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The transition from laminar to turbulent behavior of the electron sheath in a cross-field gap is 
examined for the regime B>B, , where B is the external magnetic field and B, is the Hull cutoff 
value. An analytic expression is presented for the critical emitted current beyond which laminar 
solutions cease to exist. A one-dimensional particle code is used to corroborate the analytic theory. 
This code shows several interesting properties when the emitted current exceeds the critical value. 
Chief among them is the presence of a turbulent microsheath near the cathode surface. The 
electrostatic potential in the gap’s vacuum region is found to oscillate at a frequency that is quite 
insensitive to the emitted current and to the electrons’ emission velocity. 0 1994 American Institute 
of Physics. 

When a sufficiently strong transverse magnetic field B is 
imposed across an anode-cathode gap, electrons released 
from the cathode will not be able to reach the anode. Under 
the steady-state condition, that critical magnetic field is the 
Hull cutoff value Bn=(2 m V/eD2)1’2, where D is the gap 
spacing, V is the gap voltage, e is the electron charge, and m 
is the electron mass.’ The electrons are assumed to be emit- 
ted with zero velocity. It is important to note that B, is 
independent of the emitted current density, J. 

In this Letter, we examine the regime B>Bn. Specifi- 
cally, we present an analytic expression that gives the critical 
emission current density, Jc , above which steady state solu- 
tion ceases to exist. We employ a particle-in-cell (PIC) code2 
to examine the dynamical behavior of the gap, both below 
and above this critical current. 

It is anticipated, on physical grounds, that such a critical 
current exists. If the emission current is vanishingly small, 
electrons are expected to follow the familiar single particle 
orbits in the external electric and magnetic fields, which are 
uniform. A collection of such particles represents a time- 
independent, laminar solution. If, on the other hand, elec- 
trons are reieased in great quantities, steady-state solutions 
are not expected to exist, as seen from the familiar experi- 
ences with the virtual cathode.3 The latter regime may only 
be treated via particle simulations. The transition from lami- 
nar to turbulent solutions in a crossed-field gap is the subject 
of this Letter. 

This seemingly old problem is of considerable current 
interest, especially in the study of ultralow noise crossed- 
field amplifiers (CFA’s). In many CFA’s of practical signifi- 
cance, the electrons are released from the cathode (which is 
part of the interaction region) by secondary emission, and the 
operating magnetic field is always higher than B,. How to 

control electron emission so as to reduce the amplifier noise 
has remained a very important consideration.4 It, in part, mo- 
tivates the present study. 

The above mentioned critical current is most easily es- 
tablished when the electrons are emitted normal to the cath- 
ode with zero velocity. Consider the emitted current being 
raised quasistatically, from a very low value. All electrons 
are initially accelerated by the vacuum electric field inside 
the gap. They all turn back before reaching the anode if 
B>B, . As the emitted current is raised, the initially accel- 
erating electric field right in front of the cathode is reduced. 
For zero injection velocity, therefore, the steady-state solu- 
tion fails to exist when the emitted current is sufficiently 
high to render the surface electric field equal to zero. Thus 
the critical current, for this B>B, case, is simply determined 
from the space-charge-limited condition when the electrons 
are released with zero velocity. 

Consider a time-independent, one-dimensional planar, 
nomelativistic model. In the Cartesian coordinates, the cath- 
ode is located at x = 0, and the anode at x = D, held at po- 
tential V with respect to the cathode. The external magnetic 
field is ,?B. Let 4(x) be the self-consistent electrostatic po- 
tential, and u(x) be the (non-negative) velocity component 
of the cold electrons in the x direction. Using conservation of 
energy, e+(X) = im(u2 + fi2x2), we may write the Poisson 
equation 

d2+ en 2J 
dxl=Eg=ql (1) 

in the Llewellyn form (see e.g., Birdsall and Bridges3): 

(2) 
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FIG. 1. The critical current density (in units of the Child-Langmuir value) 
above which steady state solutions cease to exist, as a function of the mag- 
netic field B (in units of the Hull cutoff value), for zero electron emission 
velocity. The points CO, Cl,...,C8 mark the cases simulated. 

where R = eBlm is the cyclotron frequency and t = +f dxlu. 
In Eq. (1) we have used the continuity equation, nu 
=constant, as well as the fact that the electron density, ~1, is 
due to the departing electrons and the returning electrons, 
thus giving rise to a factor of 2 in the last term of Eqs. (1) 
and (2). The emitted current density, J, is a constant. 

In terms of the nondimensional variables, 2=x/D, f 
=Rt, j=eJlm~o~3D, ~=e(PlmD2R2, fr=eVlmD2Q2, 
zZ= u/fID, the differential equation (2) may be integrated to 
yield U( ;i = 2.$1 -cos( f)] , under the condition that the elec- 
tron is initially at rest and nonaccelerated (space-charge- 
limited condition). This solution may be integrated again to 
yield T(f) = 2j[ t’-sinf F)] . From these simple solutions, we 
see that an electron begins to be turned back when ?= 2 rr, at 
which 2=5,=4rr.?, and c=O. Note that Xr represents the 
maximum excursion of electrons (i.e., “hub height”) when 
the critical current is reached. It is easy to show that, at 
x”=x”T, the normalized electric potential is 
&=i2T/2=8~2J2, and the normalized electric field is 
ZT= - 2.ZT= - 4 72. 

The last starement allows us to express the anode voltage 
as the sum of &- and the potential drop in the vacuum re- 
gion, .?r<x’< 1: p= &--Er( 1 -.?r). This in turns yields 
6’=4rj-- 8 rr’j*. The last expression may be easily solved 
for j in terms of ?. This gives the critical current J, as a 
function of gap voltage c. When normalized to the Child- 
Langmuir limiting current, JcL=( 2/9) (2 6) 3’2, this critical 
current reads 

(3) 

where we have used c=(BHIBj212. 
The expression (3) is valid for B>B,. It is shown in 

Fig. 1, which, for completeness, also includes the regime 
B<B,. The latter regime was recently reexamined in con- 
siderable detail.5’6 Thus Fig. 1 provides the critical value of 
the emitted current, above which time-independent solutions 
cease to exist, for general values of magnetic field. The dis- 
continuity in Jc at B =B, reflects a different state of the 
solutions, a fact observed by Pollack,’ interpreted as the lim- 
iting current.5 and reaffirmed in particle simulations by Ver- 
boncoeur and Birdsall For the case B>B,, it may be 
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FIG. 2. The potential at the midpoint of the crossed-field gap, q&, , and the 
cathode surface charge density, crc, as functions of time, for cases C2 
(I/1,=0.95), and C3 (1/1,=1.10). 

shown that as J--+Jc , the maximum electron excursion in x, 
XT, is simply the Brillouin hub height,” 
D[ 1 - d-1, which is always less than D(BH/Bj2, 
the latter being the maximum electron excursion when the 
space charge is negligible. 

We have extensively studied the regime B>B, using a 
PIC code, Plasma Device Planar 1 Dimensional’ (PDPi), as 
the injected current is increased (case CO,...C8 in Fig. I), In 
the simulations, Figs. 2-4, we fixed D =0.002 16 m, B=0.27 
T, cathode area A =O.OOl 492 m2, the cathode was held at 
V,= - 12 000 V, while the anode was grounded. Thus 
V=I2000 V, B,=0.171 T, B/B,=1.579, J,=2.fX105 
A/m2, and I, = AJ,= 3 13 A. The electrons were injected as a 
cold beam normal to the cathode with, unless otherwise 
stated, injection energy of l/2 eV. [After several attempts, we 
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FIG. 3. The phase-space plot, and the electron density distribution, n(x), for 
cases C2 (I/1,-0.95) and C3 (Ill,== I. IO). 
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FIG. 4. The frequencies of oscillation of the surface charge density, (T, , 
(i.e., of the microsheath on the cathode surface), and of the midpotential, 
4md * as functions of the injected current, Z=li,,j. Two injection energies 
(I/2 and 50 eV) were simulated. 

failed to generalize Eq. (3) to include such a nonzero injec- 
tion energy.8] 

The transition from laminar to turbulent behavior is 
clearly shown from the runs below transition of case C2 
(Z=AJ=298 amps) and above transition, case C3 (Z=AJ 
=343 A). For case C2, the potential at midway between the 
anode-cathode gap, +mtd(t), and the cathode surface charge 
density, a,(r), remain asymptotically constant [Fig. 2(a)], 
whereas those for case C3 break into oscillations for time 
t>4 ns [Fig. 2(b)]. The phase-space plot and density profile 
for case C2 [Figs. 3(a) and 3(b)] are dictated by single par- 
ticle motion. The trajectory of one electron is repeated by all 
others, and this property is shared by low injection current 
cases, CO and Cl in Fig. 1. The corresponding figure [Fig. 
3(c)] for case C3 shows turbulent behavior: the phase space 
is randomized and the x component of the particle velocity is 
substantially reduced. The space-charge density profile [Fig. 
3(d)] is almost flattened, extending from the cathode to 
roughly the Brillouin hub height. This is true for all above- 
transition cases C3, C4,...,C8 (Fig. 1). The surface charge on 
the cathode [Fig. 2(b)] is positive, i.e., a potential minimum 
is always formed in front of the cathode, when turbulent 
behaviors emerge from the numerical simulation. The elec- 
tric field on the cathode is positive, having a mean value on 
the order of 4 kV/cm. This latter value is shared by all 
above-transition cases C3, C4,...,C8. The depth of this poten- 
tial minimum is on the order of the injection energy that is 
given to the electrons in the code. Thus, a microsheath is 
always formed right in front of the cathode for low injection 
velocity when the injected current exceeds the critical value 
(Fig. 1). This sheath oscillates at a frequency that varies ac- 
cording to the emitted current and to the emission velocity 
(Fig. 4). No electrons reach the anode in any of our runs for 
B = 1.597 B, . In fact, no electrons reach the midpoint, x = Dl 
2, in the gap.g The potential at this midpoint oscillates at a 
frequency that is quite independent of the injected current 

(Fig. 4), of the initial energy of the electron (up to 200 eV), 
and of the grid size and number of computer particles used in 
the simulations. Neither the microsheath oscillation fre- 
quency, nor the oscillation frequency in the midpotential cor- 
responds to the cyclotron frequency, the plasma frequency, 
nor to the upper hybrid frequency. This characteristic is 
shared by all cases C4, C5,...$8 in Fig. 1. The physical 
origin of the oscillations remains to be examined. 

In summary, this study seems to have added substance to 
the notion that a necessary condition for quiescent behavior 
in a crossed-field gap is that electron emission be limited. 
The criterion is given by Eq. (3) for B>B, , and is confirmed 
by particle simulation. 
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