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Hamilton’s two-point characteristic function S(g, 1,4, t;) designates the extremum value of the action

integral between two space-time points. It is thus a solution of the Hamilton-Jacobi equation in two sets

of variables which fulfils the interchange condition S(q;t,q,t) = — S(q; 4, ¢, t;). Such functions can be used
in the construction of quantum-mechanical Green’s functions. For the Kepler-Coulomb problem,

rotational invariance implies that the characteristic function depends on three configuration variables, say
r, 72 7o The existence of an extra constant of the motion, the Runge-Lenz vector, allows a reduction to

two independent variables: x=#+ r,+ ry; and y=r+ r,— r,. A further reduction is made possible by virtue
of a scale symmetry connected with Kepler’s third law. The resulting equations are solved by a double
Legendre transformation to yield the Kepler—Coulomb characteristic function in implicit functional form.

The periodicity of the characteristic function for elliptical orbits can be applied in a novel derivation of

Lambert’s theorem.

1. INTRODUCTION

Hamilton’ s two-point characteristic function can be
defined as the action along a real trajectory connecting
two space—time points!:

S(@aty, asty) = f1y* Lig, 4, 1) dt. (1)

By Hamilton’ s principle, the value of the integral be-
tween two fixed points represents an extremum wrt vari-
ations in path, The function S(g,f,,q,¢,;) might not exist
for certain pairs of points or might be multivalued for
others. The two-point characteristic function is a solu-
tion of the Hamilton—Jacobi equation in two sets of
variables:

dS aS
a—tz“‘H(qb'a“}‘;,Q)—o (2)
and
28 3S
—5;1+H(q1;—571“1,t1>~0 (3)

The second equation follows from the first by virtue of
the interchange condition

Slayty, gaty) = ~ Saatss 44, 1y) (4)

implied by the integral structure of the characteristic
function. Initial and final momenta are given by rela-
tions of the form
as as
= - —— =, (5)
by 99y’ P2 g,

The two-point characteristic function finds utility in
the construction of quantum-mechanical Green’ s func-
tions and density matrices.? An example is the kernel
K(gyty, q4ty) which represents a solution of the time-
dependent Schridinger equation

O
{lﬁé};—f/z}ff@ztz, q4t) =0 (6)
subject to the initial condition

K(qyty, a1ty =8y - q4). )

This Green’ s function can be structured in the form
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i
K(gyts, q4ty) = Fqoty, q4t,) €xp <fs(q2t2, q,t1)> (8)

exponentially dependent on the two-point characteristic
function. The exchange condition (4) is thus consistent
with the Hermitian property

K(gqyty, 92t)* = K(ayty, q4ty)- (9)

The preexponential function F in (8) is determined such
as to fulfil Egqs. (6) and (7). For the free particle and
harmonic oscillator, this is relatively straightforward.

The Coulomb Green’s function K(r,t,, r,t,) has not yet
been worked out in closed form, 3 although the time-
independent function G(r,, r, E) is known. 1 We have at-
tempted to construct the time-dependent function via
the representation (8) and have thereby been led to
evaluation of the corresponding characteristic function.

2. KEPLER-COULOMB PROBLEM

The Hamilton—Jacobi equation for the attractive
Coulomb system reads

3s

ot (10)

1 , Ze'_
to (vS)¢ -~ - = 0.
This pertains as well to the Kepler problem under the
substitution Ze® — GMm, We are, of course, in the non-
relativistic domain and are assuming M > m [or else
reading m in Eq. (10) as the reduced mass]. For com-
pactness we shall employ atomic units, setting m=e=1
in Eq. (10). Equivalently, # is to be expressed in units
of ay=7*/me?, t in units of #*/me'=aq,/c, and S in
units of 7.

Accordingly, Egs. (2) and (3) for the Kepler—Coulomb
characteristic function take the form

3. 10w Z
904 iy _Z2 =9 11
at2+2( »S) =0 (11)
S 10wz Z

—— = -——.—_—0.

6t1+2(vis) 7y

The Hamiltonian is, of course, a constant of the motion,
which implies
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_95_328
at, oty

Thus S must depend on #, and #; only through their dif-
ference t=4,-f;, and

E= (12)

aS

The angular momentum is likewise a constant:

L=rXp; =T, XP, (14)
= - rtxvisz r,XV,S.

Every trajectory is thus confined to the plane normal
to the angular momentum vector. One can write

89S S
VIS:ui—a71+u12Wn, (15)

oS N
V2S=uza—72 +u2ia—1,—1—2'

in terms of the nonorthogonal unit vectors

WETY/7y, UeST/¥, Up=—Uy STy,/7y,
_ _ (16)
Typ=ry—Ty, "’12=!r1-r2‘-
We find thereby
r,Xr, 9§ vy, 85
L= =1 2—-1—2-8——. (17)
Yy 0%y Vi3 074y

Thus far, S(r,#,, ry?,) has been shown to depend on the
four variables 7y, 7y, 74y, and ¢. A further reduction is
made possible by the existence of an additional constant
of the motion for the Kepler—Coulomb problem, namely
the Runge— Lenz vector®®:

A=(Ze*m)yLXp+u. (18)
We have therefore

A=ZLxV,S+u,=~ ZILXV,S+u,. 19)
The scalar product with u, +u, results in

LX(V,S+V,S) - (u;+u,) =0. (20)
Using (15) and (17), we find thereby

;—Z - :TS; ~0. (21)

This shows that S is independent of the variable 7, - r,;
it can depend on 7 and 7, only through their sum 7, +7,.
We have thus reduced S to a function of 7+ 7,, 7y, and
t. Cross-derivatives in the Hamilton—Jacobi equation
are avoided if one uses as independent variables the
linear combinations

K=V H vyt 7y, YEV HY -7y (0Sy<x<w).  (22)

These are, in fact, the same variables which appear in
Lambert’ s theorem [cf. discussion following Eq. (64)].
The Coulomb Green’s function G(r,, r,, E) was also
found to depend on just x and y. Hostler! showed that
this is likewise a consequence of the “hidden symmetry”
associated with the Runge—Lenz vector.

3. SOLUTION OF THE HAMILTON-JACOBI
EQUATION

We turn next to the Hamilton—Jacobi equations (11)
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for the characteristic function S(x, y, f). Using (15) and
(22), we find, in terms of the variables x and y,

as\? [ 8S\? (as)2 (as)2
1 2 . 9oy (22
2(9:9) —(ax) +(ay) iy u1z[ ox ay/ )’
(23)
N _(3S\? [ @SV . 38 2_(as 2]
Z(VZS)—(—ax) +(—ay Uy Uy | (5 ) |-
Noting that
Vy=7y XY
. — . = . = Pl A 4
Uy Uy - Uy T Uy = (U + 1)t Uy, iy %-3’ (24)

the difference between Egs. (11) reduces to

2 2
(ﬁ§) _Zz(ﬁ) _Z (25)
0x x 2y y
With the help of (25), the sum of Egs. (11) works out
to
38 faS\: [8S\* Zz z
S+ ) HE) -2-==0. 26
3t+(6x) +(9y) Xy (26)

Equations (25) and (26) are equivalent to the symme-
trical relations

135, (3aS\2 Z 138 [3S\* Z
==} === ==+ —=) -==0 7
2 at+(ax) x 0, 20t (ay) y (27)
which have precisely the form of the original Hamilton—
Jacobi equations (11) for L=0 and 7y, , replaced by
x/2, v/2.

In accordance with Eq. (4), S must fulfil the time-
reversal condition

S(x’ ¥, -t)=- S(x, ¥, ) (28)

which rules out solutions to (27) obtained simply by
separation of variables.

A further symmetry property makes possible a
closed-form solution of these coupled equations. This
is the invariance of (25)—(27) under the scale transfor-
mation: x, y — &2, ty; t = ¢%; S—¢S. Thus

S(ézx, §2y’ gst) = §S(x, Y, t)’ (29)

showing that S is a linear homogeneous function of the
variables x1/2, y!/2, t1/3, The condition (28) is, in fact,
a special case of (29), for {=- 1. By virtue of this
homogeneity property, the characteristic function can
be represented in the following form: # /X function of
xi/ 2/t1/3 and yi/Z/t1/3'

Specifically, the following definition of variables is
convenient:

S= (32220 3f(u, v),

u=(*/16Z1)V8, v=(y*/162t})1/8 (30)
for t20, O0sv<u<oo,
Equations (27) thereby transform to
(- uf, - o) +u (- 1) =0,
(31)

T - uf, - of,) + v -1)=0.

These equations are most readily solved by a double
Legendre transformation, whereby

F=uf, +vf,~f, U=fy V=/,
(32)
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Fy=u, Fy=v.
We find thereby
3U2__1)1/2 3 2-1 1/2
r=(352)7 (35 33)

The positive square roots are appropriate since
u, v = 0. Some further inequalities are required in order
to precisely characterize the solution. Equation (25)
implies, since x =y, that
as|, |as
ay ox
Since the angular momentum vector is directed parallel
to uyXu,, Eq. (17) implies that

98 35S 9§
—=—a—-—20,
97y 0x 0y 0 (35)

=2

. (34)

The last two inequalities show that 8S/9y <0, Thus, in
all cases,

f,<0. (36)
For E=0, 3S/9t<0 and

f-ufy—of, <0. (37)
Since =0,

ufu+of, 20, uf,—olf,|>0. (38)
Thus

fu=0 for E=0, (39)

Inequality (38) further implies, in conjunction with (31),
that

TAETAESY (40)
Combining with (36) and (39),
lsfu<°°;‘—°°<fvs_1' (41)

In terms of the transformed variables (32),

F20, 1sU<», —o0o<V<-1, (42)

It is convenient therefore to define
U=coshA, V=-coshy (0<p SA<), (43)

(One might also define a second branch of the function
with 02 p 2 A > ~ © corresponding to points r,, r, re-
flected wrt the axis of the Runge—Lenz vector.) Integra-
tion of Eq. (33), with the appropriate choice of constant,
now gives

g%Fa /2 _ ginhX cosh\ - X — sinhy coshy + ¢

=sinh(A - pu) cosh(A + p) — (A = ). (44)

Reversion to the original variables is effected by the
inverse transformation:

f=UFy+VFy~Fy, u=Fy, v=Fy. (45)
After some algebra we obtain

S, v) =uF () - vF (1) (46)
where

_ sinhA coshh + 3

JN= 4 sinhA (47
and
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. 3x » 3
S—lunlg’——=si;}§—”= sinh(A — 11) cosh(A + ) — (A — ). (48)

By virtue of (30) and (48), the characteristic function
can be expressed in the form

S(x, y, )= (4Zx)V 2 F(\) - (4Zy)1 /2 F(w). (49)
Alternatively,
_ (Z*\'/3 sinh(A - p)cosh(A + p) +3(A = p) .
SR, b, 1) = (2_) [sinh(A — ) cosh(A + p) = (A = w) 173

(50)

In verification that the preceding represents the solu-
tion to Eqs. (25), (26), and (27), it is shown that

) .
%E‘tgz_f—smhzhz-—fsmth (51)
1/2 i/2
gi:(—xz—) COShA, giz _(g) COShu’. (52)

Since 9S/9¢=- E, it follows that E > 0 (hyperbolic or-
bits) is associated with real X and p, E<0 (elliptical
orbits) with pure imaginary X and p. The case E=0
(parabolic orbits) is obtained with A= =0. Equation
(48) becomes indeterminate but (49) reduces to

S(x, y) = (4Zx)1/ 2 — (4zy)V/2. (53)

This solution does not, however, fulfil the time-reversal
condition (28).

When p =0, then v=0, y=0 and either r; or r,=0.
The characteristic function reduces to S(r, 0,1). As
A—=p#0, S—0,

The asymptotic region u, v —= « pertains to any of the
limits Z—+0, x,y— %, or {—0. The asymptotic form of
the characteristic function is obtained in the limit A, p
~ o, whereby

_{Z% 1/3f 2% _ p2u\2/3
S\z) \"3 ) -
(54)

Ne)-<e2h_62u)-l/3 ~—e—u<ezl_62u> -1/3
g\ 4 » VTN 4 ¥
Thus

2.\ 1/3 JERY R

which represents the free-particle characteristic
function.

4. ELLIPTICAL ORBITS

Negative-energy solutions are most directly obtained
by continuation of the variables A and p on the imaginary
axis. Defining

A=ia/2, u=iB/2 (56)
(the factors 1/2 for 27-periodicity), we obtain
S(x, y, 1) = (4Zx)}/*F(a) - (42y)'/2F(B), G
o __3a +sina

F((‘X) =}(1,(¥/2) =3 s'm(oz/Z) (58)
siniﬁgy/z) _ s'm:)(zﬁ/Z) =(a ; B)_ sin (a ; B)cos<a ;B)
(59)
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Also, in analogy with (50),
S(a, B, 1)

ZZt/z 1/3
- ([(a - B)/2] - sin[(a - B)/2] cos(a + 8)/ 2])

x[s(“;ﬁ)+sin(";B)cos(“;’3>]. (60)

The characteristic function representing an eliptical
orbit should exhibit a periodic structure of the form

S(a +nay, B+npy, t+n1) =S(a, B, 1) +nS(ay, By, ), (61)
n=0,1,2,---,

where 7 is the period of the orbit. For Egs. (60) and
(61) to be consistent, two conditions must be met:

[ (252) +n(2e 2] + sin [ (252) (252
<cos| (252 ) +n(20550)]
:3(agﬁ)+sin (“;B) cos(a;ﬁ>
+n [3 (ﬂ;—é@) +sin (ﬂ; ’30) cos ("‘0;’30)] (62)

t
[(a=p8)/2]-sin[(a - B)/2]cosl(a +B) /2]
T

[(ay - By) /2] = sin[ (o, — By)/2] cosl{ay - By)/2]

The first is most easily fulfilled with a,- 8,= 2w,
ay+By=0. The second gives thereby a relation for the
orbital time

=2{(2552)- sim (252 )eon (452)]

T
T 2n

and

(63)

[(a - sina) - (B - sinp)]. (64)

This is, in fact, a classical result known as Lambert’s
theorem. ? In the original form of the theorem, « and 8
are defined by

1/2 1/2
Lo (x . B_(y
sin —( 4a> , sing (4a) , (65)
a being the semimajor axis of the ellipse. By virtue of

(51), (13), (56), and the relation E=- Z/2a, our defini-
tions of a and B are shown to coincide with (65).

Very similar in form to (64) is Kepler’s equation

t:% ((8,- € 5in®;) — (®; — e 5in®;)]

l5)-eon(5%) en(555]

in which e is the eccentricity and ©,, ©, the eccentric
anomalies at r, and r,, respectively. Comparing (66)
with (64) we can identify

+ e, + 6
a=B=0,- 0, cos(azﬁ)=ecos<z—2——‘). (67)

Setting o — B=2nw, {=n7 in Eq. (60), we obtain the
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characteristic function for » complete cycles
s:%n(z.n.z)Z/STl/S. (68)

This is related to W, the corresponding solution of the
time-independent Hamilton—Jacobi equation, by'®

S=W- Et. (69)
Since for elliptical orbits

T=21Z(- 2E)"3/2 (70)
we find

W=nd, J=(2nZ)%/371/3, (71)
in agreement with the value of the canonical action

J=§ (b, dr +podf +p,de). (72)
This is equivalent to the more familiar result that

E=_21%Z%/J* (=-2mmZ%*/J? (73)

which for J=nh (=1, 2, 3, -+ ) gives the Bohr energy
levels,

5. REPULSIVE COULOMB POTENTIAL

For a repulsive Coulomb potential, an analogous cal-
culation leads to the characteristic function

S(x, y, ) = (4Z2) /2G (N) = (42)' 3G (), (74)
inhA coshA — 31
Gy =Simincosin=9), (75)

cosh®x coshiu
=—

" = ginh(A = 1) cosh(A + 1) + (A = )

(76)
(0< psa<w),
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at "~ ¥ T
Then

dp__Ze . _Zetm(  dr
LGt =55 LXr=—=g—\rxg ) *r.

This works out to

4 2 -
¥ (Lxp+Ze?mu) =0,

showing that A is a constant of the motion. The equation of
the orbit is obtained from

Asr=Arcosf=~ (Zelm)1L? +7,
r=(Zelm)1I?/{1 — Acosb),
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towards the aphelion of the orbit; its magnitude equals the
eccentricity.
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S, i, e 0 =£S, 1, 1),
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