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A Green’s function technique is applied to one-velocity neutron problems with spherical symmetry.

The main advantage of the approach is that it bypasses the need to construct explicitly the appropriate
spherical eigenfunctions. Indeed, these can be directly deduced from this new formulation, if one so
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desires.

1. INTRODUCTION

The eigenfunction expansion technique has achieved
considerable success in dealing with boundary-value
problems in one-speed linear transport theory. The
method developed by one of the authors,! though
applied extensively to boundary-value problems with
planar boundary conditions,'™* is readily adapted to
more general geometrical configurations. The essential
feature of this technique lies in constructing a complete
set of eigenfunctions (normal modes) of the appro-
priate transport equation, expanding the neutron
angular density in terms of the complete set, and
finding the expansion coefficients from the boundary
conditions. There are some drawbacks in this kind of
treatment. They are, among others:

(i) The set of eigenfunctions (for example, the
energy-dependent transport equation) may not form
a complete set, which means one must construct
appropriate additional functions to make the set
complete.

(ii) In most cases it is not always easy to prove
completeness.

In a recent paper by Case,® a fresh approach has
been introduced. It draws on analogy with the Green’s
function technique in dealing with classical boundary-
value problems. The advantages of this approach,
among others, are:
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(i) It incorporates the normal mode expansion
technique in the scheme.

(i) The eigenfunctions arise in a rather natural way,
and thus the necessity of proving their completeness
(if they form a complete set) is eliminated.

This paper utilizes the new approach to deal with
various spherically symmetric boundary-value prob-
lems in one-speed transport theory. In particular, we
treat albedo, critical, and Milne problems for the
interior of a sphere, and the Milne problem for the
exterior of a black sphere. In formulating the bound-
ary-value problems for specific cases, we encounter an
apparent difficulty in managing the regular integral
equations by analytic methods. To circumvent this
difficulty, we introduce a reduction operator which
permits us to transform these regular integral equations
into integral equations with singular kernels, but with
the original coefficients. In other words, the reduction
operator essentially reduces the spherical eigen-
functions in the integral equations to the planar ones.
The resulting singular integral equations are then
solved for the coefficients by the conventional method
developed for planar problems.

2. CONSTRUCTION OF THE GREEN’S
FUNCTION

The time-independent transport equation in the
one-speed approximation is

(1+Q- V@) = f Q' y(r, &) + 0, Q),
€))

where €2 = v/v is the unit velocity vector, r is the
position vector, Q(r,S2) is a given neutron-source
function, and ¢ is the average number of secondary
neutrons per collision produced by a neutron of
velocity v. In this treatment we will assume that c is a
known constant.
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In the treatment of the boundary-value problems,
the standard way of incorporating the boundary
conditions is to convert the differential equation into
an integral equation. With this end in mind, consider
the Green’s function for the above transport equation:

(1 + 9 ¢ V)G(l’, 9; rO’ 90)
= f dQG(r, @, 1y, ) + O(r — 1R - Ry),
™
2)

where §2, is the direction of the monodirectional point

source located at r, and 8(S2-$8,) is the surface
d function defined in the usual manner; i.e.,

(R-Q) =0, L=Q,,
f A ()R - y) = £(R),

if somewhere in the domain of integration &, = Q.
By construction, the solution® of Eq. (1) is

(32)
(3b)

(e, Q) = f AQ &°r GG, Q; 1, )T, Q)

+ f 4S dQ.G(r, @; x,, QA(r) - Ruulr,, ),
3c¢)

where r, and €, are position and velocity vectors of the
neutron at the boundary surface, respectively, and
fi(r,) is the corresponding normal pointing toward the
region where the solution of the transport equation
is being sought.

Let us now construct the Green’s function by taking
the Fourier transform of Eq. (2) with respect to r;
ie., let

G(r, R; ro, (2.9

fd“k exp [ik - (r — 1)) ]G(R, ). (4)

@
Equation (2) then becomes
1
G, Q) = ———— dQG(R, Q
(909 = o =[0G, R0
AR-L) (5
14+ k-

By integrating both sides of Eq. (5) with respect to £,
we obtain

1
fdQGk(SZ, Q) = Ak - (1 + ik-Q)° ©
where
dQ
A =1- T o ?

is the familiar dispersion function.
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Substituting the integral in Eq. (5) by the expression
(6), we get

G- Q) = [A(l + ik-Q)(1 + ik- Q)]
+ (R - Y[ + ik - Q1L

The Green’s function is then simply given by

G(r,;r,, )

= (217)3 fd3k exp [ik « (r — ry)]
c . . —1
x [477—/\ [(1 + ik - Q)1 + ik - Q)]
(R - Q)
1+ ik- 9] ®

This is the fundamental Green’s function which will
serve to determine the solution of the one-speed trans-
port equation for any given source and any incident
distribution. We, therefore, turn to Eq. (3), which
represents such a solution, and cast it in a more useable
form.

Let us introduce the explicit expression for G [as
given by Eq. (8)] in Eq. (3c) and rearrange the terms to
obtain

1/)(1" 9) = lpq(r’ 9) + '/'O(ra 9) + %(l’, 9)’ (9)

where

v, Q) = f dQ dG@r, 1, R0, ) (10)

is a known function,

= PR 1
w2 = f 1+ ik-Q (11
H= 2i f dS dQUA(T,) - ,u(r,, RYNQ - )™

™
= 1 deﬁ(rs) - Qy(r,, Qe 12
27
ko T
)= | ko 13
P f 1+ ik - QA’ (13)
and
- _1— fds dQsﬂ(rs) * ﬂsw(l's, gs) —?i .
- 1+ kR
(14

From Eq. (9) we see that the solution of any
boundary-value problem is known, provided we can
find the surface distribution y(r,, £2) or, equivalently,
the coefficients T'and H. Of course, if p(x,, &) is known
a priori, then we are done. However, this is not
always possible, for, in most instances, we only know
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either the incident or the outgoing distribution, but
not both. It is, therefore, necessary to supplement Eq.
(9) with another equation which determines y(r,, Q).
This is easily done by passing to the limit [in Eq. (9)]
as r — r, from within the region of interest; i.e.,

’P(l'ss 9) = %(Tss 9) + %(l's, 9) + "Pc(rs’ 9) (15)

For further discussion of the equation that determines
the surface distribution, see Ref. 5.

The rest of this paper is devoted to the study of the
integral equation (9) in conjunction with Eq. (15),
subject to various boundary conditions in spherically
symmetric problems. Specifically, we shall consider
two categories of problems, the interior and the
exterior of a sphere.

3. SPHERICALLY SYMMETRIC PROBLEMS

By this we mean that the angular density y will be a
function of rand y = £ « &, with 4 > 0 corresponding
to the outgoing neutrons and u < 0 to the incoming
ones. Under the spherical symmetry, the integral
equation (9) is considerably simplified by carrying out
the appropriate angular integrations. Thus, noting
that T, given by Eq. (14), is a function of the magni-
tude of k, we can write

Y(r, 1)
2 1
dkke TH f dg f _dt_
A(k) 21 + ikt

—877]

x exp (k{1 + [(1 — p)(1 — )] cos (¢ — g},
or

wr 1) = f dkICI(k, 7, ) Tﬁ"; (16)
where
kv = [ 2 o Gl — it — ),
> 11 4 ikt 0
17y
Similarly,
1 [ ' odr .
, —_ dksz thiry
vl 1) T f—m 11 + ikt ¢
X Jo{krl(1 — p3(1 — OPIHK, ), (18)
where

1

H(k, t) =f ldy

iktrgu’

Woplrs, we
x Jo{kr[(1 — w31 — AP (19)

and r, denotes the radius of the sphere. The equation
that determines the angular density is then

p(r, 1) = p,(r, 1) + po(r, w) + v (r, p). (20)

Before we express y(r, u) (for interior and exterior
problems) in terms of eigenfunctions of the transport
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equation, let us examine the analytical properties of
A(k), I(k,r,u), and T(k) in the complex k plane.
From Eq. (7) it is clear that A is sectionally holo-
morphic in the k plane with the branch cuts extending
from —ico to —i and i to joo. This property is shared
by the functions I(k, r, ) and T'(k). (We shall use this
fact in constructing the eigenfunctions of the transport
equation.) The zeros of A(k) are either purely real or
purely imaginary, depending on whether ¢ <1 or
¢ > 1. It may seem peculiar, at first, that the angular
density [or more appropriately, the Green’s function
given by Eq. (8)] is not uniquely determined when the
zeros of A are real. However, we will show later (when
we deal with the critical problem) that it is not
necessary to prescribe any one particular recipe for
treating the real zeros of A; that is, all prescriptions
lead to a unique determination of the angular density.
Finally, we note that, for complex values of k, the
functions I(k,r, ), T(k), and H(k,t) diverge at
infinity. However, we show in the following sections
that these functions can always be written as a sum
of two, one of which converges in the upper half k
plane and the other in the lower half.,

A. Interior Problems

In Eq. (20), let us first consider y,(r, u) given by
Eq. (16). We wish to express y,(r, u) in terms of eigen-
functions. To do that, we need to change the path of
integration from the real axis to the contour surround-
ing the cut, as shown in Fig. 1. Since r < r,, it is
necessary to decompose T(k) only. The decomposition
is readily obtained by expanding the exponential in
Eq. (14) in terms of spherical harmonics. Thus,

e‘“‘"’ =4r z i Jn(krs)Ynm(f( ° gs)Ynm(_i‘.s * 93)~
The expression for T(k) now becomes
Q w(rs > ."‘s)
ik - £2,
X Z lnjn(krs)Ynm(r( * s23) Y’nm(_fs ¢ 93)‘

T(ky = f dS dQAr,) -

r>rs
k- plane

FiG. 1. Contours for
r>r,and r <r,.

r<r,
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Because of the azimuthal symmetry of the surface
angular density y(r,, u,), the only term in the sum
over m which is nonzero is that for which m = 0.
Hence,

1
T(k) =f ld/‘s:us'p(rs s /"s)

X'goi"(2n + l)jn(krs)P"(—‘us)Qn(k)’ (22)

where Q,(k) is the Legendre function of the second
kind defined by

1
0.0 = [ ar LD
-1 1+ ikt
Now the spherical Besssel function j,(z) can be ex-
pressed as a sum of Hankel functions of the first and
the second kind. In Sommerfeld’s notation,®?

2j(2) = (@) + (). 29
Putting (24) into (23), we get the following decom-
position for T(k):

T(k) = 3[T (k) + Ty(k)],

(23)

25)
where
1
Toak) = f dutauy oy, )OOk, vy, ) (26)
-1
and
C(l)’(z)(ka te,s '—:us)
=3 "Qn + DI (kr)P.(~u)Quk). @7)
n=0
Let us note that
Ty(—k) = Ty(k). (29)

The expression (16) for y,(r, ») may now be re-
written as a sum of two integrals by inserting the
decomposition of T(k) given by Eq. (25). One may,
then, readily show that one of the integrals converges
in the upper half k plane and the other in the lower
half. To simplify the subsequent calculations, we use
the relation (28) and write

v == f akr T8 1 v . 29

In much the same way, the expression for y,(r, )
[see Eq. (18)] may be cast in the following form:

(r )—lfmdksz B
Yolls 8 47 J- —11 + ikt

X Jofkr[(1 — @21 — O} H(k, 1), (30)

¢ A. Sommerfeld, Lectures on Theoretical Physics, Vol. 6:
Partial Differential Equations in Physics (Academic Press, New
York, 1949).
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where

1
Hy(k, ) =f ld/",“' w(re, 4)

X goi"(z" + DD kr )P (—p)P(D). (31)

Now we can change the path of integration from
the real axis to a contour surrounding the cut in the
upper half k plane. For y,(r, ), we have

¢ [ T DT+
(=S| are(E 1) d.c.
v (r, w) Sﬂﬁ (A_ e + d.c
(32)

whére — (+) denotes the boundary value as we
approach the cut from the right(left), and D - C is the
discrete contribution arising from the zero of A. For
the present we have assumed that ¢ < 1; i.e., the
zeros of A(k) are purely imaginary. Let us simplify the
integrand by constructing the eigenfunctions. This we
do as follows. First we note that, from Plemelj’s
formula, we have

I* =91 + inl,, (33)

where
1
g1 =9 f dt
-1

otkirn

1 + ikt

Jofkr[(1 — (1 — AP}, (34a)
I, = f ldte"""“Jo{kr[(l — (1 — OFI6(1 + ike)

- zi eMI{rl(1 — wk + DI, (34b)

and k is purely imaginary. Thus,
A= (I"T{/A7) ~ (I'T}/AT)
= (T{/A )T + inly) — (T{[ADYII — inly).
To construct the eigenfunctions, we introduce A(k)
in A4 as follows:
A = (T{/AD)II + Ay — (4 — iml,]
— (THADGT + Ay — (A + im)],].
Now choose 4 such that
bk, r, u) =TI + A,

are spherical eigenfunctions of the transport equation
with continuous spectrum. By straightforward calcu-
lations, one may readily show that the appropriate
Ais

(35)

A =in(At + A)J(At — A,
If we choose 1 in this way, then 4 becomés

A = [(T{/A) — (T{[AD)](k, 1, )
+ 2mi(Ty — THA™ — AD)I,.

(36)
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Equation (32) for y,(r, u) now becomes

vilr i) = f Ak 4k D)

ic f dkk2 Tl L,
N + @(ik,, 1, H)F (ko) @n
where
Be(T: T
I =1 _ -l), 38
) W(A’ At (38)

and we have written down the explicit expression for
the discrete contribution in which

(k) = — kz Ti(iky)

4 " Alik)’ 9

and
P(iky, r, p)

__f‘ dt
~—11"‘th

is the discrete eigenfunction of the transport equation
with the eigenvalue ik, the zero of A(k); i.e.,

Ak =0, 0<ky< 1.
For y,(r, u) [see Eq. (30)], we get

L {korl(1 — (1 — 12)]‘}} (40)

2mi 2
wolr, p) = i ) dkkf dt
x By k(1 — p1 — OF)
x &(1 + ikDH(k, 1),
or
wolr, ) = —he ™ f  akko{rl( — ) + D)

x H(k, - %{) (1)

Now one may easily show that y,(r, ), as given by
Eq. (41), is equal to minus the second term on the
right-hand side of Eq. (37). With this in mind, Eq.
(20), for the angular density ¢(r, ), becomes

1
W 1) = vl ) + f a1

o)
o)

where we have set k = ifv and ky = ifv,.
An equation that determines the coefficients I'_

and I'% is obtained by letting r — r, in Eq. (42). Thus,
1 1 . .

w00 = vt ) + [ @ ST (N9(L )
0 v 14 v

+ qS(i; - M)I“L(i). (43)
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This is a regular integral equation. Its solution is
difficult to discuss. Therefore, we shall seek the help
of an operator (the reduction operator) which, when
applied to Eq. (20), produces an auxiliary equation
with the same coefficients as that in Eq. (43), but with
a singular kernel. Before we present such an operator,
let us first consider the class of exterior problems.

B. Exterior Problems

Now since r > r,, in order to express y,(r, u) [see
Eq. (16)] in terms of eigenfunctions by the change of
path of integration to a contour surrounding the cut
in the upper half plane, we need to decompose
Ik, r, u) [see Eq. (17)] and then follow the same
procedure as that in the interior problems. Thus, to
decompose I(k, r, u), we write

M kr[(1 — @21 — )
= 13 1"0n + DILOGke) + L2knIPWP.), (44)

n=0

where we have used the decomposition (24) of the
spherical Bessel function. Then,

Ik, ry ) = 3LV, r, ) + (B, r, W], (49)

where (@) (k, r, u) is given by (27) with 7, replaced
by r and —u, by u. Equation (16) for y,(r, ) now
becomes

T(K)
b (46)

The resulting mtegral equation for y(r, p) is given
by

W ) = 9l ) + f dUDTS G, . )

+ Z(i/”(), r, /‘)Fg(l/vo)- (47)

An equation that determines the coefficients I, (i/»)
and ' (1/%,) is

i
V(s 1) = Pulrer ) + f QU (GZGf, T4, 1)
+ Z(l/v()’ xstu‘)r (1/1’0) (48)

wlry 1) = f ARk, 7, 1) T

where
iy = [ TGP _ TG
F- = sm‘*[A‘(i/v) A+(i/v)]’ )
Z(ifv, 1, p) = gi"(Zn + 1){5}’(ir/v)Pn(y)[ﬂ‘ ;_._d"’_i_( tt)v
+ vP,,(v)m + i:], (50)
and
T (1) = =€ TG/2) 1)

4wy Al(ifvo) .
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In Eq. (47), the regular eigenfunctions occur implicitly
in the coefficients I'_ (ifv) and I'? (1{»,). Thus, from
Eq. (22) for T(k), we have

1
T(k) = f ldmusw(rs, pl (e, vy, —pu).

Therefore,
T-(ky Tk

A~ AT

! Ik, ry, —ug) Tk, ry, —u,)

= d s Hs s fso 8 . » fgo S, ,

L et p(ry s )[ e e ]

where k is a purely imaginary number (i.e., k = if»).
Now, by definition,
U, ry, —p)(A7] = [IHK, 1y, —p)/AT]
= (1/A)FIk, ryy, —pg) + inly(k, ry, ~p5)l
— (YADESIk, ry, —pg) — inly(k, 1y,
= (ATANT Uk, 1y, — )
+ ir[(A* + A)(AT ~
= ({/A*A)S(K, 1y, —py)-
We have already mentioned that ¢(k, r, u), as given
by Eq. (35), are the regular eigenfunctions of the
transport equation with continuous spectrum. Here,
Pk, 1oy —ps) =TIk, vy, —pi)
+ im[(A* + AY(AY — Ak, rys —pg)  (52)

are the regular eigenfunctions of the adjoint equation
with the same continuous spectrum. Thus, explicitly,

P>(£) s,us)A+A_¢(i 5> “.“s)-

— )]

A—)]Ié(k, s —':us)}

(53)
Similarly,
r (L) -]
Yo 4vg A'(ifvy)
1 .
X f ldl“sﬂsW(rs ] .us)?S ('f' 'y '_ﬂs) ’ (54)
- 0
where

("' s rs’,us)
Toodt

-,,f
—-11’0

is the regular discrete eigenfunction of the adjoint
equation with the point spectrum v, (ik, = ifv,being
the zero of A).

To solve the integral equation (48) for the coeffi-
cients, we shall seek the help of the reduction operator.
In the next section, we present such an operator.

enm/"olo{f‘ a- ﬂi)(l - lz)]%} (5%
o
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4. THE REDUCTION OPERATOR

Let us consider an operator 8, given by

f = lim wdr’r’K(r — 1, W
d 1-u0

x(t+ug+ =), 69

or’ o ou

where the kernel K(r — r’, u) is

K(r — ', ) = (1/w)e " "0(r — r)O(un)
— (HYwe T OE — HO(~p). (57)
Let us write the operator 6, formally, as
6 = lim KS, (58)
where .
2

is the streaming part of the transport operator.

A. Application of the Operator 6 to Interior Problems

Owing to the linearity of the operator 0, its applica-
tion to Eq. (20) gives us

Op(r, w) = Oy (r, w) + Oyolr, @) + Oy (r, p). (59)

First, consider the left-hand side of Eq. (59). Since 0
is a product of two operators [Eq. (58)], K and S, let
us apply S first. Thus,

Sy(r, 1)O(r, — 1)

]
= p(r.p)O(r, — 1) + uO(r, — r)gf’
1__ 2
—upd(ry— 1) + —E Or, - N

For u <0,
0ly(r, WO(r, — 1] = ra(rs, w).
Next consider 6y,. We have, from Eq. (16),

(60)

) = = [ ke Tﬁ"; [01(k, 7, ). (61)

(2 sin kr)/kr.

Now,
SIitk, r, p) =

Therefore, for u < 0,

KSI(k,r,p) = — gf dr'r’ e Q> — r) sm Ay ]fr

rJ-
or

KSKk, 1) = =

e1k'r e——1k1
[— R ] (62)
kL 1 4+ikp 1 —iku
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If we put Eq. (62) into Eq. (60), the result is

m f ik T8
o AR

e‘L’CT e——ikr (63)

X |- + .

[ 1+ ikpy 1-— iky]
Now, decomposing T(k) into the sum of Ty(k) and
T,(k) as before [see Eq. (25)] and following the same

procedure of integration around the cut in the upper
half £ plane, we obtain

By (r p) = ;—c i

T rors

Op(rs ) = 12 f AKKL$ (=K, o0 i) ~ 4K, 7o )]
y (zr1 T+)
A= AY
-3 f dkkle#m8(1 — iku)
T+
— &*o(1 + lk”)](_;f) +d.c.
(64)
where

ok, 1y, w) = T + ikp)?
+ in[(At + AD)/(AY — ADIS(1 + ikw)}  (65)

are the planar eigenfunctions corresponding to the
continuous k spectrum. Also, for u < 0, these eigen-
functions are regular, However, if the sign of & is
reversed, then these planar eigenfunctions become
irregular,

In Eq. (64), let us introduce the coefficients I'.
and I'? as given by Eqgs. (38) and (39), respectively.
Thus,

i dk

by =if 5
v =if "%

X [(}So(_k Tss /u) - Sb“(k: Yy, ﬂ)]r<(k)
T — T{

-4l

X [e®8(1 ~ iku) — ™01 + ikp)]

(ko) ($°(— ko, 7, 1)

— ko, 75, I (ko) (66)

where
qso(ik(]’ rs’ /") = e—mor’/(l - kl‘hu)a

is the planar discrete eigenfunction corresponding to
the point spectrum k.

One may readily show again that the second term on
the right-hand side of Eq. (66) is equal to —0y,(r, u).
Consequently, the reduced angular density given by

0<ky <1, (67)
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Eq. (59) may now be written as follows:
1 .
rs"/}(rs s /,t) = 01/’:1(7’ F‘)L d”l:(ﬁo(- ":', s Fss 4”')
of i
— =, u) D<=
#on) ()
ol (- L) - (o)
Yy Y
x T (i) 4 <0. (68)
Yo

Putting the explicit forms of the planar eigenfunctions
in Eq. (67), we re-express this equation in the standard
notation.! Thus,

(-
()

[A+(— ) - A~ )]f(m, p<o, (69
where
—rs/ Vo 73/ Vo
f) = 2#1[ Wl ( 0) (Vi - - voe+ #)
+ f lv - - (‘)
+ rp(rs, ) — Opy(r, H)] (70)
and
I, (i) = 9T, (i) a1

Equation (69) is the auxiliary equation which can be
solved for the coefficients I and I'". by the standard
technique developed for planar problems! We note
that the existence of such a solution guarantees the
completeness of the regular spherical eigenfunctions
given by Egs. (35) and (40) in the sense stated in the
following theorem.

Theorem I: “Any” function y(r, #) in the domain
—u < 1 and regular at r = 0 may be expanded in
terms of the regular spherical eigenfunctions ¢(i/»,
r, u) and ¢°(ifvy, r, ), corresponding to the contin-
uous spectrum 0 < v < 1 and the point spectrum »,.

Let us mention that this is the half-range complete-
ness of the eigenfunctions. The proof of the theorem
is demonstrated by constructing the coefficients I'_
and I'Y from Eq. (69). For further details on this we
refer the reader to Ref. 1. Here we shall merely use the
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results of such a solution in various specific boundary-
value problems. Before we do that, however, let us
complete our presentation by giving the analog of
Eq. (69) for the class of exterior problems.

B. Application of the Operator 6 to Exterior
Problems
Consider the left-hand side of Eq. (59). Forr > r,,
we have

S{p(r, WO(r — 1,)}

0
= 9(r, WO(r — 1)) + uO(r — r) a—'f
1 —ut d
+ uydr — r) + — 0 — r) 2L
r ou

For u > 0, we get
0{y(r, WO — r)} = ryp(ry, p).
In the right-hand side of Eq. (59) consider Oy,:

dk T) 1
K A(K)

(72)

By (r,p) = é—TJ; o 1 W)

For u > 0, we have

KSI(k, r, ) = K 2 sin kr

kr

2 (" ,
= f dr'e =¥ sin kr'

_l[ eikr _ e—ikf :|
kil1 + iky 1 — ikul

= %nm f dkk T

T r—r, A

eikr e—ikr
X - ] s
[1 +ikp 1 — iky

ikr
f dkk TR _ €7

Again, by changing the path of integration to a con-
tour surrounding the cut in the upper half k plane,
we cast Eq. (73) into the form given below:

Therefore,

Oy (r, u)

or
=—lim (73)
Tl r—r,

By (r, 1)

T- TV
v = 35, [ ke, v (3= - 1)
+ fj_ f dkke™ (1 + iku)
R
X H + d.c. (74)

where %k, r,, u) is the planar eigenfunction repre-
sented by Eq. (65). Now let us introduce the coeffi-
cients I'_ and I'Y defined by Egs. (50) and (51),

CASE, ZELAZNY,

AND KANAL

respectively, and put the form of 6y, given by Eq. (73)
into Eq. (59). We obtain

1 . .
rap(ry, p) = Oy, (r, p) — ZJ; vl (i) ¢°(i , rs,y)

- 2,,04,0(1,10 , rs,,u)F0> (v_l,,) (75)

where ¢%(ifv,, r,, p) is the discrete planar eigen-
function given by Eq. (67).

Let us cast Eq. (74) into a more usable form by
introducing the explicit expressions for the eigen-
functions. Thus,

2L G-
*aal () =G5 ()

= (A" — A)g(u), u>0, (76)

|~

where

ow) = i.[—vﬁr& (i
47 P,

0.

e ion =10
+ 9'/’«("’ ;u) - rs'/)(ra ’ :u):l (77)

I, (i) = pe™ /T, (ifp). (78)
In the next section, we consider some specific
interior and exterior problems.

and

5. APPLICATIONS

In the integral equation (69), we notice that, except
for the terms involving the incident distribution and
the distribution due to source(s), the rest of the
features are common to all interior problems. This is
also true for Eq. (76) for the class of exterior problems.
For this reason it is convenient to write down the most
general solutions for the corresponding coefficients and
treat just the distinguishing part separately for each
problem. Thus, for the class of interior problems, the
solution of the singular integral equation (69) is?

r- (ﬁ) T i%;_i[X*(l—ﬂ) - x-(l-—u)] par (l)

X [er,/vo X(”o) _ e—r,/vo X(_vo):l
s+ "o B ="

+f dve—tniv 2<\U?) <(l/”) X(—»)

+Jd IX+(F’)_X-(.“)
p o+ p

#<0.
(79)

X ["sfl’(rm _;u’) - 9'/’«(", _/")]}’
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The equation that determines I'% is

V2 (vl) [X(r)e" — X(—pg)eI"]
— L dvX(—v) exp (= 2r W) (i)

—L dp'{XH(w) — X~(u)]

X [rsW(rs’ _':u’) - 9'/’«(’, —/")] = 0’ (80)
1 11 arg Af(p)

——exp Lﬁd,‘___” ~ } (81)

Similarly, for the exterior problems, Eq. (76) has the
solution

W A _1_(__1_ 1
(u) 4mi\X*(n) X*(u))
210 l —Ts/ Vo X('H’o)
X {—voI‘>(%)e / _——/t -
° Bo—
x [B9(r, ) — rs'/)(rs,,u’)]}, u>0. (82)

where

X(z) =

The equation that determines I’ is
1
A0 (L)X 4 [ e ) = X0
0
X [0y (r, p) = rop(re, k)1 = 0. (83)

Let us now consider some specific problems and
determine the coefficients I'_ and 'Y explicitly. We
> >

treat the interior problems first.

A. The Albedo Problem

The albedo problem involves the determination of
neutron angular density everywhere inside the source-
free sphere [y,(r, ) = 0] with an incident distribution
given by

Pre, ) = (©7'0(u — po)y, 1 <0, g <0. (84)
Under this boundary condition, Eq. (79) for I'_
becomes

°(2) = - slecn ~ Tl ()
[ - 52
+J. dv exp (—2r,fv) —2 11<(l/1’)

1 X"(—po) — X~ (—[uo)}.
Ty “ = o

X(—v)

+ (85)
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For I'% , we have

Y reaen 2 - xoen (-]
=

— L X () = X (~uo)] = 0. (8)

—levX(— V) exp (

Equations (85) and (86) are well suited for asymp-
totic expansions of the angular density. Thus, for a
large sphere, one may neglect the integral term in Eq.
(85) involving exp (—2r,/v), and solve the equation by
iteration. In particular, in the zeroth approximation,
we have

1~1‘(;1) = Eiﬁ(F(l—ﬂ) X _(1"‘))

X(vp)

<l G
Yo Yo/ B+ %

— exp ( ) ;((: :(;)]
L AXw) — X“("/‘ﬂ)} —0 (87)
rs = Ho

and

oo (L
v (1’0)
= X (—po) = X (—pyp)]
rs[X(v,) exp (ry/ve) — X(—w,) exp (—

. (88
rs/”o)] ( )

Now, by eliminating v2I'% (1/3,) from Eq. (87), we
obtain the explicit expression for I'_. The angular
density is then readily obtained from Eq. (42).

B. Milne Problem for the Interior of a Sphere

The Milne problem involves the determination of
neutron angular density everywhere inside the sphere
with a source at the center and zero incident distri-
bution. Thus, the boundary condition is

pry, u) =0, u<O. (89)
We assume an isotropic source; i.e.,
Q(r, 2) = 4(r). (90)
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Putting this expression for Q into Eq. (10), we obtain

1 ® dkk?
_— _Ik, ’ s
8772f—ooA (k7. )

where I(k, r, p) is given by Eq. (17).

As before, we may express y, in terms of boundary
values about the branch cut in the upper half & plane
by first decomposing I(k, r, ) as shown in Eq. (45).
To avoid repetition of calculations, we merely state
the answer. Thus,

p(r, p) = Oon

i dik
ATA-

Z(k, r,
) (k, r, )

WQ(r’ :u') =
1)
4———" A k.,)z': (iky, r, ), (92)

where Z(k, r, u) and SW(ik,, r, u) are given by Egs.
(50) and (27), respectively. Put & = ify and ko = 1/7,

to get
Lo dy i
Z|- s I
fov3A+A“ (v g ,u)

D=, r ul. (93
+477sz’§ (vo r,u) ©3)

(1, 1) =

After the application of the reduction operator to Eq.
(91) for u < 0, we get

f‘ dv e
o yATA=y —
1 e_rc/vo
, <0 (94
27N vy — # 64

Oy (r, u) =

Now let us subject Eq. (79) to the boundary con-
dition (92) and insert the expression (94) for Oy, . The
result is

L (,,) - _E(X%l %) X—(l—u))
< e () [e ()
-on ()22
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1
+f dv exp (
0

_C_fl dv-
47 Jo yATA™

2. i
on (22 222

u<0. (95

From Eq. (79), we get

I (1) [exp (%)Xm) — exp ( - )X( )

c 1 dv -7
_— HNX(—»)=0. (9
47 Jo yATA™ exp( » ) (=) (96)

For a large sphere, we may neglect the integrals in

Egs. (95) and (96) involving exp (—2r,/v). Thus, in the
zeroth approximation, Eq. (96) becomes

2I10 ( ) 1 exp (_2rs) X("”o)
Y 2miN Y X(vy)
_ 1
+ 1o xP r’) f dv
Yo o YATA~

<o (3 Xe0

o7

while Eq. (95) becomes

f(i) ~ - El;i(w(l—m N X*(l—m)

+ c Yodv
A7(p + vo) Jo vATA~

)):( V)

o + vo>] (98)

Xexp(
v

These are precisely the coefficients which occur in the
half-space Milne problem,! as expected. The first
order approximation of ' and I'_ may now be
readily obtained by computing the integrals pre-
viously neglected in Eqs. (96) and (95) from the first
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iterations (97) and (98). Thus,
o ()
Yo
1 exp (—2rs) X(—vy)
2milA’ Yo X(vp)
r fl dv —rs) X(—»)
exp |[— ) ——
) o YATA~ ( v ] X(v)

sz d”exp( )X(_ )(X+()_X-1(v))

—7s 2.4 (=)
X ex _—
[mA' P ( ) (50 — (¥ + 7)
_ c Lody
dn(vy — ) Jo v ATA™

o~

c
—ex
+ e (S

X exp ( " ) ):( +v ) o + vo)] 99)
and
F(ZZ) = %m(r(l—m B X-(l—m)
_ c Vody
dm(vg — v) Jo v ATA
X exp ( " )):(_'_v)( + %)
1 (a
2riJov — p
A ( P %)
¢ ody

B dn(vy — v) Jo v ATA™

xexp( " )):(_*_v)(v +v):“ (100)

C. The Critical Problem

We mentioned earlier that, when the zeros of the
dispersion function are real (¢ > 1), the Green’s
function [Eq. (5)] is not uniquely determined. The
angular density, however, is still uniquely determined
regardless of the manner we choose to treat the singu-
larities. To illustrate this point, let us consider the
critical problem. Assuming no volume sources, the
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integral equation (20) becomes

w(r, w) = po(r, B) + p.(r, p). (101)

The dispersion function occurs only in ,, which is
given by Eq. (29). We rewrite this equation as follows:

v, 1) =8i J dkK* T, (k)1 (K, 1, 1)
T J—0

x [@i + Ad(k — k) + Agd(k — kz)],

(102)

where ¢ implies the Cauchy principal value, 4, and 4,
are some arbitrary functions of &, and &, k, are the
real zeros of A(k). Since A(—k) = A(k), =
ky = ko > 0. Also from Eq. (28), we have Tl( k)
T,(k). With this in mind, let us re-express Eq. (101) in
the following form:

v, ) = < f ark? B8 vy
87T —~a0 A

+ ¢k, 1, k), (103)
where we have omitted writing the principal value
symbol and

To(ky) = —
(ko) = 2~

k3[A Ti(ko) + AsTo(ko)] (104)

and

dlko, 7, 10)

_fl___‘lt_
—11 + ikyt

is the discrete regular eigenfunction which is of
oscillatory type in contrast to the eigenfunctions
constructed previously.

The calculation of the integral in Eq. (103) may now
be carried out in exact analogy with the interior
problems for ¢ < 1. Here we merely state the final
result. Thus,

)
0 v/ \» .

+ dlko, 7, )T (k,),  (106)
where the coefficient I'_ is given by Eq. (38), and, as
before, ¢(ifv,r, u) [see Eq. (35)] are the regular
eigenfunctions corresponding to the continuous spec-
trum.

The implication of our previous statement as to the
uniqueness of the angular density should now be
obvious. In particular, we see from Eq. (106) that the
coefficients ' and I'* are determined uniquely by the

R o(kgr[(1 — (1 — ) (105)

w(r,pu) =
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boundary conditions, and the angular density, there-
fore, does not depend on how we set up these coeffi-
cients. Equation (104) illustrates such an arbitrariness
in T,

The steps involved in obtaining the auxiliary equa-
tion for the coefficients are exactly those involved in
the interior problems for ¢ < 1. Thus, Eq. (69)
represents that equation with 6y, = 0, T replacing
I'%, and the discrete eigenfunctions by their oscilla-
tory counterpart. In fact, from Eq. (79), which repre-
sents the most general solution of Eq. (69), we have

R e )
o ()55

— exp (:ﬂ*) _X(i”?) :'
/4 + iy

+f dv exp ( . ) v<_(_l/;) X(—»)
+] dﬂ'wmw(mﬂ)}-
0 (107)

The equation that determines T is

’%Pc(,,lo) I:X(_ ivy) exp (_virs) — X(ivy) exp (l;rj)]

_ f X (=) exp (_2“)12 (1)
[ v v
~ [ a6 - X6 =) = 0. (109
The boundary condition for the critical problem is
@, p) =0, u<O0. (109)

Inserting this boundary condition into Eq. (107), we
get

F(Z:) - ﬁ(r(l—m N X-(l—u))
i) e () =
e ()23

+f dvexp( - ) (l/v)X( )}

v—p
and, from Eq. (107), we get (110)

vm(i) [ X(=pexp (32) — X(mgexp (—v:r)]

fde( v)exp( 2“)126) =0. (111)
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For a large sphere, if we neglect the integral in Eq.
(111) involving exp (—2r,/v,), we get

exp (—ir,»)X(+ivy) — X(—ivy) exp (ir,[ve) = 0,
(112)

which merely states that the asymptotic density is to
vanish at the extrapolated end point. This problem has
been extensively treated for planar geometry by the
normal mode expansion technique.+*

As a final application of the Green’s function
technique, let us consider the Milne problem for the
exterior of a black sphere.

D. Milne Problem for the Exterior of a Black Sphere

The problem under consideration involves the
determination of the neutron angular density outside
a purely absorbing sphere (black sphere). Far away
from the sphere, there is a source which supplies the
neutrons. Since the black sphere implies zero emergent
distribution, the appropriate boundary condition is

Y(re, ) =0, u>0. (113)

In calculating the angular density y,(r, u) in Eq.
(47), let us assume that a spherically symmetric
source is located at some distance R outside the black
sphere. Thus, let

o(r, Q) = (go/R)S(r — R), R>r,. (114)
Putting this source function into Eq. (10), we get

, Q) = — & Ik, r, ), (115

vdrom =p | ek m, (115)

where I(k, r, u) is given by Eq. (17).
Let us split Eq. (115) into two parts as follows:

o [[Fdkk wr
— "k, r, u)O(R —
4'n'iR,:f—oo A ek & "

+ f "Ik g, , o - R)]. (116)

p(r, ) =

Now, if we push the source to infinity (i.e., let R —
o), we see that the second integral in Eq. (116) will
make no contribution. Furthermore, in the same
limit, the modes with continuous spectrum must also
disappear. Thus, in Eq. (110), if we choose

go = R &°Ri[koN' (k)T ™, (117)
where A(ik,) = 0, and let R — o, we get
'/’q(r’ :u) = —Sb(iko: r, ,u') (l 18)

The application of the reduction operator for u > 0
to Eq. (116) gives us, in the limit R — oo and the
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same choice of ¢, as given in Eq. (117),

1 e—knr, ekon
6%(" :u) = _( -
2k\1 — kg 1+ kou

>, u>0
(119)

The coefficients ', and I'Y given by Eqgs. (82)
and (83), respectively, which solve the integral equa-
tion (47), may now be readily obtained. Thus, inserting
the boundary condition (113) and Eq. (119) into Eq.
(82), we get

() ==l xa)

2
% {vOX(’l’o) e—r,/vo[l -T, (_l_)jl
B — Y Yo

2
+ 'VOX(—”O) er,/vo}. (120)
B+ Yo

The equation that determines I'), is similarly obtained
from Eq. (82). Thus,

T2(1/r) = 1 + [X(=0)/X(»5)] exp (2r,fv). (121)
One usually writes

X(—v)/ X () = —exp (—2ryf%,), (122)
where r, is the so called extrapolation distance which
determines the distance where the asymptotic neutron
density vanishes.

APPENDIX

In the main body of this paper, we have dealt with
the media with regeneration property. In the course
of the treatment we encountered certain complicated
looking functions such as £, defined by the infinite
series (27), which are hard to relate to any classically
known functions. In this section we consider the
Green’s function for media without regeneration
property (i.e., ¢ = 0). (For a geometrical interpreta-
tion of the Green’s function for purely absorbing
media, see Ref. 1.) Here also we encounter similar
type of functions which do not seem to have classical
analogs, but their certain integrals are related to
Dirac’s delta function. Consequently, they give rise to
some interesting mathematical identities and com-
pleteness relations (half and full range). For the
planar geometry, the completeness relations are rather
trivial. However, for the sake of comparing the
hierarchy of complexity, we also present these trivial
completeness relations.
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Derivation of Identities

Let us begin with the Green’s function (for ¢ = 0)
in the form of a Fourier integral

1 eik-R
G(r, R; 1y, Q) = —— 5 - Q) | d*k —————,
( ro, £2,) Q) ( o)f 1+ k-
(AD)
where R = r — r,. The integration may be carried out

in a straightforward manner by first resolving k and
R as follows:

k=Qk-Q +k,, suchthat k, - =0,

and
R=QR-Q+R,, suchthat R, -Q =0

Then we can write
k-R=k-QR-Q +k, ‘R, .

Equation (1) then becomes

G =R -Q)~
27

xf‘”d(k-ﬂ)exp(ik-SZR-ﬂ). 1
—w 1+ ik-Q Q)

x f %, exp (ik, - R,).

Separate parts of the integrals are

1 .
2 fdzkl exp (ik, -+ R)) = &(R,)

and

1 f *© dk .- Q) CHARE . o RAGR . Q)

2n)-w1+ k-
where

OR- 2 =1, R- >0,
— 0’ R . 9 < 0. (Az)

The expression for the Green’s function now may be
written as

G =-exp(—R-Q)(R:-2)(R,)OR-Q). (A3)

This equation holds for any arbitrary values of r
and r.

Let us consider Eq. (1) again and carry out the
integration in a manner parallel to the treatment of
interior and exterior problems. Define [ as

_ 1 @k exp [ik - (r — rp)]
Qn)® f 1+ k-2 ’ (A%

and let /_ denote this integral when r < ry, and 7_
when r > r,. First consider r <ry,. Expanding

I
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exp (—ik - ry) in terms of spherical harmonics and
using the cosine formula to express k-r =7 and # -
Q = u, we get

1 3 < meimm L.
lo=5-3 % ey, (- Q)

x f KL k) L V)
Sy (1 — uB)(1 — )]

(Here we have used the decomposition of the spherical
Bessel function in terms of spherical Hankel functions
{™ and {!2) Now the distortion of the path of inte-
gration (with respect to &) to the path surrounding the
branch cut in the lower half £ plane yields

z é le—%zm:rc(z)( )

-1 ’V n=0 m=—n
X Ynm(_fo * 9) Yﬁm(”, ‘7’)
x L{rl(1 — 07" — D1}, (A6)
Since G = I6( - Q,), the comparison of Eq. (6) with

Eq. (3) gives us the first identity.
Identity 1:

(AS5)

I.=—¢™

—exp (~r) [

£33 reo(-ne()

-1 n—() m=—n
X Ynm( f - D)Y7,.( 9)
x L{ri(1l — @072 = DI
= exp (—R - )4(R)OR - Q),
r<ry, p=i-Q.
Similarly, for r > r,, we have the second .
Identity 2:

exp (r, 0,“0)

#5 5 ey

n—o Mm=—n

X Ym,.(r QY2 90
X La(rol(1 ~ @2)(1p* = D)
= exp (~R - Q)R )OR - Q),
r>ry, uo= iy QL
We remark here that Identities 1 and 2 so far are not
restricted to any geometry. Also note that the Green’s

functions G (r < rp) and G_ (r > r,) are related to
I_ and I_ , respectively, by

Gs = 8(R - Q)< . (A7)

Now if we express the delta function in Eq. (A7) in the
form

O(82 - 82) = d(us — n)¥pa — ),  (A8)
where pu, =1, -8, u, =1,+8,, and in Eq. (A3)
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write 6(R ) in cylindrical coordinate system, i.e.,

SR = r(1 —
X 8r(L = ) = ro(1 = 1ol ~ ),
(A9)
and integrate Eq. (A7) over all angles except u =
f.Q and p,=1,-Q,, we get Identities 3 and 4
corresponding to the spherical geometry.

Identity 3:

* dv ir
~tewp ([ s (e, o)

X I{rl(1 ~ @?)(1/»* — I}
= exp [—(ru — ro,uo)l
Ol =t —~ 1 — )
r(l-— ok

G(r/" - rO.uo)a

r<ry;
Identity 4:

3 exp (roste) f S‘“( s s v)

x Iofrol(1 — @I(1*) — 1D}
= exp [~(ru — ropte)]
O ey P
r(l _ 2)% G(rl'l’ rOHO)’

r > rO >
where

S, (2)( " )

= 5 i"2n + DY ‘2’( ) P.(WP.(). (A10)

n=0

A more convenient form of these identities is
obtained if we use the formula

8(x ~ x,)
L/ Gl

to re-express the right-hand sides. This gives us:
Identity 3':

—lexp (—rﬂ)f_1 % S® (%‘3 s —Hos v)
X To{r[(1 — @®)(1)»* — 1)1*}
= exp [—~(ru — roue)] 57—

of(x) =2 , f(x,)=0

2[ |
X [0 — py) + 0(u + p)1O0ru — ropy),
r<ry;
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Identity 4':

bexp (o[ 4 ST ')

X Io{rol(1 ~ @)(1/* — D)
= exp [—(rp — rou)}(r*|ul)™
X [0( — ) + 0(p + p)]O(ru — ropy),

r> g,
where '
g =1 = (3[rHA — pd).

Completeness Theorems

Let us note that the left-hand and right-hand sides
of identities (3") and (4') are two representations of
G_ and G , respectively. The half-range completeness
theorems follow from the limits of G and G_ as r
approaches r,. Specializing to various particular
values of x and g, let us first obtain a number of
useful results. Consider G first.

The right-hand side representation of G_ is

1
G. =exp[—(u — ro,uo)]rT

X [8(s + ) + 0(p — p)]O(rp — ropg)-
(Al11)
Iy >0, u>0
The argument of the ® function is positive if
# > (rofr)us. Now the first & function makes no
contribution, since its argument cannot vanish. The
second ¢ function can contribute if

=gy = {0 — (03" — 1T < (rofr)o,
(ro/r) > 1.
But then O(ru — rous) = 0. Hence,

G.=0, >0, and u>0. (Al2a)

For these values of u and wy, O (rg — reu,) = 0.
Hence, again

G.=0, >0, u<0.  (Al2b)

3 14 <0, >0

For this © = 1, 6(x + u,) makes no contribution.
Therefore, only d(x — u;) may contribute. Hence,

Ge = & TG U)o — p)), po <0, p>0.

(Al2¢)

4 1y <0, <0
Then ru — ropo = ro l@ol — rlul > 0 if

el < (rofr) |pol.
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Clearly 6(# — u,) makes no contribution. Hence, the
possible contribution may come from d(u + 4,). This
is easily seen from putting  + u, equal to zero:

ptpm=0=—lu+u

or

(] = {(r3frtyd — [ = 1E < (rofr) Lol

The last inequality shows that @(ru — rouy) =1 is

satisfied. Hence,

Ge =" ou + ), 1o <0, p<0.
(A12d)

By exactly the same argument, one may show that

G. , in the right-hand side representation (see identity
4'), can be written as

G, = eI U)o — py), e >0, >0,
(A13a)
G>=0a :u()>0a /u<03
(A13b)
Gs = [e ™o r® ud(n — w)), e <0, p >0,
(At3c)
G, =0, o <0, p<O.
(A134)

Now in Eqs. (Al2a)-(A12d) and (A13a)-(A13d) let
r — ry. Denoting this limit of Gg by Gz, we obtain the
following set of results:

G.=0, #o >0, p>0,
(Al4a)
G_ =0, e >0, pu<O,
(A14b)
G_ = (e rimd(u + o), 4o <0, p>0,
(Al4c)
G = —(roqw)o(u — ),  #<0, u<O0,
(A14d)
G, = (rowy0(u — po), e >0, p>0,
(Al15a)
G, =0, e >0, u<o0,
(A15b)
G, = (7 rg)d(u + po), o <O, u>0,
(A15¢)
G, =0, Mo <0, u<O.

(A15d)
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Let us remark here that the purpose of tabulating G
for various sets of values of u, u, (instead of using
Heavyside theta function) is that only those repre-
sentations of G_ give rise to completeness relations
which correspond to the same sign of u, u,~for
instance, Eqs. (Al4a), (Al4d), (Al5a), and (A15d).
The rest give rise to mere identities.

In the left-hand side representations of Gy we have
from identities (A3") and (A4'),

0 .
G_ = _%e—rou. d_;’ S(2) (ﬂ , —Mo, 1’)
-17 v

x Io{rol(1 — g~ — DIF}, (A16)

1 .
G+ —_ %eroﬂof ‘_l:_:_’ S(l)(l?, Uy 7)

(1 I )
X I{rol(1 — wd)(1/* — DI} (A17)

From Egs. (Al4d) and (Al5a) we may now con-
clude our half-range completeness theorems.

Theorem 1 (Half-Range Completeness): For y, < 0
and u <0,

2 0 .
"o Pais fi_v s@ Mo _ »
3 ’ MO’
2 -1 % y

X Io{rol(1 — 22 — DI} = &(u — o).

Theorem 2 (Half-Range Completeness): For puy > 0
and 4 > 0,

'd i
2. r Y ot
fropeme ) ( s My v)
o ¥ v

x Io{rol(1l — u(2 — DI} = 8(u — py)-

The full-range completeness theorems may now be
readily obtained by taking the appropriate differences
of G, and G_. Thus, subtracting (A16) from (A17),
we have (in the left-hand side representation)

1 s
G, —G_= %e""”f - Sm(ﬂ’% ”)
o 7 v
x Io{rol(l — ud)® — DI}
+ %e"'““fo é% S(z’(ﬁ s —Hg, v)
-1 v y

x Io{rl(l — pd(* — DI} (A18)

CASE, ZELAZNY, AND KANAL

This equation can be cast into a more symmetric form
by means of the following relations:

e o {rol(1 — @)% — D]}
_ Y cwfirg 2 (irg
Az (]
et Ly{rol(1 — A — DY

= lI:S‘”(ﬂ s — U, v) + S(z’(-izi’ , —ls v):] (A20)
2 » v

(A19)

Su)(_ i, _v) - s(%)(’_"o " v). (A21)
v

v
We may now rewrite Eq. (A8) in the form

1 1 . .
G+_ G— == %S“)(%”/" y)S(z)('l?’ —Ho> ’V),

-19

(A22)

In the right-hand side representations of G, and G_ we
have,from (Al5a), (Al4a) and (A15d), and (A14d),
Gy — G = (rou) "0 — po)y, o >0, p>0,

e <0, u<0.
(A23)
The full-range completeness theorems may now be

readily concluded from Egs. (A22) and (A23).

Theorem 3 (Full-Range Completeness): For any u,
Ho>

-’jfl @S(l)(f_@’”’ v)sm)(ﬂ)’ — o, v)
4 J 14 v v

dp — o)-

TV =

Theorem 4 (Full-Range Completenessy: For any pu,
1“0:
1 . .
—p2 {1_: s (ﬂ) , —a, v)g(:))('_"o \ o ,,)
v y

~1 ¥
1
= —d(u — o)
i

We note that Theorem 1 is adjoint to Theorem 2 in
the sense that they imply each other under the reflection
of u and u,. In particular, this equivalence also exists
under the interchange of 4 and u,. We may, therefore,
combine the two theorems into a symmetric form.
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Theorem 5 (Full-Range Completeness—Symmetric
form): For any u, p,,

1 . .
i (2 ) (2 )
-1 ¥ ) p
_ Su)(lﬂq, —u, v)s(z)(ﬂ \ tos v)]
v v

8 — pro)-

T -
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sponding trivial theorems for the planar geometry:
O dy .
[ 2 o~ bty = ) = o = o
Ho <0, p < 0.

1
HL %’-’ 0 — uo)d(v — p) = dp — o),

to >0, u>0.

1
Mf dv (v — up)d(v — o) = d(p — o),
1%

For the sake of comparison we present the corre- for any u, uq-
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The first-order quantum corrections to the equations of state of an almost-classical N-particle system
are calculated to all orders in the particle density by expanding the normalized Wigner distribution
function in powers of 2. In this way one avoids the expansion of the partition function, which has the
unsatisfactory property that the correction terms diverge in the thermodynamic limit. Similarly, the

first-order quantum correction to the pair distribution function is derived.

1. INTRODUCTION

A well-known concept in the quantum statistical
treatment of an N-particle system is the Wigner distri-
bution function (WDF?) f(r, p), where r and p are
the 3N-dimensional position and momentum vectors.
It is defined in such a way that the quantum statistical
ensemble average of an arbitrary operator 4 is given

by
(Agu=Tr pA/Tr p

- f alr, p)f(x, p) dr dp / f f(r, ) drdp. (1)

Here p is the density operator and a(r, p) represents
the classical quantity corresponding to the quantum
mechanical operator 4. If, in particular, the corre-
spondence between a and A is established according
to Weyl's rule (cf., e.g., Ref. 2), one finds for f(r, p)

! E. Wigner, Phys. Rev. 40, 749 (1932).
2 K. Schram and B. R. A. Nijboer, Physica 25, 733 (1959).

the expression

() = (hy f p(r — ¥, 1 + y) exp 2if'p - y) dy,
o)

where p(r,r’) is the density operator in coordinate
representation.® It will be obvious that p and f(r, p)
may be multiplied by an arbitrary temperature-depend-
ent factor.

In the case of statistical equilibrium described by a
canonical ensemble, the (unnormalized) density oper-
ator is given by

p=-exp (=pH), f=(T)y. 3
This operator satisfies the so-called Bloch equation
dp
- = — 4
% 4

3 In fact, the correspondence (2) and Weyl’s rule are equivalent,
as several authors showed independently; see, e.g., Ref. 2, Ref. 5,
and BorisLeaf, J. Math. Phys. 9, 65 (1968).



