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The possibility of parametric excitation of high-frequency electromagnetic waves by lower-
frequency dipole pumping is studied. It is shown that the obiained general dispersive
equation may be reduced to the Mathieu equation, provided the case of the flux instability is
neglected. In the framework of the developed approach, the excitation of
magnetohydrodynamic waves and whistler oscillations is examined.

I. INTRODUCTION

The problems of the generation of modes of high fre-
quency in the presence of lower-frequency oscillations at-
tract the researcher’s attention both in the theoretical and
experimental aspects.' The authors of the above-
mentioned papers studied the excitation of Langmuir
waves. However, to better understand the physical mech-
anisms of the generation of modes of high frequency in the
presence of lower-frequency oscillations it is necessary to
study the behavior of nonpotential oscillations as well. Be-
sides, electrodynamic waves allow us to make use of more
diverse means while studying them experimentally.

The present paper considers the excitation of electro-
magnetic modes by the lower-frequency dipole pumping.
Unlike in Refs. 1-3, the analysis is made in the approxi-
mation of regular phases (see, for instance, Ref. 4). As is
shown below, the smallness of the pumping wave fre-
quency and neglect of the flux instability allow us to ana-
lyze the dispersive equation of arbitrary electromagnetic
oscillations by reducing the task to the solution of the
Mathieu equation. However, this paper is limited to con-
centrating on certain cases of a particular interest.

ll. THE DISPERSIVE EQUATION OF
ELECTROMAGNETIC OSCILLATIONS IN THE FIELD
OF DIPOLE PUMPING

The dispersive equation of electiromagnetic oscillations
in the field of the dipole pumping is known fairly well (see,
for instance, Ref. 4 and references therein). However, be-
low we will obtain this equation in a different, more con-
venient form for us.

Let us consider a homogeneous plasma in the magnetic
field By oriented along axis z(By|| z). Let the plasma be
acted upon by the dipole harmonic field of pumping
Ey(wot). (Subsequently, we will neglect the magnetic field
of the pumping wave everywhere.) Then electrons and ions
in the field of the pumping will have speed Uy, (wy?) and
oscillation coordinates ry,(wgt) (for the electron—proton
plasma a=/i,e).
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The dispersive equation of electromagnetic oscillations
will be obtained in the coordinate system, connected with
macroscopically moving electrons. In this coordinate sys-
tem, the field of pumping does not act upon the elecirons
and the linearized kinetic equations for the disturbance of
the distribution function f, has a well-known form:>
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where w g, is the gyrofrequency, [, is the undisturbed elec-
tron distribution function, and the rest of the notation is
standard.

Going over into the Fourier representation in Eq. (1},

do dk
A(r,z):f gk 405 k) ant

and using the Maxwell equation

1 8B

rot E= ~ 5’ (2)

we can write the expression for the electron current:’

_],(,:)—O‘(e)E (3)

Here, ') is the linear conduction of a-sort particles that,

obviously, has the form similar to the one in the plasma
without macroscopic motion.”

In order to write the dispersive equation, we will have
to calculate the linear, relative to the field of excitation, ion
current in the electron coordinate system.

If we go over into the coordinate system connected
with macroscopically moving ions, in the linearized kinetic
equation for ions, we thereby shall exclude the pumping
field. Then, just as for electrons, we can write

P =o0E, )
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where the tilde indicates that the values are taken in the ion
coordinate system and o{?, has the form similar to the one
in the plasma without the macroscopic motion. Thus, to
write the ion current in the electron system of coordinates,
we will have to transform Eq. (4) into this system.

In the electron coordinate system, the pumping field
causes the movement of ions with the following values of
coordinates and velocities:>

(51— 13.) COS Wt =X COS Wt
(K — 1) sin wgt=y, sin wyt
(¥5;—75,)COS Wt =2, cOS wot

ro(t) = , (5)

(up;—1g,)sin wot=u sin wor=iV sin wyt
ug(2) = (uf;—uh,)cos wot=1u, cos wt= "V, cos at |.
(ug;—uf,)sin wof=u; sin wot=iV7 sin wyt

(6)
Moreover, we can write
kry(2) =a sin(wyr+6),
&= (kxo+k.20)2 + Ko, ) (7

G=arctan(k,xo+k20)/kyo -

The expression for the ion current in the electron coordi-
nate system has the form

i (rn) =]el f wfi(r,L,w)dw,

(8)

r=rg+r’, w=uy+w.

Here, the prime indicates that the coordinates and veloci-
ties are taken with respect to the ion system of coordinates.
Let us go over into the Fourier representation in Eq. (8):

9 (@)= f di de’ &= =D [ug(1) 510 (x”,1)

+i2,n]. 9)

After substituting Egs. (6) and (7) here, and taking into
account the continuity equation in the ion coordinate sys-
tem

PP (0,k) =kj'? (w,k) /o,

we obtain

. Vike
JP (k)= 2 €%T,(a)d,1,(a) (ske(w—pwon—g"]i <L+‘+G"L“1>)

pYq

. v .
X[amn((w+qw0)_ ;k
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+G‘Lf‘))+

S0 (k) = A1) [Bpo+ (Vkn/2) (LT 4+ GMLTY)]

X[/ (k) /0]
mun=12,3=x,y,z. (10)

Here, we introduce the operators
Alok)= 2 e "] (a)A(w—nayk)
n .

=A"'(k)4(w,k),
Ao+ apk)=L* (0 )k),
where 8,,, is the Kronecker delta and G"=(—1)". Using
the transformation for the field’
E(r',5) =E(r,t) + (1/¢) [up(£) X B(r,7) ]

and the Maxwell equation (2) in the elec

SSLONR A Lo S v

system, we obtain

ctron coordinate

k,V,
E{wk)= A(k)[ (a)— (L+‘+G"L“))

Ej(@k)
—.

Vik; .
+——§—(L+‘+G1L—‘)] (11)

Here,
Ad(ok)= Ee’”"J (a)A(w+nwe k) =A(k)4(w,k),

and the combmatlon ab; G is written as follows
a,b,-G = _albl +a2b2—a3b3 .

From Egs. (10), (4), and (11) we obtain the final expres-
sion for the ion current in the electron coordinate system:

(1)(0)1()’“ I(k)( e L+1+GkL—l))

(1) k

x[amn(a) ks L+‘+G’L 1))

V.k o,
MM(L+1+G"L—‘)]—'1(—), (12a)
2 @
or in an expanded form:
oln(w—pwgk)
@ — Py
' E, (04 gk
—nm '”(L+1+G"L—1)]-————_”( dook) (12b)
©+quy
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The Maxwell equations (2) and

B 47 18E
rot B= s J+; ar’
using Eqgs. (3) and (12), allow us to write the dispersive
equation:

(13)

c 4mi )

dmi
+? Ji¥ (0,k)=0. (14)

The dispersive equation (14) describes the parametric
interaction of arbitrary oscillations with the dipole pump-
ing wave.

Let us simplify Eq. (14) with reference to our case,
namely, to the excitation of high-frequency modes in the
presence of the lower-frequency pumping wave. Expanding
the electric field and conduction into the Taylor series with
respect to point (,k) in Eq. (12b), we can sum over p and
g. Next, using wy€w and kuge < w (the fulfillment of the
latter inequality is necessary in order to exclude the flux
instability), we can resirict ocurselves to terms t=0,1,2 in
the conduction expansion (see Appendix A). Retaining
the terms proportional to 1, kug, kugwg, (kug)? and con-
volving the expansion of the electric field, we finally obtain:

J(0K) =0 (0) E(@) + T4 0k), (15)

where J,(w,k) is the part of the ion current dependent on
the pumping field. A detailed derivation of Eq. (15) and
the expression for Ji(w,k) are given in Appendix A.

Using Eq. (15), the dispersive equation (14) can be
written as

[(c¥/?) (kik;—8,4) +8;+ x ;1 E (k)
+ (4mi/w)J{w,k) =0,

where

(16)

X=X + X

Xﬁj‘-‘) is the linear susceptibility of a-sort particles. The anal-
ysis of the dispersive equation (16) in a general form is
rather complicated, therefore, in the paragraphs below, we
shall consider the most characteristic, in our view, partic-
ular cases. Besides, it will be clear from the consideration
of these particular cases, how to analyze the parametric
interaction of arbitrary modes with the pumping wave.

lil. EXCITATION OF MHD WAVES PROPAGATING
ALONG THE EXTERNAL MAGNETIC FIELD BY THE
PUMPING FIELD Eyl B,

Let us introduce the polarization vector for magneto-
hydrodynamic (MHD) waves with the wave vector k
along the external magnetic field:’

&E(m,k)=[el(cu,k),ez(w,k)]E[e'l(a),k),fé}(w,k)].(l )
7

Then, J(w,k) assumes the form [for brevity’s sake we will
use G” instead of G,; and E (0 +nwy) =EF"]:
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Ji(wk) =

Vo) : £
k e
4e? <mVe(w+2wo+G Geco—Zcoo)

+ V. EA0) (G +G*) > (18)

Writing Eq. (18), we have made use of the fact that
013=0,3=0. The smallness of the pumping frequency
we<€w allows us to simplify

E(oxnowg) ~e{w) E(w £ nwy), (19)
then Eq. (18) assumes the form
kazo’:(;? Vie,+iVae,
— +2
iVZEZ_ V1€1 _ e~
k o Jon E 2) +[iVye,—Vie
+ G (Vier +i¥3%3) 1 E(w) ) . (20)

Substituting the current equation (20) into Eq. (16), con-
volving with the components of the polarization vector
e¥(w), and, taking into account Eq. (6), we obtain the
dispersive equation

(5

o
A@)E(@) =53 (el — 1) (B2 4+ B-Y)

—2(wlel+ Ul E(w)). (21)
Writing Eq. (21), we omitted the terms proportional to
wo/w and introduced the notation

k?

To solve Eq. (21}, it is necessary to know the polar-
ization vector. Taking into account the smallness of
kuge/w, let us assume that the functional dependence of
the polarization vector on (w,k) and the medium param-
eters remain the same as in the plasma without the pump-
ing field. Note, also, that since wg<w, then to solve the
dispersive equation, it is more convenient to go over into
the # space. Before going over into the ¢ space in Eq. (21),
let us carry out obvious simplifications.

The inequality kugo <o allows us in Eq. (21) to ex-
pand into the series with respect to the solution of the
undisturbed dispersive equation:

Alwy) =0, wy=w,+i5, (22)
where @, is close to w. Besides, assuming & to be a small
value, we will take into account the imaginary part of sus-
ceptibilities only in the term of the zero approximation,
ie, in Eq. (22) and further expand with respect to w,.
Then, Eq. (21) takes the form
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' 1
< [Aly(0—ay) +§ [A];(co—a)*)?') E(w)

2 e
-7 [(E+2+E—2) < (333- (u%e%—uié%))
*

X33
+ (;f (u%e%—u%é%)) (0—ay) )

*

X5
—2E(w) < (;2- (u%e%—i—u%é%))

*
X5 22, 22}
+ ('52“ (u191+u2%)) (a)——m*) > ’ (23)
*
where [ - ], and [ - -] are the first and second deriv-
atives over o calculated at point wy, and (- - - ), is the

function value at this point. Going over in Eq. (23) to the
¢ representation

X()= fe‘f“"X(co) do (24)
27’
we obtain
A*E(tk) JE(t,k)
—‘é?‘— (A+ B cos 2w0t) T
+(C+D cos 2w4t) E(t,k) =0. (25)

Writing Eq. (25), we again used the smallness of wy/w,
and introduced the following notation:

2i
A(k)= ~ A (oK) ( A (0K) —0 A" (04,k)
*,
K (x5 ’
7("{,2‘ W%‘?ﬁ“%)) >
*

B(k) = [ik*/A" (0,,k) 1[ (x$3/0?) (13el —u5e) 1,
2

Dy
Ck) = [co*A’(co*,k) 2% A (0 k)

2
TA (0K

12 X(i) '
—5 ( (5 i)

2

*

x$3 ' '
2~2
_a)*(Tw (u%e%-{—uzez ) )},
*

k2 X(i)
W =y <( = (u%e%—u%é%))

*
153 2 2y )
_a)*(-j-w (ule%—uzez) ) > .
#
Substituting®

E(?) =E_~(t)e—(1/2)[At+(B/2w0)sin 2ayt] (26)
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reduces Eq. (25) to the Mathieu equation:

FPE(2) 1(, B
2 |73 (A +‘z')
AB _ '
+ (.@ —‘T)cos 20t]1E(t) =0. 27)

The solution of the Mathieu equation within the frame-
work employed while obtaining it is given in Appendix B.
To make use of the results of Appendix B, it is necessary,
giving the form of susceptibilities and vector of polariza-
tion, to calculate the coefficients of Eq. (27).

Let us assume that electrons and ions of the plasma are
cold. Then,’

_( X1 iXZ) _ 2 wpa
Xij —iva v ) X1 ~ o Z
) (28)
. @po® B
X2=— ~ o(0*—o%,)’

where @, is the plaéma frequency of a-sort particles. Ex-

pression Xgé) has the form

X3 = — /e,

and for the components of the polarization vector, we can
- 5 .
write

1
el=[1+X§/(N2_l_Xl)2]l/2,

X/ (NP —1myy)

= T P Ty (29)
w .
The solution of Eq. (22) yields’
NZ””I_X1=§X2’ (30)

where £=1 for the left-hand-polarized (4—) and §=—1
for the right-hand-polarized fast magnetosonic (FMS)
waves. In the case of low-frequency (w,<®g) MHD os-
cillations, the form of susceptibility is considerably simpli-
fied:

=0k Xa=we ol @y
and o), =~ K% for both types of oscillations
(vy/CP=w%y/ cof,,-) . S ' :

Before giving the expressions for the coefficients of Eq.
(27), the following remark should be made. Since y,<y,
then while calculating derivatives over w from the compo-
nents of the polarization vector, a large parameter w /@,
will appear. Therefore, while calculating the coefficients of
the Mathieu equation from the components of the polar-
ization vector we will take the derivatives of the first order.

Gamayunov et al. 95



Omitting simple, but rather unwieldy, calculations, we
will write the final form of the coefficients in Egs. (26) and
(27):

i Koy, -
A=§ (8w*+§m;(ul—u2)),

B=—Ei(Kwy/60}) (1] +u3),

1; B\ o) kb ! o
_Z 2,7V _ "% Bi Bi 2
¢ 4(A 2 )" 9 " 6al (§3w* (=)

1 20
3
Y (W—Hq)—l—w

X (3ut— 20t + 3u} ))

AB Ko, 5
D=y =gy (M)
%

In the expression for C—3(4%+ B%/2), we have written out
the two last terms because, as will be seen below, during
the calculation of the nonlinear frequency shift, the terms
of a higher order are compensated for. From comparing
Egs. (27) and (B1) it is easy to obtain expressions for A
and &

iztICIA2
Hfe-ifes

Z=uwypt. (32)

Now we can use the results obtained in Appendix B (nat-
urally, we assume that all restrictions for £ and 6, cited in
Appendix B, are met).

Expression (B12), using Eq. (32), yields the growth
rate of MHD oscillations:
2 o 3
wy)

To obtain the MHD oscillations’ frequency in the presence
of the pumping wave, we must use Eqs. (B9), (B11), (32)
and the expression for the coefficient 4 [see Eq. (26)].
After simple calculations, we will obtain

y 9 [kz(uf+u§) (f‘i{’_")} (33)

Z):=32\/i wi Wy

w=0,+ (Kwk/80,) [ (4} +15) — (Kol/1205)

X (4] —13) ] =0+ Ao. (34)

It is seen that the last term in Eq. (34) is substantial with
sufficiently small w, and, besides, it disappears in the case
of circular pumping polarization.

In conclusion of this section, we will give the expres-
sion for the polarization vector of MHD waves. Substitut-
ing the obtained frequency value into Eq. (29), and retain-
ing the first term of the expansion, we obtain

wpAw

b {22

The pumping field transforms the polarization of MHD
waves from the circular into the elliptic one, and the large
semiaxes of 4 and FMS waves ellipses are mutually per-
pendicular.

IV. EXCITATION OF MHD WAVES, PROPAGATING
ALONG THE EXTERNAL MAGNETIC FIELD,
BY THE PUMPING FIELD Eg|| By

While considering MHD waves with kii By in the
pumping field Eyl| Bg the expression for current Ji(w,k)
assumes the form [see Eq. (A5)]

(35)

awg o . o aw) do) . . a
Ji(o, k)_—T" : (E:le"’+E;“e*‘9)——4—()—a—a?— (Ej'e’e-E:’e"‘6—-5 [E:ze’29+E;23“’26+2E8(a))])
__.k_V3 (i) E+1 E~ _awo 30'(’) &0 Ejz _ ,—if E:2 Ee(w) (e~i9__ei9) (36)
2 \ ke w+wy, o—ag 2 dw o+ 2wy w—2wy © ’
f
Using Eq. (19), we obtain the dispersive equation
X (o)) e, B(w) > (37)

A(co)E(w)———e* (wX“’)e,,(e”"E+'+e~ieE~‘)

a'wh a( L I
* ®

+W o n )e,,E(w)+81g(kzo)z —_

<_ e,";zxf?'&en(E“ E~1) +Slg(kzo)1 —-—2— e¥ 3
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While obtaining Eq. (37), we neglected the terms that are

proportional to wy/w and [(awy)*/e(E* £ E™?), and

used the obvious relationships [see Egs. (6) and (7)]:
kuy= —awq sig{kzy), 0= (w/2)sig(kzy).

Expanding into the series with respect to the undisturbed
solution, the dispersive equation (37) assumes the form
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([A];(w——a;k)};[A];(a)—co;))E(m)—-' (e’eE“-{-e—’eE 1)<(_3; _a_(wxm)e”‘) +’(1

cadet 3 (o)
4 [_255( - dw ) "
X (0—ay) ) +81g(kzo)zaa)o(—2

X (co—co*)>'

*

To go over into the ¢ space, it is more convenient to use the
Fourier transformation with a shifted zero time reference,
rather than Eq. (24):

a’cov

oyl (39)

X(r)= re—-iw(7'+1r/2@0 X( )
After simple transformations, Eq. (38) will have the form

FPE(Tk) -
———;rﬁ+ (A+ B cos on)

+(C+ P cos wgr) E(1,k) =0.

E(T,k)

- (40

Here, as before, we have taken into account the smallness
of wy/w,, and introduced the notation

’

&*

lawy
B(k)= A"( *,k) 31g(kzo) < (

i 1- ’ .
+ (;; ™ S (wx"’)en) >
i . *_ .

P 7-

“ * ”
oD {w*A (k) — =% A" (@ k)

2 .2

o} et o AN
—j_< co aw (a) o )e”’

PR
+2(—'§a~ wxféi,)en) )}

C(k)=

2aw, ¥ (0
‘@(k) A"( *,k) Slg(kz()) ( menen
1
o} ems,zz,e,,)
*
AI ()
+ 5 a7 (cox n)en
*
1 * &) '
—oyl ~emzs (coX n)en .
‘ *
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E(w) —sig(kzo)iggﬂ'{(gfl.;Eeﬂl) ( (1

3 L
(wx“’)e,.) E(w)]=
1

e* — (a)x(’))e,,) |

mam
/%

. .
,,,x) +(— ,,x)

(38)
—
‘Substituting
E(‘T) :E’(,’.)e—(1/2)[AT+(B/wo)sin gT] ) (41)
 reduces Eq. (40) td the Mathieu equation:
CPE® [ L p B
B0 oy (es5)
! AB\ 1. ©
+(.@ ——T)cos woT | E(7) =0, (42)

where, just as in obtaining Eq. (27), the terms propor-
tional to By, sin wr and B cos 2wy, are not taken into
account.

Let us consider electrons and ions of the plasma to be

: ~. cold. Using Egs. (28)-(31) and omitting simple calcula-
A(k) = —[2i/A"(0,,k) J{A (0,,K) —0, A" (0 k)),

tions, let us write the final form of the coefficients in Eq.
(41) and the Mathieu equation:

P TR o
A=i-5w*, B_—§s1g(kzo) zawo
@y’
1 B\ o ekl -
. 2, 2V _T=x o Bi
¢ 4(A+,2) 5 T 182
D —AB/2=E sig(kzy)awyw 53-
From Eqgs. (42) and (Bl),"Wé obtain
4wi 2a%w%; , ©p;
h—9—z+——r, 6——’—§SIg(kzo)—a—0
(43)
.(007' .. U
=",

which allows us to use the results of Appendix B. Using
Eqgs. (B12), (B9), (B11), and (43) we obtain the follow-
ing expressions for the growth rate and the frequency of
MHD oscillations:

v 225 [awywp; 21 wo\°
e () ()

2 (44)
TPy,
= co*+—l6-—§—-"co*+Aw
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The polarization vector of MHD oscillations with k|| By in
the pumping wave field Ey|| By is obtained by substituting
Aw from Eq. (44) into Eq. (35).

In this and previous sections, we considered the exci-
tation of MHD waves by the dinole numnineg, but. natu-

Rvilfid U2 iVARZaaS WS Uy LIV BIPVIL pPUllipiiigy Ul 1iGLuS

rally, with respect to certain types of oscillations, MHD
waves themselves can play the role of pumping. The fol-
lowing section will consider one of such cases.

V. EXCITATION OF WHISTLER OSCILLATIONS,
PROPAGATING ACROSS THE EXTERNAL MAGNETIC
FIELD, BY THE PUMPING FIELD E;l B,

s consider the excitation of whistler oscillations
with the wave vector k=(%,0,0) by the pumping wave
E;l By, (e.g., 4 mode). Using Eq. (17), the expression for
current Ji(w,k) assumes the form [see Eq. (AS5)]

Let us consider the e

2 a2 (i) i
aQw, W O U,
Jk(w k)__To_ (E+l 16+E—l —19) O_a_f;_ (E+1 16 E-—l —i6__ [Ej2e120+Ee—2e—t26+2Ee(w)])
_% ( (2) ( Ejl __E;l )_a—a)gaa(') ( i Ejz —e— 0 E;‘z _[_E o) (e —i0__ 10)\>
2 \Tk \@+ay e@—wy 2 do \ e+le w—2w9 @ )1
KV, E}! E;'Y\ awydol) 1 E}?  E7? E(w) . ,
() € € - i0 ¢ —ig__"¢ € —i0 0
+ 2 < Tk (w+w0 Gew—wo) 2 dw ( w+2wo+Gee wo—2mg (e7"+Ge )))
Vi [kotd 0 3 (kol? awy 8 (ko{P\ ,
— +1 k-t Z%0 7 e N 0p+2 gk, —ifpp—2
—{—2 < (E +G"E; )+a)oa (m)(E" —GE]’) 2aw(m)[eEe +G*e™"E,
kV. ko.(l) E+? E-2 (z)E( )
—i8 (kB - e k_Te e _ k
+ (e 4+ G ) E ()] [ ~ <m+2®o G w_2m0)+ —— 1+G)]

(I)E( )

kv, [kol} ( E? . E’
> | — ( +GG )

o+ 2wy w—2wy

Using Eq. (19), as in previous paragraphs, we obtain the
dispersive equation (assuming u?=u3):

ku] . (
Alw)E(w) +54 <s1g(kXo)e = (oyy)e,
—sig(kxo) (x{Del —

(kw)® f1 8 ax") .
T 207 <§e’"5a—)( 3w )XY

Xp(.lz)e )> (ei6E+l+e-—i9E—-l)

&)
—ef — a (oxD) +¢ a_ (ox$ >E(w) =0. (46)

e G2+Gk)] )

(45)

I
While obtaining Eq. (46) we, as before, neglected the

terms proportional to wy/w and [(awy)Y/e?)(E* £ E~Y),
and instead used the relationships [see Egs. (6) and (7)]

awg=—ku, sig(kxy), O={(m/2)sig(kxy)
and introduced the notation

Alw)=1+e¥*y,e,— (kY/0?)E.

Expanding into the series with respect to the undis-
turbed solution, Eq. (46) assumes the form

1 k , . 1
(1AL 0—00)+3 [A13(0—0,) ) B@)— 5 (E++e= "B )siglkvo) ((5 {05

1 1
—=e, % (@Yo )en)*+ (5 (xivel—x38

(kup)?[1 . 3 axh
ok | 2L (0 _ 2
+ 2(:)*2 2" 30 \® do en X1 ""a
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_}_ ()
‘-’z)— em am (@) )en)

(ox{)) +8 5~ (wx"’)] E(w)=0.
%

4

(a)—-cu*) >

*

(47)
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Applying Eq. (39) to Eq (47), after. 51mple transforma-
tions we have

BE(7k)" C
-—7_2—— (A+B COS @WqT)

+(C+Z cos a)o’r)E(T,k) 0.

aE(T,k)

77”_(48)'

Writing Eq. (48) we have taken mto account, as every-
where else, the smallness of wy/@,, and introduced the no-
tation

A(R) =~ [2i//A"(0,k) I{A" (04k) —0, A" (04K)),

B 2ikuy (1 _a_ a m)e
_A"(co*,k) G)X n

1
—= () —&xh3 ))
%*

2

C(k) = (O*A'((O*,k) + A”(w*sk)

2
—A"( k) (
(kul)2 a zaYSrgl H
+2i 2m8wm8we+x'

‘“313 (C"Xm)*‘ez WX%%] >’
%

2ku1

1 1
& e & (9 _ 2. (1)
(k) —A"(a)*,k) ( ( €m aw (COX )en (e 1X11

/1
—ezxéa’)) —w*(— 50 (@Ximen

. (ez)(u "‘ez)(glz))) )
*

Substituting: Eq. (41) reduces Eq. (48) to the Mathieu
equation:

1 2 B?

i(#+7)

FE(T)
_ 4B -
+ (.@ —T)cos a)oT]E(T) =0,

a2 ¢
(49)

where the terms Bwqsin wor and B cos 2047 are ne-
glected.

The solution of Eq (22) for the whlstler oscillations in
question has the form’

N=[U+x)* =131/ (1+x1), (50)
where, for the case of a cold plasma,
2 2 2 2
Yy Dpi Oy @ pi
0==gz (1+zf)’ = o \! T )
(51)

050> €0 pi| 0 g

In the dense plasma (Cl);e>COZBe) , we obtain wi = K*V? from

Eq. (50).
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Using Egs. (28),.(29), (50), and (51), we can write
expressions for coefficients in Eqs. (41) and (49). Omit-
ting simple but fairly unwieldy calculations, we will have

A=ho, [4—3(0%/0)], B=i2ku,.

1 B\ o[ ab\  (kupdy
-t 2,2\ _T% _ Bi 1/ %Wai
C4(A+2) 9( 6—?;) 6oy
g_ﬂg'__Zkule,
2 3o,
From comparing Egs. (49) and (Bl) we obtain
he i ) 6w3,, 2(ku1)2w%i
I Y R =
52
8(ku1)co5,. WoT (52)
- '3a)*cooz » =T

which allows us to use the resulis of Appendix B. Using
Eqgs. (B12), (B9), (B11), and (52), we obtain the growth
rate and frequency of whistler oscillations:

S () (2)

o, 16V2| o, )’
(kul)za)%;,-

w=w*——4.co-i-r—sw*+Aw. .

(53)

Substituting the obtained frequency value in Eq. (29) and
expanding, we obtain the expression for the polarization
vector: : :

. 1. +ﬁ’39i|A‘0| ;0B
STTE AT ISV 3 |
(1+a)B,-/co*)V @y, | @

|Aw|
- ) ) (54)
*
It is seen from Eq. (54) that the pumping field tends to
make the whistler oscillations quasilongitudinal.

The expressmn for the increment includes small pa-
rameter o’/ co*, therefore the obtained result is meaningful
at a not very small relation wB,/w Substantially greater
growth rate [of the Eq. (53) type, but without the small
parameter @ B,/m*] can be obtained considering the excita-
tlon of whistler oscillations, propagating at an angle
cos? 0~m/m(cos 0=k, /k).

Let us note in conclusion, that, since we considered a
cold collisionless plasma, §=0 [see Eq. (22)]. In the case
8540, naturally, to determine the threshold value of the
pumping wave amplitude it is necessary to compare the
obtained increments with the linear decrement.

Vi. CONCLUSION

In the present paper, we have considered the excitation
of electromagnetic oscillations in the field of the lower-
frequency dipole pumping. Without setting the aim of ex-
haustive study the dispersive equation (16), we have lim-
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(naturally, within the framework of the employed restric-

tions) allow us to study the dispersive properties of arbi- APPENDIX A: OBTAINING EXPRESSION (15)

trary modes. Let us write Eq. (12b) in the following form:

. , 1 E, —1
7 (k) = ze:qejp,p+q{ o4 (@ —pesp) (E,,,(a)+qcuo) Vi ( nlo+(g+Dag]l  E.lo+(g )wo])

2 \" ot(@g+tDo, T C  ot(g—Dag

Vnkm(En[w+(q+1)wo] ,,En{w+(f1—1)wo]) szlkeaifl[w—@—l)wo]
2 o+ (g+ 1wy o+ {g— 1wy >+2 o—(p—1)wy

Vs (E, [0+ (g+2)awg] s Em(@+gay) Vikn (E o+ (g+2)ag]
(E [w+(q+1)w°]__( ot (g+Dae T wtgw ) 2 ( o+ (g+2)w,

+G"

En<w+qwo))> kTmlo—(p+1)a]

@ +quwy o—{p+1wg

Em[co+(q—2)a>o]) Vikm (E,,(w+qwo) - E,.[w+(q—2)mo])>
o+ (g—2)wg 2 @+ quwg o+ (g—2)wy

In the written expression for the current, let us expand the electric fields into the Taylor series with respect to point (w,k),
then after summing up over ¢, Eq. (A1) assumes the form

Vk, (E,
(E [o+(g—1Dwg]l ——— Sk (~—-—(w+qwo)

©+qwg

]. (A1)

ar " Vk, (E,(w) . a” ar
(1) (5 — s m —i6 16 s 10 ——10
((I),k)— ZJ { m(w pwo) ,'20 ’ ( l ) am ( (Ct)) aer 2 ( w )(e aar +G aer )
Vikm (En(@) i 9’ i6 niear —i0
+z(w)(e e+ 55 )

Vi [kolplo—(p—Dwy] & 1 ar 098" 6 Vi (En(@\( 208" 126
2 | T o= =Dy ,zﬁ(—)a <E (@)™ 55 ¢ T( @ )(e ETa

3"\ Vi (En()\[ _pp 9" 3
s : 126 n
+C ae*)+ 7 ( P )(e e’ 6 aa*))

ko@o—(p+ 1wyl & 3 8" . Vs [E(0)\[3"
k € em 9" i spTmAN I
S s Pl W ( ) (E (e sge "~ ( o )(ae'

+ G2 ggr e no) + V,,zkm ( ; )) ( gerf 1 G0 :9’ e 1‘26) ) ” g2 sin 0—ip (A2)

Writing Eq. (A2), we used obvious relationships:

I
=}

. rg’
((004)"31&]8 <_) ae’eqe (r=0,1,2,...)
and
i Jq(a)e*iqe=e:l:iasine.
g=—o0

Similarly, we can expand the conductivity into the Taylor series and sum over p. Then
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N O A " Vks (En(@) b9’ ar vk (E/(o)
(0 — == - s m &0 4. G o= nm [ Bn
(o)k)= ,Zo r!t!(i) lam’ <Em(“’)aef 2 ( P )(e sz e O Gpe )+ 7 ( P )
3" Wk

—iasing | _* - 10 6
+ [a ,(E( ez

t
Ja sin @

-09” #04 Gre® 9" _w\\ 2
X(e 357 +G" 35 ¢ )) -é;)-tcrkm(w)e 80’e
__;f;ks (Ema()w)) (e i ggr o0 gerr) Vzkm (%ai)_ ) (e_‘” g_efr o
ey (;99”)> gg‘t (]ief%gw_))eiasin B—iegé;e——iasin 9+i0+Glf(;9 <E (0)e a%r_re io_ V;ks (Er_n:)_w)_)
(o) (B2
+Gné1‘26 gerre ne) ) :_a:t (kea%(w))?min 9+ieaa_9tte—iasin e—ie] ] : B (A3)

We are interested in the case of the lower-frequency pumping, i.e., wy<€w, and besides, to rule out the possible flux
instability, we will require the fulfillment of kugo <® (e is determined by conductivity and the type of oscillations under
consideration). These assumptions allow us to restrict ourselves to terms =0, 1, and 2 in the expansion of the linear

conductivity and write
r

_ 2 1 ar 3" Vk, (Eno) i 3"\ Vikm (Eq(@)
«(F) . s m i6 i0 —ig n-m n
Rex=2 5 ( )[a <E (@) 35~ 72 ( ) )(e 7+ o )+ 2 ( 2 )

r=0 r!

oo 30" dw

Vild’ 09" o0 Viks (En(@) —near no s 9 Vk,;; (E, ()
+?[5&" (E (@ 5ge 2 ( e )("’ w® %)t 2 (T

ar am\\ Jko(w 3 (koD (w)
X (e 26 20 G — )) (ﬁ—-—)-—}—wo(l—a cos @) — (i(—f—-(——)>
) @ Jw @

g ar aa(z) 2 2 (i)
X (e"e — e G"e® e"g) > (a}c',z,(w) —awy cos 8 —— —29 (ia sin 0—a? cos? 9) —#)

30" 30"
ar 3" Vi, (En(®) ar Vier (En(0)\ (3"
e _—__ ,—i0__ s 260 —120 nm n _
+6 5 (E (@) 5 2 ( . )(aef AT )+ P ( o )(aer
- ar k0 (o) 3 (ko®(e) :
+G”e’29(—,)—9—,e“’79)> (——T—mo(1+a cos ) 3 (—;——) ) ” (A4)

Retaining in Eq. (A4) the terms proportional to 1, kug, kugwg, (kup)?, and summing over r, we finally obtain

F'g (i) 09 0 —io ag & 9
(w,k) =03/ (0) E,(0) — —2—3— [0 (@)1 [€°Ef0+wy) + e PE (0 —wo) ] —— 7 3t [0k (@) ] <e‘ E,(w-+ap)

) L% e e knVn old
—e Ee(w_“wo)‘l'i‘ [e“"E(0+2mp) +e E (0—2wg) +2E,(w)] -5 . (@)

. E(o+o) E(o—wg)) awvo 3 pElo+20y) . E(0—2a0)
(6""’ RN Gom 0 —wy )-— 2 do [oke (a))](a"”’e ®-+2mg +Gome w—2wy
E, () i ie kV, 0 E, (04 o) E, (0—ap)

+ Py (6nme +Gnme )) ) + 72 <ake (0)) (6n (D+Cl)0 Gnm W)
aa)oi 0 10 Em(@+2a0) _ o Em(®@—20) E, (o) i o
T2 dw [ow (w)]( ®-+200 + Gt w—20 T (e ™"+ Gume™) >
Vi [kmOpme(@) 3 (kmot(@)
—2—“ —_w-’”‘ [8uloe(@+wg) + G (w— @) ] +@p 75— %% (—5—)
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(i)

awy 3 (kO pe(w) i0 -0
X[5nkEe(w+wO)-GnkEe(w—w0) "‘Tg'a; T [Suie E(e0+2w9) + Gppe™ "E (00 —2wq)
: . kV, kno'd(w) E,(0+2wg) E.(0—2wg)
—i0 i0 P"q m¥ me ___5—0 e—()__
+Ee(m)(6nke +Gue”) ] — 2 ( © (8qp6nk o+ 2wq qu nk 0—2aq )
koD (0)E () kY, [kno'd(w) E (0+20) E,(w—2wq)
m me P Y me q 0 q 0
+ 2 (G, ”k+6‘”’G"")> 2 ( @ (6‘”’6"" @+ 2y + GO w—2ayg )
kno () E(@)
T (G860 ) ] (A5)

Writing Eq. (A5), unlike Eq. (12), we used a mathemat-
ically more accurate writing, introducing the tensor

-1 0 0
Gyu=| 0 1 ©
0 0 —I1

Finally, we can obtain Eq. (A5) in an abridged form as
well:

i (o) =02 (0,k)E,(w0k) +J(0,k). (A6)
APPENDIX B: THE SOLUTION OF THE MATHIEV

EQUATION AT GREAT h AND |6

We shall consider

Fg(z,k)

7— + (h—26 cos 2z)g(z,k) =0 (B1)

as a standard form of the Mathieu equation.!°

It is known from the theory of the Mathieu equation
that, if the solution of Eq. (B1) satisfies boundary condi-
tions

dg(0
2 ( )=0,

gO=1, —

then characteristic index v is connected with the solution
in the following way:
(B2)

In the present paper we assume that wy<w,, therefore
#> 1. Moreover, the correctness of the expansion used [see

ch(vmr) =g(m).

Eq. (AS5)] requires the fulfillment of 2> 2|8|. Apart from
these obvious inequalities we shall require that 2|6|»1.
While fulfilling these inequalities, we can use the Loisville
transformation'® to solve (B1):

26 172
x—f(l——cosZt) d; = (h—20cos 2z)*g.

Then Eq. (B1) assumes the form
2

g
S0 17 =0, (B3)
where
0%(4+sin® 2z) — 26k cos 2z
rix)=

(h—26 cos 2z)*
Taking into account the fact that £> 1 and 2> 26|, let us

rewrite 7{x) to an accuracy of up to terms of order &
(where €=26/h):

hr(x)=—ecos 2x— (€/8) (1415 cos 4x).

Equation (B3) is solved by the method of successive ap-
proximations over parameter €(n=1¢-7,+7,}:

(0): o= (h—28)"*cos[h— (€¥/8)1"2x, (B4)

2 cos B2
1—A

)

cos(hV24+2)x
ALY

(1) my=(h— 29)'/48(

cos(hl/2-2)x
- K172

(B5)

é 1 15 2+h 1 cos(k242)x cos(hV?—2)x
) 1/4 _ /2 ,
(2): my=(h-20) ((1 LA 4(1—h)(4—h))c°Sh x 2(1_k)( 11472 1—A7 )
cos(AY?+4)x 1 cos(h'?—4)x 1 x .
— _ _ _ . s 1172
8(2+h1/2)‘ (15 1+h1/2) 8(2_h1/2) (15 l_hm) (lgh)kl/z sinh™/* x (B6)
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When writing Eqgs. (B4)—(B6), we employed boundary
conditions.

Let us substltute x(7)=mw(l— €2/16) in the obtained
solution of the Mathieu equation and, restricting ourselves
to terms up to & inclusive, reduce g(m) to the form

e @
_ 172 -
g(w)=cosh (1_16_16}1)

——mmezw inh'/? 7| 1 ¢ B7
T16(1—ma A T\ T 16 ) (B7)
Singling out the real and imaginary parts v=i"+v" in thg
characteristic index, let us rewrite (B2):

ch(v'm)cos(v'm) +ish(v'm)sin(v'w) =g(w), (B8)

and, in order that v"5£0, it is necessary to require v'=n
(n=1,2,...).

Substituting Eq. (B7) in Eq. (B8) and 1ntroduc1ng the
relative frequency shift

(V) =h—A=nY h2=nitA/2n (B9)
one can write
(A én €\?
ch(v”ﬂ)=1—~8— (;——8— g)
e’ A én
o (;_?) (B10a)

Expanding ch(v"w), we rewrite Eq. (B10a) in the form
4h(v")? Aeznelzeerzh (B10b
vr=—(a-F-5) +a -5 1o

8
The increment’s extremum is reached at frequency shift
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- (B11)

A=€h/8+€/8
and takes the value
” 62
Vext™ -8—\727; . (B12)

The mechanism of the studied instability can be under-
stood from analyzing Egs. (B4)—(B6). In the first order
over € [see Eq. (BS)], the interaction of the proper mode
(#'/2x) of the undisturbed plasma with the pumping wave
generates oscillations with spectrum (hl/ 249 k), whereas
the interaction of these oscillations with the external field
leads to the growth of the amplitude of the proper mode
(A2 k) [the last term in Eq. (B6)]. In other words, the

beats of high-frequency waves (h">k) and (h"*%2, k)

are in resonance with the lower-frequency pumping wave.
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