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a relationship which has been checked experimentally
by Miller.”? In those cases where the above interfacial
tension inequality is violated, so that lens formation is
impossible, two limiting cases arise. When vy m>v1 11
411 1t the middle phase spreads out as a film, while

12 N. F. Miller, J. Phys. Chem. 45, 1025 (1941).

for yimr>yru+yrmr the middle phase forms a
globule which floats by buoyancy.t®

Thus, it is seen that even simple applications of the
Neumann formula provide a thermodynamic founda-
tion for various phenomena encountered in surface
chemistry.

13W. M. Coghill and C. O. Anderson, U. S. Bureau of Mines,
Technical Paper 262 (1923).
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The theory of hindered rotation has been applied to the type of
asymmetric molecule in which the hindering barrier is high enough
so that the hindered rotation splittings of the energy levels are
small compared with the rotational energies but yet large enough
to be observable in the microwave spectrum. The specific type of
molecule considered consists of a rigid asymmetric component
which may undergo a hindered rotation about the symmetry axis
of a rigid symmetric component where the symmetric component
is in addition assumed to have threefold symmetry and the
asymmetric component at least a plane of symmetry containing
the symmetry axis of the symmetric component. An example might
be the acetaldehyde molecule, CH;CHO.

In principle, the theory developed by Burkhard and Dennison
can be used directly but in practice the method is difficult to apply
to such a molecule since the matrix elements of the Hamiltonian

INTRODUCTION

N a series of papers from this laboratory— the theory
of hindered rotation has been developed and applied

to the methyl alcohol molecule, CH;OH. The details
of the methyl alcohol spectrum are influenced very
markedly by the fact that the molecule is a nearly sym-
metric rotator in which the potential barrier hindering
the internal rotation is a relatively low one. The prob-
ability of the tunneling process associated with the
hindering barrier is such that the hindered rotation
splittings of the energy levels are of the order of magni-
tude of the rigid rotator energies themselves and much
greater than the asymmetry splittings of these levels.
In the present paper the theory of hindered rotation
will be applied to a type of molecule falling into a some-
what different category, namely an asymmetric mole-
cule with a relatively high potential barrier in which the
hindered rotation splittings are small compared with
the rotational energies but yet large enough to be ob-
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1J.S. Koehler and D. M. Dennison, Phys. Rev. 57, 1006 (1940).
( 2D. G. Burkhard and D. M. Dennison, Phys. Rev. 84, 408

1951).
( 3E, V. Ivash and D. M. Dennison, J. Chem. Phys. 21, 1804
1953).

used previously do not degenerate naturally or easily to those for
the rigid asymmetric rotator in the infinite barrier limit. In the
present treatment a transformation is made on the Hamiltonian
whereby this complication is avoided and the resulting calculations
are greatly simplified.

It is found that the spectrum is essentially that of the rigid
rotator with the important exception that all the strong lines are
split into two components. For the low J transitions specific
formulas have been derived for these splittings which are rela-
tively simple functions of the barrier height, the principal moments
of inertia, and two additional parameters involving the molecular
dimensions and the masses. The barrier height can thus be de-
duced from the observed splittings without the use of the some-
what cumbersome machinery needed in the general case.

servable in the microwave spectrum. For the type of
molecule to be considered the rotational lines will be
given in zeroth order through the asymmetric rigid
rotator energy levels alone. The chief effect of the
hindered rotation is to produce a splitting of these lines,
and it will be shown that the height of the hindering
barrier in this simple case can be determined quite
easily from rather few experimental data and without
the use of the somewhat cumbersome machinery needed
in the general case.

Specifically, the molecules to be considered are as-
sumed to consist of a rigid asymmetric component
which may undergo a hindered rotation about the
symmetry axis of a rigid symmetric component. In
addition the symmetric component is assumed to have
three-fold symmetry and the asymmetric component at
least a plane of symmetry containing the symmetry
axis of the symmetric component. A model of such a
molecule is shown in Fig. 1.

4 A generalization to molecules consisting of a completely asym-
metric component linked to a symmetric component will be dis-
cussed briefly in an appendix. The generalization to molecules in
which the symmetric component has k-fold symmetry, with 2> 3,
is very straightforward. However, if £=2, the molecule will in
general consist of two asymmetric components, and although the
methods used can, in principle, be extended to this case also, the
theory becomes very complicated due to the complete asymmetry
of both components.
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Fig. 1. Model of the type
of molecule discussed.

There exist many molecules (for example, the sub-
stituted ethanes such as CH3;CH,F) which have the
required symmetry properties, but of these only a rela-
tively small proportion will have a barrier height of just
such a magnitude that the tunneling frequencies are
small compared with the rotational frequencies and yet
large enough to be observable. This circumstance has
its origin in the extreme sensitivity of the tunneling
effect to the barrier height. As will be shown the
acetaldehyde molecule, CH;CHO, may be a molecule
satisfying all these requirements.

In principle, the theory developed in the paper by
Burkhard and Dennison? can be used directly, but in
practice the method is very difficult to apply to the
high barrier case since the matrix elements of the
Hamiltonian in this formulation do not degenerate
naturally or easily to those for the rigid asymmetric
rotator in the case of an infinitely high barrier. The
difficulty arises from the fact that there is an internal
angular momentum associated with the hindered rota-
tion with respect to a framework of rotating axes de-
fined by the symmetry axis of the hindering potential
which from the point of view of the molecular forces is
a natural choice. For this reason the earlier form of the
Hamiltonian contains cross products between the mo-
mentum associated with the hindered rotation and the
components of total angular momentum. These cross-
product terms lead to matrix elements off-diagonal in ,
the limiting vibrational quantum number of the tor-
sional motion, which in the high barrier limit cannot be
neglected, even in the zeroth order of the rotational
energies. The degeneration to the correct zeroth order
rigid rotator comes about through these # to #’ connec-
tions so that the solution of even the zeroth-order
problem involves a complicated diagonalization process.

In the present treatment a transformation is made on
the Hamiltonian whereby these complications are
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avoided. The matrix elements of the transformed
Hamiltonian may be expressed in a form such that, in
the high barrier limit, they become those of the correct
rigid asymmetric rotator plus those of a simple hindered
rotator plus a small number of perturbation terms. A
simple hindered rotator is defined as one whose wave
equation is

—_ h? d2
—— —M(x)+ V()M (x) = EinternalM (%), (1
% de?

where x is the internal rotation angle giving the relative
orientation of the two components of the molecule, u is
some reduced moment of inertia depending on the two
components of the molecule, and M (x) is the internal
rotation part of the wave function. For the specific type
of molecule to be considered the hindering potential has
the form V(x)=H/2(1—cos3x). A sinusoidal form will
be used for the hindering potential here as in the earlier
treatments. Deviations from this form can only intro-
duce minor corrections in the type of molecule under
consideration.

Except for the transformation of the Hamiltonian
and certain approximations valid in the high barrier
case, the method of solution is that given in the paper
by Burkhard and Dennison. It consists of taking matrix
elements of the Hamiltonian using as a basis the wave
functions which are exact solutions of the symmetric
hindered rotator part of the Hamiltonian. The diagonal-
ization of these matrix elements then yields the energy
levels and the correct wave functions of the asymmetric
hindered rotator. The basis wave functions are specified
by the usual symmetric rigid rotator quantum numbers,
J, K, and M, and the two hindered rotation quantum
numbers, # and 7, where r can have the values 1, 2, or 3
and is the quantum number describing the threefold
splitting of the energy levels due to the tunneling effect
associated with the three-fold hindering barrier.

The structure of the energy levels for the various
types of rotators has been discussed before® and is
shown in Fig. 2 to illustrate the structure of the levels
and the transitions for the type of molecule of present
interest. The energy levels of a symmetric rigid rotator
(SRR), shown on the left, are split into three as a finite
three-fold hindering barrier is introduced. Both the
energy levels and the transitions for the symmetric
hindered rotator (SHR) occur in groups of three. (The
particular transitions shown here will occur only if the
molecule has a component of dipole moment perpen-~
dicular to the symmetry axis.) These levels are all
doubly degenerate, but the introduction of the asym-
metry causes a splitting of only one of these levels. For
a molecule such as methyl alcohol with a relatively low
barrier (Ib) and a very small asymmetry (sa) both the
levels of the asymmetric hindered rotator (AHR) and
the allowed transitions giving rise to the strong lines
occur in groups of four. If the barrier height is imagined
to go to infinity these four levels must go over to the
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two asymmetric rigid rotator (ARR) levels. However,
if the barrier is not too high each of these levels is split
into two components, one a doubly degenerate one (E),
the other a nondegenerate one (4, or 4,). For relatively
high barriers (hb) and large enough asymmetries (la)
the hindered rotation splittings will be much less than
the asymmetry splittings, and the spectrum will essen-
tially be that of an asymmetric rigid rotator with the
important exception that all the strong lines of the
spectrum, like the energy levels, are split into two com-
ponents where these are of comparable intensity. There
will, in addition, be certain allowed transitions giving
rise to single lines which would be forbidden for the
rigid rotator and which can therefore be expected to be
very much weaker.

In this limiting case of high barriers specific formulas
can be given, for the low J values at least, for the
splittings of the energy levels, and from these formulas
the barrier height can be deduced directly if the prin-
cipal moments of inertia of the molecule are known
from an analysis of the gross features of the spectrum.
In addition there may be a shift of the center of gravity
of each pair of hindered rotation levels from the position
of the limiting rigid rotator level. Relatively little use
can be made of these shifts of the levels, however, since
they may be affected considerably by all the other
vibration-rotation perturbations of the problem.

TRANSFORMATION OF THE HAMILTONIAN

The transformation to the new Hamiltonian will be
made in a form where the physical meaning of the
transformation is readily apparent. The kinetic energy
for the type of molecule of present interest is?

2T = 40,2+ Bo,+Coo2— 2Dw e, — 200, +Cai?,  (2)

where C; is the moment of inertia of the symmetric
component about its symmetry axis, and where the
moments of inertia of the entire molecule, 4, B, C, and
the product of inertia, D, are defined with respect to a
system of orthogonal axes fixed in the asymmetric com-
ponent of the molecule with origin at the center of mass
of the whole molecule. The z axis is parallel to the
symmetry axis of the hindering potential, and the y
axis lies in the plane of symmetry of the asymmetric
component of the molecule. The vector w denotes the
angular velocity of the asymmetric component of the
molecule and can be expressed in terms of the Euler
angles, 6, ¥, and ¢, describing the orientation in space
of the asymmetric component. The angular velocity of
the symmetric component of the molecule has been
eliminated by the introduction of the internal rotation
angle, x=¢;—¢s, where ¢ and ¢ are the azimuth
angles of the two parts of the molecule about the sym-
metry axis of the hindering potential.
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Fic. 2. Structure of the energy levels for the various types of
rotators. SRR-—symmetric rigid rotator; SHR—symmetric
hindered rotator; AHR—asymmetric hindered rotator; (Ib, sa)—
low barrier, small asymmetry, (hb, la)—high barrier, large asym-
metry ; ARR—asymmetric rigid rotator. The dashed lines indicate
allowed transitions which can be expected to be very weak.

The classical Hamiltonian becomes

P2 PC, P2B
H=—-+4 +
24 2(BC,—D%) 2(BCi—D%
P,P.D pP,D p-P.B
+ + +
(BC,—D? (BC,—D% (BC,—D¥
p#(BC—D7)
—+V(x), 3)
2C2(BC,—D?)
where
oT aT
P$=—_7 Pl‘:*ﬁr Tty
T Ow,

and where P, P,, and P, are given in terms of the
canonical variables ps, py, P41, 6, ¥, and ¢, by the usual
relations. It can be shown that P,, P,, and P, are the
components of the total angular momentum of the
molecule expressed with respect to the system of axes
fixed in the asymmetric portion of the molecule. How-
ever, the total angular momentum receives contribu-
tions from the internal rotation. The canonical variable,
pz, conjugate to the internal rotation angle, x, is a
function of more than just the relative motion of the
two parts of the molecule. It does not, for example,
give the angular momentum of the symmetric com-
ponent relative to the asymmetric component.

Also, in this form the Hamiltonian is clearly not that
of the correct rigid rotator plus that of a simple hindered
rotator with only small rotation-hindered rotation per-
turbation terms since it is the moment of inertia C;
rather than C which occurs in the terms involving P,
and P,. The difficulty arises from the fact that there is
an internal angular momentum associated with the
relative rotation of the two groups of the molecule when
viewed from a framework of axes rotating with the
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asymmetric portion. (An observer located on the asym-
metric component of the molecule would say that the
symmetric component has an angular momentum rela-
tive to his coordinate system.) The difficulty is over-
come if the relative rotation of the two components of
the molecule is viewed from a system of axes which
rotate in space in such a way that no internal angular
momentum is associated with the mutual rotation of
the two groups. This system of axes which describes
the rotation of the whole molecular framework in space
will be called the “molecule-fixed” system of axes al-
though its orientation relative to either of the two rigid
components of the molecule depends on the internal
rotation angle x. In the limit in which classically
x—0=constant, it will indeed become a system of axes
fixed in the whole molecule. However, for this type of
asymmetric molecule it will not coincide with a system
of axes defined by the symmetry axis of the hindering
potential, and it need not coincide with the principal
axes of inertia of the rigid molecule.

In the ordinary rotating and vibrating molecule any
coordinate system fixed in the limiting rigid molecule
can serve as a proper rotating framework for the de-
scription of the vibrational motions since the condition
of zero internal angular momentum can always be
satisfied by an appropriate choice of the internal degrees
of freedom. In hindered rotators, however, the physics
of the situation dictates the choice of the internal de-
grees of freedom, and since these initially may not be
free of internal angular momentum with respect to
coordinate systems which seem most natural from the
point of view of the molecular forces, a proper “mole-
cule-fixed” system of axes must first be found if the
rotation-hindered rotation interaction terms in the
Hamiltonian are to appear as small perturbation terms.
This can be accomplished by a transformation on the
Hamiltonian which eliminates the cross-product terms
of the form p,P..

The situation is simplest for symmetric hindered rota-
tors or for molecules such as nitromethane, CH3;NO,,%6
in which the symmetry axis of the hindering potential
coincides with one of the principal axes of inertia of
the whole molecule. For such a molecule the molecule-
fixed system of axes is defined by the symmetry axis
of the hindering potential and the new azimuth angle
¢'=(C1/C)¢p1+ (C2/C)¢po. When viewed from this sys-
tem of axes the internal angular momentum due to the
rotation of one component of the molecule is canceled
by the equal and opposite internal angular momentum
of the other component of the molecule.

In terms of the angular momentum components, the
transformation to the “molecule-fixed” system for a

® Tannenbaum, Johnson, Myers, and Gwinn, J. Chem. Phys.
22, 949 (1954).
8 Wilson, Lin, and Lide, J. Chem. Phys. 23, 136 (1955).

symmetric hindered rotator is

()
PI—PZ C z

( N C2 C2 N BN
P, cos(—x) sin(—x) o) |P,
C C
4
CZ CZ
P,= —sin(—x) cos(—x) 0| |P,/
C C
LP.) 0 0 1) PZ'J

In this case the transformation is described much more
simply in terms of the Euler angles

2=z,

0'=6, ¢'=y¢,
Co G G

'=p1— (—)x [=——¢1+~¢2]. )
C C C

This was the transformation proposed by Nielsen?
which leads to the symmetric hindered rotator Hamil-
tonian used by Koehler and Dennison.

The transformation to the molecule-fixed system for
the asymmetric hindered rotator is somewhat more
complicated but can be accomplished by a rotation of
axes in the y—z plane followed by a new choice o}
azimuth angle about the new z axis. The rotation in
the y—z plane is chosen in such a way as to eliminate
the cross term between p, and P, in the Hamiltonian,
Eq. (3). The new p.P, term can then be eliminated by
a subsequent proper choice for the new azimuth angle.
The transformation to the molecule-fixed system is now

-2
PI_Pz C z

P, 1 0 0 I
B D
P, =
(B+D) (B+Dt
—-D B
P, J
. (B+D?)} (B 4Dt
Ca\* Ca\* Y (P2
cos(—) x sin(—) x 0
C C
X C2 * C2 * ’ (6)
—sin(—) x cos(~—) x 0 |P/
C C
L 0 0 1P/

"H. H. Nielsen, Phys. Rev. 40, 445 (1932).
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where
Co(B*4D?)2

Ca\*
( C ) (BC—-D?¥)

The P, are the new components of the total angular
momentum vector. Now, however, it can be shown that
the total angular momentum of the asymmetric mole-
cule arises solely from the rotation in space of the whole
molecular framework as defined by the molecule-fixed
system of axes; and the new momentum variable, p.’,
associated with the hindered rotation is a function only
of the relative motion of the two parts of the molecule.
[Classically, p,'=C(BCi— D?i/(BC—D?).]

The new momenta must and do satisfy the usual
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Poisson bracket relations
(P/,P,)=P,
and cyclically,
and (Pl,p.)=0, (P/x")=0. (7N

The angular momentum components 2., P,/, and P,
are now given in terms of the new canonically conjugate
variables, po', py/, ps’, and &, ¢, ¢’, by the usual rela-
tions, where ¢, ¥/, and ¢ are the Euler angles defining
the orientation in space of the new molecule-fixed sys-
tem of axes. The functional relationship between these
angles and the old angles 6, ¥, ¢4, and « is quite compli-
cated and has the following form:

B D
cost’ = cosf+ - sinfl cosey,
(B+DY (B DY
D D
tany| sinf—-— cosf cosm) ——sing;
B B
tan\V: )
D D ®)
(sin(i—— cosf c05¢1)+—— sing; tany
B B
Ca\* sing;(B*4D%)*
tan[¢’+(—~) x]=-———————,
C B cosg1— D cotf
' =z
The new variables ps', py/, s, ps, 0 ¥/, ¢/, and ' et B e pn G\
satisfy the Poisson bracket relations required for +1 4 Bt D2) (P2"—Py )cosZ(E) ¥
canonical variables. The transformation is therefore a
valid contact transformation. Ca\ *
This transformation leads directly to the new form of + P,/ P,/+P,/P,) sinZ(—) x]

the classical Hamiltonian, but in order to solve the I c

quantum mechanical problem the Hamiltonian must be
expressed in correct symmetrized quantum mechanical
form. The angular momentum components, P/, and
the momentum p,” must be replaced by the usual oper-
ators which satisfy the commutation relations corre-
sponding to Egs. (7). In the representation in which P’
and P, are diagonal the matrix element of the P,/ have
the customary form in terms of the rigid rotator quan-
tum numbers J and K. They are independent of the
hindered rotator quantum numbers »# and r since the
P; commute with p,” and x".

The quantum mechanical form of the new Hamil-
tonian is

co1 1
H=- )(P 24 p 1)
a\4 B2+D2
B+C B
P Vo
BC—D* B+D*
1 (BC—D?)
| 2 C2(BC1— D?)

24V (%)

1 D Co\*
- ————[ (P,/P/+P,P,)) cos(—) x
2 (B+D?) c

Ca\*
—(P/P/+P,P.) sin(E) x] 9)

\

It will be noticed that there are now no terms of the
form p,/P/, and in the high barrier limit where classi-
cally x—0=constant, the Hamiltonian degenerates
directly to that of the correct rigid rotator plus that
of a simple hindered rotator. At this point a trans-
formation to principal axes of inertia could still be made.
However, the hindered rotator matrix elements of the
Hamiltonian will be much simpler in the present form,
Eq. (9). The transformation to the principal axis form
of the limiting rigid molecule will be made at a later
stage in the calculation. Since the internal rotation
angle, x, is not affected by the transformation, the form
of the hindering potential is unchanged.

Part I of the Hamiltonian again has the form of the
symmetric hindered rotator discussed in the paper by
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Koehler and Dennison, provided the reciprocal moment
of inertia 1/4 isreplaced by 1/2[1/44 B/ (B*+D? ] and
1/C is replaced by [(B+C)/(BC—D?)— B/(B*+D%)].
In addition, the reduced moment of inertia of the simple
hindered rotator which was C:Cyo/C for symmetric
molecules must now be replaced by C:(BC,—D?)/
(BC—D?). The interaction between the hindered rota-
tion and the rotation of the whole molecule in space will
come about mainly through the boundary conditions,
but since part IT of the Hamiltonian, which arises from
the asymmetry of the molecule, still contains the in-
ternal rotation angle x, part of the rotation-hindered
rotation interaction comes about through these terms
in the Hamiltonian itself. However, this interaction may
be shown to be a very mild one as the barrier height
becomes large.

The method of solution consists of taking matrix
elements of the Hamiltonian using as a basis the exact
solutions of part I which have the form

1
= ——@ (0')eiMwleiK‘P'[6i”IPKrn(x):]7

™

(10)

where Px,,(x) is a periodic function of x, and where the
value of ¢ is determined by the boundary conditions.!
The wave function must be invariant when ¢;—¢,42n,7

h2

Hx

B2
Hygoon? KO0 =

4 B*4-D*

By
HJKfnJ(K-HZ)T”n’:__(_._
8\A BA4D?

The allowed = connections are exactly the same as those
given in the paper by Burkhard and Dennison.? The
energy determinant again factors into three subdetermi-
nants where the r value associated with a particular K
value is uniquely defined for each subdeterminant. Two
of the determinants have identical roots giving rise to
levels of species E, while the third gives rise to non-
degenerate levels of species 4.

In these matrix elements no high barrier approxima-
tion has been made as yet.® However, as the barrier
becomes high the integrals involving the internal rota-
tion angle x (with »’=#) become equal to unity plus

8 The diagonalization of the matrix elements is easier in this
new form even if the barrier to hindered rotation is a relatively
low one. The n—n’ connections (n'sn) besides being simpler in
form, now give only very small contributions to the energies for
any state lying appreciably below the top of the barrier, and even
for states lying above the top of the barrier the #—#»’ connections
will be smaller than those occurring in the earlier formulation,

1 B Ky B4-C B
rnJK‘rn=__(_+ )(]2_|_J_K2)+__(___
4\4A B+D 2\BC-ID?

and ¢y—>¢a+2nsmr where n; and ns are any integers,
since the physical situation is unaltered by this trans-
formation. In terms of the new variables, ¢’ and x, this
transformation becomes

Ca\*
o= — (—5) (m1—mn9)2mw, x—x+ (H1—n9)2m.

The wave function will be invariant to this transforma-
tion if

Ca\*

——K(—) (n1—no)+o(mi—na)=mn,

C
where # is an integer. This equation will hold if K is an
integer, and if

Co(B*H-D?)t Ci\*
o= —K[l-———————]= —K(—) .1
(BC—D?) C

(The choice of ¢ depends on the choice of the integer #
which is arbitrary. Here it is chosen so that ¢ goes over
to the Koehler-Dennison value when D=0.)

MATRIX ELEMENTS OF THE HAMILTONIAN

Using these wave functions as a basis the matrix
elements of the Hamiltonian become

K2+EKTnint,
BZ_I_D?

CRADLI=R KD [ Pront@esPicryen @i,

(12)

)[(J—K) (T K—1)J+E+1)(J+K+2)]

27
Xf PKfn*(x)e_2iIP(K+2)r”n’(x)dx.
]

small negative perturbation terms; and, except for
these perturbation terms and even smaller perturbation
terms with #'##, the matrix elements are those of an
asymmetric rigid rotator to which is added the internal
energy (Ex,.*) of a simple hindered rotator. This
internal energy must be computed with the new value
for ¢ and the modified value for the reduced moment
of inertia, but the method of solution is unchanged.!
The rigid rotator matrix elements are not expressed
with respect to principal axes of inertia. They could
have been so expressed if the contact transformation
(6) had been followed by a rotation to principal axes.
In that case however the energy determinant would
not have been split into three subdeterminants, and
the complicated connections between the three determi-
nants would have been considerably more difficult to
handle than the K—Kd4-1 connections which arise



HINDERED

because the rigid rotator part of the Hamiltonian is not
expressed with respect to principal axes of inertia.

In any case, the rigid rotator part of the Hamiltonian
can be diagonalized for each individual J value. For
the low J’s this can be done for general values of the
moments of inertia. The procedure will be illustrated in
detail for J=1. If S is the unitary matrix which di-
agonalizes the rigid rotator part of the matrix elements,
H, in the form (12), then the new matrix elements, H',
given by H'=S-1HS, will be diagonal in the infinite
barrier limit. For J=1

1+a B 1—-a) (1 0 1
2 V2 2 V2 2
B B
525152= —_ 43 - 0 1 0 5 (13)
V2 vZ
11—« B 14« 1 0 1
L2 vZ 2 JUV2 vz
where
{oﬁ} 1 1 (B—C)(B*—D?)+4BD?
gl 272 (B+DY[(B—Cp+4Dr Y ”
4

, D(BC—D?)
T BBy DT

and where o and B are the direction cosines of the
z-principal axis with respect to the 2z’ and ¥’ molecule-
fixed axes defined by transformation (6).

The matrix elements of the transformed Hamiltonian,
H’, will again be factored into groups of three (27+1)
by (2J41) submatrices corresponding to determinants
1, 2, and 3. These are shown explicitly for J=1 in
Table I. Determinant 3, giving the nondegenerate
energy levels, splits into two further subdeterminants
corresponding to the symmetries 4, and A4, to be dis-
cussed in a later section. In Table I, a, b, and ¢ are the
reciprocals of the principal moments of inertia (times
#2/2) and are related to the moments and product A,
B, C, and D by the following expressions

V2 he
a= =-——-’
2Aprinc 2A
K B (B4+C)—[(B—C)* 44D
b= =— , (15)
2Bprinc 2 2 (BC— D2)
n 1 (B+CO)+[L(B—C)*4-4D*]
c= =— .
2Cprine 2 2(BC—D?)

Again, no high barrier approximation has been made
as yet, but the matrix elements are now in a form suit-
able for a perturbation treatment in the high barrier
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case. The quantities

27
S EHD T n— _f Proa*(0)e P (x41y o n(%)dx,
0
and

c 1,
6K(I\+2)Tr nn
2

=1—f Pren*(%)e P (ko) (2)dx,  (16)
[

go to zero as the barrier height goes to infinity as do
also the differences (Ex,»n— Ex,»). The diagonal ele-
ments now give the energy levels up to and including
first-order perturbation terms. Higher-order perturba-
tion terms can be brought in by the usual techniques.
An ordinary perturbation treatment will be valid only
if the hindered rotation splittings are small compared
to the asymmetry splittings of the limiting rigid rotator.
However, matrix elements in this form can be used
directly also to determine the hindered rotation energies
in the special case when some of the limiting rigid ro-
tator levels occur in closely spaced pairs, for example
in the case of a nearly symmetric molecule. In that case
the separation of two rigid rotator levels may be of the
same order of magnitude as the hindered rotation
splittings, and the off-diagonal matrix elements con-
necting these two limiting rigid rotator levels cannot
be neglected. A special perturbation treatment will be
needed for these levels similar to that for two vibra-
tional levels in Fermi resonance, for example.

Formulas for the energies are therefore rather compli-
cated in the case when the asymmetry splitting is of
the same order of magnitude as the hindered rotation
splitting, and the matrix elements in the form of
Table I are consequently most useful when the hindered
rotation splittings of the levels are much smaller than
the asymmetry splittings.

Matrix elements similar to those given in Table I
for J=1 can be derived for any J value. The § matrix
which diagonalizes the rigid rotator part of the Hamil-
tonian for a particular J value can always be chosen to
have the form S=35.S,, where .S; transforms the rigid
rotator part of the matrix elements from the form (12),
containing zeroth order K—K41 connections, to the
usual form in which the rigid rotator Hamiltonian is
expressed with respect to principal axes, and in which
the zeroth-order off-diagonal matrix elements involve
K—K+2 connections only. S,, on the other hand, is
the matrix which diagonalizes the asymmetric rigid
rotator Hamiltonian when expressed with respect to
principal axes. The S, matrices are therefore well
known.? They depend only upon the principal moments
of inertia although they are quite complicated for the
higher J values.

The matrices S, will be functions only of « and 8,

? King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943).
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TasiLE I. Matrix elements of the Hamiltonian for J=1, diagonalized in zeroth order.

Submatrix 1 (or 2) Type E levels

EpX™+E 110 EvontE_11n 3
atct——m—-— —af{ ————En _E(EIZn_E—lln)
Ezn+E_11n #2 B 1 # D
+8Y Eopn—— —af— —_)6—117112" +8— (3_11n%3" — 83, 127)
2 4\B4-D2 A 4 B2+ 12
#2 B 1 #2 D
+ —— o1t ——(a?—p?) (S03nt2m+8_11,93")
4 \B*H+D2 4 4 B D2
#? D
——af (B03n'2"+-8_11n%%")
2 BDe
EypntE np 8
Hy'=H,y a+b+ Egzn— 82 ann———z—— E(Emn_E—lln)
#2 B 1 # D
+—£* —— Pt —a— (Bosnl®™ —8_11,2%")
4 \BH+D?2 4 4 B2 12
#2 D
+—aB (S03n'2"+0_11n%")
2 B2
Eiont+E_11n
Hs'=H,s' Hy'=Hy' bte+t
#2 B 1
..._(__.____ 6_11,‘121»
4\B+I2 A
Submatrix 3 Type A levels
a+¢+Eiza+F*(Eoin— E13n) —aB(Eisn—Eon) 0
#2 B 1 #2 B 1
+—a? ——)5—12n13" —aB— —— J6_1203%"
4 \B+HD2 4 4\B+D2 4
D #2 D
—aﬁh2———601"13" —_ (az "32)“—‘"—6017113"
B2 2 B+ D2
Hy'=H,' a+b+ Eon—B*(Eorn— E1sn) 0
#2 B 1
+—ﬁ2( — = 01221
4 \BHD* 4
D
+#ap BorlS®
B2
0 0 b+4c+Eun

(Egs. 14), with o®4-82=1. Their elements can be deter- with respect to principal axes of inertia of the rigid
mined for any J value by the following procedure. molecule, denoted by P;?, are given in terms of the
The components of the total angular momentum components with respect to the molecule-fixed coordi-
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nate system defined by (6), and denoted by P/, by
the following equations
Pp=qP,/—BP,
Ppr=P,
P,»=BP,/+aP,.

The symmetric rigid rotator wave functions which are
solutions of part I of the Hamiltonian in the non-
principal axis form, (9), will be denoted by ¢ sx, where
K can take on the 2J-1 values from K=—J to
K=+J. (The quantum number M can be suppressed.)
The symmetric top wave functions which are solutions
of the corresponding part of the Hamiltonian in prin-
cipal axis form will be denoted by ¥vk,, where K, can
again take on the 2J+41 values from K,=—J to
K,=+4J. A particular wave function yux, will be a
linear combination of the 2J-41 wave functions ¢ ;x

K=+7

Yox,= 2. axpKyyK,

K=—J

where the numbers ax,x are the matrix elements of
(S1)L. The coeflicients axx are determined most easily

B
(a]-K,,)aKpJ-i-E(Z]) k-1
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by making use of the properties of the operators P,/
P./ on the one hand and the operators P,?, P,? on the
other. In the representation used in this paper

PYsr=hKyx,
h 1
Pu"PJK:E[(]“‘K) (V+K+1) sk
I3
+E[(]+K) (J—K+1) s,
while similar relations hold for P,» and P.? operating

on Yuk,. The equation

P.oprx,=hK poix,,
becomes

(BPy+aP,'— kK p) (axpiyss+axp 11
+axp-o9rg_n+---)=0.

Since the Yk are linearly independent, the coefficient
of each wave function ¥,k in this equation must be
equal to zero, leading to the 2741 equations

B
2(2]) Yogprt[a(J—1)— K, Jax,v-1 +§[2 (2T —1) Pakyu-2 =0

B B
5[2 2I—=1)Jlaxpo—n+[a(J—2)—~ K, Jax -2 +§|:3 (27 =2)Pax,u-3 =0

From these equations the ax,x can be determined.
The signs are chosen so that Sy goes over to the identity
matrix in the limit 8—0, a—1. Thus, the matrix S; can
in principle be found for any J value, and since the
matrices Sy can be considered to be known, the prob-
lem of the asymmetric hindered rotator with relatively
high barriers can be reduced to a fairly simple per-
turbation problem. While this can be done for arbi-
trarily high J values when J2 4, the analysis must be
done numerically.

HIGH BARRIER APPROXIMATIONS
EVALUATION OF THE PERTURBATION TERMS

As has been seen the matrix elements for each par-
ticular J value can be reduced to a form in which the off-
diagonal elements automatically go to zero as the barrier
height goes to infinity. The differences (Exrn—Exss)
and the quantities 8g%',”,* are small perturbation
terms if the hindering barrier is high but finite. The
effect of the hindered rotation makes itself felt in two
ways. The hindered rotation will cause a splitting of
each rigid rotator level into two components since the
roots of determinant 3 will differ from those of de-

=0

terminant 1 (or 2) by small perturbation terms. In
addition the center of gravity of the two hindered rota-
tion levels may be shifted slightly from the position of
the limiting rigid rotator level. The splittings must be
a characteristic of the tunneling effect associated with
the hindering barrier and will therefore have consider-
able physical significance since the barrier height can
be deduced from them. Less significance can be at-
tributed to the shifts of the levels, however, since these
may be affected much more by all the other vibration-
rotation perturbations in the molecule.

It is possible to give relatively simple formulas for
the hindered rotation splittings since the perturbation
terms given by the 8x%',”,* and the differences
(Exrn—Egk.») can be approximated by simple expres-
sions in the high barrier case.

In the high barrier limit the §x®+V " » and the
ox E¥D ™" turn out, to a very good approximation,
to be independent of the particular values of K and 7,
and consequently they do not contribute to the split-
tings of the energy levels at all since the terms occurring
in the two types of determinants are identical except
for the differences in the 7 values.
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For the #=0 to =0 elements:

1
BKK+2TT 00

(@) ]

41 (9 C\*P 1 Ci\*1*
T - Tl
9H'I8 C 2 C
17
aKK+1T-r’°0
O]
ey \c
1149 Ci\*F 1 Ci\*1¢
- T
9H'|8 C 8 C
in which
Ry C \*
/)
2 \C1C:
and where

ry C )* B (BC—D?)

2 (clc2 2 Cy(BCi—D?)
is the natural energy unit for measuring the height of
the barrier, H.

The form of the internal rotation energy is also a
relatively simple one in the high barrier limit. The
internal rotation energy must be a periodic function of
v= (2r/3)K(C1/C)*, and hence may be expanded as a
Fourier series in v. In the high barrier limit, however,
only the first term in the Fourier series is significant
and it can be shown that the higher terms in the series
are completely negligible. Therefore

E1(<1)n= E,—3A™ cosy,
T

Ekan 2r
{ =E,—2A,™ cos('y:i:*), (18)
EKSn 3
where E, is given by
s C \*
E,.=—( ) {snrn
2 \CC:
] e L D)
8 2 4 64 (H')} 2 4 2

34 17 9

— sty ] a9
210 H' 2 16

and where A¢‘™, the splitting of the energy levels of the
simple hindered rotator, in the nth torsional state, for
K=0, can be given as a fairly simple function of the
parameter H'.

One of the best methods of estimating the differences
(Exrn—Ek+y) is through the use of the WKB approxi-
mation. The values of §xX',7," and E,, on the other
hand, are given to very good approximation by ordinary
perturbation theory, using as zeroth-order wave func-
tions the correct linear combinations of harmonic oscil-
lator functions centered at the three potential minima.

1. WKB Approximation

The splitting of the energy levels for the simple
hindered rotator with nonperiodic boundary conditions
(K#0) can be estimated by means of a straightforward
application of the WKB approximation by a slight
extension of the methods of Koenig.'? In first approxi-
mation the results are given by Eqgs (18). The WKB
value for Ay™, the K=0 splitting of the energy levels
for the simple hindered rotator, in the #th torsional
state, is given by

9
Ao("),=_(H’)§ y
2 R

e I

(20)
in which
I=3(HVE(1-F)—FK(1-F)],

and where K and E are complete elliptic integrals of
the first and second kinds, with &2=(E./H). All
primed quantities are measured in the natural energy
unit, h2/2 (C/C1C2)*

The complete WKB expression for the splittings of
the energy levels will contain the higher terms of the
Fourier series, for example, terms such as cos2y,
cos3y, - -+, for r=1; but the coefficients of these terms
will be of order ¢ ¢8I, ...  respectively, and may
thus be expected to be completely negligible compared
with the coefficient of the dominant first term since the
exponential ¢! gives the probability of penetration of
the barrier. This follows not only from the results of
the WKB approximation but is borne out also by exact
sample calculations.

Since it is our aim to determine the barrier height
from the observed splittings this form of the splitting
formula, (20), is not a very useful one since the func-
tional relationship between A and H is very com-
plicated. The explicit dependence of Ag™ on the barrier
height can be seen more easily if the quantities in Eq.
(20) are expanded in powers of E,/H, leading to the
expression

9 16
Ao(n)'z_[____~
27L3(n+1/2)
Xe~WHHEN14-order H'—1].

n+1/2
] e T2 [B/9+(n/2)]

(21)

However, neither formula (20) nor (21) gives a very
accurate estimate of the hindered rotation splittings of
the energy levels. Sample calculations for certain values

0 H, D. Koenig, Phys. Rev. 44, 657 (1933).
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of H' in the region of present interest, for which
50< H' <200 (as will be shown in a later section) indi-
cate that the WKB expressions for Ay’ may be in
error by as much as ten to twenty percent. However
Eq. (21) is very useful since it can form the basis for
a semiempirical expression for A¢‘™’ by which the cor-
rect values for A’, computed by the continued frac-
tions technique,' can be fitted with considerable accu-
racy. For #=0, a semiempirical formula will be chosen
having the form

Af=aH'"ieVH' (22)
in which the two constants ¢ and b are now determined
to give the best possible fit to the correct values for A¢'.
The following formula has been found to be useful and
can be expected to be accurate to within one or two
percent for the range S0 H’ <200

A =T7.05H" ¢ -2V H", (23)

2. Perturbation Theory

Approximate expressions for the §x®’,”," and the
values of E, are obtained most simply by means of
standard perturbation theory involving only the in-
ternal rotation wave functions

M (2) = K@IO™ Py (),

Since the hindering potential is a quadratic function of
x in the immediate vicinity of the three potential
minima, the zeroth-order wave functions are linear
combinations of harmonic oscillator functions centered
at the three minima and therefore very simple in form.
The linear combinations having the appropriate sym-
metry for a threefold potential have been given in the
paper by Koehler and Dennison. In the limit of a truly
infinite barrier the three types of wave functions are
given equally well by the single formula

1
P ™ EE— Hn(l) +Hn(2) ,+Hn(3) ipx
Kra(%) \/g{ (%) (=) (x)}e

=u,(x)e'**, (24)

where H,® (x) is the harmonic oscillator wave function
centered at the 7th minimum, for which # is now the
ordinary vibrational quantum number, and where

p= 043l for (K=3l)=—1,
p=—1431 for (K—3l)=
p=+1+3 for (K—3)=

0, +1 when r=1
0, —1, —2 when =2
0,+1, 42 when r=3

with / taking on all integral values. These wave func-
tions form a convenient set of zeroth-order wave func-
tions for the perturbation problem in the high barrier
case. The internal rotation wave functions M (x) must
be eigenfunctions of the simple hindered rotator

ROTATION 41
Hamiltonian
By C \*®® H
= -——( ) ~———+—(1—cos3x), (25)
2 \C,Cy/J 922 2

but in terms of the simpler functions, #,(x), the wave
equation is given by

{BCOFIO+HD - )= (E,O+E,O4E,04 .. .)}
X {1 ()44, (2) F 20,8 () -} =0,

where, for the three regions, |x—x,® | <x/3

B ey C
30O = —— _(

* 9
) +;H(x-—x0“))2

2 9«2 C1C2
{of order H*}
2rr C \* Ci1\*19
| )
1: 2 C1C2 C ox
{of order H%}
h2 C * C1 %12
2]
2 \C\C» C

27

. (26)
——EH(x—xo(‘))“ {of order 1}

®=0

81
3CW =——H (x— x,(D)8 {of order H—#}
160

where 3@ gives contributions to the energy of order
(H?Y), etc.

In this perturbation scheme the wave functions %, (x)
and the energies E,' can be determined up to any order
by nondegenerate perturbation theory with the use of
the zeroth-order wave functions #,® (x). The calcula-
tions are simplified by the use of the following further
high barrier approximations which can be expected to
be very good for values of H’'>50. The wave func-
tions H,”(x) will be assumed to be negligible for
fx—x@|27/3 so that all integrals involving the
H,®(x) can be carried out from — o to 4o, and
overlap integrals of the type /"H,® (x)OH,® (x)dx can
be neglected. It is because of these approximations that
the results for the 6x%’.”," given in Eq. (17) are inde-
pendent of r and K. Further approximations would
have to take into account the proper connections of the
wave functions in the regions (x—ux0?)=n/3; but
actual numerical calculations indicate that such further
approximations are not needed for an accurate determi-
nation of the barrier height.

1 For the E,, see also, Tables Relating to Mathien Functions
(Columbia University Press, New York, 1951), p. X VIIL
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With the use of these approximations the matrix
elements of the Hamiltonian (26) become

4 Ci\¥*7/n\?
H(n—-l)n(n:_ihw[——"] [P_K(—) ](’“) ’
af’ C 2
4
Hm<2>=ﬁw[—]
9H'
1r Ci\* 1
o) s
2L C

Hﬂ(nuz)ﬂ)—_— —hw

E
Ja@-me-nm, @
| OH

- 4 ,}
Hpnety®=—ho ]
| OH'

{5 Ln (1) (1=2) (1—3) P,
H (4)_ﬁ 4 9 1\3 5 4 1
9= w[;&;]{ﬁ[(”‘!-i) +5/9) (D).

With E, 9 =he(n+1); hw=3VH #/2)C/C:Ce)*. Since
the parameter of smallness in the perturbation scheme
is given by (4/9H’)? the wave functions #,(x) must be
computed up to fourth order in order to obtain accurate
values for the 8x%',”,* for barriers for which H'2> 50.
The wave functions #,(x) are functions of p and X,
but the structure of the K to K’ connections in the
Hamiltonian and the symmetries of the wave functions
are such that the perturbation quantities 6x%'," ,» turn
out to be independent of p and K and are given by
Egs. (17) for n=0.

To within the approximations made in this section
therefore the perturbation terms 8x*’,”,* contribute
only to the shift of the center of gravity of two hindered
rotation sublevels from the position of the limiting rigid
rotator level. Since the quantities of greatest interest
are the hindered rotation splittings, not the shifts, the
possibility exists that the small errors inherent in these
approximations may lead to small errors in the deter-
mination of the barrier height. However, actual nu-
merical calculations in some special cases show that
the small differences in the &%, ,* for different values
of r are indeed negligible as far as their contribution to
the hindered rotation splittings is concerned and that
Eqgs. (17) can be expected to be accurate to within a
few percent for values of H'> 50.

However, since the overall shifts of the levels may
affect the determination of the principal moments of
inertia, it becomes a matter of some importance to
know their order of magnitude. The hindered rotation
shifts are determined not only by the magnitudes of

the 6g%',”".* but also by the magnitudes of the asym-
metry parameters

sl B /] D
( e e ) and — .
87*\4 B*+D? 8z B>+ D*

However, even for very large values of these asymmetry
parameters, 30 000 Mc/sec for example, the hindered
rotation shifts can be expected to be of the same order
of magnitude as the hindered rotation splittings of the
energy levels.

Consequently, if the hindered rotation splittings of
the levels have been found to be small enough, the
principal moments of inertia can be determined with
fair accuracy from the average positions of the two
hindered rotation lines of the rotational transitions.
Once the barrier height has been determined with these
values of the moments of inertia, the hindered rotation
shifts of the levels can be computed, and the cycle of
calculations can be repeated in order to improve the
accuracy of the values for the moments of inertia.
However, since the values will be affected by all the
other vibration perturbations no specific formulas for
the hindered rotation shifts will be tabulated. In prin-
ciple these shifts can be computed for any level with
considerable accuracy since the §x%’,7,*', computed to
order (4/9H"), have been found to be accurate to within
a few percent. In order to predict the shifts with this
accuracy, however, the n—n’ (#'72n) connections can
no longer be neglected. These are of order (4/9H")%,
and since the hindered rotation energies are of order
(9H'/4)}, the n—#’ connections give contributions to
the rotational energies of the order (4/9H’). For the
n=0—1 connections, for example

S EHD 7 e 5 (KD 7770
Ll (D) ]
~ valom cl !
28
SE\EAD 1 e L § (B (28)

b))

The effect of these terms, off-diagonal in the quantum
number #, can be brought into the rotational matrix
elements, diagonal in #, by the Van Vleck perturbation
technique. The transformed #—#’ matrix elements can
then be neglected, and the rotational matrix elements
diagonal in », which now give the energies correct to
order (4/9H’) will be given by the usual expression.”

2 See, for example, E. B. Wilson and J. B. Howard, J. Chem.
Phys. 4, 260 (1936), Eq. {(43).
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For #=0 they are

ns1 B+C B
H;x, oJK’°=—(—+ )(J2+J K)+— ( - )KLI-EKM“lt
A B+H-D? BC~-D* B*+D?
11 Ci\ ¥ 121 12 /C:C B 2
O s
9H C 4\ C A B*+-D?
_ZJ(J+1)(K2+1)}+( ) {J(J+1)(4K*+1)— K2(4K2+5)}]l
h?
H ygogd G070 CEK+D)[I-K)T+E+D T
4 B24+D?

11
x{1-

il ()]

L= =G )]

D[lB]

11 CI\* P 12 /CsCy
SN
9K cl la B4+DlA B+D

X{CE+HI+D)-K(K+1)-3JLU-K)(U+K+1) ],

HJKTOJ(K+2)1'”0=

21
G

918 C 2 C

|

117 CN\*P R CLN\* D
Hygeo! EHDm0= — _ __ll_(_) J _( )
9 H' C 4\ C / B+D*

9 H

( 1 B
A B2+D2)

11 h2(C2C1

)[(]—K) (J—K—1)(J+K+1)(T+EK+2) ] [1—% —1—[1— (E)*]2

3VH C

_%42[1_ (9)*]2—3[1~ (C—)H frev-mu-k-nu+rED+R+DD

[-@) [ezensoexso)

-(2K+3)LU—-K) (J'—K*l)(f—K*Z)(H-K%-l) (J+K+2)(J+K+3) ],

11 Ci\*1 1 s C:Cy 2
e () THCE) (ost)
9H C 8 BH-D?

LU—K)(J—=K—=1)(J—K=2)(J—K=3)(J+K+1)(J+K+2)(J+K+3) J+K+4]H).

HINDERED ROTATION SPLITTINGS OF THE
ASYMMETRIC RIGID ROTATOR LEVELS

Since the value of the barrier height can be deduced
from the hindered rotation splittings these are the
quantities of greatest interest and specific formulas for
them will be tabulated in this section for some of the
low J values. The matrix elements in the form of Table
I can be used even if the asymmetry splitting of a pair
of rigid rotator levels is of the same order of magnitude
as the hindered rotation splittings, but in that case the
formulas for the energies are very complicated. Simple
splitting formulas can be given, however, if the hindered
rotation splittings of the levels are small compared to
the asymmetry splittings. In that case the hindered
rotation splits the rigid rotator level Jx_;x; into two
sublevels, one, Jx_1x:¥ (of species E), and one, Jx_1x;4
(of species A). The hindered rotation splittings are
given for some of the low J values in Table I1. However,
these formulas may not apply to certain levels of a

particular molecule, since the asymmetry splittings for
certain of the levels may be comparable to the hindered
rotation splittings.

The labeling of the levels in Table I1 is that for which
the magnitudes of the principal moments of inertia are
such that a<b<¢. The relative magnitudes of the
principal moments of inertia do not affect the splitting
formulas but only the labeling of the energy levels.
Thus, the rigid rotator level whose energy is given by
a+b+4c¢, for example, will show a hindered rotation
splitting As+B2(A1—As), but for a<b<¢ this will be
the splitting formula for the level 22, whereas for
a<¢<b this would have been the splitting formula for
the level 2y, etc. Since the x. y, and z axes of the
molecular framework of the hindered rotator do not
correspond to equivalent directions, the moment of
inertia A, for example, cannot arbitrarily be chosen to
be the greatest or least moment of inertia.

It can be seen that the splitting formulas are func-
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TasiE II. Hindered rotation splittings of the asymmetric rigid rotator levels.

(The labeling of the levels is that for which a <b <¢)

&(Jro Ky) =Tk_ K B —JTK_ K4

s C1\*
Ak =Ap cos{%K[l —(F) :l }
J=0|  &(0cs)=20
&(Lor) =Ap+B8%(A1—Ao)
J=1 8(1)=A,—B2(A1—Ag)
8(lio)=4,
&(202) a+b—2c 382 (c—b)(Az—Ao)
{ ‘=%(A0+Az)_ﬂ_ (2a—A0)%
&(220) A (b—aP+(c—b)(c—a)]} AL(b—ar+ (c—b)(c—a)]t
B8 2a—b—c¢
‘_(1_ﬁ2)(A2+3Ao—4A1)[1:F ]
J=2 2 2L(—aR+ (c=d)(c—a) Tt
§212)=A1+82(1—-82)(Ar+34,—44))
£(21)=2148%(As—A4y)
8(201)=A,—82(As—A1)
&(312) [(8c—Tb—a)+158%(b—c)](A1—As) 82 b+c—2a
J=3 { l=%(Al+As)i _—(1“52)(5A1~8A2+3A3)[1T -I
&(330) 8[4(b—cr+(a—b)(a—c) ]t 4 2[4 —cP+(a—b){a—e)].
BZ
8(322)=A2+’;(1 —B32) (541 —8A:+343)
&(3a1) g B
! l =3(A1+A3) —— (174, - 82:4-3A;—12A0)+—(3—26%) (154, — 64:+ 43— 104,)
&(313) 4 4
{ (7a+b—8c)(A3— A1) —282(1721—8As+ 343 —1244) (2a+b—3¢) 582 (c—b)(A3—2As— A1+ 2A0)(2—382)
=+ +
8[4(a—cp+(b—a)(b—c)]t ] ! 16[4(a—cP+ (b—a)(b—c) ] =
[262(9a+2b— 116)+-64(3 —26) (Tc-+ b—8a) T[1521 — 625+ Ay — 102,
+
16[4(a—c)+ (b—a)(b—c) ]t
J=3

2 4

s 8
=4(A0+ A2)+Z(17Al —8Ay43483—12A0) ——(3—282) (154, — 623+ As— 10A,)
4
«|
<|

&(30s)
&(3a1)

e

4(a+b—2c) (83— o)+ B2 (3a—Th+4¢) (174, —8As+34;—1240)
16[4(b—a)+(c—a)(c—b)]
552(4“352)(d+3b—46)(A3—2A2—A1+2A0)]

64[4(b—aP+ (c—a)(c—b) ]
{[4,32(12b—8a—-4c)+64(3—2,32)(17(1—13b—4c)][15A1—~6A2+A3— 104,]
=+
64[4(0—aP+(c—a)(c—b) ]}

tions only of the principal moments of inertia and the
three additional molecular parameters

cn\*
), and g%

tential. For small values of the product of inertia, D,
B2=DC*/ B*(B—C)% The splitting parameter, A, on
the other hand is related to the barrier height, by
formula (23) for example.

If the principal moments of inertia are known with
fair accuracy from an analysis of the gross features of

(29)

Ao, (~

c
The parameters (C1/C)* and 82 depend only on the mass
distribution and the geometry of the molecule. 5?2 goes
to zero in the limit in which the z-principal axis co-
incides with the symmetry axis of the hindering po-

the spectrum, the three additional molecular parameters
can be determined if three different line splittings have
been observed. Further, if the principal moments of
inertia are known, the value of C; can be determined
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from (Cy/C)*, the value of the product of inertia D
from 2, and all the information needed is at hand since
the barrier height can be determined from A, by means
of formula (23) once the energy unit #2/2(BC—D?%/
Cs(BCy~D%) has been computed from the molecular
parameters.

SYMMETRY PROPERTIES; ORDERING OF THE
TYPE A LEVELS; SELECTION RULES

The symmetry properties for the more symmetrical
hindered rotators of the nitromethane type have been
examined by Wilson, Lin, and Lide.® For the asym-
metric hindered rotator of present interest the Hamil-
tonian will be invariant under the following symmetry
operations: the identity operation, (I); the two three-
fold rotations of the symmetric component of the mole-
cule about its symmetry axis, (Cs, C#, or pa—po=t2w/3);
a twofold rotation of the whole molecule about the x
axis, the axis perpendicular to the plane of symmetry
of the asymmetric component of the molecule, (C,, or
§—-r—08, Y—y+7, pror—1, pr—r—¢s), and finally
the operations C2.Cs and C2,C3%. These symmetry oper-
ations satisfy the group properties of the group Ds,
and the energy levels will therefore fall into species 4;,
As, or E. The symmetry elements I and C, form a
subgroup of both the hindered rotator and the asym-
metric rigid rotator symmetries, and from the com-
patibility relations it can be seen that each rigid rotator
level must give rise to one level of species £ and one of
species 4. The wave functions for the type 4 levels
have one of two possible forms. These have been given
in the paper by Ivash and Dennison® and have been
labeled - and —. However, the Ivash-Dennison + or
— refers to the particular structure of the wave func-
tion, not to a change of sign of the wave function under
a symmetry operation. If their 4+ is multiplied by
(—1)7+" the resulting 4 refers to the change of sign
of the wave function under the symmetry operation Cs.
where the new + levels are then the A4, levels, the
new — levels the 4, levels.

Since the symmetry operation C»; is common to both
the asymmetric rigid rotator and the hindered rotator
Hamiltonians, the rigid rotator energy levels which
have the property + with respect to a twofold rotation
about the x axis will give rise to an A, level in the
hindered rotator, while the rigid rotator energy levels
which have the property — with respect to such a
rotation give rise to an A level.

In molecules such as methyl alcohol in which the x
axis is the axis of the greatest moment of inertia the
ordering of the type 4 levels starting with the highest
level of a particular J value is therefore: A1, Aa, Ay,
Ay, Ay, As, A, -+ (for n=0 or even).

In a molecule in which the x axis is the axis of the
middle moment of inertia, however, the ordering of the
A levels would be: --- Al, ;'12, A;, Ag, ‘41, LRI

The selection rules for this type of asymmetric
hindered rotator have been given in the paper by Ivash
and Dennison but can be expressed more easily in terms

ROTATION 45
of the symmetry species A,, A, and E. They are
simply

Ay—=d, AT=0,41

‘ (30)
EoE  AM=0, +1

The 4 —A4, transitions will always correspond to transi-
tions which are allowed for the limiting rigid molecule.
Some of the E«E transitions, however, may be for-
bidden for the limiting rigid molecule and may be
expected to appear only weakly in the spectrum. Essen-
tially the spectrum will be that of the rigid rotator,
with the important exception that each line of the
spectrum is split into two components of comparable
intensity, one 4 ¢4 ,, the other E—E.

LIMITATIONS OF THE HIGH BARRIER
APPROXIMATIONS

So far the term ‘Telatively high potential barrier”
has been defined only qualitatively. A molecule with a
relatively high barrier to internal rotation is one in
which the hindered rotation splittings are in general
much less than the separations between the rigid rotator
energy levels and yet large enough to be easily observ-
able. Previously it was shown that the high barrier
approximations for the 6%, and the differences in
the Ex., are very good for values of H' 2> 50. However,
for H'=50 the hindered rotation splittings may be of
the same order of magnitude as the separations between
the rigid rotator levels, and the simple splitting formulas
of Table II may not apply. In this case the off-diagonal
matrix elements as given in Table I can no longer be
neglected, and second- or higher-order perturbation
terms may be needed in order to get a good estimate of
the splittings of the energy levels. In this case also the
splittings may be so large that the lines no longer appear
as doublets. On the other side of the scale, for H'> 200,
the hindered rotation splittings begin to fall below the
limits set by the microwave resolution, and thus al-
though the splitting formulas are correct they cannot
be tested experimentally.

As stated before, the natural unit for measuring the
energy of the asymmetric hindered rotator is given by
the quantity #2/2(C/CC»)*. Since this depends on the
masses of the atoms, a barrier height of 500 cm™, for
example, may be a low barrier for one molecule but may
be so high for another molecule that the latter can
essentially be regarded as a rigid top. Three types of
molecules must be considered. First, a molecule such as
methyl alcohol in which all the off-axial atoms of both
components of the molecule are hydrogen atoms. For
such a molecule the barrier height would have to be
greater than 2000 cm~ if the high barrier approxima-
tions are to hold. The second type of molecule is a
molecule such as ethylfluoride in which the off-axial
atoms of one component of the molecule are all hy-
drogen atoms while the other component contains at
least one heavy off-axial atom. For such a molecule a
barrier height greater than about 400 cm™!is a high one.
The third type of molecule is a molecule such as
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CF;CH,F in which both components contain heavy
off-axial atoms. For such a molecule the barrier height
would only have to be greater than about 40 cm™. On
the other hand such a molecule could be regarded as
a rigid top if the barrier height were greater than about
200 cm™2,

On the basis of the barrier height for methyl alcohol
it seems probable that more numerous examples of high
barriers in the sense of the present paper will be found
among the molecules of the second type than in types
one and three. There is, however, one difficulty which
may occur. As the ratio (C1/C)* approaches unity, the
splittings of all the energy levels become identical, so
that the observed lines are not split at all, even though
the splittings of the energy levels may be large. Unfor-
tunately the second type of molecule is just one for
which (C,/C)* may be close to unity. However, even
in this case certain of the lines will show a splitting of
the order of magnitude of the splittings of the energy
levels themselves. Unfortunately these lines may in-
volve high J and K values where both the identifications
of the lines and the computations become very difficult.
These circumstances may explain why Solimene and
Dailey® have not observed any splittings in the higher
torsional satellites of the low J transitions in 1,1-di-

Ca\*
Pz=Pz’— (_) Pz,;
C

fluoroethane, The acetaldehyde molecule, however, is
one of the second type in which the ratio (C;/C)* is such
that the line splittings should be easily ohservable.

APPENDIX I. GENERALIZATION TO MORE
ASYMMETRIC TYPES OF MOLECULES

The theory of hindered rotation in molecules with
relatively high potential barriers has been given for
only a specific, simple type of asymmetric molecule.
However, the methods used can be generalized to more
asymmetric molecules.

A slightly more complex type is one consisting of a
completely asymmetric component linked in an arbi-
trary manner to a symmetric component. This type of
molecule has been treated by Burkhard.!* The kinetic
energy is

2T = Aw,+ Bw,*+Cw.— 2Dw,w,— 2 Ew.w,
- ZFwIwz-{—Cgi‘?— 2C2:th. (31)

The Hamiltonian can be expressed in terms of the total
angular momentum components, P;=d7/dw;, and the
momentum conjugate to ¥, p,=87/9%. In the high
barrier case it is again important to make a transforma-
tion to a molecule-fixed system of axes which is now
defined by the transformation

13 N. Solimene and B. P. Dailey, J. Chem. Phys. 22, 2042 (1954).
4], G. Burkhard, Trans. Faraday Soc. 52, 1 (1956).

rY nw? ’ Co\* 10
[v2+——J cos(—) x
P 1 [ +v*+w? P C
: 2tw? wvw Ca\* ’
-I—[v‘w——————~] sin(—) x
[+ C ‘
[ ww? Ca\*
[vH——]sin(—) x ]
1 (2424w} o t w
12402 uvw Ca\* (’ (w2422 +w? ] Pe
+[———sz cos(—) x|
[#*+?w? ]} C J
[ uIW ] (Cg)* (32)
—————ow]|cos{ — ) %
» 1 (w2422 4w? ]t C
v P ut Ca\ * !
—[w2+——] sin(—) x
IR i A C
[ HYW ) (Cz *
—_—  —yw]sin{ — )} %
1 [+ +w? P ] C) v
5 Pyl
s ur? Ca\* L2414 w? ]t
+[w2—|—~———-—] co (——) x
[+ +w? ]t
Ca\* Ca\* Ca* Can*
[—w cos(—) x+v sin(—) x] —[w sin(——) x+v cos(—) x]
C C C C o
P, ; ; P/
J [u2+v2+w2:|* [u2+1,2+w2:|§ [uz—}—vz-f-wﬂ%J L J
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in which the following abbreviations have been used:

u=AB—E?,
and where now

v=AD+EF, w=ED+BF,

Co 22+ w? ]}

(C2) *
C A principal * Bprincipal -C principal

(33)

The new form of the Hamiltonian is very similar to that of the simpler type of asymmetric hindered rotator and

gives rise to the following matrix elements
hzlu(A +B)+vD+wFl
4 u?+o*4-w?

(4T — K2 +—

h"‘{ Av?+ Bw?+2 Evw
2

M2+'U2+w2
: } I<2_|_E:K1'nint
u(t+v*+w?)  u(uC—ovD—wF)

h2 2r
HJK,nJ<K+1)”"’=;(2K—|—1)[(]—K)(J+K+1)]% f P (0)6= =P i1y (2)d
0

l [7) (4?4 Buw*+-2 Fvw)

w(wD—oF) ]

(v*+w?) (uz—i-v?-l—w?) () [ut+2 4w’

‘[w(Av2+Bw2+2Ev'w) ] v(wD—oF) ] }
2 b
(?+w?) (u o> +w?) l (P+w?) [+ w? ]
h2 27 (34)
H g BT = ——8—[(J—K) (J—-K-1){JU+K+1) (J—I—K+2)]*f Prea*(£)e722P (gr0yrrrn (2)dx
Y
‘[ u(B—A) , (v*—w®) (WD+wF) — dutvw(wD—oF) | duvw (wD—vF) ]
(u2+,v2+w2) I (M2+v2+w2) (’02+w2)2 T (1)2+w2)2[u2+v2+w2]v}
[ w(v?—w?) (wD—oF) vw(zD+wF)
—i
(.U2+w2)2[u2+v2+w2]% ' (7)2+w2) (M2+'U2+w2)
Lmrw([:A'02+B'w2+2E'uw:]—u[:vD—I—wF])] }
(402 (124 2+ w?) )
Except for the imaginary part of the coefficients of parameters, for example
the off-diagonal elements, these matrix elements have Ci\*
exactly the same form as those for the simpler type of Ao, (_) . ou, v, W (36)
asymmetric hindered rotator. However, the internal C

energies, Ex.,™t, must be computed with new modified
values for ¢ and (C,C./C)*

Col 1+ w? |t
o= —K{ 1— ’

A principal * Bprincipal . Cprincipal

Ci\*
=—K(~—) , (35)
C
(C2C1)* Co[uC1—vD—wF]
C A principal * -Bprincipal . Cprincipal'

The hindered rotation splittings will now be functions
of the principal moments of inertia and five additional

The situation becomes much more complicated for
hindered rotators consisting of two asymmetric com-
ponents.!® For this type of molecule the moments of
inertia of the entire molecule as well as the internal
angular momentum of either component of the mole-
cule, when viewed from a coordinate system fixed in the
other component, will be functions of the internal rota-
tion angle, x. For this reason the transformation to a
molecule-fixed coordinate system can be accomplished,
at least easily, only in zeroth order; and the matrix
elements of the Hamiltonian will still contain compli-
cated rotation-hindered rotation interaction terms,

15D, G. Burkhard, J. Chem. Phys. 21, 1541 (1953); D. G.
Burkhard and J. C. Irvin, J. Chem. Phys. 23, 1405 (1955).



