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dc Electric-field induced optical second-harmonic generation has been measured for CH4, CH3F, 
CH,F" CHF3, CF4 , CC1FJ, and CBrFJ, For CH4 and CF4 the third order hyperpolarizability 
X (-2w; O,w,w) is obtained directly. For the other (dipolar) molecules, a bond additivity estimate for 
X{-2w; O,w,w) is used to extract the second order hyperpolarizability X(-2w;w,w). 

Results are compared with various data from the literature: calculated hyperpolarizabilities, and 
measurements of optical harmonic generation, optical mixing and the Kerr effect. The degree of 
consistency of the experimental data with a bond additivity model is discussed. 

I. INTRODUCTION 

We wish to report measurements of dc electric-field 
induced optical second-harmonic generation in a selec­
tion of gaseous halogenated methanes-CH4 , CHsF, 
CH2F2 , CHFs , CF4 , CClFs , and CBrF3 • This pro­
cess has been studied previously by Mayer et al. 1,2 in 
a number of molecules, including C~ and CHFs , among 
those of present interest. We have previously reported 
measurements in the inert gases. 3,4 

Second harmonic generation by microscopically cen­
trosymmetric systems (such as inert gas atoms) can be 
observed in these experiments, only when a dc electric 
field is present. The effect may be described in terms 
of the radiation from a second-harmonic dipole moment 
p2w given by 

(1) 

where E W is an electric field with frequency indicated by 
superscript and x( - 2w; 0, w, w) is a third order hyper­
polarizability. (The conventions used here in defining 
hyperpolarizabilities are discussed in detail in Refs. 5 
and 6.) For an individual dipolar (noncentrosymmetric) 
molecule the second order process 

(2) 

is also allowed, but is observed only by virtue of the 
permanent dipole moment I.J. interacting with the dc 
electric field to produce temperature-dependent, partial. 
alignment of the individual molecules. When no dc field 
is present, the radiation due to this process [Eq. (2)] 
from the randomly-oriented molecules interferes de­
structively and is too weak to detect in these experi­
ments. The third order process [Eq. (1)], of course, 
occurs for noncentrosymmetric as well as centrosym­
metric molecules. 

Our goal is to extract information on the hyperpolar­
izabilities X(-2w; 0, w, w) and X(- 2w; w, w) from our ex­
perimental results and to compare this with other ex­
perimental and theoretical data. 

II. EXPERIMENTAL 

The experimental apparatus is the same as that used 
in previous work on the inert gases3 and a schematic 
diagram is shown in Fig. 1. A ruby laser provides 

about 1 MW of fundamental power (<p W
) at 6943 'A which 

is brought to a focus in the gas under observation. A 
pair of cylindrical electrodes provides the dc electric 
field in the region of the focus. Second harmonic radia­
tion at 3471 'A is detected and the peak power (<p 2W) mea­
sured, after optimizing the gas density and laser beam 
confocal parameter for maximum harmonic generation. 
It is shown in Ref. 3 for the inert gases that, under 
these conditions, 

(3) 

where X(- 2w; 0, w, w) is a particular element of x(- 2w; 
0, w, w). t::.k o is a measure of the optical dispersion and 
is related to the fundamental and harmonic wave vectors 
(k~, k~W) at STP by 

(4) 

For a dipolar gas, X(- 2w; 0, w, w) must be replaced by 
an effective hyperpolarizability Xe

(- 2w; 0, w, w) which 
includes contributions from both X(- 2w; 0, w, w) and 
X(- 2w; w, w) as discussed in Sec. I and in more detail 
in Sec. III. 

The experiment consists of measuring (\'W, EO, and 
<p 2w first for the gas under investigation, and then for 
helium over a total. of about 120 laser shots. Xe( - 2w; 
0, w, w) is then extracted from Eq. (3) using t::.ko from 
the literature7 and using the theoretical value 

Xyyy/- 2w; 0, w, w) helium = 3. 79 X 10-39 esu/atom (5) 

calculated by Sitz and Yaris 8 and thought to be good to 
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FIG. 1. Schematic diagram of the apparatus. 
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TABLE 1. Measured effective coefficients for dc electric-field 
induced second-harmonic generation in halogenated methanes at 
293 oK, Also given are two experimental parameters: E~, the 
maximum applied dc electric field and p, the density. t:.ko is 
the wave vector mismatch defined in Eq. 4. 

t:.k~ p EO y X·yyyy(- 2w; 0, w, (c,) 

cm-! amagats esu (10-39 esu/ atom) 

CH4 4.05 1.1 38 +275±23 
CH3F :l.59 1.3 19 -974±97 
CH2F 2 :l.05 1.5 15.2 - 865 ± 170 
CHF3 2.69 1.7 30.4 - 391 ± ~37 

CF4 2.18 2.1 60.8 + 101 ± 9 
CCIF3 5.77 0.8 60.8 -112 ± 7 
CBrF3 9.43 0.5 60.8 -489 ± 24 

aReference 7. 

1%. Data for the halogenated methanes are shown in 
Table 1. 

The signs of the measured hyperpolarizabilities are 
important in further analysis of the data (Sec. IV). We 
have measured relative signs by studying dc electric­
field induced second-harmonic generation in various bin­
ary mixtures of gases. Knowing t:.k o and the magnitude 
I Xe

( - 2w; 0, w, w) I for each of two gases (labelled 1 and 
2 below), a partial density for each (PI' P2) was cal­
culated such that the mixture would give optimum har­
monic generation if xf(- 2w; 0, w, w) and X~ (- 2w; 0, w, w) 
were of the same sign but zero harmonic generation if 
they have opposite signs. The experiment was then per­
formed with the density of gas 2 fixed at P2 while that of 
gas 1 was varied in the range ° to 3P1' The results for 
mixtures of CHF3 and CH4 are shown in Fig. 2 together 
with the two alternative theoretical curves. Occasional 
failure of the data to follow either curve was traced to 
inadequate mixing of the gases. To determine the ab­
solute signs for hyperpolarizabilities shown in Table I, 
we further assume that for argon the Sign of X(- 2w; 
O,w,w) is the same as that of X(-w; 0, O,w) the Kerr co­
efficient. 9 This will be justified by arguments at the 
end of Sec. III which indicate that the sign and magnitude 
of these two hyperpolarizabilities should be approxi­
mately equal. 

III. HYPERPOLARIZABILITIES IN THE MOLECULAR 
AND LABORATORY COORDINATE FRAMES 

We wish to relate the measured, effective hyperpolar­
izability Xe

(- 2w; 0, w, w) to the third and second order 
molecular hyperpolarizabilities X(- 2w; 0, w, w) and 
X(- 2w; w, w). The analogous problem in the Kerr effect 
has been treated by BuckinghamlO

; results for dc elec­
tric-field induced second-harmonic generation have been 
given by Mayer. et al. 2 and by Kielich. 11 We outline the 
derivation here to introduce our notation and review the 
approximations involved. 

The total molecular dipole moment at the second har­
monic frequency is obtained by combining Eqs. (1) and 
(2): 

(6) 

Where coordinate subscripts i, j, k, l refer to x, y, z 
in the coordinate frame of the molecule. The effective 
hyperpolarizability can be defined in terms of p2w, the 
average harmonic dipole moment per molecule in the 
laboratory coordinate frame (indicated by capitalized 
subscripts F, G, H, !VI referring to X, Y, Z): 

P2w _ 3 e (2' ° )Eo EWE w 
F -'2XFGHM- W, ,w,w G H M'" (7) 

In the present experiments, there is negligible dif­
ference between applied and local fields. Also, it can 
be shown that intermolecular interactions may be ne­
glected. 4 Thus the average of P7w to yield Pf' is taken 
over orientations of molecules with a Boltzmann weight­
ing factor according to the interaction energy of the 
molecular permanent dipole moment jJ. with the applied 
dc field E~. This classical approach is adequate for 
these molecules at ambient temperatures. The weak­
ness of the alignment produced by the dc electric field 
allows expansion of the Boltzmann weighting factors to 
yield the result in terms of an isotropic orientational 
average (indicated by angular brackets < »: 

p~w = % ( q, Fi q, G) q, Hk q, Ml ) 

x [Xijkl(- 2w; 0, w, w) 

+ (Ilj /3kT)xik/( - 2w; w, w) ] E~E~EA} (8) 

where q, Fi is the direction cosine between the laboratory 
F direction and the molecular i direction. Averages of 
products of q,' s have been conveniently tabulated by 
Cyvin et al. 12 Comparing Eq. (8) with (7) we can sepa­
rate the effective hyperpolarizability into third order 
and second order contributions: 

X~GHM(- 2w; 0, w, w) 

== XFGHM( - 2,,); 0, w, w) + (1l/9kT)XFGHM(- 2w; w, w) 
(9) 

2 3 

(DENSITY OF GAS 1l/P1 

FIG. 2. Harmonic generation in a mixture of gas 1 (CHF 3) and 
gas 2 (CH4l. The density of gas 1 is varied in the range 0 to 
3P1 while the density of gas 2 is kept at P2. The values Pl and 
P2 are discussed in the text. The two theoretical curves are 
computed for two gases with Xe(- 2w; 0, W, w) of the same sign 
(upper curve) and opposite sign (lower curve). The data in this 
instance clearly follow the lower curve. 
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TABLE II. Third order hyperpolarizabilities in units of (10-39 

esu/atoml. Results from the present experiment are shown in 
the first column. Estimates for dipolar molecules derived 
from the bond additivity model are given in the second column 
based on data for the tetrahedral molecules shown in paren­
theses. Other experimental data are also shown. 

X(-2w;0,w,w) 
(expt. ) (calc. ) 

CH4 275 ± 23 (275) 

CH3F 231 
C1I2F 2 188 
CHF3 144 
CF4 101 ± 9 (101) 
CCIF 3 424 
CC14 (1400) 

aReference 13. 
~(-2w;0,w,w) from Ref. 2. 

X-K(_ w; 0,0, w)a 

244± 12 

125 ± 7 

CX(- 2w + ws; - ws' w, w) from Ref. 2. 

Other X 

260b , 28Oc 

153c 

1400b
, 1400c 

and then relate each of these to corresponding molecular 
hyperpolariz abilities: 

XFGHM(- 2w; 0, w, w) = (<PFi <PGj <P Hk<P Ml )xilkl(- 2w; 0, w, w) 

(10) 
and 

XFGHM(- 2w; w, w) = (<T>Fi <PGz<p Hk<P Ml) Xikl( - 2w; w, w). 
(11) 

Note the subscript z on the second direction cosine in 
Eq. (11) which appears because the molecular z axis has 
been placed along the permanent dipole. Also in Eqs. 
(9) and (11) we are using the notation XFGHM(- 2w;w, w) 
to indicate the linear combination of molecular hyper­
polarizability elements with frequency labels (- 2w; w, w) 
which contributes in an experiment when the induced 
dipole moment and the three applied fields are in the 
laboratory frame F, G, H and M directions respectively. 

For spherically symmetric molecules, fJ. and X(- 2w; 
w, w) are zero and there is no distinction among X~GHM 
x(- 2w; 0, w, w), XFGHM(- 2w; 0, w, w), andXljkl(- 2w; 0, w, w) 
since the laboratory coordinate frame can serve as 
an equivalent molecular frame for all molecules. Tet­
rahedral molecules are not centrosymmetric but have 
no dipole moments and the second order hyperpolariz­
ability does not contribute to Xe( - 2w; 0, w, w). 

In Sec. IV, our results will be compared with data from 
the literature for two other processes, and it is con­
venient to display for them equations analogous to Eqs. 
(9), (10), and (11). Firstly, a mixing process with hy­
perpolarizability X(- 2w +ws; - ws' w, w), which has been 
investigated by Mayer et al., 2 differs from dc electric­
field induced second-harmonic generation in that the dc 
field has been replaced by an infrared field with fre­
quency w s' The infrared field varies too rapidly to 
align molecular dipoles so that the second order coef­
ficient does not contribute to the process: 

Secondly, the Kerr effect has been studied by Bucking-· 

ham and OrriS and corresponding results for the first 
virial coefficient Ak are: 

Ak = f.r'lTNo r (<p Fi <P Fk <P Fj <P F/ ) - (<p Gi <P Gk <PFl <PF/ )] 

x rHXillk(- w; 0,0, w) + (21l1 /3kT) Xijk( - w; 0, w)} 

+ H(kT)"IX/k(- w; w )Xjl (0; 0) + (kTt 2Xlk (- w; w) III Ill} 1 
=f7'lTNo [{xK

( - W; 0,0, w) + 1 (kT)"IIlXK(- w; 0, w)} 

+ {terms in Xik( - w; w )etc} ], (13) 

where No is Avogadro's number, 

XK( - w; 0,0, w) = H (<p Fi <PFk <PFl <PF/ ) - (<p Gi<PGk <P Fj <P Fl) ] 

XXiJlk(- w; 0, 0, w) 
and 

XK( - w; 0, w) = [( <PFi<PFk<PFj<P Fe) - (<p Gi<P Gk<PFj<P FZ)] 

x Xijk( - W; 0, w). 

(14) 

(15) 

The isotropic averaging in Eqs. (10)-(15) imposes 
spherical symmetry on the laboratory frame coefficients 
so that Xe(- 2w; 0, w, w), for example, has only two non­
zero independent components which may be chosen to be 
those with coordinate subscripts YYYY and YYXX. Each 
laboratory frame coefficient is a different linear com­
bination of molecular coefficients as prescribed by Eqs. 
(10), (11), (12), (14), and (15). A molecular coeffi­
cient depends on the frequencies of the fields involved 
and is subject to restrictions imposed by molecular 
symmetry and (far from resonance) by permutation sym­
metry.14 

A sweeping simplification occurs in the zero frequency 
limit (w, ws-O). In this limit, the third order hyper­
polarizabilities obey the relations 

Xyyyy(- 2w; 0, w, w)= 3Xyyxx(- 2w; 0, w, w) 

=Xyyyy(- 2w +ws; - ws, w, w) 

= 3X y yxx( - 2w + w s; - w s' w, w) 

=XK(- w; 0,0, w)= 1'/6, (16) 

and Similarly for the second order hyperpolarizabilities: 

Xyyyy(- 2w; w, w)= 3Xyyxx(- 2w; w, w)=X K
(- W; 0, w) = (3/2, 

(17) 
where I' and f3 are notations often used in the literature. 15 

We expect the zero frequency limit to be a useful ap­
proximation here since all applied field frequencies are 
small compared with the frequencies of excitations which 
dominate the linear optical properties of these mole­
cules. Our experiments have given direct evidence of 
consistency with one feature of these predictions 

I Xhyy(- 2w; 0, W, w)/3X~yxx(- 2w; 0, w, w) - 11 ~ 0.1 
(18) 

Hereafter we shall not be directly concerned with YYXX 
components and the set of coordinate subscripts YYYY 
will be suppressed for brevity. 

IV. RESULTS AND DISCUSSION 

A. Third order hyperpolarizabilities 

In the case of tetrahedral molecules (CH4, CF4 , 

CCI4) the dipole moment is zero and experiments yield 
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TABLE III. Second order hyperpolarizabilities in units of 
(10.31 esu/atoml. 

/la X(-2w;w,w) XK(- w; 0, w)C X(O; 0, 0) 

(10.13 esu) (expt) (expt) (calc) 

CH4 0 0 0 

CH3F 1. 85 -2.37 ± 0.20 -2.5±1.32 - O. 259d 

- O. 800· 

CH2F2 1. 97 -1. 95 ± 0.32 - 0.55 ± 0.13 - O. 342d 

CHF 3 1. 65 -1. 18 ± 0.10 +3. 64± 1. 35 + O. 302d 

- O. 74b 

CF4 0 0 
CCIF3 0.50 -3.90 ± 0.47 

CBrF3 0.65 

aR. D. Nelson, Jr., D. R. Lide, Jr., and A. A. Maryott, 
Selected Values of Electric Dipole Moments for Molecules in 
the Gas Phase [Natl. Stand. Ref. Data Ser. 10 (1967)]. 

bReference 2. 
cReference 13. 
dReference 17. 
"Reference 16. 

the third order hyperpolarizability directly. Table IT 
shows results from dc electric-field induced second­
harmonic generation (Mayer et al. 2 in addition to the 
present work), the Kerr effect (Buckingham and Orr13), 
and an optical mixing process (Mayer et al. 2). The co­
efficients for different processes in a particular mole­
cule can be seen to be equal to within about ± 20% which 
is the level of experimental uncertainty. Thus the data 
is consistent with the prediction of the zero frequency 
limit, Eq. (16). 

Table n also shows estimates of x( - 2w; 0, w, w) for the 
dipolar gases calculated using the bond additivity mod­
el. 15 In this model, a hyperpolarizability is ascribed to 
each bond from which the molecular hyperpolarizability 
can be determined by geometriC combination. Our ex­
perimental results for CH4 and CF4 and results for CCl4 

from Ref. (2) have been used to give the hyperpolariza­
bilities for CH, C F, and CCI bonds and, in turn, predict 
the third order hyperpolarizabilities for the dipolar 
molecules. In the case of CHFs , the reliability of the 
bond additivity estimate can be tested by comparison 
with the data of Mayer et al. 2 The third order hyper­
polarizabilities have been shown to be consistent with 
the zero frequency limit. Thus the experimental value 
ofX(-2u.I+ws;ws,w,w) should provide a good estimate 
for X(- 2w; 0, w, w) and is within 7% of the bond additivity 
estimate of the same quantity. We therefore believe that 
the bond additivity model provides estimates of third or­
der hyperpolarizabilities which are good to within ± 15%. 

B. Second order hyperpolarizabilities 

For dipolar molecules, the experimental results de­
pend on both third and second order hyperpolarizabilities 
[see Eq. (9)]. We therefore follow Buckingham and 
OrriS in using the bond additivity estimate for x( - 2w; 
0, w, w) from Table IT and a knowledge of /.l to extract 
x(- 2w; w, w) from the experiment. Values for x(- 2w; 
w, w) derived in this way are shown in Table TIl to­
gether with uncertainties which include the experimental 

uncertainties in Xe(- 2w; 0, w, w) and an estimated un­
certainty of ± 15% for the bond additivity value of X( - 2w; 
0, w, w). The latter contribution is unimportant except 
in the case of CClFs . 

Buckingham and OrriS extract XK( - w; 0, w) from Kerr 
effect data [see Eq. (13)] making use of the temperature 
dependence of the Kerr effect, known values of dipole 
moments and linear polarizabilities and using the bond 
additivity approximation to estimate XK

(- w; 0,0, w). 
Their results are also shown in Table TIl. Mayer et al.2 

have derived X( - 2w; w, w) for CHF3 (and for other mole­
cules not of direct interest here) from the difference be­
tween Xe(-2w;0,w,w) andX(-2w+ws;-ws,w,w), as­
suming the latter is equal to X(- 2w; 0, w, w) [see Eqs. 
(9) and (12)]. This result is also shown in Table III. 
Values for dc hyperpolarizabilities X(O; 0, 0) calculated 
by Arrighini et al. 16 and by Hush and William17 are in­
cluded in Table TIl. 

For CHF3 the present value and that of Mayer are in 
satisfactory agreement. However, as noted by Mayer, 
the result from the Kerr coefficient measurement is 
three times as large and of opposite sign. We find such 
a large deviation from the low frequency limit predic­
tion of equality [see Eq. (17)] to be surprising. The 
other experimental results show less striking disagree­
ment. The theoretical values have the same signs as 
those from the Kerr measurements, but their magni­
tudes are all significantly smaller than any of the mea­
sured hyperpolarizabilities for the same molecule. 

Comparison of the data from Table III with bond ad­
ditivity estimates for the second order hyperpolarizabili­
ties is shown in Table N. Again for CHF3, the value 
from the Kerr measurement shows surprisingly gross 
deviation from the predicted value. Buckingham and 
Orr13 have commented on the basis of their Kerr data: 
"The lack of agreement does not augur well for the suc­
cess of a bond additivity approximation in predicting sec­
ond order hyperpolarizabilities for molecules." We 
would be much more optimistic with only the second har­
monic data as a guide, characterizing the bond additivity 
approach as useful but imprecise. A bond additivity ap­
proximation for second order hyperpolarizabilities is 
particularly attractive since it is an integral part of 
Levine's method18 of calculation which has been so suc­
cessful for a wide range of crystals. 

The state of understanding of second order hyperpolar­
izabilities for the halogenated methanes as summarized 
in Table III is clearly not yet satisfactory. 

We plan to refine our dc electric-field induced second-

TABLE IV. Second order hyperpolarizabilities from Table III, 
normalized to CH3F and compared with the predictions of the 
bond additivity model. 

Bond Additivity 
X(-2w;w,w) XK (-w;O,w) Model 

CH3F 1. 00 1. 00 1. 00 
CH2F 2 0.82 ± 0.06 0.22 ± 0.13 0.87 
CHF3 O. 50± 0.06 -1. 46 ± 0.94 1.00 
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harmonic data by measuring coefficients as a function of 
temperature. The experiment will then yield [see Eq. 
(9)] both X(- 2w; 0, w, w) and x(- 2w; w, w) directly from 
the data for each dipolar gas without the need to use bond 
additivity estimates for the third order hyperpolariza­
bilities. 
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