dimensional case, we let 7 and Ar be the space mesh and time increment,
respectively. The space meshes for all three directions, x,y and z, are assumed to be 4 and
satisfy (M + 1)h = 1 for a positive integer M. u}"; ;. ()} zo (Uyy)7 5, and (uz)}";, are
used to represent the approximations of U (x;, y;, 2k, ™), Uxx (Xi, ¥}, 2i, ™), Uyy (Xi5 ¥, 2k, t™), and
U, (xi,yj,zx,t"), where U (x, y, z, ) is the exact solution of (2).

By using the LOD method, the heat equation

U =U,, +Uyy +U,.+ F(x,y,z,1)

can be separated into the following three one-dimensional equations:

1 1

§Ut:Uxx+§F(x’y,Z7t),

1 1

§Ut == Uyy + §F(-x’ y,ZJ)’ (34)
1

1
gUl - UZZ + EF(X’)’,ZJ)

Numerical Methods for Partial Differential Equations DOI 10.1002/num



172 ZHAO, DAI, AND ZHANG

Applying the Crank—Nicolson method to the equations in (34) sequentially, we obtain that:

m+% m
u.’-,]{ - ui,', 1 m+ -
”3—£1k = 5 ((Mxx)i,j,ks + (Mxx),]k) + 3F jk69 (35)
3
uer% w0 1
bk T m+ m—+
th3£ljk §<(uv\)lj’k3+( \\)z/k>+3ij2, (36)
3
m+1 m+3
Uik ~ Mgk _ L e 1
13—%1 E((u i +(u”)’fk)+3F,k6, 37
where
m+% 1 m 1
Fi =3 (F(x"yf’zk’ )+F(xz,y,,zk, )) (38)
or
F +% =Flx,v; m+% 39
i,j.k  — is yjy kst R ( )
m+l 1 mad a2
or
Fm+% = F(x.v: m+% 41
i,j.k Xis y_/yzk,[ s ( )
m-%—é 1 )
Fi,j,k6 ) <F(xi’ijzkstm+l) + F(x,-,yj,zk,t’"+3)> , (42)
or
m+3
F‘i~j;6 = F (xi’ yj’ Zk,thr%) . (43)

By using a similar argument as that in the 2D case, lwe obtain the following three schemes,
which provide fourth-order approximations to {(u”)l gk b {eor, ) in (35).

E(MXX)ifl,j,k + ()] + E(”xx)m,j,k = ﬁ(ui—l,jk 2uy kT Ui, jk)

2<i<M-1, 1<j, k<M, (44)

1 m o1 (v, zs ") Uaj = UL .
(’/bx)] gk T (uxx)z,j,k = - ]h + ! 2 ! , i=1,1=<jk<M (45
o, Tet™) | Wy~ Wik .
(uxx)Mjk (Mxx)M Ljk — ]h + j]’l2 4 s le, ]S],kSM

(46)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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1

m z m+x
The next three schemes provide fourth-order approximations to {(u),y)[j’k3 } and {(uyy),.,;fk3 }
in (36).

1 m m 1 m 6 m m m
E(uyy)i,j—l,k + (“yy)i,j,k + E(Myy)i,ﬁ—l,k = ﬁ(ui,j—l,k - zui,j,k + ui,j+1,k)’

2<j<M-—1, 1 <i,k<M, 47)

11 1 Xiy 2, 1) Ui — Uy . .

Z(“yy)?.’l,k - g(”yy)?fz,k S hk ) + e Mo j=1 1<ik<M, 48
11 1 Xis Zg, 1" Uly_i g — Uy . .
Z(”yy)?fM,k - g(”y.v)zr'?M—l,k & hk ) + == ]’khz MEj=M, 1<i k<M.

(49)

2
m+§}

The last three schemes provide fourth-order approximations to {(uu)m“} and {(uzz)i’ ik

i,j.k
in (37).

1 m m m m m m
E(uzz)i,j,k—l + (uzz)i,j,k + l_o(uzz ikl = W(ui,]‘,k—l - 2ui,j,k + ui,_;’,k+1)’

2<k<M-—1, 1<i,j<M, (50

11 m 1 m Vl(xi,Y',lm) u?’:",Z_ul’{l‘»l 77

g(uzz NS §(Mzz)i,j,2 = hj : h? = k=1 lsijsM, 6D
11 1 LYt | Ui T U .
g(uzz):rijm - g(uZZ)le’M*] — Vz(x }.ly] ) + ,JjM lhz ,],M, k = M, 1 < L, ] S M.

(52)

It can be seen that the set of schemes, (35)—(52), has truncation error of order At?> 4+ A* in time
and space.

V. NUMERICAL EXAMPLES

The numerical examples provided in this section are based on equations of two dimensions. The
new set of schemes obtained in Section II is compared to the following set of Crank—Nicolson
schemes, which has truncation error of order At*> + h? at interior points, but only order 4 at the
boundary points.

wm Tt ym um + u™. um + u™. 41
Y =5§< S s () Ry 1= M, om0,
(53)
ul'. —ug; Wy — Wy
’JTOJZOH()’J‘J'"), +’]Tm:a2(yj,t’"), I<j=<M, m=>=Q0,
u — " u™ —um
il h i,0 — ﬂl(-xi’tm)s l,M+1h iM — ﬂ2(xivtm)7 1 Sl < M, m > 0,

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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where
Oiv1,) — 20, +6i-1,

8?9[’/‘ = 5 8591 j

h2

The convergent criterion for time level m + 1 is:

Max, < j<m | (ui,j

The first example is described below:

u=0U,+U,, 0<ux,

m+1)neW _ (u

peyOld| o8,

ij

y<1; t>0,

U(x,y,0) = cos(wx) cos(ry),
U:0,y,0) =U,(1,y,1) =0,
Uy(x’o’ t) = Uy(-x’ l’t) = 0’

. . 2
where the exact solution is U(x,y,t) = e 2!

cos(mx) cos(wy). In application, the homo-
geneous boundary conditions imply that the boundaries are insulated. The maximum absolute
errors at each time level are plotted in Fig. 1, which shows that the maximum absolute error of

1
10" ¢
10° B o C-N Scheme (Grid 10x10)
A C-N Scheme (Grid 25x25)
[ O C-N Scheme (Grid 50x50)
10-1 ch DDD — - — - — Present Scheme (Gr?d 10x10)
ZYNN = — -— — Present Scheme (Grid 25x25)
goo G "y Present Scheme (Grid 50x50)
107 § e
O
‘g b,
v
FRES
= ;
2 v
107 F
=

0 0.25 0.5
t(s)

FIG. 1. Comparison results for Example 1.

Numerical Methods for Partial Differential Equations DOI 10.1002/num

_ 9,"_/*_‘_1 — 29,"_/‘ + 9i,j—1

] T h2 .
The maximum absolute errors of these two sets of schemes are computed and compared with

each other. The computations are performed for0 < ¢ < 1 using At = 0.0001 and 2 = 0.02, 0.04,

and 0.1, respectively. It is worth reiterating at this point that no restriction on 4 and At for either
set of schemes is required. The choices of 4 and At in this section are for testing purpose only.
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0
107 ¢
E qpopoooooD
Laoo DDDDDDDDDDDDDDD
DD DDDDDDDDDDDDD AAAAAAAAAAAAA
[ ALAALLLL
10 FANBAAANAAAALLANLDEE oooooooooooooooooo
a o000
Jo0P00000000000008
L P B C-NScheme (Grid 10x10)
107 ¢ s C-N Scheme (Grid 25x25)
b RN o) C-N Scheme (Grid 50x50)
I/ ~. w - == -~ Pregent Scheme (Grid 10x10)
-_— — - resent Scheme Tl X2
¢ N 2 Scheme (Grid 25x25)
L resent Scheme TId JSUX2
f . Present Scheme (Grid 50x50)
;

Maximum Error
—_
o
(U3

0 0.25 0.5 0.75 1
t(s)

FIG. 2. Comparison results for Example 2.

the new set of schemes is about the square of the maximum absolute error of the Crank—Nicolson
scheme. Noted that the truncation error of the Crank—Nicolson schemes is order O (h?) is space,
the numerical result indicates that our set of schemes has much higher order of accuracy than the
Crank—Nicolson scheme.

The second example is the following nonhomogeneous one:

U=U,+Uy+Fx,yt), O<x,y<l; t>0,

T

F(x,y,t) =m’e” % cos(rx)cos(wy) — 4+ x + y,
U(x,y,0) = cos(x) cos(y) + x> + y?, (55)
UX(O’y’t)zt? Ux(l’yat)=t+2a

Uy(x,0,1) =t, Uy(x,1,t) =1t+2,
where the exact solution is
U(x,y,t) = e cos(mwx) cos(my) + x2 + y2 + (x + y)t.

The nonhomogeneous boundary conditions imply that there is a heat exchange through the bound-
aries. The comparison results are plotted in Fig. 2. Again, we see significant improvement in
accuracy of the current set of schemes over the Crank—Nicolson schemes.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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VI. CONCLUSIONS

In this article, two sets of fourth-order compact finite difference schemes are derived for heat-
conducting problems of two or three dimensions with Neumann boundary conditions, respectively.
What makes these two sets of schemes different from others is that they are uniformly fourth-order
at both interior and boundary points. The LOD method is used so that both sets of schemes are
constructed through a sequence of one-dimensional equations. Moreover, the set of schemes for
the 2D case is shown to be globally solvable, unconditionally stable with respect to initial data,
and convergent. The proofs of the same properties for the 3D case are very similar to those of 2D
case, so the detail is omitted. Numerical examples for the 2D case are used to verify the accuracy
of the set of the schemes.

APPENDIX

For review purpose, we list a few results obtained in [1].

Lemma 1.  Assume that ) is an eigenvalue of matrix A~' B, and X, a vector of dimension M, is
a corresponding eigenvector. Then M is real and satisfies:

A>0.

Proof. Since A and X are an eigenvalue and a corresponding eigenvector of matrix A~!B,
they satisfy the following conditions:

AX=A"'BX or AxTAX = x"Bx.

Since
22 —4
1 10 1 1
- - xz
XTAXZ[Xl,Xz,---,XM] .. .. .
1 10 1
4 | LM

= 22x12 —4x1xy + x1X, + lez2 + 2xx3 + leg + 2X3X4 + - -

+ 2)CM_2)CM_1 + IOxi,,_l — 4XM_1)CM + Xpy_1xmy + 22)(?]2\4
3
> 22)(12 — E(xl2 +x22) + 10x22 — (x22 +x§) + 10)632 — (x32 +xf) + ...

3
(¥, xd) 10y — S (xd o +xd) + 224

2
41 15 15 41
= E B,k S
>0

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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and
6 —6
-6 12 -6 1
- = x2
¥TBX = [x1, %2, ..., Xp] S .
-6 12 -6
-6 6 | L™
= 6)612 — 6x1x; — Ox1x + 12)622 — 12x5x5 + 12)632 — 12x3x4 — - - -
— 12xp_0xpy—1 + 12x,2147, — Oxp_1xy — 6xp—_1 Xy + 6x,%4
> 6x; — 6(x] 4+ x37) + 12x5 — 6(x; +x3) + 12x5 —6(x5 +x5) — -+
— 6(x,2v,72 +x12‘471) + 12)(,2“,71 — 6(x]%471 + x,zw) + 6x12w
= O’
the above two results indicate that A is real and A > 0. n

The following lemma is from [15].

Lemma 2. Let A be an arbitrary square matrix. Then for any operator matrix norm || - ||, we
have Ay (A) < ||A|l, here L, (A) represents the spectral radius of A. Moreover, if € > 0, then
there exists an operator matrix norm, denoted here by || - ||, such that ||A]le < A, (A) + €

Theorem 1.  The set of schemes, consisting of (2), (7), (19), and (20) or their equivalent vector
form (25) in [1), is unconditionally stable with respect to the initial data

Proof. Lemma 1, (31) and (32) in [1] indicate the following result:
I +rA'BY MU —rA7'B)||e < A (U +rA'B)Y ' (I —rA7'B))+€ < 1 +e¢,
where € > (. From this, it can be concluded that:

16" < I +rA~'B)"' (I —rA™' B)I" || 16°]I.
< (I +rA"'B)"'(I —rA7'B)||)"16°].
< (1+e)"16°].

< &")16°..
If we take € = At, then the above relation yields the following result:
16" 1 ar < € 16°N a0 < €716 s
for t" < T. This completes the proof. ]
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