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The remaining quantity needed is cos «, as a function
of s, and 0,, for this is the argument of one of the
reflectivities, Thus, from Eq. (A6),
cos a, = cos [$7 + 3(6; — 6))]

sin [$(6, — 6,)]
= —sin [§(6, + 6,) — B.]
= —(1 + ) {sin [3(8 + 0,)]

+ 5, €08 [4(6, + 6,1}

(A9)

The reflectivities will be written here for convenience.
If we distinguish them as ry = |Ry|® and rg = |Ry|®
to denote vertical and horizontal polarization, re-
spectively, then we have

K cosa; — (K — 1 + cos® oc,-)*
Kcosa; + (K — 1 + cos?a)t’

Ry(cos a;) =
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cos o — (K — 1 + cos®ay)?
coso; + (K — 1 + coszoci)i ’
K€

7

Here, € is the relative complex permittivity, and u is
the relative permeability.
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Case’s technique utilizing Green’s functions for dealing with boundary-value problems of the neutron
linear-transport theory is exploited. We show that the Fourier coefficients of the Green’s function over the
Case spectrum are precisely the normal modes. In particular, if we assume that the scattering kernel is
rotationally invariant (which indeed we do assume) and approximate it by a degenerate kernel consisting
of spherical harmonics, the set of modes is deficient for problems lacking azimuthal symmetry. We also
show that the expansion of the scattering kernel, in terms of spherical harmonics (or any set of orthogonal
functions for that matter), permits the linear factorization of the Fourier coefficients of the Green’s
function in terms of the lowest element, with the proportionality functions consisting of complete
orthogonal potynomials. As a consequence of this attribute of Fourier coefficients, the eigenfunctions
(continuum and discrete) also factorize, which then permits decoupling of the appropriate singular
integral equations. To illustrate our idea, we solve half-space and slab problems. However, the basic
procedure is kept sufficiently general so that the extension to problems involving other geometrics
remains straightforward.

~

1. INTRODUCTION

The normal-mode (eigenfunction) expansion tech-
nique of Case,! in dealing with boundary-value prob-
lems, has achieved considerable success in the types of
problems for which the normal modes (continuum
plus discrete) form a completeorthogonal set. However,
there are several problems of interest, for instance, in
the theory of neutron diffusion and kinetic theory of
gases,? where the sets of modes are either deficient or
the appropriate integral equations are regular. In

particular, in a recent paper by Case et al.,? it has been
shown for spherical geometry that one cannot directly
adapt the above-mentioned technique. In this paper,
we consider the Green’s function approach also due to
Case. We show that the Fourier coefficients of the
Green’s function for the appropriate neutron 1-speed
transport equation over the Case spectrum are pre-
cisely the normal modes. In particular, if we assume
that the scattering kernel is rotationally invariant
(which indeed we do assume) and approximate it by a
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degenerate kernel consisting of the spherical harmon-
ics, then the set of modes is deficient for problems
lacking azimuthal symmetry. However, if the index of
degeneracy is allowed to approach infinity, then the
deficiency of that set vanishes. Furthermore, we also
show that the expansion of the scattering kernel, in
terms of spherical harmonics (or any set of orthogonal
functions for that matter), permits the linear factori-
zation of the Fourier coefficients of the Green’s
function in terms of the lowest element with the
proportionality functions which consist of complete
orthogonal polynomials. This attribute of Fourier co-
efficients then leads to the factorization of eigenfunc-
tions (continuum and discrete) and the eventual
decoupling of the singular integral equations. The
main advantage of Green’s function technique over
the normal-mode expansion technique is that the
normal modes appear “naturally” in the Green’s
function, with the additional terms (if any) which
make the set complete also appearing as an integral
part of it.

To illustrate our idea, we solve half-space and slab
problems. The latter type of problems are treated in
somewhat greater detail than the former. In particular,
two limiting cases of thick and thin slabs are con-
sidered. We begin by first presenting the basic for-
mulas? and relevant mathematical tools.

2. BASIC FORMULAS

In the 1-speed approximation,? the neutron-trans-
port equation we consider is

(1 + Q- V)¥(r, Q)
- f dQf(Q - Q)¥(r, ) + 0(r, R), (1)

where & is the unit velocity vector, ¥ is the angular
density, Q is some given source function, and f (£ - ')
is a rotationally invariant scattering kernel. The appro-
priate Green’s function satisfies

(1 4+ 2-V)G(r, ;1,2
= f AR - )G, Q' 1y, o)
+ 8(r — r)0(R2 - ). (2)

The quadrature for the angular density is

¥(r, Q)
- f 40 G, R; ¥, )0(F, &)
vV

+ f dQdS'G(r,R; 1), )i(r) - R, Q), (3)
S

where V is the volume in which the angular density is
to be determined, S is the boundary of V, r, is a point
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on S, and #; is a unit normal pointing into V. The
integral equation for the surface distribution ¥'(r,, &)
is

¥(r,, Q)

=f dQ'd*r'G(r,, R; 1', )01, ')
14

+f dQ'dS'G(r,, ; 1, Q)ii(r;) - QY (r;, Q)
8

= 0. )]
The object is to construct the Green’s function
from Eq. (2) and solve the integral Eq. (4) for
the surface distribution® ¥(r,, 2). Having obtained
W (r,, ), we then determine the angular density ¥'(r, )
by Eq. (3). The basic mathematical tools relevant
to such a treatment are the elementary use of Fourier
transforms and the theory of singular integral equa-
tions of the type
BEIW + =8 |~ A 9T6) =10, ()
27i Jr v —
Reduction of Eq. (4) to the integral equation (5)
should become obvious soon. .

3. GREEN’S FUNCTION FOR THE 1-SPEED
TRANSPORT EQUATION AND
EIGENFUNCTIONS

In this section, we take a cursory look at the
relationship between the eigenfunctions of the 1-speed
transport equation and the Fourier components of the
corresponding Green’s function. We express the scat-
tering kernel f(& +L') in Eq. (1) in the degenerate
form

i n_ N2+ 1 ,
f@-o)=3s=pp@.2),
where N is arbitrary. Usmg the addition theorem for
spherical harmonics, i.e.,

P(Q-Q) = () Yin(R)

7
m=—1 21 + ( )

in Eq. (6), the 1-speed transport equation then may be
written as

(1+Q-V¥(r, Q)= Z 2 bY (YY), (8)

0 m=—1

where the inner product is defined by

o) = f 4Qf(R)g(R). ©)

Let us consider the Fourier transform of Eq. (8), i.e.,
set

lF(l', ﬂ) = 1)3 Jdakeik"wk(ﬂ)- (10)

2



3044

Then, Eq. (8) becomes
1+ ik Q@ =3 5 bY@
The appropriate Green’s function satisfies
14+ -V)G(r, 2; 1y, )
= % i lszzfn(QXGYzm) + 6(r — 1)3(R - ).

=0 m=—
(12)

To construct the Green’s function, let us take the
Fourier transform of Eq. (12); i.e., set

(11)

G(r, R; 10, Q) = f Phe gk, Q; R,y).

(13)

(8- Q)

14 ik-Q°
(14)

Now, every solution of Eq. (14) must be of the form

~%bh RN 5L - )
FTS T rik-@ 1+ ik-Q’
where &, = (gY,,) are to be determined. If we
multiply both sides of Eq. (15) with Y;.,(S2) and
integrate over £2, we get a system of linear inhomo-
geneous equations for &, . They are

(2n)®
The result is
YR
g(k, R, @) =lz b,—‘—(—)—

Y,
1+1k-9<g lm>+

Ermlk, S2¢) + (15)

YA Y
Ak, Qo 6,6 m,—b/—M>)
l,zmél ( 0)( i m l\1+lk'9
= }Il”m’(gﬂ) . (16)
1 + ik M SZO
Simple calculations will show that
/ YltnYl’m’ \
\1 + ik -Q/
2md fl Wy (4, 0)Y,, (u,0)
= LTMOmpy m\f%s Ny Ve
1+ ik i\ H
By using this simplification in Eq. (16), we get
N Yy S20)
Em m = Um\“ ™0 , 17
z=2|:m|l 1w(k) 1+ k-9, 17
where
Aip(k) = 0y — Zﬂbf Yiu(pt> 0) Yy (g2, 0)-
ik
(18)
When the determinant (the dispersion function)
A (k) = det A7) (19)

of the system (17) is nonzero, for any fixed m, we have
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the unique solution

S duli) Yem(S2%)
viml A, 14+ kR
where d,,(}) denotes the signed minor of the matrix

(#47) associated with the /th row and the /’th column.
In particular, the homogeneous equations

£, = m<I,  (20)

Y ()
~ S, £ (k) =0 21
g l’Em ll+ik-9§lm( o) @1
and
l; Eimty =0 (22)

then have the unique solutions g = 0 and §,,, = 0.
On the other hand, when A, =0, Eq. (22) and,
consequently, Eq. (16) have nonzero solutions, and
the number of linearly independent solutions is equal
to the nullity of the matrix (4]%) (i.e., the difference
between its order and its rank). In any event the most
general Fourier representation of G is of the form

Olr, @10, ) = )3 3 b Y ()
fdak ik-{r—T¢) 5 1Im\> 9&g) ‘flm(k 90)
14ik-Q

etk “(r—rg)

14 ik-Q°
(23)

We note that the Fourier components &,,, of G, given
by Eq. (20), are sectionally holomorphic functions in
the complex k-vector space, with a branch cut for
k = —joo to —iand i to ico, and they have poles at
the zeros of the dispersion function A,,. In what
follows, we look at £, in terms of their relation to the
eigenfunctions of Eq. (11) over this spectrum (the
Case spectrum),® and also examine a certain recurrence
relation leading to the factorization of &,,, in terms of
the lowest element &,,,, .

Our first immediate observation is that, for a fixed
direction of k, the difference of boundary values of
&,,, about its branch cut are precisely the continuum
eigenfunctions? of Eq. (11); i.e., if we denote such
functionals by E,,(k, &), then

E,(k, &, ¢) = &u(k. L, 6) —
or, explicitly,

MR- d*k
+ &( o)(2 )sf

ik, Qs @) (24)

N

Elm =ll=z| IYl’m(Qk; ¢)
AL+ ikQ)_ AL+ ikQy).
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satisfy Eq. (11). Here, Q, = k -, and + (=) denotes
the boundary value as k approaches the branch cut
from the left (right) side. On the other hand, if k; is a
simple zero? of A, (k), then the discrete eigenfunction
[of Eq. (11)] is given by

Flm(kj9 Qlw ¢) = ]}l_gcl(k - kj)slm(ka Qk’ ¢)s (26)

ie.,

1 N l Y Qs,
Funlkyy Qo $) = —— 3 dm( ,,k,-)————' (. 9),
A (k) v=Tmt "\l 14+ ik,;Q,
27

where A’ (k;) is the derivative of A, (k) evaluated at
k = k]'.

It may seem peculiar at first sight that, for a fixed
point in the Case spectrum, there are N number of
eigenfunctions for / ranges from |m| to N. However,
we shall see presently that all such eigenfunctions are
not distinct. In fact, they differ from the lowest eigen-
function (/ = |m|) by a multiplicative factor which is
a polynomial in (i/k). To see that, consider Eq. (16)
rewritten in the form

ik - Q \
m6’67mn‘1 +b/Ytn-_—_ m )
gﬂfl(ll ( b)) l\ll+k9l/
— Yl'm'(go)
14 kR
Using the recurrence relation for spherical harmohics,
Qlem(SZ) = Alel+1 m(g) + Al—l mYl—l m(g)’ (29)

where

(28)

- 3
A, = ((l +1—-mi+1+ m))’ (30)

Q@+ D@2+ 3)
we obtain

z(b, — 1)&;,, + Alm§l+1m + A mbiam
= _ZYIm(QO)s (31)

where, for convenience, we have put k = i/z. From
this equation, we conclude that

Elm = hlm(z)smm + Wlm(za szo), (32)

where 4,,,(z) are complete orthogonal polynomials (in
the Stieltjes sense) satisfying the following 3-term
recurrence relation:

Almhl+1 m(z) + Z(bl - l)hlm(z) + Al—l mhl—l m(z) = 0’
(33)

and W,,(z, Q) are also polynomial in z. Equation (32)
gives us the desired factorization of &,,, (mentioned
above) in terms of the lowest element &,,,,. Two
immediate consequences of this equation are (1) the
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factorization of eigenfunctions and (2) a convenient
representation of the dispersion function A,,. In
other words, we have

Elm(v’ Sz) = hlm(v)Emm(v: 9))
Flm(lvi H Q) = hlm(vi)me(lyi ’ 9)’

(34)
(33)

and
A(z2)=1- Zlg Ibzhzm(2)< = """\- (36)

Equations (34) and (35), of course, follow by defini-
tions (24) and (26), while Eq. (36) is obtained merely
by substituting &, in Eq. (28) by means of Eq. (32).
In particular, for the lowest element &‘mm, we have

Am(z)fmm(zs 9) = Z z VVlm(z 9)
- k

I=|m]
X ((Slm - bl<Yfm——z—a Y, \)
Z = 3

mm/ ’
(37)

from which we may readily construe the explicit forms
of the lowest eigenfunctions.

The results of this section may be summarized as
follows:

(i) The Green’s function for a degenerate kernel of
the form given by Eq. (1) was Fourier transformed.
For the Fourier components (£,,,) of G, we obtained
a set of inhomogeneous linear algebraic relations.

(ii) It was then shown that the difference of bound-
ary values of &, about the Case-spectral line gave
rise to the continuum eigenfunctions of Eq. (11), while
the discrete ones consisted of the

’V,-) Elm >

()

lim (z —
2>v4
v; is a simple zero of A,,.

(iii) Using the recurrence relation for spherical
harmonics, we obtained a 3-term inhomogeneous
recurrence relation for £,, which permitted us to
express all &, linearly in terms of the lowest coeffi-
cient £,,,. As a consequence of this factorization,
all the eigenfunctions for fixed m and » (or »,) become
proportional to the corresponding lowest eigenfunc-
tion, with the factors being orthogonal polynomials
in » (or v,).

We may remark here that result (ii) is valid inde-
pendently of the geometry, the type of functions used
to express the scattering kernel, and the rank N of
degeneracy. Result (iii), on the other hand, though
valid for any geometry, is crucially dependent on the
fact that we expanded the scattering kernel in terms of
orthogonal functions. In other words, the Fourier
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coefficients of G satisfy a 3-term inhomogeneous re-
currence relation of the type given by Eq. (31) if and
only if the scattering kernel is expanded in terms of a
set of orthogonal functions. The coefficients then
factorize in the way given by Eq. (32) and the corre-
sponding eigenfunctions as given by Eqgs. (34) and (35).
As a final remark, we wish to state that the above
factorization of &,,,, in terms of a single lowest ele-
ment, is not possible if the scattering kernel is a
function of all velocity components, such as in the
energy-dependent case.?

In what follows we shall restrict our treatment to
1-dimensional problems. In particular, for the purpose
of illustrating the general formulation discussed above,
we shall consider half-space and slab problems. For
the latter, the angular density in two asymptotic
limits of thick and thin slabs will be given.

4. ONE-DIMENSIONAL PROBLEMS (GENERAL
FORMULATION)

The 1-dimensional version of the Fourier repre-
sentation of the Green’s function [Eq. (23)] is

G(x, ; xp, ) = — Zb Yin(S2)
ik ezk(w—azo) 5 (k o
X m\Ks
Lo 1+ ikp v
® et'k(x—mo)

1
M(R-Q)— | dk ,
+ )27rLo 1+ ikp

(38)

where y = £+Q. Let G, denote G for x > x,, and
G . for x < x,; the point source is presumed to be at
x,. First, consider x > x,. In order to express G in
terms of eigenfunctions of Eq. (11), as discussed
previously, consider the integral in Eq. (38) over the
contour C shown in Fig. 1. Assuming that A,, has no
zeros on the real k axis, the sum of the integrals from
— o0 to oo and that around the branch cut equals the

K PLANE

(]

Fi1G. 1. Contour x > x,.
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residue arising from the zeros of the dispersion
function A, (k) in the upper-half k plane®; since
X > xy, the integral along the semicircle at infinity
gives zero contribution. Hence

G, = zi Z blYlTn(Q)

mTi,m

X fimdkeik(z—zo)( Sl—m _ ?-m )
i A+ ikp)_ (1 + ikp),

M
+i2bY L (R2)Y ¢~ (e m}vm,p 1m(Vim; » S20)
i,m j=1

ozl ©
+8(@- Qe 28, (39)
7
where M is the total number of zeros »,, of A,, in the

upper-half k plane, ®(u) is the Heaviside step func-
tion, and F,,(v..,, $2) are the discrete eigenfunctions
of Eq. (11). The explicit form of F, , is as given by Eq.
(27), with k; replaced by ifv,,

Putting k£ = ify in Eq. (30) and using the Plemelj
formula

1/ — @)y =T (v — W] F imé(v — p), (40)

we re-express G, in the form

1 N
m=—N1

S ;—'Mz

x (fr [ l(v e (1,8

} earn ©
T il Do) + E(y Q)16 2

M
+ 27 zle—(z_mo)/vmfFlm(”m, ’ 90))
j=

(0]

+ 6(9 sz) —(Z—Eo)/ﬂ (al't) (41)
where we have now identified &, (v, ) — & .(v, Ry)
with the continuum eigenfunctions E,, (v, ;) [Egs.
(24) and (25)] and have used the identity

N 1
z z "‘elm = z z Alm (42)

1=0 m=—1 m=—N l=|m|

We note that the singular part of G, is appropriately
expressed in terms of the continuum eigenfunctions
and has a Cauchy-type kernel, but that the second
term on the right-hand side contains the sum of the
boundary values of §,,,, which are not eigenfunctions.
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However, if we write Eq. (17) in the form

l’m(szo)

_”O

Z 5zm(z Q)A7(z) = (43)
and consider the difference of its boundary values as
z approaches the cut (—1 < » < 1) from the top and
the bottom, then we obtain

N
2 A — A GONER + )
N
= 2 (A + AT)(E — )

— Amipd(u — po) Yrn(S2o), (44)

which relates &;,, + &, to the eigenfunctions
S—lkm - El_m(:_: Elm)'

By means of this equation, we may now replace the
second term in Eq. (41) by the right-hand side of Eq.
(44), if we note that [see Eq. (18)]

AT () — AL (@) = 4" ibu Y (Q)Y,,(R). (45)

Thus, using Eqgs. (44), (45), and the factorizations
given by Eqgs. (34) and (35) in Eq. (41), we get

N e—im¢

G, = 4
""_'E'N /"'Ymm(.u’ 0)
! d” —(z—ac Vv mm("’s 0)
9 0
(2711 oy — U Anll?) = 4ty
+ %B ( ) mm(.u" 0) ——(ac—a:o)/u@( )
i
+ i 8(u — po)e” =@ ()
x(db- - 3 eme®), @9
where
Ay(p,v) = E M 2 () — Al (W), (47)
N
B.(w) = Z M W) + A (W (p), (48)

Al (1) = 8y, — 2h,

X [ e F O Yo, 0,
(v — ¥)s

and h,,(v) are polynomials given by the recurrence
relation (33).

(49)
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Similarly, for x < x,, we have
N —im¢
G.=— S
m=—N l‘l’Ymm(.u’ 0)
° d _ E, (v, &
v (_l—ﬂ.'j v e—(:c wo)/vAm(Iu’ 'p) m (7‘; 0)
27wi Jav —u 47%iy

mm(.u’ 0)

+ %Bm( ) *(z—zo)/ng(_‘u)

+ ze—(a:—zo)/vm,Am([u’ _'Vm,)
— pud(u — po)e” ‘“"”"”“9( —1)
x (068 = 3 emes).

m=-—N

F'mm(_vmj ’ sz0))

47t

(50)

A few remarks are due here. In the expression (46),
the last two terms cannot cancel so long as N, the
rank of degeneracy of the scattering kernel, is finite. In
other words, for the problems lacking azimuthal sym-
metry, the set of eigenfunctions (E,,, Fp..) do not
possess half-range completeness for degenerate kernels.
This was to be expected, because any arbitrary func-
tion of ¢ cannot be expanded in terms of a finite set of
e'm®, Consequently, the last two terms are there to
substantiate the deficiency of the set (E,,,,, Fun), a8
may be seen by letting N approach infinity; the terms
cancel, and hence the deficiency becomes zero. On
the other hand, for azimuthally symmetric problems,
the above set is complete over the half-range of »;
this is readily seen by integrating Eq. (46) with respect
to ¢ from 0 to 27. The same remarks apply to G,

5. APPLICATIONS
A. Half-Space Problems

As an application of the above formulation, let us
first consider the half-space problems. Shifting the
point source to the origin (x, = 0), we may write
the integral for ¥'(x, &) [see Eq. (3)] in the form

—zm¢
Q+ S £
f(x ) m=z’ N U Ymm(:u 0)

_1. tdy —a/v
% (55 | B P A AT
+ %Bm(u)e‘“"‘@(/t)f‘m(u)
+Ze"/""‘fA (TR729) bd (v,,,]))

Z e—lm¢

T m=—N

Y(x, Q) =

)

+ O (‘F(o Q) —

x J; 'm0, p, ¢')), (51)

where f(x, ) is the angular density due to source
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and where
L) = f dQ'u¥ (0, ') —Ei—"‘(:—s—z—) (52)
4y
and
SZI
I, ) = f AQUT0, ) ﬁl’ﬂ—"‘——’ (53)
¥t

are the coefficients to be determined from the given
boundary condition. An equation that determines
them is

N
YO =70+ 3 3
X (—1—5‘

e—im¢

1
3[4 (u )T)
27

+ 3B, (W1, (1) O (1)
M
+ 3 Al vm,)F:’n(vm,))

0y — U

1 ¥ .
+ ®(/z)(‘1"(0, Q- 3 e

W m=—N

27 ,
XJ dd'e’™ (0, u, qS’)). (54)
0
In solving this integral equation for any specific
problem, we assume that'¥'(0, &) for x > 0 is known,
so that

1 2 im
00 = - L dde™ W0, Q), u>0, (55

is also known. This entails a considerable amount of
simplification in the solution of the integral Eq. (54).
If we multiply it by ¢ and integrate over ¢ from 0
to 2, we obtain a set of 2N + 1 decoupled integral
equations of the form

Lo 4T
2mi Jov—pu

+ 3B, (wWI'(p) = @, (u), (56)
where

D,.(11) = 1Y (i, OY (0, 1) — fu(1)]

M
= 2 An(s ) L(Vm,) (57

and

1 27 .
Fuwy =L f dpe™1(0, Q). (58)
27 Jo

The set of Eqgs. (56) are singular integral equations,
which may be solved by the standard procedure due to
Muskhelishvili.® In fact, an elaborate solution for
m = 0, but arbitrary N, has been given by Mika.,1
Since the procedure for m 5 0 is the same as for m =
0, we merely state the pertinent results.

Let us assume that the zeros of A, (z) [see Eq. (36)]
are nondegenerate and the polynomials 4,,,(z) [see
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Eq. (33)] are simple, i.c., of degree precisely / — m.
Splitting the kernel in Eq. (56) into the singular and
the regular parts, we rewrite it in the form

An() — AL (w) [ dv
2mi 5'fo vy —u Tu(®)

+ HALW + AT () = B(w), (59)

where

D, () = O(p)
1 ldva(v) Am(.us 'p) — Am(/'t’ :u)

27i Jo v —u
(60)
and where we have used the fact that
Ap(u, 1) = Ag(u) — An(u) (61)
and
B (1) = Aj (W) + AL(w) (62)

[compare Eqgs. (15), (16), and (17) with Eq. (36)].
In Eq. (60), the integral may be written as a sum over
the moments of I',,(») as follows:

Am(,u’ 'V) _ Am(;us :u)
v—u

Ny o Y.(u0
= 4772iluymm(,u’ 0) z bl—M [hlm("') - hlm(["’)]
1=|m| Y—nu
(63)
If we write 4,,,(») as
B = 3 Cell, mp, (64)

k=0
then

h —h b |m] k-1 L
m(¥) lm(/u) - 2 ZCk(l, m)u ~i~1,,3 (65)
Y —U k=1 j=0

Substituting the appropriate ratio in Eq. (63) by
means of Eq. (65), we obtain

Am(ﬂ) ’V) - Am(.ua .u)
v—p

N
= 47T 0)_ 2 biTin(is O

1—|m] k—1
x Coll, myp==47.  (66)
0

k=1 j=

Denoting the moments of I, (») by g;,,, i.e.,

1
Eom = f T, (3), 67)
0

we re-express @,, [Eq. (60)] in the form

N
B (1) = Pu) = 27t Yo 0)_ 3 biYin(s 0
=|m|+

I—|m} k—1

X 2 ch(l’ m):u' _j_lgim- (68)
k=1 j=0
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The solution of Eq. (59) is

Ar() + AL() ~
=0
) = s or)
AALB)  2mide v — A
(69)
while the conditions that determine I') (v, ) are
m(u)
duy W) =0 j=01,---,M—1,
f e _ Q,(u) =0, j
where (70)
1 1 (* du
- —————— - —_— A+ . 71
) = o (- [ 2 areazn). 01

Equations (70) give just the sufficient number of con-
ditions to determine the unknown discrete coeflicients
I“:n(vm,). The moments g;,, may be evaluated by using
Eq. (67).
B. Slab Problems

Let us take the volume V¥ under consideration to be
the slab between x = —}L and x = {L. Assuming
that there are no sources (Q = 0), we see that the
integral representation of ¥'(x, L), by virtue of Egs.
(3), (46), and (50), is then

N
Y(x, Q)= >

m=—N ,qum(y’ 0)
1
X (QLJ‘ i e—(z+4}L)/vAm(/" ‘V)P(,:,)(’V)
2rmiJov —

+ 3B, (e L)) (1)

e—im¢

M
+ z e_(z+1}L)/Vm,Am(H, vmj) D(r}z)(vmi))

i=1

+ DG ) (xp(_%L, Q) — 2L
N . 27 o i
x 3 e[ Tapensvi—iL.u )
m=—N 0
N e—im¢
m==N UYpmm(p, 0)
[}
x (955 | 77 e TR0 A
2riJav—u

+ 1B, (e O(— ()
M
+ Y e A4 (4, —v,,)D ("?(”””))

i=1
— AR~ (VUL R) - -
27
N . 27 o
x 3 eime f d¢'e™ WL, u, ¢')).
0

m=—N

(72)
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The coefficients I'V»®(») and D+ (,, ) in Eq. (72),
which are to be determined, are defined as

E,.(v, Q')

() = f dQUP(FIL, Q) 22D (73)
47y

and
me(:i:vmj s 9')

47t ’

(74)

D(nl;)'(z)(vmi) =fdQ'ﬂ'qf(;%L’ 9')

where W(F3L, Q) is the surface distribution at
x = F}L. The rest of the symbols have the same
meaning as previously.

In dealing with any particular problem, we assume
that W(F{L, Q) for (42%) are known. In that case, we
may reduce Eq. (73) to two sets of decoupled singular
integral equations by letting x approach F 3L, multi-
plying both sides by ™, and integrating over ¢’
from O to 2zr. The result is

1B, (W, An(pt, YT ()

M
+ 2 A, ¥ ) DY)
i1

M
—L
- zle /vmjAm(,u’ ~Vm; Dg)(vmj)
=

1 [ dv

P eL/”Am(,u, v)F(,ﬁ)(v)

1Y — U

- /"’Ymm(,u’ O)Tm(—%Ls /“)’ )24 > 09 (75)

B, (W', A TR ()

M
+ ZAm(:u” _vmj) D(Wzl,)(vm,')
j=1

M
= 2™ A v ) D (0)
~

1
— L[ g, T )
2ridoy — u

= _/"'Ymm(/h O)lFm(%La /l), p<0. (76)
Clearly, exact solutions of these integral equations

are not feasible. However, they are well suited for
approximations in the asymptotic limits.

1. Thick Slabs (L > I)

For this limiting case we can solve Egs. (75) and
(76) for the coefficients by the iterative procedure dis-
cussed in Ref. 4. Thus, in the zeroth approximation,
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we ignore the terms involving the exponentials e™%/.
Equations (75) and (76) then reduce to Eq. (56) for the
half-space problems. Let us, therefore, assume for a
moment that I'®(y), D{?(v,,), and 'Y (), DX (v,,)
are known in Egs. (75) and (76), respectively. Then,
formally, solutions of Egs. (75) and (76) are

) A+(7’)+A (») o
B0 = o) O
_A;;(’V) m(v) (1)
ey P
where

(I)f”l,)(‘l‘) = ”Ymm(vs O)lpm(_%L’ ‘V)
M
- z Am(v’ vm,v)D(wlu)(vm;)
=1

M
+z e Livm; 4 (= vmj) D(nz;)(vmj)

1 f° av

2mi

— 27ivY,, (v, 0) Z b Y., 0)

eL A, (v, VT ()

1y -

I—|m| k-1

X 3 SChmi gy, 9
= §==

1
gy f dv'T %), 79)

and

L (' xa)

2midoy — ' An(u)

X ' Yoty O i (— 3L, p)

— S DY) RO, 7,
_J-—IL/v,,. ; D(z’(vm,) RY(, —)]

1 0 d L/vr(2)( )

2mi
X [RY(,v) —

IDe) =9

1y —

R, ), (80)

with
1

1 d ’
R(l)(v v) = ﬂ\____f l’l’ m(/")
2mi Jov — p A (W)

The additional conditions that determine the discrete
coefficients are

An(p', 7). (81)

Jdﬂyf m((”'))d)(l)( ) 0 J - 0 1
A (82)
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Similarily, for Eq. (76), we have
An() + A ()

@, \ _ @, v
B0 =S i
_ AZ(”) m( v) (2)
A (WALB) ) (83)
where

D) = — (u Yn(tts O¥ 3L, )
N |
- EAM(”’ _vm,-) D(nzz)(ymf)
j=1
JM
+ ze—L/ijAm(‘u, vm;‘ D(Wll)(vm,)
i=1
1
+ f dv .
0y —pu

' N
Ymm(/’t, 0) z blYlm(:u” 0)
I=|m|+1

I M TR0 ()

— 2mip

i—|m| k-1
X3 3Gl mpt -lgzaz) (84)
¥=1 i=0

0
g —f ldvv"F(,ﬁ)(v), (85)

2mi 1y — ‘u Am(,u)

X u'Yu(y', O, (3L, 1)
M

+ Y [DRm)RYG, =¥,
j=1

_ —L/Vm,D(”l')(vmj)R(,,z,)(V» vm;z)]
I S L

2mi
X [RP(,v) — RP(» )],

1 du x,, '
2__ _aw (l‘l) A ).

miJay — p AL()

The additional conditions are

I3 =

e_L/v’P;I,)(’V')

oy — v

(86)

R, v') = (87)

Jm(ﬂ) 2)
d - .
fWA()q)() 0, j=0,1,--,M

Consider Eq. (77) first. In the zeroth approximation,
ignore all the terms involving the exponentials. The
coefficients I'\Y(») {denoting the degree of approxima-
tion as [I"¥(»)],} are then given by

AXO) + AZ0)
285y T e

ARG) — AZ0)
AF)AL®)

T3] =

F2)], (88)
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where
[(D:rl.)(l‘)]o = :qum(/" O)IFM(_ %L’ :u)

M
- glAm(l"" 1’m,) D(#.)(Vm,)

N
= 2mipY (s 0)1_ IEI +1blYlm(.”’ 0)
I~|m| k-1

x 3 ZClmu g

k=1 j=0

(89)

and
1 ’ —{,
O s
2mi Jov — p AL(W)
X /'I”Ymm(,u"’ O)wm(_%L’ /")

M
- z Dg)(vm,)R'(nlt)(V’ vm,)-

i=1

(90)

Similar quantities for I''® should be obvious. In the
first approximation, the correction to Eq. (89) for
'Y (y) is obtained simply by retaining the exponential
terms in Eqs. (78) and (80), with I"®(») and Di:’(vmj)
replaced by [['®(»)], and [D®(v,, )]y, respectively.
Thus,

(1) _ A;(”) + AL W
] = 2A$(v)x;,(v) ®,, (Mh
An() — A
- ——_A;(v) A(v) I (], (91)
where

[O2(M)] = [P )],

M
+ gle_L/V”'jAm('y, - vm,)[D'(rrzn)(vm;)]O
1 0

27

L RN I

1y —
(92)
and

I9W), = 2O,
+3 e DI (5, RV, =7,

0 ]
+ - f T )
2aiJ1v — '

X [RY®, ) — RY(, )] (93)
The same iterative procedure may be followed to
approximate the discrete coefficients D{Y(,,) which
are determined by Eq. (82). The procedure for obtain-
ing I'® and D{? is exactly the same. Here we omit
the details. '
2. Thin Slabs

Because this situation is physically much simpler
than the limiting case (L 3> 1) considered previously,
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one can obtain the integral representation for ¥'(x, &)
by dealing directly with Eq. (3). The approximation
procedure for various other situations is discussed in
Refs. 2 and 4. To avoid repetition, we merely state the
pertinent results here. Thus, if we write

¥(—}L, Q) = YL Q) + V(—iL,9),
<0,

V(L Q) = ¥(—1L Q) + ¥(L 9),
u>0, (95)

where ¥'(F3L, R) are to be of order L, then one can
show that*

%4

YL, Q)
= f QW T¥(— 4L, )O() + F(3L, )O(—u)]

{G-(3L, 2; —3L, Q') — G, (—3L,Q; —31L,Q")
+ G(—3L,R; 3L, Q) — G_(—3L,Q; —3L,Q)},
(96)
where
G(—3L,RQ; —1L, Q)
= lim

—+—} L(From within ¥V
¥ H {From without V.

G(x, Q; —3L, Q). (97)

For a homogeneous medium we have

F(-1L.9) = V(L. Q). 98)

The combination of Green’s functions, occurring in
the right-hand side of Eq. (96), may be calculated
explicitly by means of Eqs. (46) and (50). It is given by

G, —G,+G.—G_

N e-——im¢

B "‘=2_N :qum(:u's 0)

X ( J ldv(e—L/v — DE,...(v, RVH .(v, 1)
0

1 ¥
-+ r gl(e Livm, _ I)(Am(lu, ’ij)me('pm! , n/)

7T2
- Am(;u’ —vm;)me(—vm; ’ 9')))

N
1 S eimw—w)
N

27T Mm=—.

+ o= )06 = ¢ -
I

x [(e72" — 1)O(u) — (e¥* — 1)O(—w)], (99)
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where for convenience we have defined

1 . 1 A | Bu®)

H,(v,u)=—F¢
. ) 2mi v — u 4ntiy 87tiu

oy — ).

(100)
In general, the contribution from the terms involving
discrete eigenfunctions [in Eq. (99)] is small compared
to the terms involving the continuum eigenfunctions.
Let us therefore ignore that term and further
approximate the terms involving exponentials as fol-
lows:

fldv(e_L/ Y — 1)F(v)
o
=f dv[F(») — FO)e " - 1)
0

1
+ F(O)J; dv(e X" — 1)

= 5 (__—1)'7:@ 1dw‘"[F(V) — F(0)]
1Jo

n=1 n

+ F(O)'fdv(e"l"" - 1.

Since
1 o —L n
f wet =3 B | pogr — 14 ),
0

n—o n!(l —
nat(in (1 n)

where ¢ = 0.577216 is the Euler’s constant, we get

f ldv(e—”“ — 1)F(»)

0
= z(_—l;)f dvw"(F(») — F(0))
n=1 n! 0

+ F(O)(;; ;}(‘1—’“_)7) + Llog L — 1+ y)).
(101)

Retaining terms only up to quadratic in L, we see
that Eq. (99), by means of Eq. (101), becomes

G, —G,+G.—G_
g [Ll LE,, (0, R)H, (0, 1)
= _— 0 mm\Vs m\Vs
m=z—-N 1Y, 0) & #

+ L((y — DEyn(0, R)H (0, )
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= [t B @) 0,10
0
- Emm(o’ gl)Hm(O’ :u)))

1
+ %LZ( f v (E (0, ) H (3, 1)
0

— Epp(0, R)H (0, 1)) — Eyn(0, 2)H (0, m)].

(102)

The angular density " may now be calculated simply
by inserting the expression (102) for the given com-
bination of Green’s function in Eq. (97).
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