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1. Introduction

THE literature of test theory is replete with articles on the
computation and interpretation of indices of reliability. In
them one finds surprisingly little common agreement or even
mutual understanding (6). In more recent years the concept of
homogeneity, with its indices, has been added, with the result
that the confusion has increased. We shall make no effort in
this paper to review and summarize this literature but shall
attempt to do three things:

(1) point out what we regard as the fundamental sources of

this confusion;

(2) provide a theoretical foundation on the basis of which

this confusion might be resolved;

(3) point out the further steps that must be taken to develop

the theory and practice of mental testing.

I1. Sources of Present Confusion

There are two fundamental sources? of confusion in present
test theory: one is the assumptions by means of which we arrive
at an interval scale (3), and the second is the identification of

1'This paper is an extension to the area of mental testing of some of the ideas con-
tained in a chapter in a general theory of psychological scaling developed in 1948-1949
under the auspices of the Rand Corporation and while in residence in the Department
and the Laboratory of Social Relations, Harvard University. While the author carries
the responsibility for the ideas contained herein, their development would not have
been possible without the criticism and stimulation of Samuel A. Stouffer, C. Frederick
Mosteller, Paul Lazarsfeld, and Benjamin W. White in a joint seminar during that
year. Development of the theory before and after the sojourn at Harvard was made
possible by the support of the Bureau of Psychological Services, Institute for Human
Adjustment, Horace H. Rackham School of Graduate Studies, University of Michigan.
A version of these ideas was presented in a 1949 APA symposium on Test Homogeneity
and Test Validity.

2 A Complete discussion of the fundamental difficulties in present test theory is to
be found in Thomas (5).
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our statistical indices with the concepts they are presumed to
measure. These two basic difficulties are intimately related and
are both associated with our attempt to model psychological
measurement on physical measurement. Let us discuss them
briefly, in turn.

Consider the manner in which data are obtained in the area
of mental testing: The method used is the method of single
stimuli, in which there is one response from each individual to
each stimulus. These responses comprise our basic data, and
consist of two piles of items for each individual. One pile has
the items which the individual passed and the other pile those
items which he failed. Note that there is no information in
the data for a given individual pertaining to (1) how well he
passed one item compared with another, or (2) how badly he
failed one item compared with another, or (3) finally, how badly
he failed one item compared with how well he passed another.
The only way to obtain metric relations in data collected by the
method of single stimuli is to put the information in the data by
means of a priori statistical assumptions concerning, for exam-
ple, the shape of the distribution function of the abilities of
the individuals on the attribute in question. A normal distri-
bution is usually what is assumed in test theory but even this
is not applied in a thoroughgoing fashion.

To carry out the assumption fully (1) the percentage passing
each item should be corrected for chance, then (2) converted
to a sigma score, and (3) items at equal intervals on this sigma
scale should be selected for a final form. This procedure is
usually not rigorously adhered to because, in the first place, it
makes little practical difference, in many instances, if the items
are not precisely distributed in a discrete rectangular distribu-
tion on this sigma scale. But there is another reason why it is
not insisted that this procedure should be rigorously adhered
to, and that is because the assumptions which lead to a unit
of measurement implicitly require the further assumption of
perfect homogeneity. The distrust of the procedure is supported
by the fact that the assumption of perfect homogeneity can
usually, if not always, be shown to be violated, even in such
crude data as that collected by the method of single stimuli.
Unfortunately, to many this is simply regarded as one of the
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sources of error variance and not as a fundamental theoretical
obstruction.

Thus, in the method of single stimuli as applied to mental
testing we create an interval scale without any built-in or in-
herent test of its validity. Having such a scale, then, it is per-
missible to use certain properties of numbers, and we have
available a variety of statistical procedures for the analysis
of behavior. We must, of course, allow for error variance, much
of which we have put there ourselves in assuming an interval
scale, and, consequently, a statistical theory of error becomes
necessary and plays a dominant role in test theory. This, then,
is one major source of difficulty in the area of tests and measure-
ments but, important as it is, it is not as fundamental as the
second source. The difficulty arising from assumptions lead-
ing to an interval scale is of significance primarily to the em-
pirical aspect of psychological testing rather than to the theo-
retical aspect.

The second source of difficulty, which we consider to be of
prime theoretical significance, has, however, arisen from the
use of an interval scale. Basically, this second source of confu-
sion is the fact that we have had no fundamental psychological
rationale underlying our concepts in test theory. Rather, we
find an easy road to the concepts of test score, difficulty of an
item, reliability and homogeneity via statistical definitions of
indices dependent upon the existence of an interval scale. We
set up these statistical indices based on operational procedures,
then give names to them and act as if they have certain obvious
psychological meanings. We have gained readily obtainable
empirical indices but have paid for them in psychological am-
biguity and imprecise meanings and interpretations. While rela-
tively easy to compute and apparently readily susceptible to
empirical study, an invalid assumption of an interval scale
would vitiate even their numerical precision. Thus, we have
not one but-many indices of reliability, each determined in
a different way, and hence each implying a different meaning.
We do not have, independently, a quantitative definition of
the concept of reliability, psychologically derived, with a unique
interpretation. We have a variety of meanings for the concept
of reliability, depending upon the index used. It is our thesis



46 EDUCATIONAL AND PSYCHOLOGICAL MEASUREMENT

that the concept of reliability should have a unique psycholog-
ical meaning quantitatively defined, and the various indices
should then be regarded as different kinds of approximations
to the concept. The challenge, then, would be to the experi-
menter to devise indices which are better measures of the con-
cept.

II1. 4 Psychological Rationale for the Concepts of Reliability
and Homogeneity

The Fundamental Equation.—We shall now attempt to sketch
a theoretical psychological foundation for the derivation of
quantitative definitions of certain concepts of test theory.

Consider the concept of the difficulty of an item. We all
have intuitive notions as to what the psychological meaning
of the difficulty of an item is. It means how hard it is for some
one to pass it. But we identify the difficulty of an item with
the percentage of people passing it. We thus have a number to
represent the difficulty of an item which is the same number
for all the people in the sample. Yet we know that for some
people the item was so easy that they passed it, and for others
it was so difficult that they failed it. It is apparent that we
must have a definition of the difficulty of an item which will
permit different values for different people. Of course, such a
definition could still permit an average difficulty corresponding
in principle to the conventional definition.

In order to develop a psychological rationale for the difficulty
of an item let us consider an arithmetic problem. Let this
arithmetic problem require that an individual know how to
perform certain operations. The problem might involve addi-
tion and subtraction, the use of log tables, and a certain amount
of reasoning. Its solution requires a collection of abilities, each
to a certain degree and combined in a certain way. We may,
for the sake of simplicity in discussion, lump this particular
combination of abilities and call it a single ability. The problem
then requires that every individual possess at least a certain
amount of this ability in order to solve it. We shall call the
quantity of an ability required for the solution of a problem
the 9 value of that problem or that item.

Shall we regard this @ value of an item as its difficulty? We
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might, if we wish, so define the difficulty of the item. But this
is not psychologically satisfying, because if we ask individuals
how difficult an item is, some will say that it is easy and some
will say it is difficult. How can the item have one @ value and
yet give rise to all this disagreement about its difficulty? Ob-
viously it must be because these different individuals are mak-
ing their Judgments from different points of view. A mathe-
matics major says it is easy; a grammar school student says
it is hard. The point of view depends on the amount of this
particular ability the person has. Of the particular ability de-
manded by the item, the amount possessed by an individual
will be designated his C value, representing his capacity.

We have now a hypothetical continuum on which is a §
value representing the amount of an ability required by the
item trom any individual to whom it is administered, and we
have also a C value on this same continuum for each individual
who attempts the item. How, then, shall we represent the
degree of difficulty that this item has for a particular individ-
ual? This might be done in a number of ways. We have chosen
to use the ratio of 9 to C to represent the psychological value
or difficulty of this item for that individual and have called
this ratio P, and thus we have the simple equation:

(1) 9 = PC

Obviously, the greater an individual’s capacity the smaller
proportion of that capacity is required or exercised in solving
the problem and the easier it appears to him.

Each time (%) an individual (7) responds to a stimulus (7) here
is a set of values which satisfy Qu:; = Pyi;Chs;. The most fre-
quent objectives of psychological measurement are to determine
something about the 9 values of each member of a set of stim-
uli and the C values of each member of a group of individuals.

But note, and this is significant to our later problem of
metric, we do not observe @ values and C values. Instead, what
we observe are the P values. Thus, if an individual passes an
item, we know that on that particular ability the individual’s
capacity?, Ci;, was greater than the quantity?®, 9;, required to
pass the item and hence the P;; value was less than one. In

3The subscript 4 is one here,
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the method of single stimuli, which is the method most used
in mental testing, we can divide the items into two categories
for each individual, those whose P values were less than one
for him, and those whose P values were greater than onet.
From such data on several individuals we want to extract what
information they contain about @ and C values. If we refuse
to make the assumptions which lead to an interval scale, ex-
haustive analysis of these data would yield, at best?, the order
of the stimuli, (the 9 values) and the order of the people (their
C values).

We might digress for a moment to point out that with other
methods of collecting data, such as the method of rank order,
the method of paired comparisons, and the method of triads,
we are able to collect, successively, much more information
about the P values of stimuli for each individual and hence
learn more about @ values and C values than we do from the
method of single stimuli used in mental testing. Curiously
enough it appears that we are going to be able to go further,
with fewer assumptions, in the area of so-called qualitative
attributes than in the area of mental testing.

The Variance of an Individual's Score—Imagine now that
we have a stimulus or test item and a group of individuals who
respond to it. Each individual’s response to the item provides
a P value. Of course we do not know the exact magnitude of a
P value, we know only whether it is less than one or greater
than one, that is, whether the individual passed or failed the
item. But this is a limitation of this method of collecting
data. Let us imagine that we had a method which would give
us the exact P values. There would be, then, a distribution of
P values for the stimulus. This distribution represents the
distribution of difficulties which the item has for the individuals
in the group.

Each individual has one of the P values in this distribution.
Let us imagine that we could again administer this item to this
same group of individuals independently® of its previous ad-

4¢We have avoided the complication introduced by the true-false and multiple-
choice type of item in which an individual may get an item right by pure chance,
There is no need for this complication from the point of view of constructing a theory.

5 The conditions necessary are that @, be constant over % and ¢ and the Cjy; be
constant over 4 and . For purposes of future generalization these constitute an extreme

of class 1 conditions (1).
¢ Experimental independence.
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ministration. Then, once again, each individual would have a
P value for this item. Would the successive P values of an
individual for the one stimulus be identical, even if the suc-
cessive administrations were independent? This is a question
of whether or not P,y; is constant over % for a given 7 and j
and can only be answered by experiment. It might well be
that in the case of one attribute, say arithmetic, these succes-
sive P values would be almost constant for any given individual,
whereas in the case of another attribute, say the aesthetic
merit of a painting, the P values might be greatly variable.
In this latter case we would expect the P values to be variable
if the individual was not too clear as to just what he meant by
aesthetic merit and hence used different criteria in successive
evaluations of the painting. Thus, if the continuum is in-
trinsically different at different times, both the @ values of
the stimulus and the C values of the individual would be varia-
ble for the same nominal trait, like aesthetic merit, because the
exact composition of the trait was variable.

We have conceived, now, of each individual in a group hav-
ing responded a number of times to a stimulus and, hence, for
each individual, 7, there is a distribution of P4;; values for the
stimulus ;. Let us now do the same thing for more stimuli, and
imagine that there is for every individual a small distribution
of his P values for each stimulus within the total distribution
of all individuals’ P values for each stimulus. The notation
used is as follows:

A = 1,2, - ¢ (the number of times an individual responds to
a stimulus)

i =1,2, - N, (the number of individuals)

= 1,2, -+ n, (the number of stimuli)

P, = 3 % % Pus
P = iy 5 2 % Pu
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We are now in a position to define the status score, §; (2),
of an individual as follows:

(2) S;=,,l,;;(Pi—Phﬁ)
or
(3) S;=?—P,‘

To put the status score of an individual in words, it is de-
fined as the average difficulty of all the items for all individuals
minus the average difficulty of all the items for him alone. Thus,
we have made the score of the individual dependent upon the
composition of the group of individuals of which he is a member.
On this scale the average individual has a score of zero, and
the better the individual the higher his score, since the easier
the items are for an individual the smaller the proportion of
his capacity is required to pass them and the larger would be
§:. Individuals below average would have negative status
scores.

Inasmuch as, in principle, an individual has a score, an §;, on
every item every time he takes it, let us consider the composi-
tion of the variance of all these ‘“scores” that get averaged
together for a total score. If we designate by 7, the total vari-
ance of an individual, we have

(4) V——ZZ(P—P,,.,)z_Sz

By adding and subtracting P;; inside the parentheses, expand-
ing and collecting terms, the expression for »; becomes:

() V=g X (P — Pay + 520 Py = Puy
~ L2 (2, - PP
Making the following definitions,

(6) Di =52« 2 (Pi; — Prsy)
() Te=12(P; - P — 12 (P — PP

we have
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®) Vi=D#&+ T

and 7;is seen to have two components. These two components,
D; and T, are of psychological significance. The first com-
ponent, D;, we call the individual’s dispersion score and it
represents the variability within an individual in repeatedly
responding (independently) to the same stimulus, summed over
all the stimuli. D; reflects an individual’s internal consistency
in responding repeatedly to the same stimuli. The contribution
that is made to this component by each stimulus is essentially
the precision of the individual’s score on each item, and when
summed over the items is a measure of the precision of the
individual’s total score on the test.

The 7'; component describes the variability of the individual’s
mean position within the group as the group passes from stimu-
lus to stimulus. We call this score the individual’s trait score.

Thus, we now have two concepts to represent the hypo-
thetical behavior of an individual in response to repeated inde-
pendent presentations of a set of items. We have the concept
of a dispersion score which represents the precision of an indi-
vidual’s final total score on the test. And we have the concept
of trait score which represents the stability of an individual’s
position within the group in passing from item to item.

Reliability and Homogeneity—We shall now identify D; and
T'; with the concepts of reliability and homogeneity, respec-
tively. We have here precise definitions of concepts from a
psychological rationale such that the concepts may be manipu-
lated mathematically and are susceptible to rigorous logic.

We shall use the terms D;, dispersion score, precision, and
reliability interchangeably; and the terms 7, trait score, and
homogeneity interchangeably. First, it is apparent from the
mathematical definition of the concept of precision that it is a
characteristic of an individual’s behavior on the items compris-
ing the test, and does not necessarily have the same value for
every individual who takes a particular test. To put this in the
more common terms of test theory, the reliability of a test or,
as we define it, the precision of an individual’s test score, may
be different for every individual who takes the test. It is an
approximation of unknown degree to assign the same coefficient
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to all individuals. This approximation, perhaps, would be
reasonably close in the case of some mental tests, but in others
the individual differences in D; might be considerable.

The relation between reliability and homogeneity is an inter-
esting one. In principle we could construct a test which would
have high precision, or reliability, and such that the items would
have zero intercorrelations, or, for that matter, any values
from plus one to minus one. Thus, if a man’s score on one item
was the number of children he has and on another item his
cephalic index, and on a third item the number of clubs and
societies he belongs to, his total score would have very high
reliability. It does not necessarily follow, however, that the
score means anything—that it represents a point on a con-
tinuum which is a psychological trait continuum. Obviously,
then, the fact that one has high precision for a test score has
no bearing on whether or not one is measuring some kind of
meaningful psychological entity. If one takes a number of
things which are qualitatively different and adds up the scores
on these different things for each individual, then the total
scores will be a set of numbers which may have the property
of precision but will have no common quality.

Let us turn now to the trait score which we identify with
homogeneity. This denotes the stability of an individual’s posi-
tion within a group. Such a measure would not be an exclusive
property of an individual, as in the case of precision, but is a
property of the group as a whole on the test, and hence 7
should be averaged over the individuals.

The significance of this concept lies in its indicating the
degree to which the final total scores of individuals have some
common quality or represent a psychological entity for the
group. The expression for the trait score, 7';, averaged over
individuals, is essentially equivalent to the notion of correlation
between items, except that it is expressed in terms of variance
rather than correlation or covariance.”

Thus, if we have a test consisting of a number of items, each

7 Another way of looking at D?; and T% is by analogy with error variance and true
variance in conventional test theory. The analogy between I?; and error variance is
justified. But 7% is a variance generated by lack of homogeneity among the items.

Hence, in the sense used here, the “true variance” would represent the degree to
which the items failed to constitute an organized and integrated common trait.
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from a different primary mental ability, we would expect the
position of the individual within the group from item to item
to be variable. This is on the premise that there are intra-
individual differences in ability. On the other hand, if the test
were a set of arithmetic items then the position of the individual
within the group as it passed from item to item would probably
be relatively stable and there would be a high degree of homo-
geneity. These two tests might well have equally high reliability
but quite different homogeneities.

In principle, the two components D; and T are independent
and it is not difficult to imagine a test with perfect precision
for all individuals, or perfect reliability, and with a degree of
homogeneity anywhere from zero to perfect. On the other hand,
in a probability sense, it would perhaps be much more difficult
to construct a test with perfect homogeneity but with low pre-
cision. Such a relation is implicit in the reasoning behind the
attempt to increase the reliability of a test by means of an item
analysis against an internal criterion.

Indices—We have reached a point now where we must con-
sider again the distinction between the defined meaning of a
concept and the index which presumably is a measure of the
concept. What we have tried to do is to provide meaningful
definitions of the concepts of precision and homogeneity but we
have not provided an index for either one of these concepts. An
index is simply a method of analyzing data to get certain infor-
mation. Hence, in order to compute a meaningful index, the
data must contain this information. Consider, for example,
what is required of the data so that they will contain informa-
tion about the precision of an individual’s score. We can see
that to get a measure of precision, that is, to compute an indi-
vidual’s dispersion score, requires repeated independent re-
sponses from him to the same item. The method of single
stimuli conventionally used in mental testing does not provide
such observations. Thus, it appears that with conventional
testing methods an index of the reliability of a test score is
indeterminate and there is no valid formula for reliability. On
the other hand, the 7; component of an individual’s total
variance requires only one observation per individual per stimu-
lus and, hence, data collected by the method of single stimuli
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do contain information pertaining to the concept of homo-
geneity. But samples of size one¢ are poor estimates of the mean
of a distribution. Nevertheless, they can be used to get an esti-
mate of the variance between distributions which is, however,
contaminated by the variance within the distributions. The two
components, D; and T, of the total variance cannot be sepa-
rated in data collected by the method of single stimuli. In other
areas, a method for collecting data like the method of paired
comparisons or the method of triads does provide information
pertaining to both components and it is possible in principle to
measure them both.

Essentially, what we have done is to give the quantitative
definition of concepts based on a psychological rationale prece-
dence over the statistical procedure of computing an index and
then arguing about what the index means. We have chosen to
have meaningful concepts and to recognize that our measures
of them are inadequate and approximate rather than to take
the measures as experimental facts and try to give them psycho-
logical meaning with consequent ambiguity and controversy.

What is it, then, that we do get from our indices of reliability
or homogeneity? It is apparent that we can have no clear index
of either the precision of a test score or the homogeneity of a
test from conventional testing methods. Every index designed
to represent one or the other actually represents a joint effect.
The various indices merely differ in the nature of their approxi-
mation, then, to 7;, the left hand side of equation (8), summed
over all individuals.

Inasmuch as this 7; is also the variance of an individual’s
score just as one of its components, D;, is, one might ask what
the difference is between them. The difference is that D;, the
variability within an individual, is the degree of precision of a
score on the test. V', the left hand side of the equation, is the
precision of the individual’s score on the astribute, the domain
which the sample of items represents. Obviously, the homo-
geneity of the items in a test has nothing to do with the preci-
sion of a score on the test. But, obviously, this same score,
when regarded as an estimate of the individual’s score on the
domain or attribute of which the items constitute a sample, is
dependent upon the homogeneity of the domain. The greater
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the homogeneity of the domain, the more alike will be the
scores of an individual on successive samples of items from that
domain.

IV. Next Steps

As we see some of the implications of this for the further
development of test theory, there appear to be three general
alternatives, the first of which has two sub-alternatives:

1. Continue with the method of single stimuli as a method
of collecting data. Then we can do one of two things: (a) make
the necessary assumptions to achieve an interval scale and
hence have numbers to manipulate?® or (b) drop the assump-
tions which lead to an interval scale and substitute Lazarsfeld’s
latent structure analysis (4). The first sub-alternative above is
to continue in the conventional manner. This will permit easily
accomplished empirical studies in which we could rarely have
firm confidence and unambiguous interpretation. The second
sub-alternative requires going in an entirely new direction. Laz-
arsfeld’s latent structure analysis is a non-metric theory for
the scaling of data collected by the method of single stimuli.
Obviously, his theory could be taken over bodily by test
theorists, although from a practical point of view there are
still computational hurdles. Such difficulties, however, are mere
mechanical limitations and are not defects of the theory.

2. A second general alternative is to discover or to develop
a new method for collecting data which would enable us to put
the items in rank order for each individual as to how well he
passed them and how badly he failed them. If we could collect
such data we would then have data which, with very simple
assumptions, contain information about metric relations be-
tween stimuli and individuals (1).

3- A third alternative is to discover or to develop a new
method for collecting data which would be equivalent to the
method of paired comparisons. This would require repeated
independent responses to each stimulus. Such data would con-
tain information on the metric relations between stimuli and
individuals, and, in addition, information on the two compo-

8 A better sub-alternative here is to experimentally validate the assumptions of
an interval scale if this is possible.
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nents of precision and homogeneity, making a precise distinction
between them possible.

V. Summary

We have tried to show that the assumptions required for an
interval scale and the identification of indices with concepts
are serious obstacles to the further development of test theory.
We have then developed a rational basis for defining the diffi-
culty of a test item for an individual and, from this basis,
developed mathematical expressions for the concepts of relia-
bility and homogeneity. It was then made apparent that the
measurement of reliability and homogeneity from the analysis
of data collected by the method of single stimuli is not possible,
as such data do not contain the necessary information. Several
alternative directions for the further development of test theory
are pointed out.
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