Electrohydrodynamic Solutions for Nematic Liquid Crystals
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We have solved the boundary value problem associated with the Williams domain mode and
the variable grating mode in nematic liquid crystals. Using linearized electrohydrodynamic
equations of motion, standard constitutive relations, and experimentally observed material
constants, we reproduce the significant experimental observations.

The electrohydrodynamic modes of nematic liquid crys-
tals (NLC) have been studied intensively recently due to
their electro-optic display potential. The first mode was
discovered by Williams, ! and the basic features of this
experiment are shown in Fig. 1. The NLC is placed in

a transparent electrode “sandwich” capacitor, the cross
section of which is shown in Fig. 1. The electrodes are
wiped to promote orientation of the nematic director in
a unique direction, defined as the x direction. The elec-
tric field is applied across the capacitor in the z direc-
tion. Williams observed that upon the application of a
sufficient electric field bright lines appeared, giving the
NLC an appearance of domains running in the plane of
the sample. These lines are indicated in cross section
in Fig. 1 and are to be thought of as extending in both
directions perpendicular to the figure (y direction). The
wavelength A associated with the domain pattern gives
rise to a relative phase factor ¢ = 7d/x, where d is the
sample thickness. Further investigation revealed five
crucial experimental observations?: (i) The Williams do-
main mode (WDM) has a critical voltage for formation;
(ii) the wavelength is inversely proportional to thickness,
i.e., ¢ is independent of d; (iii) fluid motion in a vor -
tex-type pattern is coincident with the domains; (iv) the
visibility of the domains is associated with a focusing
produced by a spatial variation of the director n and the
anisotropic index of refraction associated with NLC; (v)
the wavelength of the pattern is not a sensitive function
of voltage above threshold for relatively thick (d>10
um) samples.

Greubel and Wolff® have recently observed a new mode
which is similar to the WDM in the first four items, but
which differs in an important manner in the fifth. They
used very thin samples with high resistivity and found
that the phase factor ¢ varied linearly with voltage
above threshold. They produced a diffraction grating
which operates in what might be called a variable grat-
ing mode (VGM).

We have recently made a rigorous calculation of the
boundary value problem associated with these electro-
hydrodynamic effects and have found solutions that cor-
respond to both the WDM and VGM. * We report here a
brief summary of the theory and the results. The basic
physical mechanisms involved in the problem were dis-
cussed by Helfrich, and this theory is an extension of
his treatment.® Pikin® has also extended Helfrich’s the-
ory in a manner similar to our method and has demon-
strated a critical voltage. The key assumption is that
the NLC has an Ohmic conductivity which is larger
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along the director than perpendicular to it. Generally
this means that the current and electric field need not
be parallel and permits the formation of space charge
in layers parallel to the yz plane. Because of the static
electric field’s interaction with these layers, a shear
flow can be set up. The shear reorients the director,
and more space charge is generated which further turns
the director. The possibility for an instability is
apparent.

The calculation begins by assuming the standard hydro-
dynamic differential equations associated with aniso-
tropic liquids. The electric forces and torques are ex-
pressed as operations on the Maxwell stress tensor.
This description allows a concise statement of the equa-
tions of motion. We employed Leslie’s formulation of
the viscous stress tensor. We assumed an anisotropic
dielectric tensor and expressed the elastic torques as
operations on the standard Frank free energy. The con-
ditions at the boundary were assumed to be that the ve-
locity vector had to be zero, the director had zero z
component, and the electric field could have no x com-
ponent.

The mathematical problem was linearized in the distor-
tion amplitudes, isothermal and steady-state conditions
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FIG. 1. Schematic drawing of the streamlines and domain lines
is given. The figure shows a cross section of the experimental
geometry: a capacitor filled with liquid crystal. The electric
field is applied in the z direction (2,), and the electrodes are
rubbed to promote orientation of the director in the x direction
(&,). Above a critical voltage, vortex motion is observed, the
vortices extending in the y direction and antiparallel in adjacent
cells. The periodicity of the fluid motion is A. When the sample
is illuminated from below, an observer above the sample sees
bright domain lines extending in the y direction. There are two
sets of domain lines, one above the sample and one below. It
can be shown that these lines result from focusing by the direc-
tor spatial distribution in the NLC,
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FIG. 2. Computer calculation of the rd/A and V values which
solve the boundary value problem discussed in the text. The
NLC is PAA at 125°C. The dispersion relation is double valued
for any given voltage above the threshold voltage of 8.2 V. This
means that there are two normal modes possible for any V,
above 8.2 V. The low-phase region corresponds to the WDM.
The linear phase-voltage region at higher voltages corresponds
to the VGM. The spatial distributions of field, velocity, and
director have also been calculated and correspond exactly with
Fig. 1.

were assumed, and sinusoidal trial functions were used.
Two sets of linear homogeneous equations resulted. The
simultaneous solution of both sets of equations was per-
formed numerically and resulted in the dispersion rela-
tion shown in Fig. 2. This curve represents the normal
modes of the system, i.e., those values of A and V
which satisfy the boundary value problem. This disper-
sion relation was calculated using experimentally deter-
mined contants for p-azoxyanisole (PAA). It can be seen
that the phase factor is a double-valued function of volt-
age. The lower branch shows ¢ roughly independent of
voltage and can be identified with the WDM. The upper
branch shows that ¢ varies in a roughly linear manner
with voltage and can be identified with the VGM. The
qualitative agreement between the theory and these two
modes has been demonstrated by numerical calculations
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of velocity and director patterns. The quantitative agree-
ment between the theory and the WDM for PAA is very
satisfactory. The VGM experiments were not performed
with PAA, and so the comparison can only be semi-
quantitative. The phase factor for the VGM experiment
was on the order of 3 at 30 V, whereas PAA could be
expected to have a phase factor of 12 at 30 V. Consider-
ing the difference in materials, we are satisfied with

this order-of-magnitude agreement.

The linear steady-state nature of the calculation pre-
cludes a theoretical prediction of the conditions under
which the upper or lower branch of the dispersion rela-
tion would be observed. The problem is further compli-
cated because there are a family of theoretical disper-
sion relations, each curve of similar shape and nested
inside the previous curve at roughly 7-V higher thresh-
old voltage. These additional curves correspond to in-
creasing numbers of vortex layers across the sample
and have not been presented in Fig. 2 for reasons of
clarity. A theoretical stability analysis would be guided
by the experimental observation that the VDM is real-
ized in thin samples (d <10 um) with high resistivity.?

In conclusion, we wish to report that two steady-state
electrohydrodynamic modes in NLC can be understood
on the basis of conduction~induced alignment.® A stabil -
ity treatment of the theory is now necessary to uniquely
predict the proper conditions of the WDM, VGM, and
the dynamic scattering mode, which is probably ex-
pressible as a turbulent solution.

We wish to thank Dr. W. Weber for valuable assistance
in the numerical computations associated with this
paper.
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