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ATIC! gives
CP(-SI-A")"'C'+C(SI-A)'PC'+ C(SI-A)~‘PC'R"
- CP(-SI-A")"'C'-C(SI-A)"'BOB'(-SI-A")~'C'=0
which yields
[C(SI-A)~'PC'R-V2+ RV2|[R~V*CP(~ ST~ A")~1C'+ R"?]
=R+ C(SI-A)'BQB'(-SI-A)"'C'. (10)

By virtue of the stabilizability and detectability properties of the system,
there is a A(S) such that
A(S)A(=S)=R+C(SI-A)'BOB'(-SI-A")"'C* (1

where A(S) is square invertible matrix whose inverse is analytic in the
right half of the S plane [5]. Therefore,

A(S)=C(SI-A)"'PC'R-"2+R"? (12)
let
B=PC'R-'" (13)
then from (7)
K=BR-, (14)
Equations (12) and (13) give
A(S)=C(SI-A)"'B+ R as)
and substituting for X from (14) into (9) gives
H(S)=(SI-A)"'BR-'\2[I+ C(S[-A) 'BR-1?]"!
=(SI-A) 'B[R'2+C(SI-A4)"'B]"! (16)
from (15)
H(S)=(SI-A)"'BA-\(S). amn

The numerical procedure of the algorithm is then reduced to solving (11)
to obtain the spectral factor A(S), (15) to solve for B, and (17) to compute
the transfer matrix of the minimum variance estimator.

If R is equal to zero, these equations become

A(S)A'(—8)=C(SI—A)~'BOB'(~SI- A")~'C", (18)
C(SI-A) 'B=A(S) 19)

and
H(S)=(SI-A)'BA-'(S). 0)

This shows that the perfect measurement system can be treated as a
special case of the noisy system. Equations (18) through (20) are exactly
the same as those derived in [2].

CONCLUSIONS

A unified solution to the transfer function of the minimum variance
estimator of the state of a linear continuous-time system has been derived.
It is shown that the perfect measurement system is a special case of the
generally noise system. The solution in these special cases is identical to
that obtained in {2].
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Robust, Reduced-Order, Nonstrictly Proper State
Estimation Via the Optimal Projection Equations
with Guaranteed Cost Bounds

WASSIM M. HADDAD AND DENNIS S. BERNSTEIN

Abstract—A state-estimation design problem involving parametric
plant uncertainties is considered. An estimation error bound suggested by
multiplicative white noise modeling is utilized for guaranteeing robust
estimation over a specified range of parameter uncertainties. Necessary
conditions which generalize the optimal projection equations for reduced-
order state estimation are used to characterize the estimator which
minimizes the error bound. The design equations thus effectively serve as
sufficient conditions for synthesizing robust estimators. Additional
features include the presence of a static estimation gain in conjunction
with the dynamic (Kalman) estimator to obtain a nonstrictly proper
estimator,

I. INTRODUCTION

As is well known [1]-[12], the performance of optimal filters based
upon nominal parameter values may be severely degraded in the presence
of parameter deviations. Thus, it is desirable to obtain robust state
estimators which provide acceptable performance over the range of
parametric uncertainty. The approach of the present paper is related to the
guaranteed cost approach developed for control in [13], [14] and applied
to estimation in [3]. Specifically, the main idea is to bound the effect of
the uncertain parameters on the estimation error over the uncertainty
range and then choose estimator gains to minimize the estimation bound.
Thus, the actual estimation error is guaranteed to lie below the prescribed
upper bound.

The technique used to determine minimizing estimator gains is a
generalization of the optimal projection equations for reduced-order state
estimation [15]. Thus, the results of the present paper effectively extend
the results of [15] to the case of parameter uncertainties. It should be
noted that the optimal projection equations, which are necessary
conditions for optimality, now serve as sufficient conditions for robust
estimation by virtue of the fact that a bound on the estimation error is
being minimized rather than the estimation error itself. The bound utilized
in the present paper was originally suggested by multiplicative white noise
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modeling and was used in [16]-[18] for constructing Lyapunov functions
for robust fixed-order dynamic compensation. A similar bound was used
for full-state feedback in [19].

An additional feature of the present paper is the inclusion of a static
feedback gain in conjunction with the dynamic estimator. Thus, the
results of the present paper represent a generalization of standard results
to the case of nonstrictly proper estimation. Similar treatments in the
context of multiplicative noise models were given in [10] and [11] for
discrete-time and continuous-time systems, respectively. '

II. NOTATION AND DEFINITIONS

Note: All matrices have real entries.

[R’ RIXS’ Rr
L,()7, &

®, ®

gr’ Nf’ @’

Z, < 272,,2, < Z,
n L1 n,p, qn
Xy ¥y Py Ves Xes X

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 33, NO. 6, JUNE 1988

the state-estimation error criterion

J(Ae, B, Coy D) & sup

(A4,AC0)eU
lim sup E[Lx () =y (D" RILx() =~ y.(1)] (3.6)
is minimized.
For each estimator (4., B., C., D.) and system variation (AA, AC) €
U, the disturbed augmented system (3.1)-(3.5) is given by

HO)=(A+AD)F)+w(t), €0, ») 3.7

where %(f) & [x7(£), xT(z)] and () has intensity ¥V € N”. The cost
can be expressed in terms of the second-moment matrix.

Real numbers, r X s real matrices, R"*!.

r X ridentity matrix, transpose, expected value.

Kronecker sum, Kronecker product [20].

r X r symmetric, nonnegative-definite, positive-definite matrices.
Z,-Z €EN,Z, - Z,EPR,Z,Z,ES".

Positive integers; n + n,.

n I, 1 q, n., A-dimensional vectors.

A,44; C AC n X n matrices; /[ X n matrices.
C ! X n matrix.
A., B,, C,, D, N, X ng, n, X I, q X n,, g x ['matrices.
L 4 0 AA 0
A, AA , .
B,.C A, B,AC 0
L,R g X n matrix, estimation-error weighting in P 7.
& LTRL-LTRD,C—C"DTRL+C'DIRD,C -L"RC,+CTDIRC,
~CTRL+CTRD,C CTRC, '
wi(+), wa(*) n, I-dimensional white noise.
Vi, V2 Intensity of wi(+), wy(*); V) € N7, V, € P
Via Cross intensity of w;(-), wx(-).
N wy (- V, VBT
- o] [ v v}
B.wA") B.V], B.V,BT
o Positive number.
; Positive number, i = 1, -+ -, p.
0; Real number, i = 1, ---, p.
Yi a/a,i=1,",p.
Ay Aeo A+ (@/)1,, A, + (/).
- A, O
A, .
B.C A

III. ROBUST ESTIMATION PROBLEM

Let W C R"*" x R'*” denote the set of uncertain perturbations (AA,
AC) of the nominal plant matrices A and C.

Robust Estimation Problem: For fixed n, < n, determine (4., B.,
C,, D,) such that, for the system consisting of the nth-order disturbed
plant

X()=(A+AA)x(t)+w(t), t € [0, ), @3.1)
noisy and nonnoisy measurements
() =(C+AC)x(t)+ wyt), 3.2)
() =Cx(1), (3.3)
and n,th-order nonstrictly proper state estimator
Xe(£)=Acxe(1) + Bey (1), (3.4)
Ye(1)=CeXe(£) + D.J(1), (3.5)

Proposition 3.1: For given (4, B., C,, D) and (AA, AC) € ‘U, the
second-moment matrix

Gaa(t) & ELX(NXT()], 1 € [0, ®) 3.8)
satisfies
O i()=(A+AA) 0y 1(1)+ Ous (WA +AA)T+ P, 1 € (0, o).
3.9
Furthermore,
J(Ae B, G, D) & sup  limsup r Guq(nR. G10)
(a4,40)€U =

IV. SUFFICIENT CONDITIONS FOR ROBUST PERFORMANCE

The following result is immediate.
Lemma 4.1: Suppose A + AA is stable for all (A4, AC) € U. Then

J(A., B, Co, D)= sup  tr @y iR @“.1

(AA,AC)EU
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where 0, ; € N is the unique solution to
0=(A+A8A4)0,;+0ps(A+AA)T+ V. 4.2)

We seek upper bounds for J(A,, B,, C., D,).
Theorem 4.1: Let Q:N7 X R"%*! = $7 be such that

(A4, AC) € i,
AAQ+QAAT=Q, B.), (, B.) € N xR"x! (4.3)
and, for given (A,, B., C,, D.), suppose there exists @ € N7 satisfying
0=AQ+QAT+QQ, B.)+V, 4.4

and suppose the pair (72, 4 + AA) is stabilizable for all (A4, AC) €
U. Then A, is asymptotically stable, A + AA is asymptotically stable for
all (A4, AC) € U,

0ri=Q (A4,A0)€ U @.5)
where (, ;1 satisfies (4.2) and
J(A,, B., C., D)<tr QR, (4.6)
Proof: For all (AA, AC) € U, (4.4) is equivalent to
0=(A+AA)Q+QA+2A)T+¥(Q, B., AAY+V T%))

where
¥(Q, B., AA) 2 Q(Q, B.)-(AAQ+QA4T).

Note that by (4.3), ¥(Q, B,, AA) = 0 for all (A4, AC) € U. Since
(V'2, A + AA) is stabilizable for all (A4, AC) € A, it follows from
[21, Theorem 3.6] that (V+ ¥(Q, B,, AA))"2, A+ AA) is stabilizable
for all (A4, AC) € U. Hence, [21, Lemma 12.2] implies A + AA is
asymptotically stable for all (A4, AC) € U. Since A + AA is lower
block triangular, A, is asymptotically stable and A + AA is aSymptoti-
cally stable for all (A4, AC) € U. Next, (4.7) minus (4.2) yields

0=(A+AA)Q-0a2)+(Q-Ca N A+AA)T+¥(Q, B., AA)

or, equivalently (since A + AA is asymptotically stable),

Q-0us=| ed+ary(q, B, AA)ed+sDT grz0,
0

which implies (4.5). Finally, (4.5) and (4.1) yield (4.6). O
V. UNCERTAINTY STRUCTURE AND GUARANTEED COST BOUND
The uncertainty set U is assumed to be of the form
P
U £ (a4, AC) € R™"XR™*": AA=Y 0,4, AC
i=1
P P
=Y 0C. Y, o¥/al=1 5.
i=1 i=1

where, fori = 1, -+, p:A; € R"" and C; € R’*" are fixed matrices
denoting the structure of the parametric uncertainty in the dynamics and
measurement matrices; o; is a given positive number; and o; is an
uncertain real parameter. In practice, the form of AA and AC permits the
modeling of linear parameter uncertainties of arbitrary structure. Note
that the uncertain parameters o; are assumed to lie in a specified ellipsoidal
region in R”. The augmented system thus has structured uncertainty of the
form

Ad= i 0.A; (5.2)

i=1
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where

P =1
i=lpc ol =1, pe

Remark 5.1: Note that (5.1) allows a particular parameter g; to appear
in both A4 and AC. Thus, it is possible to consider the case in which the
uncertainties A4 and AC are known to be correlated. Of course, for a
given i, A; or C; can be set to zero so that the similar form of AA and AC
represents no restriction.

We now specify the bounding function © satisfying (4.3).

Proposition 5.1: Let « be an arbitrary positive scalar. Then the
function

Vad
AUQ, B) & aQ+a! Y,a2d,QA7 (5.3)

i=1

satisfies (4.3) with U given by (5.1).
Proof: Note that

5
0= (a2oi/a)l;— (/e A]] - QI 0,/ ;= (oi/ e ") AT
i=1

P P P
=a Y (62/e))Q+a! Y ?AQAT -, (A +QAT)
i=1 i=1 i=1
which, since £2_, 0%/a? < 1, implies (4.3). i
Remark 5.2: Note that with (5.3), the modified Lyapunov equation
(4.4) becomes

P
0=4,Q+QAT+Y, v AQAT+V. (5.4)

i=1

VI. THE AUXILIARY MINIMIZATION PROBLEM

Our goal is to minimize the error bound (4.6).
Auxiliary Minimization Problem: Determine (Q, A., B,, C., D.)
with @ € N” which minimizes

9@, 4., B, C., D) £ r QR (6.1

subject to (5.4) and

(V'2, A+Ad) is stabilizable,  (AA, AC) € U. 6.2)
Proposition 6.1: If (, A, B, C., D,) satisfies (5.4) and (6.2) with Q
= 0, then A + AA is asymptotically stable for all (AA4, AC) € U and
J(4., B, C., D.)<4(Q, A.,B, C., D). 6.3)
Proof: With Q given by (5.3), Proposition 5.1 implies that (4.3) is
satisfied. Hence, with (6.2), the hypotheses of Theorem 4.1 are satisfied
so that the system (3.7) is stable over U with estimation bound (4.6). Note
that (6.3) is merely a restatement of (4.6). O
Remark 6.1: The conservatism of the bound (6.3) is difficult to predict
for two reasons. First, the overbounding (4.3) holds with respect to the
partial ordering of the nonnegative-definite matrices for which no scalar
measure of conservatism is available. And second, the bound (4.3) is
required to hold for all nonnegative-definite matrices @ and estimator
gains B,. The conservatism will thus depend upon the actual values of Q
and B, determined by solving (5.4).

VII. NECESSARY CONDITIONS FOR THE AUXILIARY MINIMIZATION
PROBLEM

Rigorous application of the Lagrange multiplier technique requires
additional technical assumptions. Specifically, we further restrict (Q, 4.,
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B,, C,, D,) to the open set

$ £ {(Q, 4., B., C., D.) : Q € P”,
& is asymptotically stable,
(A., B., C.) is controllable and observable, and

C(Q1-0:Q;'01)CT>0}

where

Qa

>

P
A, A,+% A ® 4
i=1

QI QIZ

or @
where Q;, Q;, and Q, aren X n, n X n,, and n, X n,, respectively. As
shown in [11], Q, is invertible since (A,, B,) is controllable. The
definiteness condition holds when € has full row rank and @ is positive
definite. As shown in [11], this condition implies the existence of the
projection 7 defined below.

Remark 7.1: Proposition 6.1 shows that the constraint (Q, 4., B., C,,
D,) € 8 is not required for robust estimation. As can be seen from the
proof given in [11], the set § constitutes sufficient conditions under which
the Lagrange multiplier technique is applicable to the auxiliary minimiza-
tion problem. Specifically, @ € P7” replaces Q € N” by an open set
constraint, while asymptotic stability of @ serves as a normality condition
which further implies that the dual ® of Q, is nonnegative definite. Thus, it
is not necessary for guaranteed robust estimation that an admissible
quadruple obtained by solving the necessary conditions actually be shown
to be an element of 8.

The following factorization lemma is needed for the statement of the
main result. For details, see [15].

Lemma 7.1: If O, P € N" and rank QP = n,, then there exist n, x
nG, T, and n, X n, invertible M such that

and Q is partitioned as

Q

(>3

OP=G™™MT (7.1)
rGT=1,,. ()

Recall from {15] that
r & QP(QP)'=G™T (7.3)

is an oblique projection. Define the complementary projection 7, £ I, —
T an call (G, M, T') satisfying (7. I)u(7'2) a projective factorization of
QP. Furthermore, for arbitrary Q, Q € R"*", define the notation

P
Vas & V2 ) viCHQ+Q)CT.

i=1
2 -
Q. 2 QCT+Vp+ Y, 1,A4(Q+0)CT.
i=1
Theorem 7.1: If (Q, A., B., C., D;) € 8 solves the auxiliary
minimization problem with U given by (5.1) and @ given by (5.3), then

there exist Q: 0O, P € N such that, for some projective factorization (G,
M, T) of OP, (Q, A., B., C., D,) are given by

g+0 orr
Q=[ r+Q FQPT] ’

A,=T(A4-0Q,V;'C)GT,

(7.4)

(7.5)
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B.=TQ, V., (7.6)
C.=L?,GT, .7
D,=LQCT(CQCT) !, (7.8)
and such that Q, 0, and P satisfy
P
0=A4,0+QAT+V i+, v A(Q+O)A]
i=1
~QV'0T+7, Q¥ Q77T (1.9)
0=A,0+0AT+Q,V,'QT—7, 0V, 'Q+7, (7.10)

0=(A,—Q,V ;. C)TP+B(4,-0QV}'C)

+3TLTRLE, —7T3TLTRL? 7., (7.11)

rank Q =rank P=rank Qﬁ =n, (7.12)
where
7 2 QET(EQCT'C, 7, A I,—7. (7.13)
Furthermore, the auxiliary cost is given by
3@, A, B,, C., D)=tr Q7 TL'RL7, . (7.14)

Conversely, if there exist Q, Q, Penn satisfying (7.9)-(7.12), then (Q,
A., B., C., D,) given by (7.4)~(7.8) satisfy (5.4) with @ € N7 and with
9@, A., B., C., D,) given by (7.14).

Proof: The derivation requires only a minor modification of the
derivation given in [11]. The only change involves treatment of A, in
place of A. O

Remark 7.1: The necessary conditions given in Theorem 7.1 directly
generalize the result given in [15]. To recover the result of [15], set 4; =
0,C;=0,i =1, -+, p(todelete the plant uncertainties), and set C=0
(to eliminate the static estimation term D,). It follows from the proof
given in [11] that C = 0 yields 7 = 0, and thus 7, = I,.

Remark 7.2: Note that Q given by (7.4) is nonnegative definite.

VIII. SUFFICIENT CONDITIONS FOR ROBUST, REDUCED-ORDER
ESTIMATION

The main result guaranteeing robust estimation can now be stated.

Theorem 8.1: Suppose there exist Q, O, P € N~ satisfying (7.9)-
(7.12), let A,, B., C., D, be given by (7.5)-(7.8), and suppose that (V72
A + AA) is stabilizable for all (A4, AC) € U with U given by (5.1).
Then A, is asymptotically stable, A + AA is asymptotically stable for all
(AA, AC) € U, and the estimation error satisfies the performance bound

J(A,, B,, C,, D,)<tr QFTLTRL7, . 8.1)
Proof: Theorem 7.1 and Remark 7.2 imply that  given by (7.4) is
nonnegative definite and satisfies (5.4). With the stabilizability assumption,
the result follows from Proposition 6.1. O
Remark 8.1: Suppose [ = n, C = I, (so that perfect measurements of
the entire state are available), and Q satisfying (7.9) is positive definite.
Then it follows from Theorem 7.1 that 7 = I,, 7, = 0, C, = 0 (i.e., the
dynamic filter is disabled), D, = L, and by (8.1), J = 0. This is, of
course, the expected result since perfect estimation is achievable in this
case.
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Approximate and Limit Results for Nonlinear Filters
with Small Observation Noise: The Linear Sensor
and Constant Diffusion Coefficient Case

OFER ZEITOUNI

Abstract—Recursive approximations for a class of filtering problems
are presented. This class is characterized by linear observation sensor,
constant diffusion terms, and for the multidimensional problem, poten-
tial-like conditions on the drift. For the case of small observation noise,
these approximations are used to demonstrate the Gaussian limiting
structure of the optimal nonlinear filter.

I. INTRODUCTION
The classical nonlinear filtering problem is of the form
(1.1)
1.2)

dx,=f(x)dt+o(x)dw;, x, € R",  p(x0)=po(xo)

dy,=g(x,)dt+ Ni/*d6,, y, € R™,  yo=0
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where w,, 0, are independent Brownian motions and the filtering problem
consists of computing statistics of x, when the observation o algebra y! £
{y» 0 < s < t} is given. By now, it is clear that for all but a few
problems, an explicit final dimensional solution does not exist [4].
Therefore, one is led to consider approximations and to consider
simplified limiting cases. Especially, the low observation noise case (Np
— () has been considered in the literature [3], [6], [11].

In this paper, we restrict out attention to the special case of linear
observations and constant diffusion coefficients, i.e.,

dx,;=f(x)dt+adw, x, € R",  p(x)=po(Xo) 1.17)

dy,=gxdt+N*db, y. € R",  y=0 1.2

where o, g are matrices of appropriate dimensions. In the multidimen-
sional case, we impose some additional potential-like structural conditions
on f{-). For this restricted class of filtering problems, we derive recursive
approximations to the conditional density p,(z| y9 and to its unnormalized
version p,(z|¥9. For the limiting case Np — 0, those approximations are
used to show that the conditional density, rescaled in a suitable manner,
converges to a Gaussian density, with tight estimates on the “‘tails’’ of the
density. This fact demonstrates the usefulness of Gaussian-based approxi-
mations (like the extended Kalman filter or the second-order Gaussian
filter).

Related results were obtained by Mayer-Wolf {9] in his dissertation.
There, bounds on the filtering error and the Cramer-Rao inequality are
used to prove a basic Gaussian limit result, although under different
assumptions.

The paper is organized as follows. The one-dimensional problem (n =
m = 1) is treated in Sections II and III. In Section II, we present our basic
approximation theorem, which holds whether N, is small or not. We
further demonstrate that, if Ny — O the approximations exhibit certain
nice limiting behavior, then the rescaled conditional density converges
(weakly and pointwise) to a Gaussian density. In Section III, we check out
explicitly the limiting behavior of the approximations and derive explicit
conditions on f{+ ) under which the density indeed converges to a Gaussian
one. Finally, in Section IV, we extend our results to a class of
multidimensional problems.

We make throughout, the following assumption.

(A1) f{-) is continuously differentiable with bounded first partial
derivatives.

II. AN APPROXIMATION THEOREM—THE ONE-DIMENSIONAL CASE

In this section, an approximation theorem for the unnormalized
conditional density p(z|y?) is presented. Throughout, the one-dimensional
case is treated. Multidimensional extensions are postponed to Section IV.

Without loss of generality, we assume ¢ = 1 in (1.1’). Recall that
under (A-1), a solution to (1.1’) exists and is unique. Moreover, the
measure P, defined by the pair (1.1'), (1.2") is absolutely continuous
w.r.t. the reference measure P, defined by

2.1

dx,=ax,dt+dw,  p(xo)=po(x)

dy,=N}?db,, =0 2.2)

where « is some constant to be defined. The Radon-Nikodym derivative
dP,/dP, is [8].

e ( [, s -am an- 1 [ orn - oty as

+S N;'gx, dy,—VzS Ny 'gix? ds>. 2.3)
0 0

As is well known [2], [12], [13], the unnormalized conditional density
p(z]yY satisfies

Yo xf=z> Dx(2) 249

dpP,
t e—
p(z|y) = Eo (dPo
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