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SUMMARY.

This research gives methods for nonparametric sequential monitoring of paired censored sur-

vival data in the two-sample problem using paired weighted log-rank statistics with adjustments for depen-
dence in survival and censoring outcomes. The joint asymptotic closed-form distribution of these sequentially
monitored statistics has a dependent increments structure. Simulations validating operating characteristics
of the proposed methods highlight power and size consequences of ignoring even mildly correlated data. A
motivating example is presented via the Early Treatment Diabetic Retinopathy Study.
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1. Introduction

Paired designs with positively correlated outcomes have his-
torically minimized variability in comparisons; hence, these
designs gain power over similarly sized independent group
studies. For paired uncensored times-to-event, tests such as
Wilcoxon’s signed-rank test or the paired t-test are often used.
But survival endpoints occurring after long intervals suffer
from right censoring. An example of paired censored survival
data is found in the Early Treatment Diabetic Retinopathy
Study (ETDRS), which enrolled 3711 patients with mild-to-
severe nonproliferative or early proliferative diabetic retinopa-
thy in both eyes from April 1980 to July 1985 (ETDRS Re-
search Group 1991a,b). One eye per patient was randomized
to early photocoagulation and the other to deferral of photo-
coagulation until detection of high-risk proliferative retinopa-
thy. The survival endpoint was time to severe visual loss, with
loss defined as visual acuity less than 5/200 at two consecutive
visits. Because patients were recruited and followed in the ET-
DRS over 9 years, accumulating patient survival data was pe-
riodically monitored to ensure timely detection of treatment
effects. Analyses prepared roughly biannually were used by
a Data Monitoring Committee (DMC) to determine whether
the trial should end early or be continued.

One popular strategy for monitoring patient treatment re-
sponses while protecting overall type I error is to use group
sequential methods with error spending functions of Lan and
DeMets (1983) stylistically modeled as in Pocock (1977) or
O’Brien and Fleming (1979). Group sequential methods for
weighted log-rank tests with independent groups have been
studied extensively (Tsiatis, 1981, 1982; Sellke and Siegmund,
1983; Slud, 1984; Gu and Lai, 1991). However, little group se-
quential methodology has been developed for paired censored
survival data as in the ETDRS. Chang, Hsiung, and Chuang
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(1997) considered sequential methods for frailty models as-
suming common pair entry times. A few authors have studied
sequential designs for independent groups with multiple cor-
related censored outcomes. Lin (1991) devised a nonparamet-
ric weighted linear rank statistic for monitoring correlated
nonidentically distributed censored outcomes across two in-
dependent groups, while Mufoz, Bangdiwala, and Sen (1997)
proposed parametric models for monitoring correlated pairs
of similar censored outcome types across independent groups.

This research presents an adaptation of Gill’s (1980) family
of weighted log-rank tests, adjusted for correlation within the
paired survival random variables and within the paired cen-
soring random variables, and methodology for sequentially
monitoring these nonparametric statistics. Related adapta-
tions of rank-based tests in the case of a single analysis have
been considered by Dabrowska (1989) and Huang (1999). Sec-
tion 2 describes the paired weighted log-rank test (PWLR)
for a single analysis, the joint sequential distribution of these
tests, and related stopping boundaries. Simulations in Section
3 verify the operating characteristics of the recommended se-
quential monitoring procedure and show consequences of ig-
noring the pairing in the censored survival outcomes. This
section also revisits the ETDRS. A discussion follows in sec-
tion 4.

2. Joint Sequential Distribution of PWLR. Statistics

To understand sequential theory with dependent times to
event, an explanation of notation is required. Let g = 1,2
denote treatment group and ¢ = 1,...,n denote either an indi-
vidual who experiences both treatments, as in the ETDRS, or
a matched pair whose members receive opposing treatments,
as in a sibling study. These n individuals or n matched pairs
are accrued into the trial at times Ey; for ¢ = 1,...,n and
g = 1,2. In many cases, Fj; = Fj; is an individual’s en-
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try time; otherwise, Fq; and E9; denote potentially different
times. Entry times are assumed to be bounded positive ran-
dom variables that are identically distributed within group g
with distribution function Gy4(e) = P(E, < €) and E,,;, inde-
pendent of Eg,;, for i1 # ip. Each individual or matched pair
denoted by i has two internal correlated survival times Tg;,
g = 1,2, measured from their entry time. For instance, in the
ETDRS, Ty; and Ty, measure time to vision loss for eyes ran-
domized to deferred and early photocoagulation, respectively,
within individual i. For data analyzed at time ¢, outcomes
with Tg; > t — Eg; have not occurred prior to the analysis
time and are censored. Let Vi, g = 1,2, =1,...,n, be po-
tential censoring times due to random follow-up loss. Aside
from potential dependence between Eq; and Eo;, between T7;
and T7;, and between Vy; and Vy, it is assumed that Ey;, Vg,
and Ty; are independent for all g = 1,2 and ¢ =1,...,n. Ob-
servable random variables for group g at analysis time ¢ are
{Xgi(t), Ags(t)}, for all s = 1,...,n such that Eg; < ¢, where
Xgi(t) = min(Ty;, Vyi,t — Eg;) is the observed time on study
at analysis time t and Ag;(t) = I{Ty; < min(t — By, Vi) } is
the failure indicator at time ¢. Indices for calendar time mea-
sured from the start of the study and indices for internal pa-
tient time measured from entry into the study will frequently
be used in combination. The index ¢ will denote calendar time
of an analysis and z will index internal patient time.

For each group g and calendar time ¢, define the number of
events occurring no later than internal time = as Ny(t,z) =
YR H{X4i(t) < z,84() = 1} for 0 < z < ¢, the number
at risk at z as Yy(¢,z) = Ej_, I{X4(t) > z}, and sample
size enrolled ng(t) = X7, I(Eg; < t). The number of entered
correlated pairs across treatment groups gi, g2 for analysis
times t1,to is ’nglgz(tl,tz) = 2?___1 I(Egli < t1,Eg,; < t2).
Often when outcome pairs are attributed to an individual,
n1(t) = na(t) = nia(t,t). If at the final analysis time all
pairs have been entered, ni(t) = na2(t) = ni2{t,t) = n.
However, this method allows individual pair members to re-
main unentered at the final analysis if the number of en-
tered complete pairs is approaching oo. Let J(t,z) = 1 if
Yi1(t, 2)Yo(t,z) > 0 and J(t,z) = 0 otherwise. Assume a
weighting process, W(t, z), such that

sup |w(t, z) — w(t,z)| 2o
z€[0,¢)

for constant w(t,z) and that vanishes for J(¢,z) = 0. Let
n*(t) = n1({t)n2(t)/{n1(t) + na(t)}. At each analysis time ¢,
consider the asymptotically normal family of test statistics

T = (@) [ e[} am e

- (Yt W)} dNa (b w)
extended to handle correlation in the paired censored survival

times. For a paired log-rank test,

B, z) = J(t, 2)Y1(t, 2)Ya(t, ){n1(t) + na(8)}
’ ni(t)n2(t){V1(t,2) + Ya(t,2)}

and for a paired Gehan test,

w(t,z) = J(t,2)Y1(t, z)Ya(t, ) /n1(t)na2(t).
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Variability of these PWLR tests is derived in the Appendix
and requires notation for joint and conditional cause-specific
hazards of the correlated endpoints. To reduce notation, the
pair index, ¢, will be dropped in the following. Define

/\glgz{(tl,ibl), (tg, -TQ)}

1
= lim _—
Azy,Aze—0 Aml AIEQ

x P{z1 < Xg,(t1) < 21 + Az,
72 < Xg,(t2) < 2 + Azo,
Ag (1) =1,
Dgsy(t2) =11 Xg, (t1) > =1,
Xgs(t2) = 22}

as the joint cause-specific hazard for the correlated endpoints
in groups g1 # go at internal times z; and z2, where outcomes
related to g1 and go use data available at calendar times ¢1 and
t2, respectively, with (0 < 27 < ¢1,0 < z2 < t2). Also define
the cause specific conditional hazard of failure for treatment
group g1 at study time z; as

Agilg2{(t1,21) | (t2,22)}

—limL

= P < Xg () < Az,
Az, —0 Azy {331_ g1(1) 21+ A

Agl (tl) =1 I Xgl (tl) > T,
Xg,(t2) > 22},

where outcomes related to g1 and g2 use data available at
calendar times ¢ and ¢3, respectively, and where the risk set
is restricted to patients with X4, (¢1) > =1 and Xy, (t2) > 22,
(0 < z1 €11,0 <z < tp). Let the marginal cause-specific
hazard for group g at calendar time ¢ and internal time =,
0<z<t,be

Ag(t,z) = Algicri0 —Al—mP{a: < Xy(t) <z + Az,

Ag(t) = 1] Xg(t) > =},

which, under the random censorship assumptions previously
described, reduces to the true hazard of Ty, Ay(z), and is not
dependent on analysis time ¢. Let

Bgg:{(t1,21), (t2,22)}
= P{Xg (t1) 2 21, Xg,(t2) 2 22 | Egy < t3, By, < o}
X [P{Xg,(t1) 2 21| Eg, <t1}
x P{Xg,(ta) > 2 | Bg, < t2}] 7"
Finally, define
Gg1g:{(t1, 21), (t2, z2)}
= Bg,g, {(t1,21), (t2,22)}
X [Agrg2 {(t1,71), (2, 22)}
= Agilg {1, 21) | (B2, 22} }Ag, (22)
= Agalg: {{t2,22) | (t1, 21) P Agy (21)
+ Agy (1) Agz (22)].

Definitions appropriate for a single analysis use ¢; = t2 = ¢.
Finally, the variance of 7 (t), o2(t), is
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Z (WS—g(t)

g=1

x / oo[P{Xgu) >ul| By < t}rl{w(t,u»zxg(u)du)
0

—0(t) /(‘)00/0 w(t, wyw(t, v)G12{(t, ), (,v)}dvdu,

where mg(t) is the probability at calendar time t of being
entered into group g with estimate #g(t) = ng(t)/{n1(t) +
n2(t)} and 6(t) is the proportion of dependent observations
in the two treatments at calendar time ¢ with estimate 6(t) =
2n12(t, t)/{n1(t) + na(t)}. Pooled and unpooled estimates for
o0°(t) are given in the Appendix. In cases where individuals
enter a study and immediately receive two competing treat-
ments, as in the ETDRS, ng(¢) = 0.5 and () = 1. When
matched pairs have individual pair members with unentered
counterparts at analysis time ¢, 6(t) affects the degree to
which o2(t) deviates from the usual variance under indepen-
dence. When censored time-to-event pairs are independent,
62(t) corresponds to the variance described by Gill.

Further notation is required to describe the covariance of
T(t1) and 7 (tg), where t1 < ty. Let

Hy(t,z) =P(Eg<t—z,Vy >z | Ey <t)

be the censoring survival function among those in group ¢
entered by t. Define my(¢1 | t2) as the probability of entry
in group g by t; given entry in group g by t» with estimate
fg(t1 | t2) = ng(t1)/ng(t2). Let 8g,4,(t1,12) be the propor-
tion of dependent observations in groups g1 and go at analysis
times t; and to, respectively, with estimate

é91gz (t1,t2) = 2ng,g, (t1,t2)/{ng: (t1) + ng, (t2)}.

Let 74,4, (t1,t2) be the proportion of observations at analysis
time £1 from group g1 among the total number of observations
for group g1 at time ¢t; and for group g2 at time tp with
estimate g, 4, (t1,%2) = ng, (t1)/{ng. (t1) + ng, (t2)}. Define

Pgy g2 (t1,t2)

1 1
= 5{#3_91 (tl)”r3—92 (t2)} 20419, (tl s t2)

1 1
[ Vo2 (t1,t2) |7 Vo201 (t2, 1) ] *
N [ LR ASIARC A R DU/ PACC AR VI .
1 — Y919 (t1,22) 1 = 7Ygag, (t2, t1)
An estimator, g, g, (t1,t2), for g, g,(t1, t2) is constructed

from the estimates of its components. Finally, the covariance
of T(tl) and T(tz) is

2

o(tr,12) = O _{m3—g(tr)ms_g(ta)me(t | t2)}?

g=1

X /O w(ty, wyw(te, u)

x {Sq(u)Hy(tz,u)}  Ag(uw)du

2
- Z Yg(3-g)(t1:2)

g=1
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X f / w(t1, w)w(te,v)
0 0

x Ggz—gy{(t1,0), (t2,v) }dvdu,

as shown in the Appendix with pooled and unpooled esti-
mates. If t1 = tg = t, a(t1,t2) reduces to az(t). Otherwise,
with dependent endpoints, o(t1,43) does not directly relate
to the variance of a single analysis. Dependence in paired
censored survival times belies any possibility of an indepen-
dent increments covariance structure of the repeated tests.
This differs from the unpaired log-rank test, which has inde-
pendent increments. To calculate sequential boundaries, sim-
ulation techniques are used. A suitable spending function is
selected such as the O'Brien—Fleming (OF) style function,
Qof =2~ 2@(za/2/vl/2), where v corresponds to the pro-
portion of information collected at an analysis. Multivariate
mean zero normal random variables with the observed co-
variance of current and previously calculated 7 (t) statistics
are simulated to estimate critical values giving spending func-
tion allocated type I errors. The ETDRS example in Section
3 provides additional instruction on how to construct these
boundaries.

3. Simulation Results and ETDRS Example

To verify size of the proposed sequential monitoring strategy,
1000 Monte Carlo simulations with no treatment difference
using 150 failure time pairs were generated from the bivari-
ate log-normal distribution for increasing values of correla-
tion. Log scale means and variances were 0.3 and 1, respec-
tively, for each treatment failure time. For each correlated
pair, a common uniform(0,1) study entry time was simu-
lated. Paired and unpaired analyses with log-rank and Gehan
weights and pooled estimates for variances and covariances
were conducted at years 3, 4, and 5 using calendar time as a
surrogate for statistical information in the OF spending func-
tion with overall type I error of 0.05. Observed sizes located in
Table 1 for the unpaired sequentially monitored log-rank test
verify the overly conservative nature of analyses that do not
take advantage of the correlated failure time structure while
PWLR tests give appropriate type I error rates.

Simulations in Table 1 mirroring the above but under an
alternative hypothesis with log-scale means of (0.5, 0.3) in
the 150 failure time pairs indicate power gains with increas-
ing positive correlation across treatment groups using PWLR
tests. In all simulations conducted under the alternative hy-
pothesis, the marginal distributions of the two groups un-
der comparison remain unchanged. Not only do sequential
monitoring strategies unadjusted for dependence fail to take
advantage of extra precision afforded by the data structure,
but power seems to diminish with rising correlation, an effect
that can only partially be explained by the observed conserva-
tive test sizes. This is likely an artifact of the two estimated
weighted cumulative hazards tending to vary in tandem in
the presence of positive correlation. The loss of power un-
der comparable marginal distributions using unpaired tests
provides further evidence that accounting for the dependent
structure of the data is crucial. Table 1 results were essentially
unchanged when unpooled variance and covariance estimates
were used.
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Table 1
Size and power results for paired and unpaired tests™P

Pair-induced correlation (log scale)

0% 30% 60% 90%

Size results Paired log rank 0.053 0.051 0.055 0.055
Paired Gehan 0.045 0.047 0.051 0.052

Log rank 0.052 0.023 0.006 0.000

Gehan 0.047 0.025 0.002 0.000

Power results Paired log rank 0.333 0.433 0.643 0.979
Paired Gehan 0.370 0.483 0.730 0.995

Log rank 0.344 0.337 0.294 0.176

Gehan 0.369 0.355 0.329 0.203

21000 Monte Carlo simulations with 150 censored failure time pairs were generated.
b Empirical variance and covariance estimates for the test statistics over 1000 simulations cor-
responded closely with the average closed-form variance and covariance estimates.

Table 2
ETDRS observed integrated hazard differences and
critical values for paired and unpaired analyses

Spent Observed integrated Paired LR LR
Analysis error hazard difference boundary boundary
1 2.85x107° 0.010 0.024 0.028
2 1.42x107% 0.014 0.023 0.028
3 5.74x1074 0.021 0.023 0.029
4 1.18x1073 0.024 0.025 0.030
5 1.31x1073 0.022 0.025 0.030
6 2.34x1073 0.023 0.025 0.031
7 1.33x1078 0.021 0.025 0.032
— 8 2.27x1073 0.026 0.025 0.031
9 8.29x107% 0.027 0.026 0.032

Similar messages appeared in the ETDRS introduced ear-
lier. The DMC, which did not have access to this research,
nevertheless recognized statistical issues relating to correlated
data. Their exploratory analysis suggested “that not taking
pairing into account led to conservative tests” (ETDRS Re-
search Group, 1991a, p. 749). However, their trial was still
able to detect a longer time to sight deterioration for the pho-
tocoagulation group. To make this example more interesting,
it is restricted to 999 patients (1998 eyes) entered prior to
February 15, 1983, and taking placebo as part of a separate
randomization, reducing the original study size by nearly 75%.
The first analysis uses data available on April 8, 1985, when
50 events had been observed, with analyses continued biannu-
ally until April 8, 1989. An OF function is used to spend 1%
type 1 error, where the ratio of deaths observed by the interim
analysis compared to the total deaths on April 8, 1989, is used
as a surrogate for the proportion of information collected.

Table 2 displays the resulting type I errors, observed inte-
grated hazard differences {n* (t)}_l/ 27, and estimated criti-
cal values corresponding to paired and unpaired log-rank (LR)
analyses. In obtaining boundaries, 10,000 multivariate mean
zero normal random variables with the observed pooled co-
variance corresponding to the observed integrated weighted

hazard differences were simulated. Specifically, the first cut-
point identifies the value that gives 2.85 x 107° type 1 error
in the tails of the first marginal normal distribution. The sec-
ond cutpoint, which identifies the value giving 1.42 x 1074
type I error in the tails of the second marginal normal distri-
bution, is estimated among the multivariate normal variates
that did not surpass the cutpoint at the first analysis. Using
the PWLR tests, a treatment benefit for early photocoagu-
lation is detected at the eighth analysis. Significance would
no% be achieved without accounting for the correlation in this
smaller dataset.

4. Discussion

T his research presents closed-form asymptotic distributions of
PWLR tests along with nonparametric maximum likelihood-
based estimates of relevant variances and covariances and
group sequential monitoring procedures related to these statis-
tics. Currently, many trials monitor paired survival endpoints
with study designs based on independent samples and ac-
companying software while acknowledging conservativeness.
However, taking advantage of positive correlation in paired
outcomes gives large benefits in terms of both type I error and
power. Simulations in Section 3 also indicate that, for paired
censored survival data alternatives, power using independent
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group design and analysis methods might not meet expecta-
tions. This is a cause for concern in current practice that the
proposed methods eliminate very nicely. Because this work
extends a well-understood family of hypothesis tests used in
sequential monitoring, the adjusted testing procedures should
appeal to the average practitioner since the process of transi-
tion to these more efficient tests would be essentially invisible
to nonstatistically minded collaborators.
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RESUME

Ce travail propose différentes méthodes non paramétriques
pour le suivi séquentiel de données de survie appariées, dans le
contexte de deux échantillons. Ces méthodes sont basées sur
I'utilisation de statistiques du Logrank pondérées adaptées
aux données appariées, prenant en compte la dépendance de
la durée de survie et de la censure. La forme de la distribution
asymptotique jointe de ces statistiques d’analyses séquentielles
présente une structure dont les incréments sont dépendants.
Des simulations valident les caractéristiques opérationnelles
des méthodes proposées, et soulignent les conséquences en
terme de puissance et de taille d’échantillon qui résultent de
la non prise en compte de données corrélées, méme lorsque la
dépendance est faible. Une étude sur le traitement précoce des
rétinopathies diabétiques permet d’illustrer clairement notre
propos.
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APPENDIX

Under the null hypothesis, 7(t) is asymptotically equivalent
in distribution to

{n*(t)}"/2

X /000 w(t, u)

< [{Y1(t,u)} " dM (¢ u) ~ {Ya(t, u)} " dMa(t, u),

where
My(t,) = Ny(t,2) - / A (@)Yt W,
0

For the moment, focus on the term

n? /0 w(t, w){Yy(t, u)} " dMy(t,w).

After an application of the martingale central limit theo-
rem similar to that used in the Appendix of Murray and
Cole {2000), this term is asymptotically equivalent in distribu-
tion to

Zo(t) =n~} /0 w(t W) [P{Xo () > u}]™ dMy(t, ),

where w(t,u) = 0 for v > ¢. Relevant empirical variance
and covariance estimators based on Zg4(t) may be constructed
using arguments similar to Wei, Lin, and Weissfeld (1989).
However, additional work leads to recommended asymptotic
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closed forms that clearly demonstrate a dependent increments
structure and are estimable using efficient nonparametric max-
imum likelihood estimates. A result from Gu and Lai (1991)
gives that Z,(t1) and Zy(¢2) are asymptotically jointly nor-
mal mean zero processes with

cov{Zy(t1), Zy(t2)}
- /O w(ty, ww(t2, w[P{Xy(t2) > W} Ag(u)du
Eg)’
P{X4(t2) > a} = P(Tg > x,Vg > z,t2 — Eg > x)
= Sg(2)Cy(tz,2),

where Sy(z) = P(Ty > z) and Cy(t2,z) = P(Ey < tg —
z,Vy > x). Hence,

cov{Zo (), Zy(t2)}
- /0 Wty ww(ts, w){ S (w)Cy (2, u)}~ Mg (u)du
= {P(Bg <t2)} !

x / w(tn, w)uwltz w) {(So(w) Hy (t2, w)} ™ g (u)du
4]

Since Xg(t2) = min(Ty, Vg, t2 —

asymptotically. For independent treatment groups with w(¢,u)
= w(u), an independent increments setting would result. How-
ever, the joint distribution of 7(¢1) and 7 (tz) also requires
cov{Zg, (t1), Zg,(t2)} for g1 # g2. An application of the mul-
tivariate central limit theorem gives

COV{ZQl (t1)7 Zgz (t2)}
= {P(Ey, <t1)P(Ey, <t2)} 'P(Eg, <t1,Eg, <ta)

. /0 h /O " wltn, wwlts, 0)Gorg{(t1, 0), (2, ) bdods

Define 7y (t) as the probability of entering group g by calen-
dar time t and 7g(¢1 | t2) as the probability of entering group
g by 1 given entry in g by 2. Note that

{ng(t2)} 7 {n" (t1)n" (t2)}?
A {ma—g(t1)m3—g(ta)mg(t1 | t2)},
g=1,2. S0
7(t1,t2) = {n" (0)} /2 (0" (¢2)} /P07
x [eov{Z1(t1), Z1(t2)} + cov{Za(t1), Z2(t2)}
—cov{Z1(t1), Za(t2)}
—cov{Z2(t1), Z1(i2)}]

2
Y (s g(ti)ms_g(t2)mg(h | £2)}
g=1

x / - wlty, w)w(ts, u){Sg(w) Hy(tz,w)} A (u)du
Q

_ng(B g) t17t2)

// wits, Wewltz, v)Gyg)

989

X {(t].: u)) (tQ, 'U)}d’vdu

becomes the asymptotic covarlance for 7(t1) and 7T (¢2). Tak-
ing t; = tp = ¢ provides o (t), the variance of 7 (t) for a single
analysis.

In estimating joint and conditional terms relating to group
g1 at time £1 and group go at time t9, attention is restricted
to the ng, g, (t1,%2) correlated pairs where both members en-
tered prior to their respective analysis times. In estimating
marginal terms relating to group g at time ¢, all individual
pair members entered in group g by time ¢ will be used re-
gardless of entry by their correlated counterpart. Let

Y102 {(t1,21), (2, 2)}

Ngy gy (t1,t2)

>

k=1

H{Xgk(t1) 2 21, Xg,.(t2) > x2}

count correlated pairs where, at analysis time ¢1, the group g;
pair member is still at risk at study time x; and, at analysis
time 3, the g2 pair member is still at risk at study time z3.
Also, let

dNg 6. {(t1,71), (t2,22)}

Tgy 9o (t1,t2)

-5

k=1

lim I{z; < Xy 5(t1) <z + Azy,

Az, Azs

zg < Xg,k{t2) < x2 + Axo,
Aglk(tl) = I’Aggk(tQ) = 1}

count correlated pairs where, at analysis time ¢1, the g; pair
member fails at study time z; and, at analysis time tg, the
g2 pair member fails at study time zo. Let

dN |g2{(t1,.771) l (t2:$2)}

Ng199 (t1,t2)

= 2

k=1

lim I{.’Ill < Xglk(tl) <z + Az,

Az —0

Xook(t2) 2 22, Ay 1 (t1) =1}

count correlated pairs where, at analysis time t;, the g1 pair
member had been at risk until failing at study time z; and the
g2 pair member at analysis time {2 remains at risk at study
time z2. An unpooled estimate for

Ggig:{(t1,21), (t2, z2) }dax1dzy

becomes

Ggrg:{(t1,21), (t2,22)}
= TNgy (tl)ngz (tZ){nglgz (t1, tZ)}_l

X Y02 {(t1,21), (t2, 2) H{¥: (t1, 71) Yo, (t2, 22) }

x ([Ygrg:{(t1, 1), (b2, 22) ™ dNgy g {(t1, 21), (t2,22)}
= Y02 {(t1,21), (t2, 22) }Ye, (t2, 72)]
X dNg m{(t},xl) ! (tz,xg)}ngz(tg,mz)
— Yorg2{(t1,21), (t2, 22)}Yy, (t2, 1))
X ngzlgl{(tz,l‘Q) | (#1,z1)}dNg, (t2,z1)
+ {Ys (b2, 21) Yoo (t2, 72)}~ dN, (t2,71)
X dNg, (t2,52)).
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Hence, an unpooled estimate for o%(¢) is
2
G = Fa-g(t)
g=1
<[ [ nem ) Hotpanye.)

-é(t)/0 /0 B(t, w)w(t, v)Gr2{(t, ), & v)}.

Under the null hypothesis, some elements of o2(t) can be es-
timated by pooling. For times-to-event in groups g1 and g2
with entry prior to ¢, let KM(t,z) be the pooled Kaplan—
Meier (KM) estimator for the left-continuous survivor func-
tion at study time z. Let Hgy(t,z) be the KM estimate of
the left-continuous censoring survival function for group g
at time t. Let Y(t,z) = Yy, (¢, 2) + Yy, (%, 2) and N{t,z) =
Ng, (¢, 2} + Ng,(t,z). A pooled estimate for
Gyig:{(t1,71), (t2, 72) }dm1dzo
is
églgz{(t1v$1)7(t2,x2)}
= Y14, {(t1,21), (t2, 22)}
X {ngygs (t1,82) KM (1, 21)KM(t2, z2)
x Hg, (t1,21)Hg, (tg, 72)} "
x ([Yg192 {(t1,21), (t2,22) Y] " dNg, g3 {(t1, 1), (2, 72)}

— Warg2{(t1,21), (b2, 22)}¥ (22, 22)] "

X ng1|gz{(t17z1) | (t2,z2)}dN (t2, z2)

~ [Youg2{(t1,21), (t2, 22)}¥ (t2,21)]

X ngz|g1 {(t2,z2) | (t1,21)}dN(t2,z1)

+ {¥ (t2,21)¥ (t2,22)} 'dN(t2,21)dN (2, z2)).

So a pooled estimate for o(t) is

2
FA(t) = zgl(t)

g=1
OOA 2
x[/o {o(t, u)}
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x {Hy(t,u) KM(t,w)¥ (t,u)}

x dN(t, u)]

-6t /O /0 B(t, w)(t, v)Gr2{(t, ), (t,v)}.

An unpooled estimate for o(t1,%3) is

2

G(t1,t2) = Z{fra—g(tl)fm—g(tz)ﬁg(tl ! t2)}%

g=1

X AOO ng(tg)u"z(tl,u)ﬁ)(tg,u)

x {Yy(t2,u)} *dNg(t, u)
2
- Z’d’;g(3—g) (t1,t2)
g=1
X /0 /0 w(tl,u)w(tg,v)

x Gyia-){(t1,u), (t2,0)}.

Pooling under the null hypothesis gives

N

G(t1,t2) = D _{Ma—g(tr)irs—g(ta)g(t1 | £2)}7

g=1

X /Ooo w(t1, w)b(ts, u)

x {Hg(tz, ) KM (t2,u)¥ (tz,u)} !
x dN (t2,u)

2
- Zzﬁg(s_g)(th t2)

g=1
o0 poo
X / / w(ty, w)w(te,v)
0 0

x Gy3—gy{(t1, ), (t2,v)}.





