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Results from three-dimensional (3-D) eleciromagnetic particle simulations of Alfvén waves
generated by an electron beam in a nonrelativistic electron—positron plasma are presented. The
results show that electrostatic modes are excited due to the beam instability. The bunches of the
nartinlas (alanterang and nacitrane) ~oticad alantractatin waune ara Aivantly inuals tha
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generation of Alfvén waves. The Alfvén waves propagate along the beam as damped solitons

accelerating the background particles. The simulation results are in good agreement with

theoretical analysis.

1. INTRODUCTION

It is widely thought that the nonlinear interaction of
Alfvén waves in electron—positron plasmas is of prime im-
portance in understanding emission processes of pulsars.
Much attention has been paid to the problems of wave
propagation in electron—positron plasmas. The wave char-
acteristics are quite different from those of electron—ion
plasmas, since the natural separation of time- and spatial
scales associated with high- and low-frequency motions no
longer exists. A number of authors have investigated the
nonlinear propagation of the waves in electron—positron
plasmas. These include Sakai and Kawata' and Mikhai-
lovskii et al.,2 who described solitary Alfvén wave propa-
gation paralleled to a constant magnetic field in relativistic
electron—positron plasmas, and Stenflo ez al.,> who derived
a set of nonlinear equations governing coupling of electro-
magnetic radiation with cold electrostatic oscillations. Oth-
ers studied such phenomena as two-dimensional (2-D) ef-
fects on Alfvén vortices in a strongly magnetized electron—
positron plasma* and instability of shear Alfvén waves
caused by current gradients.’ Most work done in the past
in this area has used theoretical analysis of Alfvén wave
propagation.

Our goal in this study is to investigate the character-
istics of the nonlinear interaction in a region which is far
from the center of the pulsar and attempt to establish a
clearer picture of the formation mechanism of Alfvén
waves by performing simulations with a three-dimensional
(3-D) electromagnetic and relativistic particle code.>® We
have found that the bunches of particles (electrons and
positrons) caused by electrostatic waves excited by the
beam instability are directly involved in the generation of
Alfvén waves. The Alfvén waves propagate along the beam
with characteristics of damped solitons further accelerating
background particles. The plan of the paper is as follows.
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In Sec. 11, we present a system model and parameters used
in the simulation. In Sec. III, we discuss the beam insta-
bility and compare it with the simulation results. In Sec.
IV, the presence of particle bunches is argued to generate
the Alfvén waves on the bases of simulation results and
linear dispersion theory analysis. The Alfvén waves are
found to propagate with damped soliton characteristics
and to accelerate particles, as explained in Sec. V. We sum-
marize our results in the last section.

Il. SIMULATION MODEL AND PARAMETERS

The code is a 3-D, fully electromagnetic and relativis-
tic particle-in-cell (PIC) code. The system size used for the
simulations is L,=L,=85A, L,=160A with two million
particles, where L,, L,, and L, are the lengths of the
system in the three dimensions and A(=1) is the grid size.
Periodic boundary conditions are used for particles and
fields in the z direction, while radiating boundary
conditions'® are used in the x and y directions. Particles
which hit the boundaries are arrested there and then redis-
tributed uniformly by having the boundaries slightly con-
ducting. This scheme is possible for electron—positron sim-
ulations because the flux to the boundaries of electrons and
positrons are comparable.

The particles are initially distributed homogeneously
in the system. The electron beam is in a column with ra-
dius, r,=4.47A, and the axis located at the center of the
domain (X, =y.,,=43) oriented along the z direction.
The plasma density inside the column is the same as the
outside one and the column is initially charge neutral.
Within the column, half of the electrons are beam elec-
trons, while the other half are background electrons so that
the beam electron density is about half of the total electron
density. The beam electron temperature, T,=0.09T,,
where T is the temperature of background electrons. Ini-
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tially only the beam electrons drift with v,=3.5v,,, where
vy is the background electron thermal velocity. Other pa-
rameters are as follows: my/my=1, To/T,=1 (T, is the
positron  temperature), (wpAf)=0.1, O/ Wpe=0.4,
B=0.11, A ,=0.469A, c/w,,=5.00, ¢/v,,=10.67, the gyro-
radius of electron and positron is p,= p,=1.17. The mag-
netic field consistent with the current density J, generated
by the beam electrons is included initially.’

lil. ELECTROSTATIC BEAM MODE

When small-amplitude electrostatic perturbations
along the magnetic field are considered, the equations of
motion for positrons and electrons in the column are to
first order

du a
mng a—;p=efloEl—£ (nlpkBTp), (1)
1 aulg 1 ad
Emno 7= -3 enOEl_B_z (n]ngTg)’ (2)
1 au”, 1 a
—2'mn0 7= —5 enoEl—E (YllkaTb), (3)

Here m, e, T, ny, kp are the mass, charge, temperature,
equilibrium density of the particles, and the Boltzmann
constant, respectively. Also, u,, n;, E; are the perturbed
velacity, density, and electric field, respectively. The sub-
scripts p, g, b refer to positrons, background electrons and
beam electrons, respectively. The factor 1/2 in Egs. (2)
and (3) comes from the fact that the densities of beam
electrons and background electrons are half of the positron
density. With the usual plane wave analysis applied to Egs.
(1)-(3), the perturbed velocities are obtained
ieEI anlprk
T T g “
ieE1 2anlngk
Y= et g )
z'eE, 2kallebk

T m(o—kvg) " mng(w—kug)

Up= (6)
Assuming that the beam electrons are streaming along the
z direction with the drift velocity v, given initially in our
system, the continuity equations for the positrons and elec-
trons are expressed as

ony, duy,

= T §=0, (7
anlg 1 c?ulg

= T g—o» (8)
anlb 1 aulb anlb

5 T3 M 7'*‘”11‘_3'2——0' (9)

Performing the usual wave analysis and solving for the

perturbed density, it yields
ni,=knoty,/o, (10)
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FIG. 1. (a) Dispersion relation of the waves excited by the beam insta-
bility, (b) Intensity of the charge density along the z direction in the
center of beam.

n1g=knoulg/2co, (11)
n1b=knou1b/2(a)——kvd). (12) 7

Relating the charge density to the electric field, one arrives
at the dispersion relation

wZ 602 0)2

It et T
'~k 2w —kzv,g) 2(w—kvg)*—2K%v;,
(13)
where v, vy, v, are the thermal velocities of positrons,
background electrons, and beam electrons, respectively.
Equation (13) is fourth order in w and can be solved for
arbitrary values of k. The frequency will generally be com-
plex (w=w,+iw;), where w;>0 corresponds to growing
solutions and ;<0 to damped solutions. With the simu-
lation parameters, v,=v,, v,=0.3v,, vg=3.50,, we can
find a branch that is unstable over a broad range of wave
numbers. The dispersion relation for this branch is shown
in Fig. 1(a). The plot of k as function of w, (the real part
of root) is the dispersion relation, while the k at the max-
imum ; associates with the most unstable wave number.
Figure 1(b) shows intensity of the charge density ob-
tained from the simulation results along the z direction.
The plot has been created by performing a 2-D Fourier
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FIG. 2. The time evolutions of electromagnetic field energies. (a) mag-
netic field energy; (b) electric field energy.

transformation (one space and one time) of the first 512
time steps. The gray scale is logarithmic in the wave inten-
sity and arbitrary. It is clear that waves are excited with
frequencies near the electron plasma frequency, and the
maximal excited wave number agrees with theoretical one.
The time history of the electric and magnetic-field energies
are shown in Fig. 2. The electric field has a sharp rise at
early times (w,t < 10), then reaches a saturation level. The
magnetic field, however, changes little at early times, then
increases after w,t=10. From these facts, we may draw
the conclusion that the electron-beam instability drives the
electrostatic waves which in turn generate electromagnetic
waves,

IV. FORMATION OF ALFVEN WAVES

Figure 3 shows the phase space z-v, for the beam elec-
trons, the background electrons and the positrons in the
column at wpt=10. The particles are bunched fundamen-
tally due to the excited electrostatic waves. The electro-
static mode is saturated because of the particle trapping in
potential wells. The bunching of the particles has disap-
peared in the z-v, phase space after w,=25. The time
evolution of the magnetic field component B, along the
beam axis is illustrated in Fig. 4. It is clear that the excited
waves are propagating along the beam direction (z direc-
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FIG. 3. The z-v, phase space distributions of particles in the column at
@,t=10. (a) The positrons; (b) the background electrons; (c¢) the beam
electrons.

tion). A spectrum of B, in (w,k) inside the beam is shown
in Fig. 5 using the same technique as for Fig. 1(b). The
phase velocity estimated from Fig. 5 is of the order of
0.28¢, where c is the light velocity. The Alfvén velocity in
an electron—positron plasma is given!! by wv,/c
=[142(w,/@,)*1"'/% or about 0.27¢ for the simulation
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FIG. 4. The time evolution of B, along the z direction in the center of
beam.
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FIG. 5. Intensity of B, as a function of w and k, along the z direction in
the center of beam.

parameters, which is nearly equal to the phase velocity.
The excited electromagnetic waves show a right-hand po-
larization, as illustrated in Fig. 6, which plots the time
history of E, vs E, obtained at the point (x=43,y=43,z
=350). Therefore, we infer that the excited electromagnetic
mode is the Alfvén mode. The simulation results do not
agree well with the amplitude ratio between the electric
and magnetic fields obtained from the linear theory owing
to nonlinear effects in the simulation. There is no evidence
that the Alfvén waves are excited before occurrence of the
bunching at the time w,, < 10. From this fact, we reach the
conclusion that the bunching of particles becomes the seed
for the formation of Alfvén waves. We will deduce this
theoretically in the next part.

The basic equations' describing the nonlinear evolu-
tion of waves in an electron—positron plasma in one-
dimensional (1-D) wave propagation along a constant
magnetic field B,; are

6x10°

FIG. 6. The time history of E, vs E, taken at the point (x=43,p==43,
z=150).
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where d/dt=3/8t+v,0/9z, subscript s denotes the species
of particles (p and e are the positrons and electrons), v, is
the z component of velocities, while the transverse compo-
nents are given by v,=vg+ivy,, B=B,+iB,, E=E,+IE,.
Now we introduce new coordinates

(17
=t (18)

With the coordinate transformation, we obtain the linear
equations for the right-hand circular polarized mode from
Eqgs. (14)-(16) as follows:

dmnge 3 1# 1 & 0. &
¢ 55 o) ;;7—?(5?- UA G5t
, &
+ 52| 8= (19)
& 3 & dv, v, v,
(%’f“ U @)vﬁ % % T
e (3B 9B by 2
e (j;‘f—UAE?‘-I- 5)— \ (20)
4 3 8v, du, av,
e Vet 7= 5=+in, ==
0zdf AIZ) T3 d oz
je (OB éB Bavz 0 ”
e (§~1’Agz-+ 3,?)— ) (21)

where w,=eBy/mc is the cyclotron frequency. On the
other hand, the left-hand circular polarized mode is ob-
tained by taking the complex conjugate. To obtain exact
dispersion relation, it requires eigenmode analysis which is
very complicated. In order to overcome this difficulty,
Wentzel-Kramers-Brillouin  (WKB)  approximation
method can be applied to derive the dispersion relation
with validity condition kLy»1, where k& and L, are the
wave number and the characteristic length. Taking
k=18w,/c as the excited wave number at the region
where the Alfvén waves are strongly excited and L,=5.7A
as the scale length of bunches in the simulation, the above
value kL is about 2 which roughly satisfies the condition.
The same dispersion relation for both R mode and L mode
is given by

(K2 + 20, ~ (0+0aK) ] (@ + vak +ia)?
— [P — (w+vpk)?] =0, (22)

where a=3dv,/3Z. In the above dispersion relation, there
are two modes: high-frequency electromagnetic waves and

Zhao et al.



500}

F(v)

2501

——
300 (b)

200

Fv)

0 -8 6 -4

@ T

600

F(v)

400

)

i

N
o
N -
ES
o]
@

-0 -8 -6 -4 10

VilVyg

FIG. 7. The velocity distributions of particles in the column along the z
direction at =0 (dashed line) and w,t=20 (full line). (a) The posi-
trons; (b) the background electrons; (c) the beam electrons.

low-frequency Alfvén waves. In the region of the Alfvén
waves, substituting v =w,+iw; and solving the Eq. (22), it
yields

o= —a(k’c-202,) / (3?4 202+ 0?). (23)

The condition dv,/9z<0, w,;>0 correspond to a growing
unstable mode. The simulation results show that particles
are bunched along the z direction, accelerated and decel-
erated, which means that dv,/dz generally is not equal to
zero, and that region exists where waves should be gener-
ated. We approximately estimate w;= —a in the limit of
(kc/wpe)2<1. The growth time is of the order of 4(1)‘,_@1
consistent well with the simulation results. So it infers that
the Alfvén waves are excited due to occurrence of the
bunches.

V. PARTICLE ACCELERATION BY SOLITARY
ALFVEN WAVES

Sakai and Kawata' and Mikhailovski er al? pointed
out that the modified Kortweg—de Vries equation which is
used to describe the characteristics of Alfvén waves has a
soliton solution in electron—positron plasmas. The w-k
spectrum shown in Fig. 5 is remarkably similar to the spec-
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trum of damped solitary waves propagating with the same
velocity, as found in the simulation. From this fact, we
conclude that the Alfvén waves excited from the strong
bunching regions propagate as damped solitary waves. Fig-
ure 7 plots the velocity distributions of background elec-
trons, positrons, and beam electrons at =0 (dashed line)
and ¢=20w, (full line). The background electrons and
positrons are accelerated by the beam mode before excita-
tion of the Alfvén waves (see Fig. 3). When the beam
mode becomes saturated, the particles continue to be ac-
celerated by the Alfvén waves. The acceleration is re-
strained after disappearance of the waves. The beam elec-
trons are mostly decelerated during all these procedures.

In order to interpret the acceleration mechanism, we
investigate the motion of a test particle (electron and pos-
itron) in perpendicular components of electric and mag-
netic fields of Alfvén waves propagating along the z direc-
tion. Our simulation results show that the magnetic
component in the x direction is dominant compared with
the one in the y direction. We assume magnetic field
B=(B,,0,B,) and electric field E= (0,E,,E;), where E,
associates with the saturated electrostatic component. As
the damped solitary waves are found to be excited, B, is
given by the soliton solution, Bx=e"‘"/c0sh[(z—vpt)//1].
From Maxwell equations, it is easy to calculate E,
= — ae”“A arc(sin{tanh[(z — v,t)/A]})—v,e”® cosh[(z
—,t)/A]. Normalized equations for the test particle are
given as follows:

dz 1
Z=vtgwpe Pz (24)
d X ce

T (25)

7=5p—e (yB)»

P,/ mv,

FIG. 8. The time evolutions of the test electron momentum in the z
direction for one soliton (dashed line) and eight solitons (full line) prop-
agating with the same initial conditions as p,=p,=p,=0, z=88.
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FIG. 9. The momenta in the z direction at w,t=50 for different initial
positions of the particle with the same initial momenta as p,=p,=p,=0.
(a) The positron; (b) the electron.
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a = Bty (PeBx—piBa), (26)
dp, @ | g
U oy B, PP er

where p is the momentum of the particle. Time, z, p, B, E
are normalized by w,’, A, mvy,, By, BoA/w,, respec-
tively. The numerical results show that the particle can be
accelerated along the beam direction and oscillates in the
perpendicular directions with nearly same characteristics
for both electron and positron. Figure 8 shows of the time
evolutions of the electron momentum in the z direction for
one soliton and eight solitons propagating with the same
parameters as used in the particle simulation. It is clear
that many solitons, which are found propagating simulta-
neously in the particle simulation results, are able to accel-
erate the particles up to the energy level obtained in the
simulation. Figure 9 illustrates how the acceleration de-
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pends on initial positions with the same initial momenta
P,=P,=P,=0. The final energies agree quite well with the
simulation results shown in Fig. 7. Based on the results of
particle simulation and test particle calculation, we con-
clude that the Alfvén waves are important energy con-
verted from the electron beam to accelerate the back-
ground particles.

Vi, CONCLUSION

We have presented results of electrostatic waves driven
by the beam instability and the formation of Alfvén waves
from a 3-D EM particle simulation of an electron—positron
plasma. It has been found that the beam instability creates
particle bunching in the plasma. The simulation results
have shown that particle bunching appears prior to the
excitation of Alfvén waves, and a theoretical analysis has
shown that Alfvén waves are generated by these bunches.
The Alfvén waves excited from the strong bunching re-
gions propagate as damped solitons and accelerate the
background electrons and positrons.
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