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Abstract In this paper we present a necessary and sufficient condition of separability for multipartite pure states
and variants of it. These conditions are very simple and calculable, and they do not require Schmidt decomposition (for
two subsystems) or tracing out operations. We also give a necessary condition for a local unitary equivalence class for a
bipartite system in terms of the determinant of the matrix of amplitudes.
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1 Introduction

A pure state is separable if and only if it can be writ-
ten as a tensor product of states of different subsystems.
It is also known that a state [¢)) of a bipartite system is
separable if and only if it has Schmidt number 1.0 Let
|1} and |¢) be two pure states of a composite system AB
possessed by both Alice and Bob, where system A (B) is
called Alice’s (Bob’s) system. To obtain a Schmidt de-
composition of a pure state |1), we need to compute (i)
the density operator p;;®; (ii) the reduced density operator
py, for system A; (iii) the eigenvalues of py. However it
is hard to compute roots of a characteristic polynomial of
high degree.

Peres? presented a necessary condition for separa-
bility by means of positivity of the partial transposi-
tion of the density matrix.
by Horodecki et al.l® to be also sufficient for 2 x 2 and

The positivity was shown
2 x 3 dimensions. A reduction criterion of separability
for bipartite systems was given.[4’5] Wu et al. gave a nec-
essary and sufficient criterion for multipartite separable
states by solving a set of equations. However, as the
authors claimed, in general it is hard to solve the equa-
tions unless the density matrix of the given state has few
nonzero eigenvalues. After Chen et al.l”) proposed a neces-
sary and sufficient condition of separability of any system,
BEggeling et al.l® showed immediately that “it is nothing
but a reformulation of the definition of separability, which
is naturally a necessary and sufficient criterion for itself.”
Hence, “it is a reformulation of the problem rather than
a practical criterion,” said Eggeling et al.[¥ Therefore,
as Eggeling et all® indicated, beyond the above special

cases, no such calculable criterion is known. Recently,
Meyer and Wallach!®! proposed a necessary and sufficient
condition for n-qubit system in terms of wedge product.
Raymer['% developed a sufficient condition for bipartite
systems. Thus, so far a simple, necessary and sufficient
condition of separability for multipartite systems is still
open.

For a multi n-partite system, in this paper we give a
necessary and sufficient condition of separability for mul-
tipartite pure states and variants of it. This paper was
adapted from the version in Ref. [11]. In Sec. 2, we present
a necessary and sufficient condition for separability for a
bipartite system in terms of 2 x 2 minor determinants of
the matrix of the amplitudes. Section 3 contains three
versions of a necessary and sufficient separability criterion
for an n-qubit system. Section 4 is devoted to study the
separability of multipartite pure states, and two versions
of a necessary and sufficient separability criterion are pro-
posed. Section 5 gives a simple necessary criterion for |¢)
~ |¢) for a bipartite system, where [¢)) ~ |¢) means that
|1} is equivalent to |¢) under local unitary operators.

2 Separability for a Bipartite System with
the Same-Dimensional n Subsystems

Let 1) be a pure state of a composite system AB pos-
sessed by both Alice and Bob. In this section we give a
simple and intuitive criterion for the separability. Let |i)

(I7)) be the orthonormal basis for system A (B). Then

we can write [¢)) = >, 5 a;;i)[j), where Zz;lo lai;|? = 1.

Let M = (a;j)nxn be the matrix of the amplitudes of [¢)).
Then the criterion for the separability is as follows.
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|1} is separable if and only if all 2 X 2 minor determi-
nants of M are zero.

This criterion for the separability avoids Schmidt de-
composition. To compute the determinants, it needs
n?(n — 1)2/2 multiplication operations and n?(n — 1)%/4
minus operations.

Proof Suppose that systems A and B have the same di-
mension n. By definition, |¢) is separable if and only if
we can wiite [v) = (Y0 @ili)) © (X7 yyl5)), where
S |i]? =1 and = E;:OI ly;]> = 1. By tensor product
|v) = ZZL;O z;y;j]1)|j). It means that [t) is separable if
and only if

xiyjzaij, i,j=O71,...7(n—1). (1)
Let m = (Z;ll Z;Z ) be any 2 x 2 submatrix of M. It is easy
to check

det(m) = ayajr — airaj; = Tyxjyr — Typt;y = 0.

Therefore if |¢)) is separable then all the 2 x 2 minor de-
terminants of M are zero.

Conversely, suppose that all the 2 x 2 minor deter-
minants of M %I‘()G) zero. We can write M in the block
Ay

form, M = = (By, B1,...,Bn_1), where A4, is

Anfl
the i-th row and B; is the i-th column of M, respectively,

i=0,1,...,(n—1). Let

|z|” = A; AL, (2)
ly;|* = BIB;, (3)
i,7=0,1,...,(n—1),

respectively. Note that A;r is the complex conjugate of
transpose of A;. Under the supposition we can show that
the above z; in Eq. (2) and y; in Eq. (3) satisfy Eq. (1).
Let us consider the case in which all the a;; are real. It is
not hard to extend the result to the case in which all the
2 2 .
a;; are complex. We only show |zoyo|” = |ago|” and omit

the others. From Eq. (2) and Eq. (3),
‘$0y0|2 = AOASBSBO

n—1 n—1

= | > laol® (Z |ai0|2)
j=0 i=0

n—1

> laos[* sl

i,j=0

n—1

> lacol* lais* = lacol® -

4,7=0

In the last but one step we use the equality |ag;]?|aio|? =
apo aoj
a;o ai;

lago|?|a;;|?, which holds since ( ) is a 2x 2 submatrix

of M. This completes the proof.

Corollary
If |4) is separable then det(M) = 0.

3 The Separability for an n-qubit System

Let ) be a pure state of an n-qubit system. Then we

can write |’l/)> = Zil,ig,...,ine{O,l} ailiz_“in|i1i2 - Zn> Let
M; be 27! x 2 matrices of which each row is of the form
(@byby..by— 1 0bi g1 by Qbyby.. by 1 1bi4..by )s WHeTe by, bo, ...,
b, € {0,1}, and i = 1,2,...,n.[""] Note that M, are not
the usual matrices of the amplitudes of state |i). Later,
M; will be used for SLOCC classification and called the
partition.12:13]

For example, let |¢)) be a state of a three-qubit system.

Then |¢) can be written as [¢) = 21'7:0 a;|i).

ag a4 apg a2
ayp as ayp ag
Ml = ; M2 = )
a2 Qe a4 Qg
a3 ar as ar
ap a1
a2 as
Mz =
a4 Qs
ag ar

There are three versions of the separability.

[1) is separable if and only if all the 2 X 2
minor determinants of M;, i =1,2,...,n, are zero.
The proof of Version 1 is similar to the one for a bi-

Version 1

partite system in Sec. 2.

Version 2 |1)) is separable if and only if a;a; = agay,
where 1+j=k+1land i®j=k®l, where0< 14,5, k,1 <
2™ — 1 are n-bit strings and @ indicates addition modulo
2.

For example, 2, 7, 5, and 4 can be written in binary
numbers as 010, 111, 101, and 100, respectively. Clearly,
010 + 111(modulo 2) = 101, 101 + 100 = 001(modulo 2).

Using this condition it is easy to verify that states
W) = (1/y/m)(12°) + [21) + -+ + [2271)) and |GHZ) =
(1/v/2)(J00) (1)) for an n-qubit system™* are entan-
gled.

Let d1i9 - - - in, J1J2 ** Jn, k1ka -+ - kn, and l1ly -+ -1, be
n-bit strings of i, j, k, and [, respectively. Then version 3
is phrased below.

Version 3 |¢) is separable if and only if a;a; = agay,
where {is,ji } = {ke, ls}, t =1,2,...,n.

The following Lemma 1 shows that versions 2 and 3
are equivalent to each other.

Lemma 1 i+j=k+1landi®j=k&!l if and only if

(i, 5o} = {ke, I}, t =1,2,... .
The proof of Lemma 1 is put in Appendix A.
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(€] (2) ) (n)|27

171

We argue Version 3 next. 1,2,...,n. We can show \x

: _ 1 2
) Assume that |¢) = (z; )|0> + 335 )|1>) ® (xé )|0> + We only demonstrate the cases of n = 2 and 3 to give the
221 @ ... @ (@)0) + 2™|1)). By tensor product
() ) _

i1 Qo

. 2
|@iyigeri |-

) essential ideas of the general case.
= Qiyiy.i,, Where i, = 0,1, t =1,2,... n.

(1) (1) _(2) _(2) (n) (n) When n = 2, see section 2. When n = 3, see ap-

Then aja; = o ;@ w2 "x; 7 and aga =
(1) (1) _(2)_(2) (n)_(n ) . pendix B. The two cases suggest that it be simpler to
xy xy Cxyay e xy a2 Explicitly, a;ja; = aga; when- 0 (2) ()12 ) Jyn—1
ever {is, ji} = {kt,lt} t=1,2...,n. prove |z; a1 = e, P (X i, )
Conversely, suppose that a;a; = aga; when- Now we ﬁmsh the argument for the real number case. It
ever {iy,ji} = Ak}, t = 1,2,...,n Let  is not hard to extend the result to the complex number

2
= Zil,.“,it,l,it+1,..4,in6{0,1} ‘ailiQ,--~ain| , where t =  case.

4 Separability for a Multi(n)-Partite System with the Same-Dimensional d Subsystems

Assume that each subsystem has the same dimension d. Let |i;) be the orthonormal basis |0), |1> .|(d —1)) for
the t-th subsystem. Then any pure state 1)) can be written as |1p) = S9! i =0 Qivineei,

'Ll 3125
|1) is separable. Then we can write |¢) = (Zi 10 T |21)) ® (Zi 10 |z >) ® - ® <an_loac \zn>> By tensor

(1) ( ). :1:5:) = Qiyiy-i, , Where i1,d2, ..., 0, € {0,1,...,(d—1)}. Let M; be d"~! x d matrices of which each
row is of the following form:

Q109 - - in). Assume that
product z;

(ak1k2~--ki,10ki+1-~knaaklkg---ki,llkiJrl---kT,,a .. 'aaklkzmki,l(d—l)kiﬂmkn) )

where k1, ko, ...k, € {0,1,...,(d—1)},and ¢ = 1,2,...,n. Note that M; are not the usual matrices of the amplitudes
of state [i).
There are two versions of the separability.

Version 1 |¢) is separable if and only if all the 2 X 2 minor determinants of M;, i = 1,2,...,n, are zero.
Version 2 |1) is separable if and only if @ iy.i,Gjijsein = QkikykonQlals-t,,, Where {iy,ji} = {ke, 1}, |t =
1,2,...,n

The proof of Version 1 is similar to the one for a bipartite system. The proof of Version 2 is similar to the one for
an n-qubit system.

When n = 2, the criterion is reduced to the one for a bipartite system. When d = 2, the criterion is reduced to the
one for an n-qubit system.

Apparently,

)

| @iy @ oo — Chrkierbn Ol Loy,
where {it, ji } = {kt,l:}, t = 1,2,...,n., is just a deviation from a product state. Let
2
Dp(|9) = Y | Giizin @z = Uhakzbon Wtz 1| (4)
where {it, ji } = {kt,l:}, t =1,2,...,n. Then Dg(|¢)) has the following properties.

Property 1 Dg(l¢)) =0 if and only if |¢)) is separable.
For a two-qubit system, let [¢)) = a|00) + b01) 4 ¢|10) + d|11). Then Dp(|¢)) = |ad — be|> and the following
Properties 2 and 3 hold.

Property 2 The maximum of

jaf* +1d)* B +ef*\2 _ 1
< (L Byt
2 2 4

When a, b, ¢, and d are real, by computing extremum it is derived that Dg(|1)) has the maximum at states of the
forms: x|00) + y|01) — y|10) + x|11) or x|00) + y|01) 4 y|10) — x|11).
Property 3 |¢) ~ |¢') if and only if Dg () = De(|¢')).

Given |¢) = a]00) 4+ b|01) + ¢|10) + d|11) and |¢)") = a’|00) + b'|01) + ¢'|10) + d'|11). Suppose that |¢) ~ |[¢'). By
the necessary condition in Sec. 5, Dg(|y)) = Dg(|¢')).

D (|¢) = lad — bef* < (lad] + |be])®
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Conversely, suppose Dg(|1)) = Dg(|¢')). Let us show |[¢) ~ |¢'). Using Schmidt decomposition, we can write
[1) ~ VA1]00) + /A2|11), where A1 + Ay = 1. As discussed above, |ad — bc| = v/ A1v/A2. As well using Schmidt
decomposition we can write [¢') ~ /p1|00) + (/p2|11), where p; + p2 = 1, and |a’'d" — V| = \/p1\/p2z. Thus
A1Ag = p1p2. Then A1(1 — A1) = p1(1 — p1). There are two cases. (i) A1 = p1, then Ao = po. (ii)) My +p1+1=0. In
the case A2 = p1 and A; = p2. It means that |¢) and |¢’) have the same Schmidt coefficient for either of the two cases.
By factor 5 in Ref. [5], [¢) ~ |¢').

Nielsen in Ref. [15] showed [¢)") ~ [¢") by calculating eigenvalue, where |[¢') = |/a;|00) + \/a_[11), and [¢)") =
(100) + [1)(cos~|0) + sin|1)))/v/2. By Property 3 it only needs to check /a7 /a— = sinvy/2.

5 A Necessary Condition for a Local Unitary Equivalence Class for a Bipartite System
We use the following Lemma 2 to establish the necessary condition.

Lemma 2 Let |¢)) be a pure state of a composite system AB possessed by both Alice and Bob. Assume that each
subsystem has the same dimension n. Let M = (a;x)nxn be the matrix of the amplitudes of [¢). Let p*® = [¢)(¢]
and p* = tr5(p*®). Then |det(M)|? is just the product of the eigenvalues of p*.

The proof is put in Appendix C.

Lemma 2 reveals the relation between the determinant of the matrix of the amplitudes and the eigenvalues of p*
for a bipartite system.

The corollary of Lemma 2

Let My (Mg) be the matrix of the amplitudes of a pure state |¢) (]¢)) of a composite system AB. Assume that
each subsystem has the same dimension n. Then |det(My)| = |det(My)| whenever |i) ~ |¢). That is, |det(My)| is
invariant under local unitary operators.

It is well known that it only needs O(n?®) multiplication operations to compute |det(M)| instead of doing Schmidt
decomposition in Refs. [2] and [15].

For a two-qubit system, let |1)) = a|00) +b|01) +¢|10) +d|11) and p'? = |¢)(x|. By lemma 2 |ad —be|? is the product

of the eigenvalues of p'. Let |ad — bc| = e. We can show that e satisfies 0 < ¢ < 1/2 and eigenvalues A\ = 1EV1=4< Vé_‘“Z.

Hence, 1) ~ \/A4]|00) + /A_|11) or |¢p) ~ \/A_|00) + \/A4|11).
6 Conclusion

In this paper we have presented the necessary and sufficient conditions of separability for multipartite pure states.
These conditions do not require Schmidt decomposition (for two subsystems) or tracing out operations. By using the
conditions it is easy to check whether or not a multipartite pure state is entangled.

Appendix A: The Proof of Lemma 1
Let ajas - - ay, B1P2- - B, 0102 -+ &y, and y17y2 - - - v, be the n-bit strings of «, 3, J, and ~y, respectively.

Lemma 3 {a;, Bi} = {6, v}, i=1,2,...,n,ifandonlyif a+ =30+~ and a® [ = & v, where & indicates
addition modulo 2.

Proof Suppose {«;, 3} = {di,vi}, i =1,2,...,n. Since

a+f= (a1 +61)2" "+ (a2 + f2)2" 2 + -+ (an + Bn)
and

S+v=(61+7)2"""+ (02 +72)2" 2+ + (6n +7n),
by the supposition it is easy to see a + 0 = & + . It is straightforward to obtain

oo ®P1PaPBr=0102 0 DV1Y2 Vi -

Conversely, suppose a + =0+~ and a @ =0 @ ~. First let us consider the case where n = 1. There are three
cases

(i) a1+ p1 =0+~ =0. This means a; = 81 =5, =1 =0.

(ii) o1+ B =1+ =1 This implies {on, 51} = {01,711} = {1,0}.

(iii) a1+ B =901+71 =2 Thissaysay =31 =6 =7 = 1.

No matter which of the above three cases happens, it yields {a1, 81 }={d1, 11}
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Let us consider the case n. Since
at+B=056+7 (a1+B1)2" "+ (a2 +82)2" 24+ (o + Ba) = (61 +71)2" 4+ (B2 +72)2" 2+ A+ (6 + ) -
Again since a @ 3 = § ® v, that is,
arag - Qn @ B1fB2 By = 010200 B Y1Y2 " Tn s

we obtain a; B 8; = 9; &y, 1 = 1,2,...,n. There are two cases.
(i) an @ Bn =0, ®vn = 1. In the case {ay, Brn} = {0n, 7o} = {0,1}. Then

(a1 +B1)2" 2 4 (a4 £2)2" P+ 4 (1 4 o) = (51 +71)2" 2+ (02 +72)2" 2 + -+ (Gu1 + 1)

and a; B3, =0; B, i =1,2,...,n— 1. By induction hypothesis {«;, 3;} = {0, v}, i =1,2,...,n— L.

(ii) an ® Bn = 6, @ yn = 0. There are two subcases.

(ifa) an=pFp=0n =7y =00r a, = B, =6, =7, = 1. As discussed in case (i), we can obtain {a;, 8;} = {d:, v},
i1 =1,2,...,n— 1 by induction hypothesis.

(iilb) an =0, =1and d, =+, =0o0r a, = 3, =0 and §, =7, = 1. Let us consider the former case. In the case

(1 +B1)2" 2 + (ag + 32)2" 3 + -+ + (-2 + Bu—2)2 + (an—1+ Br-1 + 1)
= (61 +71)2" 2+ (ba+72)2" 2 4+ (G2 +Ym-2)2+ (61 +Yn_1)-

Since -1 B Pr—1 = On—1 D Yn—1, either a,—1 ® Bn—1 = 6p—1 D yn—1 = 0 or 1 causes that one of (ap,—1+ Fn-1+1)
and (d,—1 + Yn—1) is odd and the other is even. It contradicts a® 3 =9 @ ~.

Appendix B: The Separability for an n-Qubit System

When n = 3, let us show \J:(l) ) (‘3)|2 |@iyizis|?s wWhen a;a; = agay, where {iy, ji} = {k¢, i}, t = 1,2,3. We only
1),.(2) ‘2

illustrate |xy "’z xo laoool?. Other cases then follow readily. Experientially, it is simpler to prove

1 2 3
22821 = Jagool? | D lagsl? > gl
i,7,k€{0,1} 1,5,k€{0,1}
1 2 3
where |28 2 = 2, oy laois 2 128717 = Shseqony lanarl? and 28712 = 32, o1y [apgol*

First we show that ag;jareiapgo can be rewritten as agooGa,asas@s,6,5,- There are the following four cases.

(i) Consider agijaror and the pairs {0,k},{i,0} and {j,l}. If j*1 = 0, then apijaror = @o00@ki(j+1) since
{5,00 ={0,7 + 1}

(i) Consider agijapqo and the pairs {0,p},{i,q} and {5,0}. If i x ¢ = 0, then agijapq0 = @o00ap(i+q); since
{i,a} ={0,i+q}.

(iii) Consider agoiapgo and the pairs {k,p},{0,q} and {{,0}. If k*p = 0, then arniapgo = @000@(k1p)qr Since
{k,p} = {0,k +p}.

(iv) Otherwise i =j =1=k =p= ¢ = 1. It is not hard to derive asasas = ajaras = apa?.

Second, let us show that agooGa,asas0s,6,5, can be rewritten as aoi;jaroi@pgo- If @000Ga, anas@s,6,5, is of the forms:
@000Q0i k0L, A00000ij0pg0 OF G000AK0IApq0, then these forms are desired. Otherwise agooGa,asas@s,5,5, MUSt be apasas,
apagas, agasas or of the form agara,st, which can be rewritten as asagag, aiasas, aiasas, ajagars, respectively.
asa40a6, arazaz and ajaqas are just desired and ajaga,s: is furthermore rewritten as follows. There are three cases.

(i) In the case r =0 or s = 0, this is desired.

(ii) In the case r = s =t =1, ajagar = azasag, desired.

(iii) In the case r = s =1 and ¢t = 0, ajagas = asasag, desired.

Appendix C: The Proof of Lemma 2

Proof Suppose that systems A and B have the same dimensions n. Let |[¢) = Z” —o @ij|1)|7). Then M = (aij)nxn-
Let density operator p*® = |¢)(¥|. Then

n—1 n—1 n—1 n—1 n—1

n—1
PP = Y agli)ld) | | D0 aillkl | = D0 D aai iUkl =0 D aiaili)li) (k.

i,5=0 1,k=0 i,j=01,k=0 i,1=0 j,k=0



1216 LI Da-Fa, LI Xiang-Rong, HUANG Hong-Tao, and LI Xin-Xin Vol. 49

The reduced density operator for system A is defined by p* = try(p*B). Let us compute p*.
pr = 271;10 Z;io a;jaj,i)(l|0k; (where éy; = 1 when k = j. Otherwise 0.) = 271;10 ?;01 aijag;|i)(l] =
S (Ti2y aijagy)li) (1], Let A = (aio, it .., ain—1)), that is, the i-th row of A. Then Y77) aijaj; = A;Af.

Finally

Ao
n—1
. Ay
pt =" AAfliN = Lol Al Al ) = MMt
i,1=0 .
Anfl

Thus det(p?) = | det(M)|2. Hence |det(M)|? is just the product of the eigenvalues of p4. Q.E.D.
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