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Diagonal and off-diagonal matrix elements of the Green’s functions for a face centered orthorhombic
lattice are presented in terms of integrals of complete elliptic integrals of the first and third kind. These
Green’s functions are also applicable to structures like that of the benzene crystal (space group D},

interchange symmetry D,).

I. INTRODUCTION

Lattice Green’s functions proved to be a powerful tool
in the determination of impurity states in crystals.
Considerable difficulties have been encountered in
numerical calculations even for simple types of Green’s
function matrix elements. ! Analytical expressions
simplify the calculation of the Green’s function matrix
element, however these analytical expressions are only
available for the simplest type crystal energy disper-
sion relations. Extensive use has been made of the com-
plete elliptic integral of the first kind for the derivation
of the diagonal matrix elements of the Green’s function
of square and rectangular lattices, >3 Green’s function
diagonal and off-diagonal matrix elements were given
in terms of complete elliptic integrals of the first,
second, and third kind by Hoshen and Jortner? for
square lattices for the energy dispersion relation
2p cos(x) +4q cos(x/2) cos(y/2), where p and g are in-
termolecular interaction parameters. Diagonal matrix
elements of Green’s functions for the three-dimensional
cubic lattice can also be expressed in terms of integrals
of complete elliptic integrals of the first kind. ® Expres-
sions for the Green’s functions of products of complete
elliptic integrals are available for fcc and bec lat-
tices, * Horiguchi, Yamazuki, and Morita® derived
Green’s function expressions for orthorhombic lattices
in terms of complete elliptic integrals of the first kind.
In Sec. II of this paper diagonal and off-diagonal
matrix elements of the Green’s function for face cen-
tered orthorhombic lattices will be presented. These
matrix elements will be given in terms of integrals
of complete elliptic integrals of the first and third kind.
The expression derived in Sec. II will be applied in Sec.
III for a numerical calculation of the Green’s function
matrix elements for some dispersion relations,

It should be noted that the lattice Green’s function
for the face centered orthorhombic Green’s functions
derived in this paper can be applied to benzene crystals
belonging to the Di2 space group which contains four
molecules per unit cell, The application of these
Green’s functions for isotopic impurity clusters in the
benzene crystal will be given elsewhere. ’

Il. DERIVATIONS OF THE GREEN’S FUNCTIONS
MATRIX ELEMENTS

In this section, expressions will be derived for the
diagonal and three off-diagonal matrix elements of the
Green’s function for face centered orthorhombic crys-
tals, The off-diagonal matrix elements correspond to
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the three nearest face centered neighbor molecules. The
energy dispersion relation for this system is

h{x,v,2)=4Acosx cosy + 4B cosy cosz +4C cosz cosx,
(1)
where
-r<zsT,

-rT<xsg, -wv<ysnm,

A, B, C are the interaction parameters between a

molecule at the origin and the three face centered
molecules, respectively.

The four Green’s function matrix elements are given
by

f)= 35 -,,zdyI "Zf e ®
®/2
&(E)= Zl-sf/ dyexr)(zy)f dz L E—"P—-hﬁj";‘f")
®)

R e "
GB)= 55 j:,/z o) [ asome) [ iy,

4)

(5)

It should be noted that the integration limits over the
y variable can be changed. Thus the following expres-
sion would hold for Egs. (2)—(5):

2[opdy [1dz [1axF,y,2)= [ dv [ dz [ axFix,y,2),

(6)

where F(x,v,z) represents the integrands in Eq. (2)~
(5).

Equation (2)—(5) can be recast in the following form:

:Trzf dy f dzIy(y, z), (7)

g1(E)== £ dycosyfo-dzli(y,Z), (8)
2 r/2 4

gZ(E):Ff dy cosy f dz coszly(y, z), 9)
0 0

9 /2 r
ga(E)zﬂ—zj; dy f dz coszl(v, 2), 9"
9

Copyright © 1976 American Institute of Physics 2067



TABLE I. Setting signs for A, B, and C.

Setting signs for:

Given B, C* A B c
B>0, Cc>0 A B C
B>0, C<0 —-A B -C
B<o, C>0 ~A -B C
B<0, C<0 A —-B -C

*The sign of A can be either positive or negative.

where
I(v,2)
B Lf' dx exp(inx)
~onJ., E~4(Acosxcosy+ Bcosycosz +C cosx cosz)’
(10)
and n=0,1,

The integral I, can be easily evaluated by a complex
contour integration. When the density of state function
for the energy dispersion Eq. (1) is nonzero, I,(y,z)
should be treated as a special case. In this case E is
substituted by E — ¢, where ¢ is a2 small positive num-
ber, ¢ is set to zero when the limit of 7,(v, z) is taken,

Substituting # = exp(ix) in Eq. (10) and integrating
over the unit circle in the complex # plane we obtain

L(y,e)=tim L § el 1)
where

x =4(Acosy + C cosz),

1 =4B cosy cosz,
1,(v, z) has a real value for

(E-pny=y (12)
and is given by

L(v,2)= &/ o, (13)
where

¢=1 and wu,=u" for E>yu,

E=— and u,=u" for E <y,

A’ is given by

A':lin;[(E— ie = )= )12 (14)
u* are represented by:

ut=lim ol pE A7 (15)

€ =+ X

It should be noted that for the case represented by Eq.
(12) it is immaterial whether the limits are taken before
or after the integration of Eq. {11), since we deal with
two poles, neither one of which is located on the unit
circle for e = +0,
The situation is different for
(E—p)* <y (16)

The two roots u* lie on the unit circle for which e —~ +0,
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so that the limit is determined after the residues of
Eq. (11) are calculated. The limiting process is de-
scribed in Appendix A. The complex integral I(y, z)
is given for this case by:

Lv,z)=tu"/a,

where £¢=-1, and #* and A are given by Egs, (15)
and (14), respectively. Hence for the complex /,, ¢ is
independent of v and z.

amn

At this point it becomes necessary to assume certain
relationships between the interaction parameters, A,
B, and C, Without loss of generality we can assume
[Cl>1B| > |Al. This can be done because the disper-
sion relation (1) is symmetrical with respect to x, v,
and z, In addition, we may assume that C>0 and B> 0.
When B or C (or both) are negative they can be set
positive according to Table I. This setting leaves the
Green’s functions invariant.

Equations (7)—(10) can be recast in the form

B fr/Z f gdz
- A, ’
_2 | EE
= 2J; dvcosxf XA'
—f dv cosy dz
¥ cosy b 4{Acosy + Ccosz)

9 [11‘/2
== dy cosy f
L 0 0

(18)

£1(E)

g(E —4Bcosycosz)dz
4(Acosy + Ccosz)a’ '’

(19)
=2 [ dyeos f Leosecz (20)
0
2 cosz( E
g3(E)= 7[ f Scoszlt “) N
3 zf d f cosz dz
7 J Y s 4(Acosy +Ccosz)
E A B 1
=Ego(5)—5g1(5)—zgz(5)- ac " (21)
The Green’s functions matrix elements, Egs. (18)—

(21) are real for the inequality Eq. (12) and complex for
the inequality Eq. (16). g5(E) is given in terms of g,(E),
24(E), and g,(E). Thus we shall limit the discussion only
to those three Green’s functions matrix elements.

Substituting { =cosz in Egs. (18)—{21), the g;(E)}

functions, i =0,1,2, can be expressed in the form
jovr /2 d\’ (22)
where
1
Hi(v)= [ w)ar (23)
and the u;({) are given by
w0 (t) = f—i , (24)
2B(cos™y)E(p - 1)
uy{t) = 720 3)_5'”12 , (25)
2
n(t) = 2GS, (26)
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TABLE II. Boundaries forRR,

——

A<0 A<0 A>0 A>0
C>B-A C<B~A C>B+A C<A+B
Boundary Case (i) Case (ii) Case (iii) Case (iv)
A 4A-B-0C) 4(A-B-0) 4(A-B~C) 4(A-B-C)
Ay -4C -4C —-4C -4C
A, 4(B-C-A) 0 4(B—A-C) 4(B-A-C)
A, 0 4(B-C-4) -4AB/C —44B/C
A —4AB/C —4AB/C 0 4(C-A-B)
Ag 4(C-A-B) 4(C-A-B) 4(C-A-B) 0
A, 4C 4C 4C 4C
Ay 4(A+B+C) 4(C+A+B) 4(C+A+B) 4(C+B+4)
where For the R, Cases: (i), (iii), (iv),

p=-Acosy/C, p,=E/4Bcosy,

A=[16(C% - B*cos®)(t- 1)t + 1)t~ y)(t - 5)]L/2, (27)

and y and § are

_E+4Acosy

Y= 4Bcosy - 4C (28)

_ E~4Acosy

" 4Bcosy +4C ° (29)

The following relationships hold for y and §: When
E>y then 6>v, when E <7 then y> 6, where

y=-~4ABcos’y/C. (30)

By utilizing Egs, (28)—(30), it can be shown that for
the real part of g,(E) £ is independent of z, and depends
only on y and is given by

£=sgn(E - 7).

(31)

The integrals over y of Eq. (22) take different forms in
each of the nine R; energy regions. The R, regions for
i=2,3,...,8 are defined by A; > E> A, 4, R, is defined
by E<A; and R, is defined by E > A,;. The A; are the
boundaries of these regions. There are four cases for
these boundaries, and they are specified in Table II.

The g;(E) can be represented in term of the integrals
Vi(y4, ¥,), where the V; are defined by:

Vi (53, = [ B (5) dy (32)

where
0<ys<yj <7/2.

The index I denotes six energy regions §,, specified in
Table III, for which H,(y) assumes a different form for
each of the six regions. Hence Eqs. (22) are given as
follows:

For the R Cases: (i), (ii), (iii), (iv),

£:(E)=Vvi®(0, 1/2). (33)
For the R, Cases: (i), (i), (iii), (iv),

&i(E)=V{P(0, y;) + Vi®(y,, 7/2). (34)
For the R, Cases: (i), (ii), (iii), (iv),

&i(E) = Vi®(0, y,) + ViV (3, 7/2). (35)
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g(E)=V¥(0,7/2). (36a)
For the R, Case: (ii),

&i(E)=Vi5(0, 3) + Vi ( 3y, y3) + V¥ (35, 7/2). (36Db)
For the R; Cases: (iii) and {iv),

g:(E) = ViP(0, y3) + Vi (35, 7/2). (37a)
For the R, Cases: (i) and (ii),

gi(E) = V9(0, ) + V¥ (y;, 7/2). (37b)
For the R; Cases: (i), (ii), and (iii),

g:(E)=V{3(0,1/2). (38a)
For the R Case: (iv),

g(E)=V{P(0,9) + Vi¥ (34,99 + Vi¥ (35, 7/2).  (38D)
For the &; Cases: (i), (i), (iii), and (iv),

g:(E)=ViP(0,3,) + Vi¥ (3, 7/2). (39)
For the Ry Cases: (i), (i), (iii), (iv),

£:(E)=Vi¥(0, y5) + ViV (35, 7/2). (40)
For the Ry Cases: (i), (i), (iii), (iv),

&(E)=V{P(0,71/2). (41)

The vy, ¥z, ¥3, ¥4, and y; are
ylzarcos;}%—fﬁ% , (42a)
Y2 :arcosg_—%% , (42p)

TABLE III. The §; regions.

S, regions  Definition of energy Relationships for v
regions™® and 6
51 E>a §>1; —1>y
Se a>E>b 1>6>—1>v
53 b>E>r 1>6>y> =1
S r>E>¢ 1>y>6>-1
55 c>E>d Y>1>8>-1
Se E<d y>1; —1>6

*a=4(A+B) cosy +4C; b=—4(A +B) cosy +4C; c=4(B — A) cosy
-4C; d=4(A—B)cosy - 4C; r=—4ABcos’y/C; a>b>r>c>d.
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TABLE IV. The Y parameters of Eqs. (57) and (58).

S, regions Y Y
Real part Imaginary part
Range 1 Range 2
1 1 -1 -1
2 1 -0 -1
3 —y —yt —of
4 -6 — ot —v#
5 -0 -6 -1
6 1 -1 -1

P*¥see the footnotes to Table V.

- EC\l/2
y3=arcos<m> R (42¢c)
C-E
y3:arcosm , (42d)
E-4C
Y5 =arcos 77w . (42e)

It should be noted that Vi’(y,,v,) and V& (y,,y,) are
real and have no imaginary component.

In order to carry the integration of Eq. (23) for H;(y)
[or rather H{*(y)], we have to separate the real and
imaginary parts of H;(y). This can be done by defining
u{ (¢) functions, where:

w )=, «3)

yin_ = 2Bcosty(ps = t)

ui (t)" WZC({)— t)A" B (44)
t

ug (t) = 2LE0SY (45)

A
where A” is given by
A" =[16(C* - B2 cos®y)(t - 1)t +1)(t - y)(6 - t)]'/*
=iA (46)
and A was given by Eq. (27).
The following relation holds between u; (t), Egs.

(43)—(45) and u; (), Eqs. (24)—(26), for the imaginary
part of the Green’s functions:

ul (t) = - du, (t). @7)

Let us define two auxiliary functions W(t,,?,) and
W (¢, 1,):

Wity ty) :ftiz u,(t) dt 48)
and
t
Wity ) =], "ui 0 at, (49

where t,>fy, t;==1,v,5, and t;=7v, 5,1. The H{"(v)
are given for each of the §,; regions in the form

HO(y)=Wi(-1,1), (50)
H§2)(y):W,.(—1,6)+iW”(6,1), (51)
HP(y)=W,(y, 8) +i[W{ (= 1,7) + W/ (5,1)], (52)
H{P(y) =W, (6, y) +i[ W] (= 1,8) + W} (y,1)], (53)
HP(y)=W,(5,1) +iW/ (-1, 0), (54)
H®(y)=W;(-1,1). (55)

The W; and W/ functions can be expressed in terms of
complete elliptic integrals of the first and third kind, ®
and are given by

Wilty, ) = & /K (R), (56)
B cos® Y

Wilty, ) =~ E,f—c—g%;”—%,—)tl T(k, of, o), (57)

Wi(ty, 1p) = = £, feosyY T(k, of, o), (58)

where W, represents either W; or W;.

For Wy/=Wj, ¢,=1; and for W; =W}, £, =1 in the
regions ¢y, §y, S§3, but £, =-1 for the regions ¢4, (s,
S§¢ (see Table III), The parameter Y in Egs. (57) and
(58) is given in Table IV, K(k) in Eq. (56) denotes a
complete elliptic integral of the first kind with a
modulus %, The T functions in Eqs. (57) and (58) are
given in the form?®

T(k, %, F)=(1/a)(a? - B (k, o) + FK (k). (59)

TABLE V. Parameters for the imaginary parts of the Green’s functions.

s ; region k2

2 2 2

Range o} o o o
2 V2o ¢ 1 -98) 6-1) (1 -6)(p1+1) (1 -8)(p;+1)
8q 2 26 2(p, +6) 2(py+6)
} v+l §ly+1) (p1=8)y+1)  (p-6)G+1)
3 o _v 1 §+1 v(©6+1) (py=706+1) (p~-Vl+1)
€, —W 9 1-6 Y@ =9¢) (p=Ya-6) (p-v)0-6)
1-v 510 ~7) (py=00a -7y (p-8)1~7)
F 5+1 v +1) (p1 -V 6B+1) (p=¥E+1)
1 v+1 ¢y +1) (py~6)ty+1) (p~8)(y+1)
4 GE—W
€n—V 9 1-v 6¢ - (pr-o0)-v (p-060-7
1-6 Yy =96) (p1=-Ma-=6) (p-va-5)
5 =W 5+1 641 C+DHm -1 G+ p-1)
8q 2 26 2(p; - 6) 2(p—0)

T(1) parameters for W/ (~1,v); (2) parameters for W;”(5,1)
(see Eq. 52),
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(1) parameters for W/ (- 1,8); (2) parameters for W/ {y,1)
(see Eq. 53). V, W, €,, €,, gare defined in the footnote to
Table VI.
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TABLE VI. Parameters for the real part of the Green’s functions.

S, region f K ot o o o
4 q 2 _2_ 2=y _2p-7
1 (e, — W) G- W T—-v y=1 A=V +1) A-v(p+1)
2 1 f2\¥? =W 5+1 Y6 +1) ©+1)(p =7 B+1)(p—7)
T2 \g 8q =y Y=o ©—(p, +1) ©-Np+D)
4 8¢ 65—y ¥—$ 6= (p1+1) G-Yp+l)
3 TT{e, - M - W 5+1 TGRS (-7 G+Dip-7
4 84 v = S-v &y —56)(p1+1) y=0)(p+1)
4 e, - V-c, Y41 Sty+1) ESVITI) G+ D{p—0)
1 /- o\ 172 Ve 1-6 6-1) A —6)(p1+1) @ -8)(p+1)
5 TN\ g 8¢ 3 2(p; - 0) 2(p -0
4 2 26 2(p1 — &) 2(p—38)
6 e, - N V:qz; 1-6 61 L -6)(py+1) 1-68}p+1)

V=16{4+B) cos’y, W=16(4 -B) cos’y, g=8ABcos’y+2CE, €,=(E—4C), ¢,=(E+4C). ¢, = (E~4C)?, €,=(E+4C).

The modulus %, and the parameters of, of, o, and o}

and f are given for W, in Table VI and for W} in Table
V. II denotes a complete elliptic integral of the third
kind, It should be noted that the modulus 2 of W} is
the complementary modulus 2’ of W,

The following relationships hold for the parameters

of I (¢, @®) for W, and W, (real case):
0<af<k?, (60)
al>1, (61)

This is known as the hyperbolic case for II, where II
can be given in terms of the Jacobian zeta function Z,

The relationships for the parameters of I (%, o?) for
Wi and Wy are (imaginary case)
R<al<l, (62)
(63)

This is known as the circular case for II, where II can
be given in terms of the Heuman lambda function A,

2
aj <0,

. NUMERICAL CALCULATIONS

The Green’s function matrix elements g, g4, and g,
can be evaluated utilizing the integration formulas Eqgs.
(33)—(41). g3(E) can be simply determined from Eq.
(21), after g, g1, and g, are evaluated. The integra-
tions Egs. (33)—(41) as defined in Eq. (32) can be de-
termined numerically, There are no available analyti-~
cal expressions for these integrals. The integrand of
Eq. (32), H{" includes both a real and an imaginary
component for I=2,3,4,5 (see Table II). The H"
functions are defined by Eqs. (50)—(55) in terms of the
W; and W} functions, The W; and W” functions are given
in terms of complete elliptic integrals of the first and
third kind [see Eqs. (56)—(59)]. The various parameters
of Egs. (56)—(59) are displayed in Tables IV, V, and
VI. The complete elliptic integrals of the third kind can
be given in terms of Z or A; functions, ® The Z and A,
functions can be represented in terms of both complete
elliptic integrals of the first and second kind, and in-
complete elliptic integrals of the first and second kind.
All these complete and incomplete elliptic integrals
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can be calculated utilizing standard computer
programs. °

The integrations in Eqs. (33)—(41) are somewhat
complicated due to the existence of a logarithmic singu-
larity in K (k) for 2 =1. However, the singularity will be
located at one of the integration limits of Eq. (32), when
they occur. To avoid the singularities, a Gauss
quadrature was applied for the numerical integrations
of Egs. (33)—(41). It was determined that the singulari-
ties do not have a significant effect on the calculations.
This effect was explored by removing the singularity
from the integrand of Eq. (32) for Wy and W,. An
example of such a process is given in Appendix B, 1t
was found that the singularities could be safely ignored,
since removal of the singularities changed the final re-
sults by 0.1% at most.

Results for the computation of the gy(E), g((E), g.(E),
and g;(E) are given in Figs, 1 and 2 for the real and
imaginary parts of the Green’s function. The A, B, and
C parameters in Fig. 1 are taken from Kopelman and
Laufer, ! corresponding to case (iii) whereas the pa-~
rameters in Fig. 2 are arbitrary, and correspond to
case (iv).

A specific example for determining a Green’s function
matrix element is given in Appendix C, The complete
program for calculating the Green’s function matrix
elements for the various A, B, and C interaction pa-
rameters has been coded in FORTRAN, and is available
upon request from the authors of this paper.

APPENDIX A

Utilizing a binomial expansion of the radical A’ of
Eq. (14), and returning the term linear in ¢ we obtain
for the complex case of Eq. (15)

(E
u*:i{E—ig— pxi(xi= (E=- p)Ht/? (1 4 XlE_( (E—“L)Z)}

1 . €
= Q{[E - il - (E-wH'?) (11&2_—(5:7)2717!)}-
(A1)
J. Hoshen and R. Kopelman 2071
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FIG. 1. Real and imaginary parts of the Green’s functions
matrix element g; (E). Bottom figures denote diagonal element
g4(E). Top figures denote off-diagonal elements

gi(E): —-- g((E), —g,(E), —-—g(E)} for interaction parameters
A=0,7cm!, B=0.9cm™!, C=4,1 cm"! (see Eq. 1).

To determine whether «* or #~ lies within the unit circle

the absolute value of the poles is taken:

E-ptix’— (E~-p)?
X

1¥

+| €
el =) o E= DT

=1- I:F(XT(EE_W‘D (A2)

Since ¢ is a positive number, lz*| <0 and l«~| >0,
Hence |u*| lies within the unit circle and contributes
to the residue.

It should be noted that the choice of ¢ to be positive is
required by the physical situation. The density of states
function p(E) given by!

1
p(E)= = Imgy (E) (A3)
must be positive, If ¢ is taken to be negative, #~ would
lie within the unit circle, and the p(E) would be
negative.

APPENDIX B

The effect of the singularities of the integral given by
Eq. (32), can be best illustrated by treating an example
of such an integral. Let us look at the imaginary part of
Eq. (37a) for i =0,

Imgo(E) = ImV{P(0, vy) + Im Vi {y,, 7/2)

y ey
=Jy fiEEDay+ [ fEE v,
f3 and f, denote the f parameters for regions §, and §,,
respectively. The values of f; and f; are given in Table

V. For y =y; we shall define f’:
f'=fs=/s

(B1)

(B2)
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The moduli %3 and %, are given by Table VI and for
v =7v3 both approach the value of one.

Utilizing the limit!

lkiglK(k):ln%, (B3)
we obtain for Eq. (Bl),
Img,(E) = [ [ /3K (ks) - ' In(- g)] dy
+ [ Sy - angldy + 1 [ 1nla ] ay,
{(B4)
where g is given in Table VL
For the limits
limkg=limk,=1, (B5)
y3 vy
the following expressions are obtained:
Lim( /3K (k3) - £ In(~ q)} =Lim[ 4K (k) = f' Ing] = 0. (B6)

v y3 y-vg
By utilizing Eq. (B6), we may observe that the singu-
larities have been removed from the first two integrals
of Eq. {B4). The singularity exists only for the integral
Jy=[7"?*Inlq| dy. However, this integral has an analyti-
cal expression

= (1/2)k |2CE| + [""*1n|1+p,cos’y|, (B)
where p, is given by
po=4AB/CE.
The integral
Iy :f;]"/z In|1+p,cosy| dy (B8)
is given by
gy :nln(—-—l i (12+p2)“2>- (B9Y)

G0

-008 . | . -006 . | !
Qlé 006 NN
L h fo R
[ I ! '\\
- AN £ /
£ f o !
xS - - |
=oost [} = -op2} |
L =
3 ,( \ = \ |
- i N @ \
k3 o/ \ o Fod rl
/ ~ \v’
ol ‘ L 010 ' ) )
-10 10 2C 5C -10 20 50 a0
£ lm) Foem )

FIG. 2. Real and imaginary parts of the Green’s function ma-

trix elements g; (E) [for notations see footnotes to Fig. 1] for
interaction parameters A =2 em-l, B-3 cm", and C =4 cm-t,

J. Hoshen and R. Kopelman 2072



APPENDIX C

The representation of the Green’s function matrix
elements ¢q,(E) for the crystal structure and interac-
tions, under consideration, are numerous and complex,
These representations change with the relative mag-
nitude of the interaction parameters A, B, and C, as
well as the interactions signs, and energy value E, A
specific example for determining the appropriate
representation, using the prescription given above
would be illustrative,

We shall assume A=2, B=3, C=4, and that we are
looking for the imaginary part of q,(E), where E=-10
(see Fig. 2), In order to elucidate the form of Img,(E),
we shall envoke the following steps:

(a) Utilizing Table I, we observe that the signs of
A, B, and C remain unchanged, because B> 0, and
C>0.

(b) Inspecting Table II, we find that Case (iv) is
applicable for our parameter set, and that A3 <E <A,
implying EcRy.

(c) The Green’s function matrix element Im g,(E),
which corresponds to Case (iv) and region R4, is given
by Eq. (36a). Hence,

Img,(E) =ImV3¥(0, 7/2) = [ ImH;* (y) dy. (¢} §

(d) The superscript (4) in Hi® of Eq. (C1) denotes
energy region §,, defined in Table III. ImH;*(E) is
expressed by the auxiliary function Wy given by Eq.
(53). Taking the imaginary part of Eq, (53), we obtain
for Eq. (C1):

/2
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2 (4 /2 {4
gy (E)= [, Wy (-1, 8)dy + [ Wy, )y,  (C2)
where y and & are given by Eqs. (28) and (29),
respectively.

(e) The Wy functions are given by Eq. (58) for which
£,=1. Thus, the Wy functions given by Eq. (C2) can be
represented in the form:

Wi (ty, 1) =fYai[(ad - (%', o}) + }K (") cosy.  (C3)

The parameters f and (¢’)?, for the region §,, are
displayed in Tables VI and V, respectively. Similarly,
the parameters of and o of Eq. (C3), for range (1) of
region §,, corresponding to the function W”(- 1, 6),
and for range (2) to the function W”(1,y), are given in
Table V. The Y parameters for ranges (1) and (2) of
region §, are given in Table IV,
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