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Space-charge-limitedSCL) flows in diodes have been an area of active research since the
pioneering work of Child and Langmuir in the early part of the last century. Indeed, the scaling of
current density with the voltage to the 3/2’s power is one of the best-known limits in the fields of
non-neutral plasma physics, accelerator physics, sheath physics, vacuum electronics, and high
power microwaves. In the past five years, there has been renewed interest in the physics and
characteristics of SCL emission in physically realizable configurations. This research has focused on
characterizing the current and current density enhancement possible from two- and
three-dimensional geometries, such as field-emitting arrays. In 1996, computational efforts led to the
development of a scaling law that described the increased current drawn due to two-dimensional
effects. Recently, this scaling has been analytically derived from first principles. In parallel efforts,
computational work has characterized the edge enhancement of the current density, leading to a
better understanding of the physics of explosive emission cathodes. In this paper, the analytic and
computational extensions to the one-dimensional Child—Langmuir law will be reviewed, the
accuracy of SCL emission algorithms will be assessed, and the experimental implications of
multidimensional SCL flows will be discussed. 2002 American Institute of Physics.
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I. INTRODUCTION seemingly simple problem of 2-D planar SCL emission re-
mains unsolved. We focus on classic SCL emission, where

an area of active research since the pioneering work of Chilt € no:hma:jl c%mpotnentlof the EIGCtm.: f'eﬁ IS forlce(il o zer? ti[
and Langmuit? in the early part of the last century. Indeed, € cathode due 1o a farge reservoir ot free electrons at the

the scaling of current density with the voltage to the 3/2,sehm|tter 39_”30?- While othgr modelj of gmlssmr& for which
power is one of the best-known limits in the fields of non- tNIS condition s not a requirement do exist, we do not con-

neutral plasma physics, accelerator physics, sheath physicdder them explicitly here. Furthermore, this paper concen-
vacuum electronics, and high power microwaves. Refinelrates only on electrostatic, single species behavior. We stress

ments to the basic scaling of current density to voltage an{@t the relatively simple formulation of electrostatic multi-
gap spacing, such as finite initial velochtyelativistic ap- dlmeq3|onal SCL flows belies the rich physics present in this
plied voltage® and quantum mechanical effettsave further  UPiquitous phenomena. o . o
increased the scope of the theory. The physics of SCL flows  The work presented herein is motivated by two distinct,
and emission appear throughout the literature of plasm&Ut related goals. First, these models are useful for accurately
physics. These theories, however, focus typically on Scisimulating a wide variety of high voltage devices. Emission
flows in one-dimension only. This paper reviews recent atalgorithms are critical to this process, and a wide variety of
tempts to extend the description to two dimensidfdwe models have been developed for this wdrk and imple-
note that analytic descriptions of two-dimensior(@+D) mented in multidimensional codes. To assess how well such
beam transport are availabteas are investigations into the algorithms work, a theoretical prediction of SCL behavior is

effect of 2-D geometrical cathode surface featdfdsyt the  needed: The second goal focuses on the practical design of
experimental cathodes in vacuum electronics, high power

Spaper K12 2, Bull. Am. Phys. Sod6, 175 (2001, microwave devices, and spacecraft thrgsters. The large cur-
binvited speaker. Present address: SAIC, Albuquerque, NM. rents(from .tens of amperes to tens of k|Ioamp§rasd cur-
“Present address: The Naval Postgraduate School, Monterey, CA. rent densitiegup to 1 kA/cn?) place harsh requirements on

Space-charge-limitedSCL) flows in diodes have been
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- with boundary conditions that the voltage dr@pexists be-
<—Ww tween cathode and anode and the cathode surface electric

field due to the space charge at the limiting current is zero.
| Finally, we close Eq(3) with the assumption that the electric

FIG. 1. Configuration of the finite-width beam in parallel-plate geometry. field on the transverse boundaries is the vacuum field. An-

Note that the problems coordinate system corresponds to the boundary coﬁiher. pption for these. boundaries i§ a !\‘eumann bpundary
ditions listed in Eq.(4). condition, although this does not significantly modify the

solution if the transverse boundaries are spatially removed
from the beam region. These boundaries conditions are given

the cathode design and material present in high voltage derpathematlcally by

vices. Advanced cathode designs are proving crucial to lim-  ¢(x,y)=0, y=0, |x|<L/2, (43
iting damage and plasma formatidras well as providing

L

high brightness, uniform bearfdor the next generations of ¢(xy)=V, y=d, [x|<L/2, (4b)
rf devices, accelerators, and spacecraft thrusters. Ap(X,y)
The classical, one-dimensional, nonrelativistic theory for T:O’ y=0; [x[<wi/2, (40)
SCL emission starts by combining energy conservation with
both continuity and Poisson’s equation in one dimension to y
give the following equation in MKS units: ¢(x,y)=v(a), X|=L72. (4d)
d?¢  J 1 So, the two-dimensional problem under consideration is an
d_yzzs_oT 1) electrostatic, elliptical, ;teady state problem_with parallel
— B(y) plate geometry and motion restricted to one dimension by a
m strong magnetic field. This isolates the fundamental, single

with boundary conditions that the voltage drdpexists be- SPecies, SC'T 7 emission value SN'thOUt geometriéal,
electromagneti¢! or transient effect&

tween the cathodey(=0) and the anodey(=d) and the The rest of the paper is organized as follows. Section I

electric field on the cathode(y=0) is zero. This last con- looks at th luti f Ea€3) and(4) under th i
dition assumes that the SCL current density is reached wheF!(0 s at the solution of Eq¢3) and(4) under the assumption-
spatially constant current density. Section Il relaxes this

the self-electric fields of the electrons shield out the appliec?

voltage. The quantitieg(y) andJ are the electrostatic po- assgmpltlon, and thte(rjeby _?escrrl]bes the n:echam;r]n fo(; pro-f
tential and the current density, respectively. Furthermore, th ucing farge current density enhancements near the edge o

quantities—e andm are the electron charge and mass whilet e emitter. Section IV assesses the experimental impact of

€ is the free space permitivity. Equatidf) yields the fa- ;[jhese.m.gh cufrrentl dgnsny regions, es([jJeSuaII)(/onﬁthe stancTard
miliar Child—Langmuir result escription of explosive emission, and Sec. V offers conclu-

sions and avenues for future research.
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TYcLTgf0 N gz (@ || SPATIALLY CONSTANT CURRENT DENSITY STRIP

showing the strong bond between current density and the We start our study of Eqg3) and(4) by assuming that
boundary data. Equatiofil) has no solution for a current the current density in Eq3) is constantfi.e., J(x)=Jg].
density greater than that specified by E2). Since the prob- Recent particle-in-cel(PIC) calculation§ have shown that
lem explicitly assumes no time dependence, the Child-the true limiting current for this case can exceed the one-
Langmuir current can be regarded as the largest current thdimensional limiting current by a significant degree. These
can be emitted without time-dependent behavior manifestingalculations used an emission method called “over-
itself. Now consider the following two-dimensional problem injection.” A current density, that is constant over the entire
where we have parallel plate geometry with gap separation strip w, is emitted into the diode. This current densitys

but only a strip of widthw emits on a cathode of length  progressively increased until a virtual cathode is observed. In
(see Fig. L The description of this problem can be formu- other words, the calculations are repeated until the greatest
lated in a similar manner by combining energy conservationgurrent is found that allows the beam to propagate without
continuity, and the Poisson equation with an assumption thaeflected particles. This current is then interpreted as the lim-
the electron motion is restricted in tlyedirection by an in- iting current as it satisfies the original expectations of Child
finite magnetic field. This last assumption simplifies the and Langmuir, namely the largest current with laminar,
mathematics so that the following system of equations can bsteady-state flow. We should stress that this case does not
written down: solve the full set of 2-D boundary conditions as no attempt is
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N bl o e Dy ition for space-charge-limited flow. Consider the electric
L &y =04 0.0 2mm: 0.01m) field on the cathode when solving the constant current den-
0.08+00 sity case as shown in Fig. 2. The electric field is reduced at
the center of the flow in keeping with the space-charge effect
being maximized at this location. We note that when virtual
cathodes form for this case, the initial reflection also occurs
at the center of the beam while the edge flow continues to the
anode without reflectioh.Experimental evidence of this is
also seen in photoemission experiments when the laser inten-
sity is sufficient to provide over-injection at the center of the
beam while the edges of the beam continue to flow
unreflected?
These issues motivate the solution to E(®. and (4)
with the full spatial nonuniformity in the emitted current
-8.0E+05 (WM\\} densityJ(x) retgined7. Equations(3)yand(4), however, have
(————'——-\ a number of mathematical and numerical difficulties. The
‘ , most obvious impediment to analytic progress is the nonlin-
02 -0.01 0 0.01 0.02 earity in Eq.(3). A less obvious difficulty is the current den-
x (m) sity is not specified. As in the one-dimensional case solved
FIG. 2. Cathode electric field for different uniform current density profiles. Py Child and Langmuir, the current density must be strongly
associated with the boundary data on the cathode in the beam
region. While an analytic solution for a spatially nonuniform
made to satisfy Eq4c) everywhere along the emitting strip. current density strip remains to be found, a numerical tech-
However, this case does have relevance to various physicalque has been developed that simultaneously determines the
emission mechanisms, such as thermionic and photoemisurrent density and the electrostatic potential consistent with
sion, where the maximum emitted current density is specifiethe boundary conditions. This numerical method is described
by conditions other than the applied voltage., when not  here.
running completely space charge limifed The solution technique is made of two separate iteration
The enhancement in constant current density that can Heops! In the first part, we solve for the electrostatic poten-
injected over a finite strip on the cathode without virtualtial consistent with a specified current densix). In this
cathode formation can be synthesized from the PIC data iiferation, we only apply the Dirichlet boundary condition
the following empirical scaling law: (i.e., the voltaggon the cathode in the beam region. We use
a standard numerical technique by discretizing the computa-
Jei(2-D) =1+ 0'3145+ 0.0004 (5) tional domain with a rectangular grid. The grid spacing need
Jeu(1-D) w/d  (w/d)? not be the same in the longitudinal direction as the trans-

for w/d as small as 0.1. Equatiofs) clearly recovers the Verse. Poisson’s equation is then solved iteratively in finite
Child—Langmuir result in the one-dimensional limitwgd  difference form on a typical five-point stencil.

goes to infinity. Lau recently derived a similar result from  The second part of the technique occurs after the solu-
first principles for the case of/d on the order of one or tion to the electrostatic potential is obtained. In this loop, we
greater where the last term in E@) is neg||g|b|eg For a nUmeriCa”y implement the second cathode bOUndary condi-
planar strip, he foundlc (2-D)/Jc (1-D)=1+ (d/w). tion where the normal electric field in the beam region is
The agreement with Eq(5) is excellent. Furthermore, he forced to zero. We force the Neumann condition by solving
extended the theory to describe other geometries, the molgratively for a current density(x) that drives the surface
important being a circular patch of radiBs In this case, the field to zero. We do this on a cell-by-cell basis where we use
scaling becomed (2-D)/Jc (1-D)=1+(d/4R). PIC cal- the cathode surface electric field information to derive a cur-
culations similar to Ref. 6 verified this scaling flfd on the ~ rent density that will drive the cell in question to zero. The
order of one and greater. Equati¢s and the analytic results algorithm for this is similar to using the one-dimensional
presented herein given valuable rules of thumb for the onsetolution to Eq(1) to find the surface electric field for a given

of virtual cathode formation in two-dimensional flows. J,”” and using a secant method to extrapolate to the current
density that drives the field to zero.

Numerically, the procedure starts with a uniform current
density with the Child—Langmuir value as an initial guess.
We then solve the restricted Poisson problem where we ob-

The issue with these approaches is that they do not allowain the potential for the gived(x) where we only apply the
the current density to be nonuniform. As noted previouslyDirichlet boundary condition for the cathode in the beam
this has the consequence that, unlike the one-dimensionatgion. This can be thought of as the inner iteration. We then
equivalent, the constant current density problem does ngierform an outer iteration to modif}(x) to drive the surface
require the cathode electric field to be zero everywhere oelectric field to zero in the cathode beam region. Hence, the
the emitting surfacé.This is clearly at odds with our intu- Neumann boundary condition is satisfied in an evolutionary
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FIG. 3. Evolution of the cathode electric field and current density profile through iterative numerical solution to the 2-D SCL emission problem.

sense, where successive results from the inner calculation aoe greater, we see a wing structure on either end while the
used to build the current density profile that drives the norintervening regions have approximately the same value as
mal electric field to zero due to the presence of the beamthe one-dimensional solution. Whewd is less than one,
The reader is referred to Ref. 7 for the full details of thehowever, the peak current density in the wing increases as
method. does the value of the current density between the wifigs.
The evolution of the cathode electric field and the cur-we interpret this phenomenon as follows: the intense space
rent density profile builds an interesting picture, shown incharge in the wing structure compensates for the absence of
Fig. 3. The current density, assumed to be uniform initially,charge beyond the emitter edge. In essence, the wing can be
grows pronounced peaks or “wings” on either side while thethought of as mimicking the space charge necessary to simu-
electric field, which is initially nonuniform and nonzero, |ate the one-dimensional condition. When we go to small
quickly evolves to a small value along the entire cathodgy/q however, there is simply not enough space charge in

surface. The convergence criterion used for the numericghe wing to force the surface electric field to zero. Thus, the
scheme is that the surface electric field is less than 5% of th@urrent density over the entire strip must increase.

vacuum value Y/d) everywhere in the cathode beam region. Despite this highly peaked structure in therrent den-

Stricter tolerances do not S|ggn|f|cantly change the currengjy the totalcurrentfor all these calculations compares well
density amplitudes or profilés. with the scaling presented in E¢p) for w/d on the order of
one! This is due to the fact that current carried in the wing
structure is negligible compared to the current carried in the
In Fig. 3, the current density profile for the convergedbulk of the beam. The 2-D peak current density, however,
solution has a universal shape when we normalize the curreggin exceed the Child—Langmuir current density by over a
density by the Child—Langmuir value and we normalize thefactor of 378 This feature can cause considerable problems
position by the gap separatio’® Qualitatively similar in experiments as the amount of damage increases due to the
wing structures have been observed experimentally in thenhanced]. Furthermore, the peak current density shows
Naval Research Laboratory’s Electra diddeln general, greater variation and does not appear to be a simple function
when the beam width to gap ratiwd is on the order of one of w and d. Indeed, the numerical methodehich show

IV. RESULTS
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weakly divergent results for very small emitting stlip;n  at the central portion of the cathoBli¢hereby reducing the
addition to the analytic results presented earlier, all breakocal emitted current density. This addresses our practical
down for smallw/d (<1), and this remains an area of active goal of advanced cathode design as these mini-Pierce struc-
research. It is critical to establish the asymptotic limits as  tures can greatly reduce nonuniformity in current density
goes to zero, especially when one considers the sharp fielgiofile for SCL flows, minimizing damage and plasma for-
emitting tips and velvet tufts currently in use in many cath-mation while easing the task of matching into beam optics
odes today. for advanced high voltage devices and applications.

We stress that unlike the planar structures that we have
discussed to this point, multidimensional effects in arrays of
smallw/d emitters, with highly peaked wing structures, canV. CONCLUSION
significantly affect the total current drawn. To illustrate how
these increased current density wings might affect total cur-
rent, we suppress emission from some portion of the catho
in two different fashions and monitor changes in the total

current” In the first method, we divide a baseline four-cm- law to higher dimensions. From simple scaling laws through

W.'de emission region into 40 separate, equql—length SUbreriumerical solutions to the governing equations, multidimen-
gions. As we systematically decrease the portion of each sub-

. ) o . ional emission is becoming better characterized. Several in-
region that is allowed to emit, little effect is seen on the total 9

. . o teresting features emerge from this analysis. First, multidi-
current emitted until nearly all of the cathode emission area . cional effects can enhance both the global current and

has been turned off. Almost 80% of the full emission areg, . " . -
. . he local current density over traditional Child—Langmuir
current can be supplied by a mere 20% of the emitting cath; Y 9

o .flows. The dominant physical quantity driving this enhance-
\(/)v(ijrf ?E) acglrl:]e ézstgfe ?(l))r'“t?e()f;:gte';?i?:iigig#réfbr:tﬁgns'%ent can be shown to be the local vacuum electric field. Due
9 P P y to the importance of the vacuum electric field, Pierce-like

second method, this effect was further examined by SUPCathode structures, even on the order of 1/100th of the gap

pressing emission fro.m only a central pqruon of thg Cat.hOdeSpacing, can significantly repress these multidimensional ef-
The nonemitting portion was gradually increased in size a:

Yects. Furthermore, because of these enhancements, signifi-

the total current was monitored. The two sets of WINGScant portions of the total current can be drawn with only a

present at the edges of the nonemitting portion cannot COMkaction of the cathode emitting. This results in a situation

pengate for the noqemitting area nearly as well as the 40 Seﬁ%ere the experimental area needed to infer the current den-
of wings a\{allable in the discrete patches case. Such an € ity from the measured current for a given cathode is virtu-
fect has direct relevance to understanding space-charggny unknown unless direct measurement Jofs possible.

ggllrtgéeemlfsjrlf(:el]:(:;?r'ce):;r;l&i\éee emlﬁilt?) r;a?{atct]gseséﬁgsem%inally, despite the advances detailed in this paper, the ana-
S : s P S V%Ric solution to the multidimensional problem is still out-

thermionic cathodes (f operating well ahove the standing. This especially impacts our understanding of small

tempe_rature—llmned regime Many S”.‘a” portlons of the _w/d emitting structures. Clearly, the asymptotic behavior as
emission surface may be completely inactive before a agnn‘wd becomes small is of critical importance since real cath-

c?nnt (i:hin?r? IS ?e\t/?dCtidbm (;bsr:r\r/ed tortneill ::ur.ir:a‘rth ?nerrr]ns— odes are dominated by extremely small cathode features
sion is being provided by numerous microsites, many suc e.g., field-emitting tips

sites could be turning off and on multiple times during the
life of a given cathode with little or no effect on the observed
total current. ACKNOWLEDGMENTS
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