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Noise analysis and optimization of a charge transformer, a noise-matching
device for single electron transistors
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Operation and noise analysis of a recently proposed noise-matching device, called a charge
transformer, are presented. The charge transformer considsdentical capacitors andNs+ 1
switches that enable the capacitors to be connected either in series or in parallel. The device is
operated by switching back and forth between these two configurations at speeds faster than the
signals that will be measured. We show that an ideal charge transformer can achieve perfect noise
matching between any single-electron transistor and a high capacitance device that is under test. We
also discuss how a realistic charge transformer made using switches with finite capacitance and
resistance should be operated to achieve optimum noise performanc08®American Institute

of Physics. [DOI: 10.1063/1.1544412

I. INTRODUCTION where high-voltage step-up ratios are needed. We argue that
i ) in situations where parasitic capacitances are significant, a
The single electron transistdBET) has emerged as @ petter approach for noise matching is to use multiple charge
promising device after the discovery of the Coulomb block-yansformers with fewer capacitors and cascade them to
ade phenomenon arising from discreteness of charbat  cpieve the required voltage step-up ratio. We also discuss
present, when used with low-capacitance devices, the chargfe intrinsic noise that is generated by the operation of a
sensitivity of SET's is superior to all other electrometers, ;,arge transformer. The dominant noise source is expected to
making them essential in applications such as in readout Cityrige from the unevenness of charge distribution between dif-
cuitry of charge quantum bits and other metrological antgrent capacitors during the operation of the charge trans-
detector applications where low-noise - performance igormer, The magnitude of the noise power is found to be
n_eedecf.‘ However, when used with high capacitance de-j,ersely proportional to the frequency at which the switches
vices, the noise performance is suppressed due {0 a capagk ihe charge transformer are operated. We believe a charge
tance mismatch problem. The problem is more severe fofanstormer or a cascade of charge transformers operating at
SET's that operate at higher temperatures, since such SETifqh frequencies with realistic semiconductor switches can

must have smaller input capacitances. In principle, this probpe integrated with SET's and provide significant noise reduc-
lem can be solved using a charge transformer, a recently

; , , on in high-capacitance applications.

proposed noise-matching device. A charge transformer con-

sists of multiple capacitors, that are switched back and forth

between parallel and series configurations. The charge trang- CAPACITANCE MATCHING

former steps up the input voltage by a factor equal to the )

number of capacitors used. A prototype charge transformer ~Electrometers are typically used to measure charges on

with four capacitors has recently been demonstrated usingigh impedance devices or detectors. To illustrate the impor-

the GaAs/AlGaAs heterostructure systérAt present, a tance of capacitance matching in an electrometer circuit, we

charge transformer has not been used with a SET, and imyvill represent the input of the electrometer and the device

proved noise performance has not yet been experimentallynder test by capacitoGg andCp , respectively, and define

demonstrated. the total charge that is generated in the detector, which needs
In this article, we discuss fundamental and practical isi0 be measured by the electrometer(g. For example,

sues that are relevant to the operation of a charge transformi} & reverse biasep—n diode detectorQr would be

with a low-capacitance electrometer. In the next Sec. II, wedqual to the electron—hole pairs generated by the incident

introduce the problem of capacitance mismatch for a generdi@ht. If we connect the detector directly to the electrometer,
electrometer application and then, in Sec. Ill, discuss thdhe total charge would split between the electrometer and the

operation of a charge transformer in the context of this misdetector as follows:
match problem. We show that an ideal charge transformer

with the right number of capacitors can achieve perfect noise QD:ﬁQTotall (1)
matching between any low-capacitance electrometer and a b E

high-capacitance detector. We analyze a charge transformer _ Ce Q )
with parasitic capacitances, which can degrade the perfor- 5 Cp+Cg v

mance of a real charge transformer, especially in applicationgnere Qp and Q¢ are the charge on the detector and the

electrometer, respectively. The total energy that is coupled to
3E|ectronic mail: kurdak@umich.edu the electrometer is
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which has a maximum whe@g=Cp . Thus, if the electrom-
eter used is matched to the detector under test a maximum - A g .
power of Ug ma=Q%/8Cp Wil be coupled to the elec- i _l_C LM Me /—_|_C N \c\\
trometer. On the other hand, if the input capacitance of the : D: : T_Il )/ : :== E :>
electrometer is much smaller than the detector capacitance | T | I | / .
(Ce<Cp), there is a severe mismatch problem and avery L--! L -1 T (C)
small fraction of the energy would be coupled to the elec- Detector Charge Transformer Electrometer
trometer.

L FIG. 2. Different capacitor configurations of a charge transformer during its
Even thoth the energy sensitivity of SET elGCtromeu:*'r%peration:(a) The configuration where the charge transformer is connected

can be made close to the quantum limithgfbecause of this to the detector and all the capacitors are connected in parélelThe

matching problem, it has not yet been advantageous to uggnfiguration where the charge transformer is neither connected to the elec-
) e ; ; _trometer nor the detector and all the capacitors are disconnected from each

SET's for 'ampllfylng ;lgnals fr,om real macros.coplc detec other.(c) The configuration where the charge transformer is connected to the

tors. In prmmple, multiple SET'’s can b_e used in Para”e_l tO electrometer and all the capacitors are connected in series.

solve this problem. Unfortunately, this is not practical, since

the operation of multiple real SET’s in parallel would require

an individual feedback circuit for each SET to compensate

the effects of offset charges that are present near the actiitector to the charge transformer and the electrometer. At a

region of the SET'S. The charge transformer that we will 9iven instant, the state of our system can be described by

discuss in detail next presents a solution to this mismatcfiree parameters; the charges on the detector, charge trans-
problem. former, and the electrometer. If we assume that no additional

charge will be generated in the detector during the cyclic
operation of the charge transformer, we can write a charge

Ill. CHARGE TRANSFORMER AS A CAPACITANCE conservation equation

MATCHING DEVICE
A. Operation of an ideal charge transformer Qtota= Qo+ NQ+NQe, )

The goal of the charge transformer is to effectively WhereQ is the charge on each capacitor of the charge trans-
couple the energy from a high-capacitance detector to a lowformer. Note that the last term N Qg instead ofQg, be-
capacitance electrometer. A schematic diagram of a recent§ause the electrometer charges at the expenisecapacitors
proposed charge transformer circuit consistinglaflentical  discharging as shown in Fig(@. After many cyclic opera-
capacitors of capacitanc@and 3N+ 1 switches is shown in tions, the circuit will reach a steady state where the voltage
Fig. 17 The switches enable the capacitors to be connected iAcross an individual capacitor of the charge transformer will
parallel or in series. In operation, the charge transformer wilPe equal to the voltage across the detector and\ liienes
be placed between the electrometer and device under test afighaller than that of the electrometer;
the configuration of the switches will be controlled in cyclic

manner as shown in Fig. 2. N andC are chosen such that %: 9 (5)

in parallel and series configurations the equivalent capaci- p C

tance of the charge transformer is close to that of the detector ~Q Qg

under test and the electrometer, respectively, the goal of ef- Cc C_E 6)

fective energy transfer from the detector to the electrometer

can be achieved. By solving Egs.(4), (5), and(6), we find the charge on the
To quantify how effectively the energy can be trans-€lectrometer at steady state is

ferred from the detector to the electrometer using the charge Q

transformer, let us start with an initial condition where only ~ Qg= c TOS' ) (7)

the detector is charged with a charge @f.,. Once the (_D+ —+N)

cyclic operation starts some of the charge will move from the NCe Cg
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The charge on the electrometer has a maximum value when S ——
N=Cp/Cg. Thus, the total energy that can be transferred
to the electrometer using a charge transformer with optimum 10°
number of capacitors is
2 2 {10’
U _ QTotaI( 1 ) (8) o ]
T 8Cp | 1+Cr2(CpCe/ %" :
The equation suggests that a low-capacitance electrometer ? f
used with an optimum charge transformer wiks \/CpCg E 10 %
can access the energy of a high-capacitance detector withan & E
efficiency close to that of an electrometer with matched ca- g1

pacitance.

It is also instructive to do the transient analysis of this
problem for a charge transformer with an optimum number
of capacitors. Let us represent the state of the circuit after
cycles byQp , Qn, andQg ,, which are the charges on
the detector, charge transformer, and the electrometer, re-
spectively. Following through the evolution of the charges
through a single operation cycle of the charge transformer, Charge Transformer Capacitance
we get the following recursion relationship:

FIG. 3. Energy transferred to the electrometer by the charge transformer and

Q @ aN 0 the charge transfer time vs charge transformer capacitance. The transferred
D.n+1 op energy, the transfer time, and the charge transformer capacitance are nor-
Qnsr | o (21— a)2/NOp (1-a)? (1—-a) malized with respect t®32,,./8Cp , To, and/CpCg, respectively.
QE n+1 a’(l_a’)/Nop a(l-a) @
B. Charge transformer with real switches
Qo .
" So far, we have assumed that the charge transformer is
x| Qn , (99  made using ideal switches. However, in a real implementa-
Qe n tion, the switches will have finite parasitic capacitances,

which can significantly degrade the operation of a charge
wherea=1/(1+ C/+/CoCg) and Nop= JCo/Ce. If we start  transformer. In the operation cycle of the charge transformer,
with an initial condition of where only the detector is the effect of the switches is most pronounced when the ca-
charged with a charge ®ro., We get pacitors are connected in series with the electrometer as
shown in Fig. Zc). In this series configuration, the equiva-
lent circuits of an ideal charge transformer and one with
parasitic capacitances are shown in Fig. 4. In the ideal cir-
o cuit, the equivalent capacitance seen by the electrometer is
In the limit asn—<, the electrometer charge approaches C/N, and the output voltage of the charge transformeN is
times that of the input voltage. This step-up ratio is degraded
Qf nw= Qtota , (12) by parasitic capacitance. The problem is most severe for
’ Nog(2+C/VCpCe) charge transformers with a large number of capacitors. In the
limit when N is infinite, the equivalent capacitance seen by
the electrometer is

To J4C,C+C2-C?
T= ) 12 _ p PP __
2 In(1+C/CpCp) 12 Ceq= > ~\CyC, (13

whereT, is the period of the charge transformer operationwhere C,, is the parasitic capacitance of the switches. The
cycle. Note that the asymptotic result for the electrometemaximum step-up ratio allowed with parasitic capacitances
charge given in Eq(11) is consistent with the steady-state is |C/C,,.

result given in Eq.7). The energy transferred to the elec- To illustrate the severity of this problem, let us consider
trometer and the charge transfer time are plotted as a fun@n example where we need to noise match a detector with a
tion of C in Fig. 3. The charge transfer time is defined as theCy =1 nF to an electrometer witlCg=1 fF. Ideally, the
maximum ofrandT,. This analysis indicates that, in choos- noise matching can be accomplished with a charge trans-
ing C, there is a compromise between a fast electrometeformer with 1000 capacitors each with a capacitance of 1 pF
response and a high-energy transfer to the electrometer. Bo#ts shown in Fig &). In this example, if the switches have

a fast electrometer response and an efficient energy transfparasitic capacitance of approximately 1 aF or larger, the
can be achieved using a charge transformer w@h step-up ratio and thus the noise matching of the charge trans-
~CpCk. former would be significantly degraded. Semiconductor

B a(l—a®")

Qkg, n—m Total (10

with a time constant
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FIG. 4. The equivalent circuits of a charge transformer when connected to (b) T T
an electrometer without and with parasitic capacitances. For ldrgbe )

equivalent capacitance seen by the electrometer in these two circuits are ) ) . . . S
C/N and m respectively. FIG. 6. (a) Diagram showing the cyclic operation of a simple circuit con-

sisting of two identical capacitors and a single switdh).The noise equiva-
lent diagram of such a circuit where the switch is replaced by a resistor.

switches, even the small ones made by state-of-the-art
electron-beam lithography techniques, have parasitic capa
tances typically much larger than 1 aF. This places a serio
constraint on the maximum step-up ratio that one ca
achieve using a single charge transformer. Alternatively, we
can accomplish the same task of noise matching using mul- )
tiple charge transformers that are operated in a cascade cof- Charge transformer noise

figuration. This approach is less vulnerable to parasitic ef- The operation of a charge transformer is very different
fects as there are fewer switches and capacitors needed fi@m that of other noise matching devices, such as supercon-
achieve the same voltage step-up ratio. For instance, to getducting flux transformers used with superconducting quan-
step-up ratio of 1000, we can use three charge transformetgm interference devices or conventional transformers that
each with ten capacitors as shown in Figh)5 Capacitance operate on the basis of magnetic induction used with semi-
matching can be achieved using capacitance values of 10nductor amplifiers. The noise properties of a charge trans-
pF, 1 pF, and 10 fF with parasitic switch capacitances that arformer have not been studied experimentally or theoretically
smaller than 1 pF, 10 fF, and 100 aF for the first, second, angefore. We will discuss noise mechanisms that are unique to
third charge transformers, respectively. Note that the restricthe operation of the charge transformer.

tions on parasitic capacitances are relaxed by a factor of 100 The primary noise arises from the fact that charge trans-
using this approach. Furthermore, cascade operation has gtmer splits a finite amount of charge between different ca-
pacitors, which cannot be done evenly when few electrons
are involved. To illustrate the physical origin of this noise, let

Cdditional advantage in that it reduces the number of com-
onents needed to achieve capacitance matching. In this ex-
mple, one can use 30 capacitors instead of 1000.

N = 1000 us start with a simple circuit consisting of two identical ca-
T 8;11"3; pacitors and a single switch. Let us assume the total charge
Co=1 oF on these two capacitors 31 and the switch is opened and
(a) charge transformer Ce=11F closed with a period oT; causing the capacitors to go from
one configuration to another in a cyclic manner as shown in
Fig. 6(@). Note that at a given instant when the switch is
== C 2 100 pH Ez}%F Sz}gm open, the charge on one of the capacitors is not necessarily
Cpe<l pF Cp<<10 fF Cp<<100 aF equal toQ+/2. There are two sources of noise in partitioning
Co=1 nF R ot F the; ch_arge between_the two capacitors. The firsft source of
(b) ° arge transtormers noise is due to the discrete nature of charge and it is easy to

understand; if the total number of electrons on the two ca-
FIG. 5. (a) Block diagram of a noise matching application where a single pacitors is odd, the charge cannot be split evenly, since each
charge transformer is placed betwes 1 nFdetector ad a 1 fFelectrom- capacitor must have an integer number of electrons. This

eter. This application requires a voltage step-up ratio of 1000. If a charg? d h ise/Df h
transformer withN= 1000 andC=1 pF were to be used, the parasitic ca- eads to a root-mean-square charge noise/2fon each ca-

pacitances of the switches must be less that 1 aF to achieve this(goal. pacitor for an odd number of total electrons.
Block diagram of an alternative approach for the same noise matching ap- The second source of noise is due to thermal fluctua-

plication where three charge transformers are used. Each charge transfor :
provides a step-up ratio of 10 leading to a step-up ratio of 1000 for thr;ﬁéns' To understand why the thermal fluctuations play a role

cascade operation. Since fewer capacitors are needed, the constraint for th this pr_oblem, we mUSt look at what is hap_p(_ening to t_he
maximum allowable switch capacitance is significantly relaxed. charges in the switching process. Of course, it is unphysical
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to assume that the switch can go from the zero resistanc®_(t) Qg (t+ 7o) — QZ s

state(closed to the infinite resistance stafeper instanta-

neously. Instead, to simulate the process of opening of a (3€%+ CekT)(1—| 70|/ Tg) for || <T,
switch, let us replace the switch with a resistor as shown in =
Fig. 6(b) and allow the resistance to increase as a function of
time gradually. At a given instant, the circuit can be repre-

sented by a resistdR and two capacitors all connected in Th . iral densitv for the elect ter ch
series. At this instant, the noise power spectrum of the resis- € noise power spectral density for the electrometer charge

tor is given by the Nyquist formuley,_= 4k TR, wherek is ;:;{;\E)v?nczailrfga:z? from the autocorrelation function using the
the Boltzmann constant anflis the temperature. The for- g g

mula is, of course, only meaningful R is varying slowly.
Using the noise equivalent circuit shown in Fighg we
calculate the noise power spectral function for the voltage
across the capacitor

Soul )= | (QeDQE(TT 7 - Q2 _sgcos2mtm)dr,

1, 1-coq27fTy)
1 1 = Ze +CgkT W (29
fl=z| ———— . (14 ™ 0

SvelD=3 1+(wfRC)? S
The mean square voltage noise can be calculated by integrait low frequenciesf <1/T,, the charge noise as seen by the
ing the noise spectral function electrometer, due to the charge transformer is white with an

. KT noise amplitude OSQE~ (e?+4CgkT)T,/8. For a SET elec-
V(Z:: fo Svc(f)df: < (15 trometer, the thermal noise term must be small in comparison

to the first term, since SET'’s are operated at low tempera-

The magnitude of the voltage fluctuations we get from thisturéS where the charging energy is smaller than thermal
calculation is consistent with what one expects from the qunergy? Thus, for a SET elgctrometer mteg_rated with a.
uipartition theorem. charge transformer, the dominant charge noise source will

Note that, at some point in time, as we are opening théS€ from the discreteness of char‘@gﬁeZTO/S. Note that
switch, the approximation th& is varying very slowly must this noise is not related to shot noise observed in various
break down. This must happen when fR€ time constant electronic devices which also results from the discreteness of
becomes comparable to the operating peflgd So forR  charge.
>T,/C, we can call the switch open. When the switch is ~ The charge transformer noise can be minimized by op-
opened, the capacitor charge will be nonzero and this chargating the charge transformer at high frequencies. Semicon-
must be represented by a random variable with a varianc@uctor switches can be operated at microwave frequencies. A
given by equipartition theorem. realistic charge transformer with a period of operatibn

The charge on an electrometer connected to a charge 1 ns would have a charge noiSy_~1.2x10 ‘%% Hz,
transformer will exhibit noise similar to the capacitor in the which can be comparable to the intrinsic noise of a SET.
single switch circuit discussed herein. Noise arising from
both the discrete nature of charges as well as thermal fluc-
tuations must be included. We can express charge fluctua-
tions on the electrometer in the time domain by

IV. CONCLUSIONS

QE(t)_QE_SSJr% Qenti(t=mTo), (16) We discussed the operation and noise analysis of a
. charge transformer in noise matching applications for low-
Whe”.aQE*SS Is the st_eady-state cha_rge on the ele_CtromEtercapacitance electrometers. We show, when the switches are
Qem iS a random yanable representing charge noise we gef&eal, a charge transformer with the right number of capaci-
on the mth operat|on_cycle_ of the charge transformer, and‘[ors can achieve perfect noise matching between any low-
u(t) is a pulse function with a value equal to 1 quG) capacitance electrometer and a high-capacitance detector. If
<To and 0 elsewhere. In the worst case scenario, Wheﬂwe switches are not ideal, i.e., if the switches have finite

Qe-ssis a half integer, the variance of the random charge I%:apacitance and resistance, the noise performance can be sig-

nificantly degraded. We anticipate a particularly serious
QelQem= Ze2+ CekT |6 m, (170 problem in real applications where high-voltage step-up ra-
tios are needed. We show that in such cases, it is much better
where both sources of noise are included and the Kroneckéo use multiple charge transformers with fewer capacitors
delta, 8, ,, is used since the charge noise between differenind cascade them to achieve the required voltage step-up
operation cycles of the charge transformer is not expected tmtio. We also show that the charge transformer would intro-
be correlated. The corresponding autocorrelation function foduce an intrinsic noise due to charge splitting. This noise,

the electrometer charge noise can be represented by the falhich is unique to a charge transformer, can be suppressed
lowing piece-wise function by operating the charge transformer at high frequencies. SET
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