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The nonlinear formalism developed by Zwanzig and Mori is utilized to derive a kinetic equation for the
distribution of monomer phase space coordinates and a coarse-grained momentum density. Several
simplifying approximations are then introduced into the exact kinetic equation. The resulting approximate
description is shown to be closely related to the starting equations of the Freed-Edwards theory. The
former differs, however, due to the presence of a non-Stoke’s frictional term which accounts for
dissipation of monomer momentum fluctuations relative to the local velocity field of the solvent. Two
applications of the approximate description are considered. A derivation of an equation for the two-time
configuration space distribution function J(y,y’,t) is presented, where y denotes the collection of
monomer position vectors. It is demonstrated that Y(y,y’,z) satisfies an equation similar to the
Kirkwood-Riseman equation. Nonlinear couplings of the polymer distribution function to monomer
momenta and the momentum density of the solvent lead to a diffusion tensor in which hydrodynamic
interactions are characterized by a coarse-grained Oseen tensor. The correlation function formulation of
the intrinsic viscosity proposed by Stockmayer et al. is extended to finite wavevectors and polymer
concentrations. The specific viscosity is identified as the sum of two terms involving the mechanical

contribution to the polymer momentum flux tensor and the diffusion current of chain segments.

I. INTRODUCTION

It is well known in polymer dynamics that one must
account for the excitation of hydrodynamic modes in a
solvent in order to correctly predict the transport prop-
erties of a polymer solution.'~7 Traditionally, hydro-
dynamic interactions have been accounted for phenome -
nologically within the context of the Kirkwood -Riseman
and Rouse -Zimm®* %8 theories. These theories treat
these interactions in terms of Oseen’s expression for
the velocity field produced by a point source [assuming
laminar flow, Eq. (4.1)].

During the past several years, considerable effort has
been devoted to the derivation of dynamical equations
for a polymer solution from a microscopic viewpoint, 13
These equations are applicable to the calculation of vari-
ous transport coefficients characterizing the solution.
Furthermore, such derivations should clarify the under-
lying assumptions in the well-known phenomenological
theories of polymer dynamics. Yamakawa ef al. and
Curtiss et al. have derived Fokker~Planck equations
for the polymer configuration space distribution func-
tion.®!!' In each of these derivations a term corre-
sponding to a diffusion tensor is identified. However,
the relationship between these diffusion tensors and
those of the phenomenological theories remains unclear,

There has also been some speculation regarding the
correlation function formulation of the intrinsic viscos-
ity proposed by Stockmayer et ql.!* Linear response the-
ory predicts that the frequency dependent shear viscos-
ity may be calculated according to the following expres-
sion:

nw) = £ [ dte™" (J(t), J(O) 1.1)
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where 8! is the temperature of the system (in units of
energy); V is the volume of the system, and the brack-
ets refer to an equilibrium average.¥ J(¢) is the x~y
contribution to the momentum flux tensor. Starting with
Eq. (1.1), Doi and Okano and Yamakawa ef al. have de-
rived correlation function formulas for the intrinsic vis-
cosity in terms of the reduced polymer dynamics, %16
Although these formulations are similar to that proposed
by Stockmayer et al., hydrodynamic interactions must
still be introduced phenomenologically.

The previous derivations indicate that developing a
theory in terms of reduced polymer dynamics alone may
be insufficient to understand the microscopic origin of
the hydrodynamic interactions. On the other hand, a
coupled description of the polymer—solvent dynamics,
as pointed out by Freed and Edwards, automatically
gives rise to interactions of the Oseen type.®

Recently, Kapral et al. have successfully incorpo-
rated hydrodynamic interactions into a microscopic cal-
culation of the dynamic structure factor, S(k, =), fora
polymer molecule.!? This was done using the mode-
coupling theory of Kawasaki and Fixman,!"!® Kapral et
al. considered the bilinear coupling of the local mono-
mer density for a chain to the coarse-grained [see Eq.
(3.2)], transverse momentum density of the entire solu-
tion. Their result is in agreement with the calculation
of Akcasu and Giirol.'® The latter started with the Kirk-
wood-Riseman equation,

The objective of this paper is the development of a
dynamical theory of dilute polymer solutions from a mi-
croscopic viewpoint which takes full account of hydrody-
namic excitations, The origin of these excitations is
conveniently discussed in terms of the nonlinear formal-
ism developed by Zwanzig and Mori,?*%! A brief review
of the nonlinear formalism will be presented in Sec. II.
In Sec. III, a kinetic equation will be derived for the col-
lection of monomer phase space coordinates and a
coarse-grained transverse momentum density. This
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choice of variables is in close analogy with that of the
Freed-Edwards theory. Some simple approximations
are introduced into this equation. The resulting de-
scription is then shown to have a similar structure to
the starting equations of the Freed-Edwards theory (for
discrete chain models). In Sec, IV, the approximate
description is used to derive equations for the polymer
two-time configuration space distribution function and
the transverse momentum density autocorrelation func-
tion, When times much longer than collisional time
scales are considered, the former reduces to a Kirk-
wood-Riseman-like equation. Hydrodynamic interac-
tions are represented by a coarse-grained Oseen tensor,
The frequency and wave-vector dependent specific vis-
cosity is identified by observing the equation for the mo-
mentum density autocorrelation function, This will be
written as the sum of two terms. The first of these in-
volves only the mechanical contribution to the polymer
momentum flux tensor. The second term is related to
the diffusion flow of individual chain segments. A sum-
mary is presented in Sec. V.

Il. THE NONLINEAR FORMALISM

Consider a system, in the absence of external fields,
which evolves according to the laws of classical me-
chanics, Let

r={x,...,Py,...} (2.1)

denote the collective set of phase coordinates of the sys-
tem, where X; and p; denote the position and momentum
coordinates of the ith particle, respectively, Further-
more, suppose that the ith particle experiences a force
F;. The latter may be written in terms of a potential

U by the relation

3

Fi=-—1U.
i ax‘U

(2.2)

Since we will be interested in the interaction of par-
ticles with a field, it will be instructive to develop the
formalism using a functional notation.?* Let {A%(x)}
={A%(x, ')} represent a set of real fields parameterized
by x. The time evolution of A%(x) is determined by the
classical Liouville operator

a%g[altp; fdx ﬁx—)va[a|x]9[alt]—£tdr ;[:D[a’}
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A%(x,t) ="t A%(x) , (2.3)
where

L= 41, . & 2

zL—Zj:{mj p; - ax, +Fj. BP,} (2.4)

and m, is the mass of particle j. A%(x) will be assumed
to have an expansion in terms of an orthonormal basis

{9'71 (0

A%(r) =2 A¥(D) g, (x) . (2.5)
i

The set {g,;(x)} satisfy the usual properties of orthonor-
mality and completeness:

fdx(p;(x)cp,(x)=6” , (2.6)

; o 0) @ (x) =8lx =x") . 2.7

Define a distribution on the space of functionals of
{A*(x)} by the relation

glal=]] sa* ~a*) =TT IJ 6as -a)
and

gla|t)=et** g[a] .

(2.8)

(2.9)

The collection {a{'} represent a countable infinite set of
real numbers which may take on values between % =,
Thus, the time evolution of any functional of the form
F[AY, ..., A%, ...]=F[A] is completely determined by
S[alf], since

FIA®)= [ o] Fla) g2l ] , (2.10)

where the operation

fi)[a]EfI;[:D[a“]EfIaI I;Ida?‘

denotes functional integration.

Mori has shown that G[a|¢] satisfies the following
equationzo;

x [ axax’ g‘;mw[a']'lﬂ"”[a,a']x,x',T](ﬁ—a;gw)+X"[a'|x'])8[a'|t—T]=—¥fdx -MS—(x) U R (x)S[a] (2.112)

or in vector notation

%g[alt}r 6%--0[&] glalt] -jo‘td-rfz)[a’] 6%' w@']* L[a,a’|7]. <3§T+x[a'])g[a’

The quantities appearing in Eq. (2.11) are defined as
follows:

w[a)=(S[a) ,
v{a|x]= (LA ), S[a) wfa]” ,

(2.12)
(2.13)

t=r]=- 2. 0®)RS[a] .  (2.110)

-
X*[a|x])=- al—g——(x)lnw[a] , (2.14)
R*(x)=iLA%(x) = 02| x]| aua > (2.15)

L**[a,a’|x,x’, {]=(U®R*(x)S[a), R*(x)S[a"D), (2.16)
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U(t) = exp{it(l - @)L} = explitQL} , (2.17)

and )
o{ }Ef:o[a] 4 1, g(@) gla)wfa]”

is Zwanzig’s projection operator.® The operation
6/5a%(x) is defined by

(2.18)

GaS(x)E,Z #ilx) Eaa‘? (2.19)

‘and

(F, c>sfdr p(D)F(r)c(T) (2.20)

denotes an average with respect to the canonical en-
semble

p(l")=e'““/ dre™ | (2.21)

3C is the system Hamiltonian.

In order to interpret the terms appearing in Eq. (2.11)
it is helpful to regard the state vector A as consisting
of a set of local macroscopic fields (i.e., the conserved
densities). w[a] represents the equilibrium distribution
in a-space, Indeed, the equilibrium average of any
functional F[A] may be written as

(F)=fdrp(r)F[A(r)]=fa)[a]w[a]F[a] .

The set {X®} may then be regarded as a set of general-
ized thermodynamic forces. The tensor L[a,a’|f]isa
kinetic tensor which will be responsible for dissipation
in the system. It is related to the force density RS[a]
through the fluctuation dissipation theorem, Eq. (2.16).
In particular, Mori referred to

R*(x, )= U(t) R*(x) (2.22)
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as the Langevin force. R(¢) appears as the “driving
force” in the nonlinear Langevin equation for A(f), It
has the satisfying property that when averaged with re-
spect to certain classes of constrained initial distribu-
tions (for instance, a distribution like exp{- g[3¢

+[dx alx)- A(x)]}) its contribution vanishes. This is in
the true spirit of the Langevin equation. The vector
U[a] may be related to oscillations or convective flow

of the local densities and, hence, represents macro-
scopic reversibility.

Two physical assumptions about the nature of the
fields {4%(x)} will be made:

(i) The time scales associated with the variation of
{A%(x)} are much larger than the correlation times of

{R*(x, 1)}

(ii) A smallness is associated with the time deriva-
tives A(x)=iLA(x) (i.e., in the case of the conserved
densities, smallness is associated with the magnitude
of a restricted set of wave vectors).

The first of these assumptions implies the Markov na-
ture of the variables {A*(x)},
L**[a,a’|x,x’, t]ec 5(t) .

The second assumption may be used as the justification
to expanding the kinetic tensor, L[a,a’}f], to various
orders in A, Zwanzig and Mori have shown that to
0(4?), L is diagonal in ¢.%""#® The expression given by
Mori is

L**a,a’|x,x’,t] =25(¢)5(a -a') fou dr (R*(x, 7), R*(x') g[a])

+0(A%)=25(t)5(a —2a') L**[a|x, x'] + O(A°) (2.23)

into which the Markov assumption has also been intro-
duced. Consistent with Eq. (2.23) one also has

5 o _ 5 . , 8
—[dx&;a—(;)U(t)R (x)S[a]——fdx MT(x)R (x,t)g[a]+zs:fdxdx mg[a]

xf’dr Ut - 7) QA* () R’ 7)+ O(AY) .
0

Thus, Eq. (2.11) becomes

57 Sl 1+ 22 vlal$fal ] - 22 - wlal Lla] (X [al) Slal 1= - 2+ ROSal o

oa

When one is interested in the calculation of correlation
functions, it will be convenient to work with an equation
for the conditional mean (defined below) of a functional
of {A%(x)}. In order to obtain such an equation, we first
define '

Gla,a’|t]=(S[a|t], S[a'D/wla’] . (2.26)

Gla,a’l ] is the conditional distribution for the state

A =a at time ¢ given the initial state A=a’. The dynamic
correlation function of two functionals, F[A] and C[A],
is then given by

(2.24)

t .
:B[a]f0 dr Ut - 7) QAR(7),

baca (2.25)
r
(F(), C) = f dr p(T)F{A(T, )] ClA(D)]
= [ olalola’) Fla] ClaIGla, 2’ | thufa’]  (2.27)

- f o[a’]F(t) Cla’lwla’] ,

where the last expression serves to define the condition-
al mean, F°'(z),

An equation for G[a,a’ |f] is obtained by multiplying
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Eq. (2.25) by §[a’]w[a’]™ and averaging the resulting
equation with respect to p(I'), This results in a Fokker-
Planck equation for G{a,a’{#]:

5 A .
o Gla,a’|t]+ 6a-'u[a.]c[a,a | £]

—%-w[a]‘l L[a]- (5%+X[a]) (2.282)
x G[a,a'|t]=05(a—at_sm)G[a,a'[t]=0 . (2.28b)

where it is noted that (R(¢) S[a], S[a’])=0. G[a,a’it] is
the solution of this Fokker-Planck equation with the ini-
tial condition

Gla,a’|0]=6(a-2") .

It is also readily verified, with the aid of Eqs. (2,12)-
(2.14), that the equilibrium distribution, »[a], is a sta-
tionary solution of Eq. (2.28) as it must,

Following Mori, an operator A will be defined by the
relation?®'?

[olImFla)clal= [ola]-Flalacll.  (2.20)
The operator A has the explicit form

A=v[a)]. 6% +<6%—X[a])w[a]“-l:[a]- L. (230
where

E“B[alx,x']ELB“[a|x',x] (2.31)

and Eq. (2.28) has been used. Applying these consider-
ations to the definition of F*'(¢), Eq. (2.27), yields

()= f pla]Fla]e™s(a —a’) =et* Fla’]
or

S P O=AF"@) . (2.32)

Equation {2, 32) provides a convenient starting point
for the application of projection operators onto dynam-
ical variables of interest. Similar starting points have
been used in connection with the polymer problem by
Bixon, Zwanzig, Akcasu, and Giiroland Freed et qf 22719
However, these authors have used the adjoints of the
Kirkwood and Rouse (i.e., nondraining and free-drain-
ing) operators,

Although Eq. (2. 32) bears a formal resemblance to
original Liouville equation, there are two major advan-
tages of having first gone to the nonlinear formalism:

(i) For a suitable choice of the set {4*(x)}, there is a
complete separation of rapidly varying and slowly vary-
ing time scales.

(i) The nonlinear terms, v[a] and L[a], and the equi-
librium distribution, w{a], may be modeled or approxi-
mated according to some physically reasonable prescrip-
tion,

Ronald S.. Adler: Dynamics of dilute polymer solutions

Hi. APPLICATION TO POLYMERS

In this section, the nonlinear formalism will be ap-
plied to a solution of identical polymer molecules satis-
fying

nNm/c <1 , (3.1)

where n is the polymer number density, N is the number
of segments per molecule,  is the segment mass, and
¢ is the solvent mass concentration. The system will
be contained in a large volume V,

The polymer solution will be characterized by the col-
lective set of monomer phase space coordinates and a
transverse momentum density. This set of variables
will be taken as sufficient to describe the full polymer—
solvent dynamics, When it is necessary to distinguish
between microscopic variables and their realizations,
the former will include I'as part of their argument.
Thus, microscopic position and momentum coordinates
and their realizations shall be denoted by {x,(T), p,(I")}
and {x,, p;}, respectively.

A coarse-grained, transverse momentum density will
be defined by??

gk D=ak)sk) . 2.

j=all particles

p,(T) explik . x,(I)] ,

(3.2)
where
sk)=t-kkp? | (3.3)
1 =7/l
A(k)s{ k<u/ . (3.4)
0 E>q/l

The length scale [ will be taken to be much larger than
any solvent correlation length. This restriction allows
the treatment of the solvent as a viscous continuum, We
will also see that the presence of S(k) is equivalent to

. considering only incompressible modes of the solvent.

The realization of g,(k, I') is g, (k).

The dynamical vector to be considered will consist of
{xl(r)1 pi(r)} and gl(ky r) ’

{x,(r)|i =monomers} x(T)
A(r)=| {p,(r)}i =monomers} |=| p(I) (3.5)
{g.(k, )| e=n/1} g.(T)
and
x
a=|p (3.6)

The dynamical vector A, Eq. (3,5), is of a more gener-
al form than that discussed in the previous section,
However, this generalization will not affect the structure
of the dynamical equations for A [i.e., Eq. (2.25)]. The
functional notation may be applied directly to g,(k) for
systems of infinite volume. However, one must keep
track of the restrictionson g, and k., This is done most
easily with the help of Egs. (3.3)—(3.4). For example,

gg—é(—k—) & (k') = alk)S(k) 6k —k') .
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Having discussed the relevant variables of the system,

an equation will be obtained for

S[x,p, g (tl=e 2 S[x,p, 8.1 , 3.7
S[x, p, g.] = 6(g, ~&.(I) 5(x —=x(I") 5(p - p(I'))

H 5(g, (k) - g,(k, r))Ha(x.-x,(r»a(p, -p(I).

k<r/1
(3.8)
In terms of Eq. (3.6), Egs. (2.12)—(2.14) become

W[x, p, g1]=<gl_x, p’ gj_]) ’ (3. 9)

- P 5 —

X, |=- {8—:‘1nw} ,

4}
| ® L{m ‘““’}_

X[x,p, g,]= (3.10)

and

{(;‘1 S W-l}

{pr, 9w} ,
{(8. (), §Ywt}

U[x’ p’ gl]= (3.11)

where ((Y=iL( ).
sults in

(X, wl=mp . (3.12)

Since the momentum density g, is a conserved variable,
g.(k, T k. Define

gk, D) =ik. m,(k) . (3.13)
Substituting Eqs. (3.12) and (3.13) into (3.11) yields

{pl m-l}

{(f)i’ 8) w-l} .
{ik - (m,(k), §) ™'}

Using a property of the §-function re -

vix,p, g]= (3.14)

The expression for R, Eq. (2.15), may now be evalu-
ated;

{0} {o}
R= {B(T) =By, §) ™| aua} =| ¥
{ik . (k) -, (&), $Y ™ | LD | R,

(3.15)

Let us write p,(T") as the sum of two terms:

AU

where U, involves only monomer coordinates, and U, is

ﬁ‘(r')z -

|

8 9
gs[x,p,sllth{;[m p;-—— B;, §) w - ap‘]+fdk
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the polymer-solvent interaction, Thus,

) ] .
Fi1=- N U*'“L<'a—:§ Uz,8>w1|m

or &, is determined by the polymer—solvent interaction.
#, is analogous to the fluctuating force which appears in
the theory of Brownian motion.

As discussed earlier, the approximate form of the
kinetic tensor involves a Markov assumption and re-
quires that [5/58 - QA] be small.?* The former relies
on the assertion that collisional time scales within the
solvent, and those of the solvent with monomers, are
much shorter than the time scales characterizing
{x,p,g,}. The latter, however, requires that we dis-
cuss the contributions of X, p, and g, to L separately.

From Eq. (3.15), we see that the X component of R
is zero, Therefore, only p and g, contribute to L. Sec-
ondly, note that g,(k, T)=¢k. II,(k) SO(1/7). The only
length scales entering into the calculation of L[a,a’}t]
are solvent correlation lengths {x,}. Therefore, the
condition A,/ <<1 should be sufficient to guarantee the
smallness of él.

Previous theories of Brownian motion have utilized
an expansion of the kinetic tensor into powers of
€=(m,/m)"'?, where m, is the mass of a solvent parti-
cle.?® Yamakawa ef al. point out, however, thatina
polymer solution €e~1.% In order to justify this expan-
sion, therefore, note that each monomer is coupled to
its neighbors through strong bonding potentials. Clear-
ly, the energy associated with bonding is much larger
than that associated with polymer~solvent interactions.
Let U, [defined by Eq. (3.16)] be replaced by rlU;, where
A measures the relative strength of the polymer—solvent
interaction as compared to bonding., The contribution of
p; to the expansion for the kinetic tensor will appear as

in, =0()) which may be taken to lowest order provided
that x «1,

In terms of Egs. (2.23) and (3.15), L[a] is given by

o @ fo}
Lixpel= [ 4| {0 WOF,FS) (USRS

{0} (U@)R,,#S) (U(R,,R,S)
(3.16a)
{ob {0} {o}
=| {0} {r,} {L,, &)} (3.16Db)

{0} {Lﬂ (k)} {L“(’k’k'}}

Substituting Eqs. (3.8)-(3.10), (3.14)-(3.16) into Eq.
(2. 25) results in the following equation for §[x, p, g, I¢]:

Sg(0) - Lk (k) 6) o] - E—’ Ly (8;, +x,,)

Sl vl ) ()
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» B "o 5 '
—fdkdk AN L.k k" )w 1. (m +X,(k )>}9[X,py gxlt]

- 3 _5
——Z a . F4) (%, p, g]- _[dk ng_(k). Rz(k’ t)$

ESNALDY

t
> e 8lxp, 6] [ dr ule =) @b, 10

H
+Z f dk ;f"_ f(k—) . g[x, D, 8] fo dr Ult —7) QIF r) 8,(K) + B, R, (K, 7)]

t
fdkdk Ggl(k)égl(k') . g[x,p, ] fo dr Ult - 1) QR (k, 7) g, (k)

Two additional assumptions will now be introduced.
We expect that the only parameters needed to describe
dissipation in a polymer solutionare the solvent viscosity
and a friction coefficient per monomer, This situation
may be achieved in Eq. (3.17) by supposing that L[a]w™
is quite insensitive to changes in a and that cross effects
are unimportant. Therefore, L[a]w™ will be replaced
by its average and the cross effects neglected:

Lix,p, ]~ [ dxdpole]ulx,p, 8] (L)
= f " dt R, B
0
{o {o} {o}
~| {o} {a,, fo ) dt(g'(t),.@")} {o}
{o} {o} { f T at (R,(k, t),R,(k'»}
0
L -
From symmetry consideration one has
f dt(F, (1), F) =" &l (3.19)

and

f "t (Re(k, 1), R (k") = (27)°5(k +k') A(k) S (k) Bn(k) g™ |
0

(3.20)

where ¢ and n(k) are chosen to have dimensions of a
friction coefficient and viscosity, respectively. For
simplicity we shall also approximate n(k)=~n(0)=7.

Equation (3.17) will still be rather complicated due to
terms like w(x,p, g,], (p;,2) w™ and (II,,§) w™. These
terms will, however, be amenable to a set of simple ap-
proximations which retain the basic physics of the prob-
lem (i.e., hydrodynamic coupling).

Note that w[x, p, g,] may be expressed as the product
of two terms:

w[x1 p; g.l] =f0(x’ p) f drsol p(raol lx9 p) 6(11 - g.l.(rsol)) ’

(3.21)
where
u(k) =g, (k) -2 By ™% - S(k) AK) (3.22)
i
is the realization of the solvent momentum density.
T,,, refers to the collection of solvent phase coordi-
nates, and p(L,,, IX,Pp) is the distribution of the solvent

(3.17)

f

conditional to a set of fixed monomer coordinates.
fo(x, p)is the polymer equilibrium distribution:
fo(X,p)ocexp< BZP /Zm) exp[-UX)] , (3.23)

where U(x) consists of U, plus the average effect of the
solvent on a set of fixed monomers.

Since a dilute system is being considered, the coupling
of p(T,,, |X,p) to monomer coordinates may be ignored
to zeroth order in the polymer concentration, Thus, the
conditional average in Eq. (3.21) may be replaced by an
average over the pure solvent distribution, p(T,,).
Secondly, the restriction placed on the wave vector k,
Eq. (3.4), and the fact that g,(T,,) consists of a large
number of contributions allows one to approximate the
remaining average by -

f dTyo1 P Tyop) 51 — 8,(To))

gexp<_ %%f@d:v ulk) - u(-k))scp[u]

as a consequence of the central limit theorem, The ap-
propriate normalization for & may be absorbed into the
measure D[g,]. Equation (3.24) is not surprising, since
for a structureless medium one would expect the distri-
bution of u to depend only on the kinetic energy of the
solvent,

(3.24)

The thermodynamic forces, X,, X, X,, are computed
using Egs. (3.10), (3.21)~(3.24). As a result, one ob-

tains
X, = = lnw=g — U= - gF! (3.25)
o oK, X ’ ’
o] - -
X, == g7 =gl By —chu)] (3.26)
and
X (k)= = —2 < Inw = =L u(k) (3.27)
¢ 58,(k) (2n)c ) :

The factorization, w=~ fo&, where & is Gaussian, sug-
gests a convenient method to approximate the streaming
terms, (p,g) w™" and ik. (M,(k),g) w™. This method in-
volves an expansion in terms of the Hermite functional
polynomials, {747[u|k,]}.? These polynomials satisfy the
completeness relation

s[ults(u-u)=1+ dk,dk. JEn [ul|k
[u] Y [ armai sin(u] k)

XK (k| ey ain[u]| k), (3.28)
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where

IJ-’,E(,J'I,-O-’ “n) ’ knE(kly"" kn)

and

K4k, k)= (4n (0] k), J5{u] €D

[k R K )

- n Alk,)S,, (k) 6k, —k])

Expansions for the terms <f>,,g) w and ik . (I1,(K), g™
are obtained by replacing §[u]'5(u - g.(T,,,)) by Eq.
(3.28).%° Truncation of this expansion at some finite or-
der is consistent with the idea that there is a weak sta-
tistical coupling of u to monomer coordinates. How-
ever, the resulting series cannot be truncated indepen-

J
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dently of one another. One must require that each trun-
cation preserves the stationarity of w= f®.

The lowest order nonvanishing approximation of the
streaming terms involves Jy[u]=1:

®;,8) w'~(p;, 5(x -x(TNsp -p(D)) f3' =F* ,  (3.29)
ik . (11, (k), 2) w™ ~ik . (1, (k), 5(x —x(I))5(p -~ (D)) f5!

=D e [ik.p,p,m™ +F'].S(K) alk) , (3.30)
i

where Eqs. (3.25) and (3,13) have been used. It should

be noted that this approximation is equivalent to assum-

ing a weak dependence of the streaming terms on «,

thereby allowing the streaming terms to be replaced by

their averages with respect to ®[u].

Applying these approximations to Eq. (3.17) results in

9 o oxy (s -
'gS[X,p,gl|t]+{ - [m P;- —+FI ap,] fdkm-;e" 1(ik. p;p;m™ +F?)

9
25, "

ap

S P - 5
I LOLESNARY By R, 050%,p, 8]+ 7

plE (“—+B[m'lpj - C'lu(xj)]>-fdk ﬁ B (2r)? g(mé-_k; + @%3? UU‘))} g[x,p, 8./

s
: GiX
r ap‘ ap] . g[ i p; 81]

¢ . 8 & ¢ . .
X_/(; dr Ut -7) Qp{.gj(T) +Z{:f dk Eﬁm : S[X, p, gJ.] _/0 dr Ut ~1) Q[gi(T) g, (k) +p(R:(k, T)]

2
+fdkdk 5sx(k)6g1(k’)

or according to the definition of 9, Eq. (2.28),

8

% g[x,p, .| t] - MG[x, p, g, | ] =Random Forces.

t
g[x,p, g.] f dr Ult - 7) QR (K, 7) g (k) |
0

(3.31a)

(3.31b)

In order to check the stationarity of w = fy¢ with respect to 9, it will be sufficient to look at the effect of the stream-

ing operator alone,

- -] ]
Z[m lp, . Ex_, +Ft. —8-5:]}‘0@-_]‘0@2 [m P — +Fl

] J Gy

The action of the nonstreaming contribution to 91 on w vanishes by construction:

dk B u(k). u(k)

- 8 dk .. . -1 il pikexy, = ixexq [ -1, gt 6
f°{>z,:cf__’(2n) [ik-p;p,m~t +Fi]e* % cu(~k) —fdk‘Ze [ik.p,pym~t +F]. e fod .

Some physical understanding of the terms appearing in Eq. (3.31) may be gained by observing the moments of this

equation with respect to x;, p;, u(k) and g,(k).

2] -
gxl(rv t) =m lpi(r, t) s

38; py(L, 1) =F*X(T, 1)) ~ t[m 'pi(T, £} = cux, (T, 1), T', 1)} + #¥2)
—u(k I,t)=~ kz—u(k T,t) +Z explik . x,(T, 1)] alk) S(k)t

X[mp(T, ) = c™Mulx,(T, 1), T, O] + R, (K, 1) = ) AK) (k) . Fi(t) ™™
L]

Taking moments with respect to the first three variables results in

(3.32)

(3.33)

(3.34)

These equations have a structure similar to the starting equations of the Freed—Edwards theory.® However, they
differ due to the presence of a non-Stokes frictional force, g[m'lp, ~c1u(x,)], and the absence of the no-slip bound-
ary condition at the polymer—solvent interface. The latter condition would result from averaging Egs. (3.32)—

(3.34) with respect to an appropriately constrained momentum distribution,

The non-Stokes term would then vanish,

and the average of #(t) would play the role of the Lagrange multiplier which enters the Freed—Edwards theory.

Furthermore, note that only incompressible modes of the solvent are being treated since
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ik-uk, I, £)=0 , (3.35)
ik Rk, #)=0 , (3.36)
which follows from Egs. (3.2), (3.3), (3.13), (3.15), and (3.22).
The g,(k) moment of Eq. (3.31) results in
3 7 . , .
o 8.k, I, t)=-—uk,T,1) +; exp[ik. x,(T, )] [ik- p,(T, £} p,(T, ) m™ +F/(x(T, 1))] - Ak)S(K) + R, (K, ?) (3.37)

indicating a clear separation between polymer and solvent contributions to the solution viscosity,

1V. RELATION TO PREVIOUS THEORIES

In this section, the approximate Fokker-Planck description, Eq. (3.31), will be used to discuss two aspects of
polymer dynamics: the Kirkwood-Riseman equation and the correlation function expression for the specific viscos-
ity. Hydrodynamic interactions enter into these equations through the Oseen tensor:

T(x)= + Tf—l‘g] .

1
oy [I (4.1)
Kapral et al, have shown that T may be accounted for in the dynamic structure factor for a chain by considering a
bilinear coupling of the local monomer density to the momentum density of the solution,'? A similar type of coupling
will enter into the full configurational dynamics of a chain, This is seen by noting the equivalence of the entropic
force appearing in the Kirkwood-—Riseman theory to a consideration of bilinear couplings of the monomer momenta
and solvent fluid velocity to the polymer configuration space distribution.

The derivations to be presented are formulated in terms of correlation functions. According to the discussion in
Sec. II, a convenient starting point for the calculation of correlation functions is the equation for the conditional

mean,
2R W=AF®
¢ - ‘

The operator A corresponding to Eq. (3.31) is given by

. 2] 8 0 .
A= mlp, s — +F . = . fkexy (1 » ;
e gy [ gy I e ke

8 p, —ct /g 2 8 __B .
+;Z(8pj+ﬁ[m Py —culx)] - ¢/8 ap,)*f dk(asl(—k) nYe “(k)) B

where Eqs. (2.29) and (2. 30) have been used.

The configurational dynamics of polymers may be dis-
cussed in terms of the joint distribution function, ¥(y,
y’, 1), for the initial state y’ and the state y at time ¢.

) may be expressed as the two-time correlation function
of a variable

1(y)=5{y -x) (4.3)
according to the relation
¥y, y', ) =(hly, 1), Ky') . (4.4)

The solution viscosity, on the other hand, may be ob-
tained by observing the equation for the transverse mo-
mentum density autocorrelation function:

ck, ) =(g.(k, 1), g.(~k) . 4.5)

C(k, #) will be shown to satisfy an equation of the form

t
B—ic(k, £)== f;_{ drnpk, 7)CKk, £ = 7) (4.8)

(2.32)
nznf & 4.2)
!
where
c*=c+Nnm . 4.7

The specific viscosity is then obtained from the relation

[nlk, )] = (gueNm)™ [nr(k, £) - 2n5(2)] . (4.8)

These considerations suggest that two variables of in-
terest are A(y) and g,(k). The projection operators onto
these variables are easily constructed. As a result,
one finds

ol 1= [ay( b, s k@) (4.9)
and
_B [
od 1= £ [ b al-k) -l . (4.10)

f(y) is the equilibrium distribution in configuration
space.
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f(y)=e'“""’/ dy’ vt | (4.11)

As discussed earlier, hydrodynamic interactions can
be related to bilinear couplings of the form {p,(y)} and
{u(k)n(y)}. However, due to the nonorthogonality of
these variables to g,(k), it will be convenient to intro-
duce

5= (1 = @) py) =p,y) - Z£f W) g% (4.12)
and
Ak V=01 -, - @,) ulk)r(y)

=u(k) £y) — = 1) €.(k) - @, ulk) A(y) (4.13)

®, is the projection operator onto the set {£(y)}. Its
form will be given below.

Let us define

%1_ ¢Jk(y’ y,) = <lj(y)y ’k(y'»

=2 oty -y W) - B r s sty -0,
(4.19)

where
s@= [ e s alk) . (4.15)

The inverse of ¢;, is defined by the relation

Zde'tbu(y,Y')-¢}k(Y',Y")=6;k6(Y—y")I . (4.18)
7
By direct substitution into (4.16), one can verify

oy, ¥y )= [5,,,|6(y’ -yOryt+ —Z-”s(y,’-y,:’ )] )
4.17)

The projection operator onto the set {(y)} is then given
by

@ = %;; f dydy’ { }, £, - oy, ¥)- £(y'). (4.18)

Applying Eqs. (4.17) and (4,18) to the definition of 4,
Eq. (4.13), yields ’
Ak, y) =uk) &) - £ (y) .

The corresponding projection operator onto f, is

(4.19)

od 122 [mavd L ALK - L&D/ . (.20

Equations for the joint distribution function y(y,y’, )
and C(k, #) may be obtained from the generalized Langevin
equation for the correlation matrix of

{n(y)}
{£}
{£,0s, y)}
{e. )}

T

(4.21)
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Such an equation is obtained by applying the Mori-—
Zwanzig formalism to the equation for the conditional
mean of T (Ref. 31):

a —'G' - —r 14
5 T (O=AT@) .
The projection operator onto T, ®,, is given by
Pr=@y +@, +Pp + 0y , (4.22)
where {®,, ®,, ®y, ®,} are given by Egs, (4.18), @. 20),

(4.9), and (4.10), respectively, Therefore, the corre-
lation matrix satisfies

8% (T#), T) =Q-(T®), T) - f‘ dr olr) (Tt =-7),T)=0,
0

(4.23)

where
Q-T=0AT (4.24)
o(t) - T=0pAq(2) (4.25)
a(t)=exp[t(l - ®;)AJ(1 - ®;)AT . (4.26)

Equations (4.24)—(4.26) are in a different form than usu-
ally presented due to the nonexistence of (T, T)"'. The
evaluation of 2.T,q and ¢ - T requires a knowledge of
AT. For the purpose df obtaining AT, however, it will
be sufficient to look at the following quantities:

M) == 3wt e phly) (4.27)
7 Y;
Ag (k) = - @ u(k) +Z: e [mik.p,p, +F']. sk)ak) ,
i
(4.28)
APY) = =2 m 2 pyph(y)
7 o
+FHyIrly) - 5(%11 - %u(y,)) wy) , (4.29)

()= =3 L gy ul) ty) - Elu) )
i y, C

+EY e sK)AK)- [pmt —claly)]Ay) . (4.30)
H

The components of . T are calculated in Appendix A
with the aid of Eq. (4.27)-(4.30) and the defining rela-
tions for the components of T, Eqgs. (4.3), (4.12), and
(4.19).

In what follows, a restriction to times ¢ > m/¢ will be
considered. The importance of the memory matrix ¢
will, therefore, be determined by the characteristic
time scales that are introduced into the equation for
{T(¢), T) for times ¢>m/¢. It will first be necessary
to consider the form of q(¢), Eq. (4.26). Observe
that the only term in Eqs. (4.27)-(4.30) which do
not involve components of T are -3, m™ (3/8y,)

-p;p, k(y) and = 3,m(8/0y, - p, u(k) h(y)). These terms
give rise to nonvanishing contributions to q;
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— (0 -

{_Z [m" ay_a,' (p,p, -l%ﬁ,,) h(y) + Ci*f(y) P - ;;—j— S(y; -x,)- p,]}
{—Z: m! 3—% P, u(k)h(Y)}

{Zl: e* ik .p,p, mt- (k) Ak) }

q(0)=(1 - ®;)AT = , (4.31)

ot -

where the results of Appendix A have been used. Furthermore, there are only two independent contributions to
a(0), {[p,p. - 3,x 1 (m/B)] 2(y)} and {p, u(k) h(y)} since
s(k). et P;B,; -ik=Z.: 6, S(k)- de el {pj'pl -1, %}'h(w)ik . (4.32)

Thus, the contribution of the memory terms are determined by the evolution of {(p,p, - 5;, 1(m/8))k(y)} and
{u(k)p, £(y)} with respect to the modified evolution operator exp[#{(1 —®;)A]. One such contribution will be

I= ’T%LEZ'm-zf(z)-l <exP[t(1 -®p)A] T;'[Pxpj =, %‘]h(y), 3‘27‘ [p,.p,a — Oyl %]h(z)> .

Iy
Note that

(1 -0p)A [plpj -6;;1 %]h(Y) ==(1- G’T)Z m! 5;—1'. P, P,b; h(y)

- g(Zm"(PzP; T %) —ctuly,)p; +p, u(y,))) r(y)

~ - g(zm'1<p,p, -8;;1 %)-c'l(u(y,)p, +P; u(y,.))) ny) , (4.33)

where Eq. (4.2) has been used. In the last equation, it may be argued that

.1 8 1 .- m
2omt = ppyp k) ~m A [ Tpipsh(y)
v 8y, B
where & is ~ bond length. 3 The streaming term has been neglected on the basis that

(A% pe)y'<t/m . (4.34)

In other words, the collision frequency is much larger than the frequency associated with the hopping of individual
chain segments. For the purpose of estimating I, only diagonal terms will be retained in (4.33):

~ Al 8.8 _82_ )~ -1
I~(28¢%) [ayk ay,+6”‘lz,: EM]&(y z)~(BLa?)! .|

The other contributions to ¢, having a similar structure to 7, will contribute to roughly the same order. The effect
of the memory matrix may, therefore, be neglected in Eq. (4.23) provided that we assume the validity of Eq. (4.34)
and

(BE) <n/c . (4.35)
As a result, Eq. (4.23) is approximated by
%mt), T) —@-(T(), T) =0 .

A second simplification that occurs is the neglect of time derivatives like (8/8t) (£ (y,£), T), (8/0t) (£ (k,y,2), T) as
compared to terms ~ £/m. These considerations lead to the following approximate description:

8 1 9 1 9
g (h(y9 t); 'r) = —jz m ! a_yj' (’j(y’ t): T) —; ;; <g1(yj’ t)’ T) ¢ 'a‘y—!f(Y) 3 (4. 36)

2
%(sl(k, 1), T~ - i—f(s;(k, 1), T) + ézcﬂz:s(k) ak) - f dy e 714 (y, 1), T) +5,—: sk)ak). f dy F/(y)e'™ " «nly, 1), T) ,
4.37)

0~-g"3 [z gt 7@ (az—" -m-**(z)) (h(z, 1), T)
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- g[m-‘Z f az 1 (y) ¢y, 2) - (A=, ), Ty = (A(y,, 3, 8), T>]
k

77 £ (y) —*’Z[ 3 [z, -20- (40,1 ~ (&3, 1), T>] (4.39)
0~ "? 400,90, +£ Y 8@ (@) [ d2es™ (ol -2) - £)
§

x{m“Zfdw¢;§(z,w)f(z)-<5,,(w,t),T>-c" @u(Z,,Z,t),”D} : (4.39)

Equations (4. 37)-(4.39) may be used to solve for (f(y,#), T). This is done in Appendix B. According to Eq. (B5),
F(y, ), T) is given by

Fly, 1), T)= —m;f dz D’*(y, z) . (az_ak -BF”(z)) (z,t),T) , (4.40)
where

D”‘(y,z)zfdwzl: ®;:(y, W) F (W) {5,, 5(W ~2)(BE) + Ti*(w, 2) (6(W —2) - F (W)}, (4.41)
and

e W= [ g expl-ik- (2 W #? AMOSW) . (4.42)

Ti*(z,w) is a modified Oseen tensor in which the coarse-graining parameter [ appears explicitly. In the process
of obtaining Eq. (4.40), terms like (m/¢)(a/8t)(g,(k, ), T) and (1/nIX8/at){g.(k,t), T} were ignored on the basis that
only times ¢ > (m/&)~ (nl)™* are being considered.

We are now in a position to obtain equations for y(y,y’, ¢) and €(k, f) defined by Egs. (4.4) and (4.5). With the aid
of Eqs. (4.36), (4.37), and (4.40)—(4.42) the following equation is obtained for gy, y’, ¢):

w(y,y )= Z— (D16, +B7 TIH1 = 5,,)) - (—-BF")w(y,y B, (4.43)
where .
D= @) +@Banip)yt, (4.44)
T*=Ti*y,y) . {4.45)

Ti* approaches the conventional Oseen tensor, Eq, (4.1), when the limit I~ 0 is taken.

Two points are worth noting. The Kirkwood-Riseman equation follows naturally from the approximate Fokker—
Planck equation, Eq. (3.31), and does not require postulating a thermodynamic force (i.e., a force proportional to
the gradient of the logarithm of the distribution function), The treatment of the solvent as a structureless continuum
manifests itself in the presence of a coarse-graining parameter ! in the hydrodynamic interaction tensor.

One may apply similar considerations in obtaining an equation for €(k, £):

a—atc(k,t)= kz" clk, t)-—f d-rfdydzf(Z)Z s(k) a(k)

Jrl

xe- [' 88y - 2) - ’?60,,,(3,’2,] -FH@)exp(~ ¢ =) E,]F'@)e™ . c(k, 1) (4.46)
where the operator £, is defined by the following relations:
9 2]
= dw — . pi* f—— ~gF*
=3 [ aw oD w (aw,. gF (w)) , (4.47)
f@)g,=8,1(z) . : (4.48)

Comparing Eqs. (4.45) and (4. 6) enables one to identify [n(k, )], Eq. (4.8):

k = 1B K)- ikey; oj
(e, )= (i)™ gz 8002 3 [ dy f(5) e 71 Fi(y)

xexp(tL,) et Tr Fi(y) — (rmNm)l s(k) Zdydz @71 DXy, 2) - F*(2) exp(tL,) e 1 F(z) . (4.49)
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Equation {4.49) expresses the specific viscosity as the
sum of two terms, The first (f.t.) is written as an auto-
correlation function of the mechanical contribution to the
polymer momentum flux tensor:

Do e TIEy) .
7

The time evolution of polymer variables is determined
by Ey in which hydrodynamic interactions enter through
the modified Oseen tensor, Ti*(y,z). In the limit of
infinite dilution and small &, f.t. approaches the form
postulated by Stockmayer et al. %%

Physically, f.i. represents that part of the viscosity
which is due to mechanical forces acting on individual
chain segments, The second term (s,t.) is of a very
different nature. For the purpose of understanding the
presence of this term, consider an infinitely dilute sys-
tem, Let us introduce the following notation:

¥y, t) =one chain distribution function,
V,(y, t) =average velocity of monomer i,

a(k, t) =average solvent momentum density with
wave-vector Kk,

E.(k, #) =average momentum density of the solution.

Recall that the solvent contribution to the equation for
8.k, ) [i.e., Eg. (3.37)] enters through a term like
(Bn/c)aik, ). Uk, t) may be expressed in terms of g,
and the polymer contribution to the momentum density:

W, ) =8k, 1) - mnv 3 [ dyS@at e v, (7, 001y, 1)

(4.50)
Equation (4. 50) is obtained from the following consider-
ations:

(i) 34 sklalk) . me'® 7tV (y, ¢) =transverse and
coarse-grained momentum density for one chain given
the configuration y at time ¢.

(ii) Now average (i) with respect to y(y, #) and multiply
the result by the total number of polymers, nV.

The diffusion approximation corresponds to setting

N
-~ 4 [ 8 _opi
V,(y, ) 9y, 1) = ,7::"’ (wj BF)zp(y,t), (4.51)

where, according to Eqs. (4.43)-(4.45),
DY =D, 45, +(1-5,,)TH .

Substituting Eq. {4.52)in(4,51) and noting (3/9y,) . D' =0
yields
N
Efi wk, 1)~ ﬂfi .k, 1) - % Bnmv) 2 S()a(k)

i

. fdye""" DY . E! yly,t) . (4.52)
A term similar to Eq. (4.52) appears in Eq. (4.486).
Thus, we see that s.t. arises by accounting for the dif-
fusion flow of chain segments in the equation for the
momentum density.

Finally, it should be noted that in the zero ¥ limit,
s.t. vanishes, This follows from the fact that

Ronald S. Adler: Dynamics of dilute polymer solutions

Zeit'Yj Fj ~k
i

for small values of k and, therefore, s.t. ~ k2.

V. SUMMARY

This work has primarily dealt with the development of
dynamical equations for a polymer solution from a mi-~
croscopic point of view. The nonlinear formalism de-
veloped by Zwanzig and Mori has been used to derive a
Fokker—Planck equation for the distribution of monomer
phase space coordinates and the coarse-grained trans-
verse momentum density, ¢[x,p, g, !¢}, Several simpli-
fying approximations are introduced into the equation
for G[x,p, g, I#]. The resulting approximate description
is somewhat analogous to the starting equations of the
Freed-Edwards theory. There is, however, one im-
portant difference due to the presence of a non-Stokes
frictional force. The former occurs when monomers are
allowed to have velocity fluctuations relative to the sol-
vent fluid velocity, Therefore, the present theory al-
lows for slip, whereas the Freed-Edwards theory em-
ploys a no-slip boundary condition at the polymer- sol-
vent interface,

The approximate Fokker-Planck description was then
used to discuss the Kirkwood~-Riseman equation and the
correlation function formulation of the specific viscos-~
ity. This involved obtaining equations for the two-time
configuration space distribution function, y(y,y’,#), and
the momentum density autocorrelation function, C(k,?).
The former was seen to obey an equation similar to the
Kirkwood ~Riseman equation in which hydrodynamic in-
teractions are present in the form of a coarse-grained
Oseen tensor, T/* The coarse-graining parameter !
appears as a minimum length over which the solvent
may be treated as a structureless continuum, It was
demonstrated that T{* is related to nonlinear couplings
of the polymer distribution function to the monomer mo-
menta and the coarse-grained, transverse momentum
density.

The equation for C(k, #) enabled one to identify the
specific viscosity. This was expressed as the sum of
two terms. The first term involved an autocorrelation
function of the polymer momentum flux tensor. In the
limit of infinite dilution and small wave vectors, this
term reduces to the correlation function expression for
the intrinsic viscosity proposed by Stockmayer ¢t al.
The second term could be related to the diffusion flow of
chain segments, Its effect vanishes in the small % limit,
It should be noted that the operator governing the time
evolution of polymer variables in the expression for the
specific viscosity approaches the Kirkwood —Riseman
operator only in the limit of infinite dilution,
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APPENDIX A: EVALUATIONOF Q- T

The first component of @ . T is ®, Ak(y). This is easily evaluated by recalling the expression for §(¥), Eq.
(4.12);

53 = hy) - LW, -

Therefore,
9 ot a4 8 1 3
= - _— h =- —_— -— . . — . (Al)
®r AR(Y) G’sz 7, P (¥) ;m W, g A8)) = jE CAVA) ay,f ¥)
Now consider

erAg. (k)= f ay(Ag.(K), k(y)) F(y)™" h(y) + ci; f (;Ik—ﬂ)s (Ag,(k), g, (-k')) .g (k")

5 2 [ avay (a0, 44 630,90 £+ & [ ay 4800, 4K, 9) - FOIEK D) . (a2)

The last term in (A2) vanishes. Note that

(Ag.K), R(y) =D S(K) aK) Fi(y)e™ i f(y) | (A3)
i
(88,00, 8K = - E1(E)2r) ok - k) IS0 (a4)
Ag k), £,(y)=- 'izcﬂ (ulk), £,(y)) = ? % e'™%i £(y) s(k) akk) . (A5)
Substitution of (A3)-(A5) into (A2) yields
®rAg (k)= - @ g.(k) + %QZS(k) a(k). f ay ¢"*71 4(y)+ D _ s(k) alk)- f dy Fi(y)e'™ 1 n(y) . (A6)
j i

The ®; AJ, contribution is given ag
orA%)= [ a2 a g, n@) 1@ i)+ B [ g9), 1) -0

+%§fdzd2’<1\},(y), £ (z) -¢;}.(z,z’)-;,,(z’)+§f(—;%gdzmg,(y),gu(_k,z»-f(z)"},,(k,z) . Aan

The static correlation functions in (A7) are given as follows:

A 8,(3), We) =D m™ 2 (0,h(@), KN =81 T L - 0@y (48)
R &k R &

where Eq. (4.14) has been used:

2
(A9, 810 = = L g, ) = B2 071 1(3) 8060 a0 (49)

<A’j(y)) jz(z» == £(n(y) (pj mt ¢t u(Yj))s ’1 (z» - ﬁ* dk e~y f(y) (A8 L(k), J; (z »
c* J @)

= -B"[El 8, 6(y ~2) f(y) - %Z'lf(y)f(z) gzs(y, -z,)] , (A10)
E
and
AL (y), Sl-k,z)= g S(k) a)e i [5(y -2) f(2) - F(y) F(2)] . (A11)

Substituting Eqs. (A8)-(All) into (A7) yields

®rA g(y)= -B'lfdzzk: ¢ (v,2) F(2). (azi, -BF"(z))h(z)

- *("‘Z [ @25 ¢, 2)- 44(2) -c%(y,,v’] +f) %%[%;f 428(y, -2 $:2) “‘*(”"] '

[+

(A12)
Finally, we consider
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®rAg K, y)= f dz (A 4.k, y), k(2) f(2) h(z) + —f; f {zzl;—;s (Aglk, ¥),g.(~Kk) - g,(k")

7 - r 14 k’ r - ’
E;fdzdz Ak, ¥), 4,20 - ¢;iz,2"). f(2")+ —CB—[(%—)? dz (A 40K, ), (-, 2) F(2)" 4,0’ 2) .

The first two terms in (A13) vanish. The second two are given by 19
ALk, ), £,z)= ée”‘"’ s(k) alk)[s(y ~2) f(y) ~ f ) F(2)] , (A14)
(ALK, Y), S-K',2) =~ —u,(k y), $(~K',2) - —Zs(k alk)

x [ameteitotw -9) - F9) [ 3 e (gha, W), Sl 2D (a15)

Therefore

2
er ALK, y) =~ k—cﬂlu(k, V) +£), (k) A(k)fdz e'*% [5(y - 2) -f(y)]{m"}:de'mi(z, 2’) f(2)- Ll2) - -lglu(zp z)} :
5 k

(a16)
APPENDIX B: (j i(y,t),T)
Equation (4,38) may be rewritten as
E[m'lfk: f az f (N5, 2) - (Fulz, 0, T) = (4L5,, 7, 1), T>]
=8 (SO0, 0, - 7Y [ a2 Pe)hia, 0,1+ @) [ s e
{ Lls@a@) [dze i die,0,1+ L0, >}
== 8" (57 - EFW) 00,0, - Z £ 5 @50, (B1)

where Egs. {4.14) and (4.37) have been used. Substituting (B1) into (4.39) and solving for {f,(q,y, ), T) yields

(£d9,7,6,T=-53"g%s(@) al@ f dz e (5(y -2) - F(y)) {B"(-a— —BF’(z))(h(z, 1), T) - ~f(z) <gl(z,,t) T)}
" 9z;

(B2)
In view of Eqs. (Bl) and (B2) we write

(£,49,0, D=y fdz ¢,k(y,z)f(z)-1.§z[dwf(z)cp;}(z,w) (F(w, 1), T) - 1f—(,ﬂ,,(zk,z,t),T)}
k H
+Z ﬂfdqujk(y’ Z)- <’u(zkxzyt)9 T) f(z)-l
® C

=-m3 | dz¢,h<y,z>f<z)-‘{<ea")( ~EN@) (e, 0, T + 2 £@) & <g1<z,,,s>,'r>}

-2 -C-fdzdw%(y,z)f(z)'l-T?‘(z,w)- [8(z —w)—f(z)]{ﬁ"@?z—BF’(W))<h(w,t),T> + %f(W) %@L(Wut)»'f)}’

(B3)
where
T, W)= [ oy expl~ k- (2 = w) )k Al SE) (B4)
W=glen '

In Eq. (B3) the term ~ (3/8#){g,(k, 1), T) will be neglected due to the restriction £>>m/¢. Here we also assume that
t/m~nl. Therefore, Eq, (B3) becomes

(3,0, D~ -m3 [d2 DMy, ). (—,,%-smz)) (hiz, ), T) , (B5)
with
D'y, z)sfdwz ¢y, W) f (W) {5,,6(w -2) (BE) " +TIHw,2) (6(w —2) - F(W))} . (B6)
1 : s
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