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CHAPTER 1

Introduction

The advances in technology and emerging applications and services define the era
of a wireless world. There is a huge and increasing demand for data transmission
but a fixed and scarce radio resource (the electromagnetic spectrum). In addition,
energy /power is a system resource that is limited. Low energy/power consumption is
desirable in many applications. These constraints make the design of wireless systems
a challenge.

The concept of radio resource sharing is a key to the efficient use of the wireless
spectrum. Multiple-access schemes are designed to achieve the goal of sharing radio
resource. In multiple-access schemes, multiple transmissions often take place simulta-
neously over a common communication medium (channel), which causes interference
to one another, and degrades the reliability of the communication links. Interference
is one of the major factors that degrade the performance of a communication system.
Various types of interference in different scenarios result in different effect on the sys-
tem performance. It is important to design systems to combat interference in order
to assure the desired performance. Most existing systems deal with the interference
problem by coordinating users so that the transmissions are orthogonal in time or fre-
quency, or through coding. By adjusting transmission power, it may be possible to
control the received interference power at individual receivers to achieve the link qual-

ity goals. Another issue in modern wireless (mobile/cellular) communication systems is



the ability to provide versatile broadband services (voice/data/media streaming) simul-
taneously through the limited radio resource with quality of service (QoS) and possibly
energy/power constraints. In this scenario, a simple coding and modulation scheme
deployed at the transmitter and a smart receiver to recover data of different levels of
QoS requirements is necessary. These two problems motivate our research presented in
this thesis.

There exists a rich body of previous research to solve these problems. In general,

they are treated from two aspects:

e From the physical layer point of view, interference can be managed and suppressed
through signal processing. Multiple users can access the limited radio resource

through coding and modulation techniques.

e From the network layer point of view, protocols for power control, routing, and

scheduling can be used to optimize the system in different ways.

Traditionally, physical and network layer solutions are considered separately. How-
ever, this is not the most efficient way to design wireless systems. A more general
concept to deal with the issue is to consider both physical and network layers when
designing systems. Cross-layer design is a promising way for future wireless systems.

In this thesis, we consider the interference management at the physical layer. In
order to enhance the performance (bit error rate, throughput, link quality, complexity,
etc.), the receiver needs to have knowledge about the interference, such as the prob-
ability distribution, the signal-to-interference ratio, etc. By exploiting the knowledge
about interference (such as the statistical properties), it can be suppressed to enhance
the link quality.

This thesis contains two main topics: multilevel coding (MLC) for unequal error
protection (UEP) and receiver design for ultra-wideband (UWB) communications to

suppress interference. Both topics deal with interference in different ways, and face



different design challenges. In the next two sections, we describe the two topics and
address the issues we are facing and problem we try to solve. In the final section of this

chapter, we outline the organization of this thesis.

1.1 Multilevel Coding and Unequal Error Protec-
tion

As mentioned earlier, an issue in modern wireless (mobile/cellular) communication
systems is the ability to provide different services simultaneously through a limited radio
resource with different QoS and energy/power constraints. In order to overcome the
time-varying effect of the wireless channel, channel estimation at the receiver and the
feedback between the transmitter and the receiver regarding the channel information is
useful. With the channel information, the transmitter can adaptively adjust the coding
and modulation scheme to match the channel condition to make the communication
efficient. However, the feedback link from the receiver to the transmitter costs extra
energy. In order to process the channel information and update coding and modulation
schemes, a complex transmitter structure is expected. For some applications, it is
desired to have a simple transmitter structure to satisfy an energy/power constraint,
and have a powerful receiver to handle most of the processing. This motivates us to
find a different solution to this problem.

The idea is to design a fixed coding and modulation scheme at the transmitter with
fixed transmitting power. In this case, the receiver has to be smart enough to get the
most information out of the received data depending on the channel situation and the
SNR. The design of the coding and modulation scheme has to be able to handle different
data streams with different QoS requirements for transmission. With careful design on
the coding and modulation scheme, the receiver is able to extract information from the

received signal at different rates and data quality by adaptively using different decoding



and demodulation strategies according the current channel condition.

A similar problem to ours is the multilevel multicast transmission in wireless net-
works [1] 2] [3][4] [5] [6][7] and the unequal error protection (UEP) problem [§][9][10]. The
key idea in these proposed methods is to provide different levels of protection to dif-
ferent classes of data. This is essential when different portions of the source data do
not contribute evenly to the overall quality of the decoded information. In a broadcast
wireless network, the system is designed to provide reliable transmission to different
users which may use various types of equipment and be located at distinct sites. Due
to the different reception capabilities of the intended receivers suffering from varying
severity of fading channels, it is necessary to design a transmission scheme that guar-
antees the reliable reception at a minimum transmission rate to the “disadvantaged”
users and higher transmission rate for other users. The UEP technique is a simple and
efficient method to achieve such requirement. The basic idea is to use constellations
with non-uniformly spaced signal points in the modulation scheme. The non-uniform
nature of such constellation results in different distances between sets of signals and
provide different levels of capability against noise and hence unequal error protection
for different bits of the symbol.

Multilevel coding (MLC) [11] is another way to provide unequal error protection for
different streams of information with different levels of importance in a communication
system. In multilevel coding, the system performance is optimized by choosing the
specific coding and modulation scheme. The idea of MLC is to protect each bit of a
signal point in the modulation constellation by an individual binary code. The various
choices of the component codes enable different strategies for creating a UEP capable
system.

The major goal of our work is to design and analyze the system performance of a
DS-CDMA system with asymmetric phase-shift-keying (PSK) modulation and MLC in

the AWGN channel. The analysis includes probability of bit error of different levels



of the UEP and MLC schemes, and the capacity and throughput of the MLC scheme

combined with 8-PSK modulation.

1.2 Interference Mitigation in UWB Communica-
tions

Considerable amount of research has focused on analyzing and mitigating interfer-
ence caused from UWB to other existing systems (such as 802.11 Wireless LANs, GPS,
etc.). However, the existing systems can also cause strong interference to UWB. It is
important to investigate the impact of the interference to UWB, and design algorithms
to mitigate interference for UWB. In designing algorithms to suppress interference,

there are two major concerns:

1. Understanding the interference
In order to successfully combat interference, it is necessary to understand the
structure of the interference. Random interference can be described by its proba-
bility density function (PDF). For theoretical analysis, interference can be mod-
eled according to the application and the exact PDF can be obtained. In practice,
interference is unknown and varies with time (non-stationary). Thus, its PDF has

to be estimated and adaptively updated.

2. Implementing the algorithm — the complexity issue
When designing and analyzing the optimum receiver based on the maximum a
posteriori probability (MAP) criterion, the knowledge of the PDF of the interfer-
ence is required. With this knowledge, if the PDF is complicated, it is difficult to
utilize it for the receiver design in the practical sense. In this case, suboptimum
receivers with low complexity that can perform nearly as well as the optimum

receiver are desirable.



There are several types of interference we should consider in the design of UWB
communication systems — intersymbol interference (ISI) due to the multipath channels,
multiple-access interference (MAI) in multiuser scenario, narrowband interference (NBI)
from existing systems, possible jamming signal, and lastly, additive white Gaussian
noise (AWGN) in the system. All these types of interference mentioned above degrade
the UWB system performance in different ways and to different levels. This points out
the importance of interference mitigation in UWB communications.

In this work we analyze the performance of UWB communications in the presence
of MAI and jamming interference. We consider a nonlinear interference suppression
technique for time-hopping (TH) pulse-position modulation (PPM) UWB systems. We
consider the synchronous single path AWGN channel, and the transmitted signal is
corrupted by interference. In practice, the interference is not Gaussian distributed,
and hence the total interference plus noise is not Gaussian, and the optimum receiver
can be very complex and quite difficult to realize physically. Previously the Gaussian
approximation to the interference is used when evaluating the system performance.
Since Gaussian interference is actually the worst case, substantial improvement can be
made when the actual non-Gaussian interference is properly taken into account. In our
work, we find the probability distribution of the total interference by computing the
exact probability density function (PDF). Therefore the exact bit error rate (BER) can
be evaluated. Furthermore, this PDF can be used in a locally optimum Bayes detector
(LOBD) to derive the suboptimum receiver with less complexity. In the first part of
this work, we derive the PDF of the total interference in a multiple access TH-PPM
UWB system. By applying the conventional pulse correlation receiver, a closed-form
PDF of the total interference of the correlator output is found for the special case
when the impulse signal is rectangular. Next, we apply the LOBD algorithm using
the interference PDF to derive the nonlinearity for interference suppression. Lastly, we

apply this locally optimum detector at the receiver to evaluate the system performance,



and compare the results with the performance of the traditional linear receiver. In the
second part of the work, we apply the same procedures to deal with the Gaussian on-off
jamming interference. The last part of this work is to adaptively estimate and update

the interference PDF for the LOBD receiver for the real-time processing of the receiver.

1.3 Thesis Outline

This thesis contains two major parts. The first part is composed of Chapter
through Chapter [4] with a focus on multilevel coding for unequal error protection.
Asymmetric modulation and multilevel coding are considered to achieve the goal of un-
equal error protection. The second part of the thesis is composed of Chapter [5| through
Chapter [7l with an emphasis on the receiver design for ultra-wideband communications
in the presence of interference. The goal is to design receivers with low complexity for
practical implementation while performance asymptotically approaches the optimum
receiver performance. Each chapter in this thesis is briefly described in the following.

In Chapter [2| we analyze a quaternary DS-CDMA system with asymmetric QPSK
modulation. We derive the exact BER performance of the system by analyzing the
probability density function of the multiple-access interference utilizing the character-
istic function method. We also approximate the BER using Gaussian approximation to
the interference. Lastly, we investigate the near-far problem by generalizing the system
model to the case where users have different transmitting power. The results show that
the less protected data bits are more sensitive to the near-far effect in a multiple-access
environment.

In Chapter [3] we extende the analysis of a DS-CDMA system QPSK modulation
studied in Chapter |2 to the 8-PSK modulation case in combination with multilevel
coding to further achieve the goal of an unequal error protection system. In the proposed

system, we analyze the performance of multilevel coding and multistage decoding with



BCH codes as component codes, and derive the approximate BER by approximating
the multiple-access interference as a Gaussian random variable and assuming the use
of random signature sequences for spreading.

In Chapter [d] we analyze the capacity and throughput of the 8-PSK multilevel
coding scheme using BCH codes of various block length and error correcting capability.
The results show that the MLC scheme outperforms the regular scheme in the low SNR
region. However, in the high SNR region, MLC scheme has a lower throughput than
the regular scheme due to the low reliability on the low level.

In Chapter [B] receiver design for multiple-access ultra-wideband communications
is investigated. We examine the performance of the suboptimum linear receiver, and
design the suboptimum nonlinear receiver to suppress interference based on the LOBD
algorithm. The results show the effectiveness of the proposed nonlinear receiver to
mitigate strong interference.

In Chapter [, we apply the technique described in Chapter [f] to receiver design for
ultra-wideband communications to suppress Gaussian on-off jammer. We examined
the optimum receiver and compare it to the proposed suboptimum receiver. Various
jamming scenarios are examined to show the interference suppression capability of the
proposed receiver structure.

In Chapter[7} implementation of the LOBD receiver proposed in Chapters [5| and [6] is
discussed. A LOBD receiver with real-time processing is implemented by continuously
monitoring the interference and adaptively estimate and update the interference density
function and the signal processing function of the LOBD receiver. The adaptive LOBD
algorithm makes the proposed receiver implementation practical to deal with different
types of interference.

This thesis is concluded in Chapter



CHAPTER 2

Analysis of a DS-CDMA System with Asymmetric

QPSK Modulation

2.1 Introduction

In the design of a wireless communication system, feedback between the transmitter
and receiver regarding the channel condition is useful for adapting the radio trans-
mission rate to match the channel conditions [12][13][14][I5][16]. When the channel
condition is good, the data rate is increased, while when the channel condition is bad,
the data rate is decreased. However, in some cases the transmitter does not know the
condition of the channel and still desires to match the data rate to the channel. In this
case, modulation and demodulation techniques are needed that allow more data to be
transmitted when the channel is good and less when the channel is bad, without the
transmitter knowing in advance the condition of the channel.

Consider for example the transmission of an image. Suppose that there are two
modes of operation at the receiver with respect to high and low signal-to-noise ratios
(SNRs). The two modes have different demodulation and decoding strategies according
to two different rates and image qualities. In the high SNR mode, the receiver can
demodulate and decode the data at high rate (or full rate) and recover the image

with its high quality. In the low SNR mode, the protection available with coding and



modulation is not adequate to protect all the data. However, it may be possible to
decode only a subset of the bits that have higher error protection. In this case, the
receiver demodulates and decodes the data at a lower rate, and recovers the image with
lower quality as compared to the high-quality image.

In a wireless network, the channel condition can vary for several reasons. One reason
is just the change in the distance between the transmitter and the receiver. Another
reason is that the multiple-access interference produces time-varying channel conditions.

The key idea in designing such a system is to introduce modulation and coding
schemes that provide different error protection to different classes of data. The earlier
work on multicasting [I][2][3][4][6][5][7] and unequal error protection (UEP) [8][9][10]
examined such a system in the case of a mobile network downlink. This idea is essential
when different portions of the source do not contribute evenly to the overall quality of
the decoded information. The UEP technique is a simple and efficient method to
satisfy such a requirement. The basic idea is to use a constellation with non-uniformly
spaced signal points in the modulation scheme. The non-uniform nature of such a
constellation results in different distances between sets of signals and provides different
levels of reliability against noise and interference and, hence, unequal error protection
on different bits of a symbol. An asymmetric quadrature phase-shift-keying (AQPSK)
constellation can be regarded as the simplest modulation scheme to provide the system
with UEP capability. A comparison of QPSK and AQPSK is shown in Figure As
can be seen, in the example shown in Figure [2.1b] the I-channel data (bit) is better
protected than the Q-channel data.

In [I7], a quaternary direct-sequence code-division multiple-access (DS-CDMA) sys-
tem is analyzed and an expression for the SNR is determined. However, the exact bit-
error rate (BER) performance is not derived. In [I8] and [19], the case of binary DS-
CDMA with random signature sequences is investigated for binary phase-shift-keying

(BPSK). Also, the Gaussian approximation to the interference is used to approximate
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Figure 2.1: Comparison of QPSK and AQPSK.

the performance. In this chapter, we derive the exact BER for a quaternary DS-CDMA
system and also derive the approximate BER using a Gaussian approximation to the
interference for AQPSK. We consider a direct-sequence spread-spectrum modulation
technique with asymmetric QPSK modulation that allows higher data rate transmis-
sion if the channel is good and a lower transmission rate when the channel condition
is poor. We analyze the performance of a quaternary DS-CDMA communication using
AQPSK modulation over an additive white Gaussian noise (AWGN) channel, with a
correlation receiver that is coherent to the desired user. We look at both the cases of
specific and random signature sequences being used in the system.

This chapter is organized as follows. In Section the system model is intro-
duced. In Section 2.3 we derive the exact BER performance of the system. This also
includes the derivation of the probability density function (pdf) of the multiple-access
interference (MAI). A numerical example is given to illustrate the performance using
a specific set of signature sequences. In Section [2.4] the random signature-sequence
case is considered. The Gaussian approximation is used to model the MAI, and the
approximate BER performance is obtained. In Section [2.5, we generalize the signal

model and examine the nearfar effect on the system performance.
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2.2 System Model

In this section, we describe the mathematical model of an asymmetric QPSK mod-
ulation system and characterize the receiver output. We consider an extension of the
model described in [I7] for asynchronous quaternary DS-CDMA. The model is shown
in Figure . The difference from [I7] is that we consider asymmetric QPSK so that
the in-phase (I)-channel and quadrature-phase (Q)-channel bits have unequal energy.

Suppose there are K users in the system. The quaternary signal of the kth user is given

by
sk(t) = s () + 2 (1) (2.1)
where
sl(t) = V2P -cos(f) - ak(t)bL(t) cos(2m fot + 0y,), (2.2)
s2(t) = V2P -sin(B) - a?(t)b2 () sin(27 fot + Oy). (2.3)

In the above expressions, P is the transmitted power, 3 is the angle of the signal points

in the asymmetrical constellation, af(t) and a%(t) are the spreading signals for the I
and Q channels, bL(t) and b?(t) are the user information being transmitted in the I
and Q channels, 6y is the initial phase of the kth user and is assumed to be uniformly
distributed over the interval [0,27]. The modulation constellation is shown in Figure
In this scheme, we choose 0 < 8 < 7.

The information being transmitted by user k is represented by

() = 3 by et - i) 2.4)
00 = S 18, prlt— 1) 2.5)

12
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Figure 2.2: A quaternary DS-CDMA communication system model.

where bi,j, bgj € {£1}, T is the symbol duration, and

1, 0<t<T
pr(t) = (2.6)
0, otherwise.

The spreading signals are expressed as

o) = Y al, vt iT) 1)
20 = 3 af it T 2:5)

where aéj, ag’j € {£1} are the signature sequences for the I and Q channels, T, is the
chip duration such that 7' = NT,, and 1(t) is the chip waveform which is nonzero for
0 <t <T,.. In general we can choose any pulse shape as the chip waveform. However,

to simplify the analysis, in the following we will assume the rectangular pulse is used
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Figure 2.3: Asymmetric QPSK constellation.

as the chip waveform, i.e. ¢(t) = pr.(¢).

The receiver is assumed to consist of a simple correlator matched to the desired
signal. We examine both the time synchronous and asynchronous cases. Even though
the asynchronous case is the more realistic case of the two, the synchronous case is
more easily analyzed than the asynchronous case. When considering channel coding
using linear block codes, it is very difficult to analyze the asynchronous case due to the

dependency of bit errors within one block.
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2.2.1 Asynchronous System

We first consider the asynchronous case. The received signal is given by

r(t) = ésk(t — ) + n(t)
— g V2P cos(B)al(t — m,)bk(t — 7i) cos(2 fu(t — 71.) + 61
+ ki: V2Psin(B)ag (t — m)bP (t — 7.) sin(27 fo(t — 7) + Op) + n(t)
— é V2P cos(B)ap(t — 7,)bh(t — 7,) cos(2m fot + ¢y,

+ > V2Psin(B)ag (t — )b (t — 1) sin(27 fot + ¢x) + n(t) (2.9)

where n(t) is an additive white Gaussian noise with zero mean and two-sided power
spectral density Ny/2. The time delay of the kth signal is represented by 75 and
¢ = O — 2 fe1i, (mod 27).

The analysis here basically follows the methods in [I7] and [20]. Consider the output
of the correlation receiver for the first user. The output of the I-channel correlator for

the data bit b{’o can be decomposed into terms corresponding to the desired signal, the
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interference, and noise as follows:

T
7zl = / r(t)al(t) cos(2m f.t)dt
0
= / ' V2P cos(B)al (£)bl(t) cos(2m f.t)al () cos(2 f.t)dt
0
+ / ' 2P sin()a% ()b () sin(27 f.t)al (t) cos(2m f.t)dt
K
+ Z / V2P cos(B)ak(t — 1,)bL(t — i) cos(2m fot 4+ ¢p)al (t) cos(2m f.t)dt
k=20
K T
+ Z/ V2P sin(3)al (t — )02 (t — 7.) sin(27 fot + ¢ )al (t) cos(2m f.t)dt
k=20

T
+/ n(t)al (t) cos(2m f.t)dt. (2.10)
0
In the above expression, the output due to the desired signal is

A = /0 V2P cos(B)bL(t) (al(t))? cos®(2m fut)dt
- \/ﬁcos(ﬁ)bio /T%[1+COS(47TfCt)]dt

= T+/P/2cos(B)b] (2.11)

where the double frequency term is negligible since we assume f, >> (7.)~!. Because of
the assumption of coherent reception, the component of the I-channel correlator output

due to the Q-channel signal is

B = / T@Sin(ﬁ)a?(t)b?(t)sm(zwfct)a{(t)cos(gwfct)dt

= V2Psin(3)b7, /0 ' a2 (t)al (t) sin(27 f.t) cos(2m f.t)dt

— 0. (2.12)

The interference component of the I-channel correlator output due to a I-channel inter-

16



ferer is given by

Ch

/T V2P cos(B)a(t — 1,)bp(t — Ti) cos(2m fot + ¢y )al () cos(2m f.t)dt

0

V2P cos(f) /T bi(t — 7)ar(t — i,)al(t) cos(2m fut + ép) cos(2m fot)dt
0

\/ﬁcos(ﬁ)/o bE(t — m)ak(t — m)al (t)

N | —

/P2 cos(5) cos(¢) / VLt — m)al(t — m)al (t)dt

[cos(qbk) + cos(4m f.t + ¢)|dt

VP2 cos(8) cos(dx) bl Bi () + Vo B ()] (2.13)
where the time cross-correlations R’ () and ﬁﬁ(T) are defined as [17]
Rﬁz(T) = / ar(t — 7)al(t)dt (2.14)
0
N T
Réi(r) = / ai(t — 7)al(t)dt. (2.15)
Letting
I 7,6) = T [bl, RIS (7e) + b Rk (70) | cos(@), (2.16)
then Equation (2.13) can be written as
Ci, =T~/ P/2cos(B) I} (by, Ty b1)- (2.17)
The total I-channel interference is then
K K
ZC’“ =T+\/P/2cos(f ZI bi,Tk,gbk (2.18)
k=2 k=2
where b’ = (b} _ |, b, -+ bl 1, bl ). Similarly, the component of the I-channel cor-

INote that the “hat” notation on the cross-correlation functions is used to denote the correlation
over the complementary (with respect to the symbol duration) portion of the integration interval.
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relator output due to a Q-channel interferer is

Dy, = / ' V2P sin(3)al (t — )09 (t — 71.) sin (27 fot + ¢ )al () cos(2m f.t)dt
0
= V2Psin(p) / ' b2 (t — 1)a(t — 7i)al () sin(27 fot + @) cos(2r f.t)dt
0

= V2Psin(p) /0 b2 (t — 1)a(t — Tk)a{(t)% [sin((bk) + sin(4m fot + @)]dt

= /P/2sin(B) sin(¢y,) /0 b2 (t — 1)al(t — 7 )al (t)dt

= V/P2sin(B)sin(oy) [V REL(70) + b2 L ()] (2.19)

where, analogously to Equations ([2.14]) through ([2.16]), we define

Rgf(f) — / al(t — 1)al (t)dt (2.20)
RY(r) = / aQ(t — T)al (t)dt (2.21)

and
121027, 6) = T |42 B2 (70) + b B (70) | sin(). (2.22)

Then Equation (2.19)) can be written as
k E1\ZEk o ks Pk

and hence the total Q-channel interference is

K K
> Dy =Ty/P/2sin(B) > I (b7, i, bx) (2.24)
k=2 k=2
where b% = (bgﬁl, bgo, e b%_l, b?(,o)~ The noise component of the I-channel correlator
output is
T
nl = / n(t)al (t) cos(2m f.t)dt. (2.25)
0

18



Note that nf is Gaussian with zero mean and variance NyT'/4. In summary, we have

/P /P
zZI =T Ecos(ﬁ)b{70+2T Ecos(ﬁ)];fﬂ(biﬁk,%)
—i—Z \/—sm IQI bQ Tk,¢k)+n{
P I = 1
=T by o cos(B) + cos( Zl (by» Ty Dr)
—2

K
+ sin(0) Z IE{(QS, Tk, ¢k)} +ny

k=2
= T\/g cos(3)(bro + Ir) (2.26)

where
Z[ k’Tk’¢k +tan(ﬁ) ' [Ig{a_)g?TkaQSk) (227)

Similarly, for the Q-channel correlator output we have

K
P
ZIQ = T”E{b?osm + cos(f ZI (bks Th» Pk

K
+Sin(ﬁ)z bk,Tk,gbk } +n
k=2

P .
= T\/Esm(ﬂ)(b({%o—i—IQ) (2.28)
where
Iy = ZIQQ (bt 7, D) + cot(B) - I3 (b2, 7, dr) (2.29)
[é?(l_)iﬂ', ¢) = T7! [bkj_lRﬁ(Tk) + b kl (7% } sin( (2.30)
2202, r¢) = T [bg_le?(Tk)mQ RQQ(Tk)] cos(0) (2.31)
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and

RA(r) = /OTag(t—T)a?@)dt, (2.32)
R%(1) = /Taé(t—T)aiQ(t)dt, (2.33)
R%(r) = /;Tag(t—f)a?(t)dt, (2.34)
R2(r) = /TTag(t—T)aiQ(t)dt. (2.35)

Also, n¢ is Gaussian with zero mean and variance NoT'/4.

2.2.2 Synchronous System

For the synchronous case wherein 7, =0 for all k =1,2,--- | K, the received signal
is given by
r(t) =Y sk(t) +n(t). (2.36)
k=1

With arguments similar to those in the asynchronous case, we have the correlation

receiver outputs

B K

Z{ = n{+T\/P/2-cos(B) |b],+ Z I (b, Hk)] (2.37)
L k=2
B K

Z¢ = n? +T/P/2-sin(B) [bPy+ > IZ (b, ek)] (2.38)
L k=2

where n! and n¢ are Gaussian with zero mean and variance NoT'/4, by, = (b}, b2,),

and

(b, 0r) = I (b, 0k) + tan(B) - 1,3{ (bgo, 0;,) (2.39)

ng(bk, 0,) = f,gff(bgo, 01,) + cot(3) - 1,5??(1720, 0r) (2.40)

20



with

Lh(beo,0k) = T7'-big- Ri(0) - cos(By), (2.41)
I,S{(bﬁo,ek) = T‘l-bgo-Rﬁ{(O)-Sin(ek), (2.42)
I,fff (bro:Ok) = T7'-biy- Rgf{m) - sin(—0y), (2.43)
I,g?(bﬁo,@k) - T’l-bﬁo-Rﬁ?(O)-cos(Gk). (2.44)

Since there is no delay between users, we have

T N-—1 T,
RIL(0) = / abal(dt =Y al ol [ vy, (2.45)
0 =0 0
T N-1 T.
jo(()) - /0 al (t)al (t)dt = agja{,j /0 W (t)dt, (2.46)
7=0
T N-—1 T,
Rﬁ(@) — / al(t)al(t)dt = ag,ja?,j / V2 (t)dt, (2.47)
0 =0 0
T N-1 T,
R29(0) = /0 Q0@ (t)dt =Y a2, /0 VAt (2.48)
7=0

Furthermore, since we use a rectangular chip waveform, that is, ¢¥(t) = pr,(t), then

fo “?(t)dt = T,, and we can further simplify the above expressions as

N—-1

RiL(0) = T.) apai;, (2.49)
7=0
N-—1

R&(0) = T.) afjai;, (2.50)
=0
N-1

RE(0) = T.) a0, (2.51)
7=0
N-—1

RS’?(O) = Tczaﬁjafj. (2.52)
7=0
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2.3 Exact Performance Analysis

Our goal is to analyze the bit-error rate (BER) of such a system. In order to find
the exact BER, we need to find the probability distribution of the interference. In this
section, we derive the pdf of the interference for both synchronous and asynchronous

cases.

2.3.1 Average Probability of Error

The average probability of bit error is given by

P.= - (P +P9) (2.53)

DO | —

where P! and PY are the average probabilities of bit error of the I and Q channels,

respectively, and are evaluated as follows:

pl =

e

1
Al (z{ <0lpfy = +1)+ Pr(Z{ > 0|bj, = —1)}
1

5 {Pr (T P/2cos(B)(1+ I;) + nf < 0)

+Pr (T P/2cos(B)(—1+ Ir) +nl > o)}

_ E{Pr( n §—1—11>+Pr< n >1—II>}
2 T+\/P/2cos(3) T/ P/2cos(p)

1
= 5{P7“(TL[~F[[§—1)+P7“(TL[+[]>1)}

— %{1 — Pr(-l1<n;+1; <1)} (2.54)

where n; = nl/(T\/P/2cos3) is Gaussian with zero mean and variance (2E] /Ny)~!,

El = PTcos? 3 = E,cos® 3, and E, = PT. Similarly, we have

e

1
PQzé{l—Pr(—1<nQ+IQ§1)} (2.55)
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where ng = n%/(T\/P/2sin 3) is Gaussian with zero mean and variance (2E°/Ny)™",
EP = PTsin? 8 = E,sin’ 5.

In order to evaluate P! and P?, we use the characteristic function method in [20] to
compute these probabilities. In order to compute P,, we need to know the probability
distribution of the sum of the noise and interference. We first obtain the characteristic
functions of the random variables, and then derive P! and P% from the characteristic
functions.

Let ®,,(v), ®7,(v), and ®;(v) be the characteristic functions of ny, I, and I =
n; + I;. Note that they are even functions (®(v) = ®(—v)), and ®;(v) = &, (v)Py, (v)
by the independence of n; and I;. The probability needed to compute P! is obtained

as

1
Pr (—1 <ny+1I; < 1) = / fI(x)dx

_ /0 ' f(a)dn

_ /O 1 (% / : Q)I(v)e_j”dv) do
_ % /0 1 ( /0 " o,(0) cos(ws)dv) dz
_ % /0 " 05(v) ( /0 1cos(w§)das) dv

_ 2 /Ooo ®;(v)vtsin(v)dv. (2.56)

™

The characteristic function of the interference in the I-channel, ®;(v), can be written

as
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thus

2 oo
Pr(-1<n;+1;<1) = —/ ®,,, (v)v~ ' sin(v)dv
T Jo

_2 /0 o sin(0) @ (0)[1 — @5, (0)]dv (258)

™

where

N,
®,,(v) = exp (—ﬁﬁ) : (2.59)
b

The average probability of error of the I-channel is then given by

1 1
Pl = §—§P(—1<n1+11g1)
11~ 1~
= ——— v sin(v) @y, (v)dv + — v~ sin(v) @, (v) [1 = @, (v)]dv
2 7 T Jo
2ET 1 [
= @ —_ +—/ v sin(v)®,, (v)[1 — @7, (v)]dv (2.60)
NO ™ Jo
where
1 e
Qz) = \/?/ e U2dt, x> 0. (2.61)
™ Jx

Similarly, let ®,,(v), ®1,(v), and ®o(v) be the characteristic functions of ng, Iy, and

Q =nq +Ig. Po(v) = Py, (v)P1,(v). Then we have

2 (o9}
Pr(-1<ng+1p<1) = —/ v~ sin(v) @y, (v)dv
T Jo

_2 /0 o sin(0) @ (0)[1 - @y (0)]dv (2.62)

™

and
PY = %_%/000 v_lsin(v)@nQ(v)dv+%/ooov ' sin(0) @, (0)[1 — g, (v)]dv
2B\ 1 [
- a5 )+ /0 o $in(0) By, (0)[1 — B, (0)]do (2.63)



Therefore, the average probability of error is given by

1 oF 2EC
P = _{ =5y =By }
Q N, +Q N,

+% ! Sin(v){CI)m (V)[1 = @1,(v)] + Dy, (v)[L — Py, (v)]}dv. (2.64)

Note that by representing the error probability in this way it is clear what the contri-
bution to error probability is from noise and interference. When there is no MAI, i.e.,
the single user case, the MAI term in the above expression is zero, and the probability
of error is the same as in the case of an AWGN channel. In general, the MAI term in
the above expression does not have a closed-form solution and needs to be evaluated
numerically. However, in order to evaluate it numerically, we need to find expressions

for ®7,(v) and @4, (v).

2.3.2 Asynchronous Case

Here we begin to derive the characteristic function of the interference in the asyn-

chronous case. The I-channel interference is given by

ZI biaTk’agbk‘ +tan(ﬁ)llg{(bga7—k7¢k) (265)
where
cos(Pr)
I (ks ) = 0 (b o REL () + b B (7). (2.66)
sin(¢r) =
12102, 1) = 7 02 BEL(70) + b2 REL () (2.67)

Now consider (T, < 7, < (I + 1)T,. In this case, we have

Ri'\(m) = Cih(l— )R,Z,(Tk—lT)jLC 1+ 1= N)Ry(ry —IT,), (2.68)

Rg;’l(m) = Céﬂ(Z)Rw(Tk —IT,) + C (1 + 1) Ry (i, — IT.) (2.69)
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where éw(T) and R, (7) are the autocorrelation functions of the chip waveform defined

as

Similarly,

RY ()

R\ (1)

/ ()t — T,
Al@wa+n—ﬂ@

Cﬁ?f(l - N)Igbw(ﬂc —IT.) + C,gf(l + 1= N)Ry(r. — IT0),

CRL(1) Ry (my — IT.) + CL(1 + 1) Ry (i — IT..).

(2.70)

(2.71)

(2.72)

(2.73)

In the above expressions, C{%(l) and C’,?ZI (1) are the aperiodic cross-correlation functions

defined as

\

\

N-1-l 1 T
Q=0 k%1

N—1+1 I
Di—0 ki1

0,

N-1-1 1 @
Dm0 Okl

ZN—I—H I Q

0,

j=0 Ak j—1%; 55
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0<I<N-1
1-N<I<0
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Here {aj, ;} and {a ;} are the spreading sequences of the I and Q channels of the kth

user. The characteristic function of I; is given by

by, (v) = E{exp(julp)}

K
= E {exp [jv <Z I (bf, 7, &) + tan(B) I @?mk,m))] }

k=2

— ﬁE {exp []'U (Ié,ll(biﬁka br) + tan(ﬁ)llgll(bg’m’(ﬁk))”
k=2

o
/0 /0 exp [jv (I;i[l(biﬁ, o) + tan(ﬁ)]ﬁf(bg,ﬂ gb))] d7d¢}

B ﬁ{:ﬂﬁz;/ /(iﬂ

[bg,,l (C” (I — N)Ry(r —IT))

or N—1

exp l Ju COSIE¢)

+ G (I+1 = N)Ry(r —IT))

+ 0o (CEAORu(r 17 + G+ DRu(r = 17,))

+ jutan(p) Sin;fb)

W7 (CRLU = N)Ry(r —1T2)
+C2 (141 = N)Ry(r — lTC))

+ 2, ((J,ﬁ?{ () Ry(7 —IT2) + C2L (1 + 1) Ry (r — m))” dnzqs} (2.76)

With further simplification (see Appendix , we obtain

O, (v) = H {SLN . (Z [l gi(1), hi(l)aai)> } (2.77)

k=2 =0
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where

~

foil,g(D),h(l),0) = 27T1Tc /027r /OTC Ccos {% [(COS¢ -g(l) + asing - h(l)) Ry (1)

+(cosd-g(l+1) +asing - h(l+1)) Rw(f)] }dqus (2.78)

and

gi(l) = 0y, (1) = 621, a1 = +tan B, (2.79)
g2(1) = 07, ha(l) = é\,?{, ay = —tan f3, (2.80)
g3()) = 011, ha(l) = 021, a3 = +tanp, (2.81)
g(l) = 6{, hu(l) = 621, au = —tan 3, (2.82)
g5(1) = 0%, hs(l) = 021, a5 = —tan B, (2.83)
g6(l) = HAIQIp he(l) = 5;?{; ag = +tan 3, (2.84)
g7(l) = 6}, ha(l) = G2}, ar = —tan B, (2.85)
gs()) = 014, hs(l) = 021, as = +tan . (2.86)

If we consider a rectangular chip waveform, we can further simplify equation (2.78)) as
(see Appendix |A))

2

Flostg@)hD.e) = o= [ sinef 325 (cosol(ati+1) = )
+asing((h(l+1) — h(l)))}
-cos { 5 (cos 6((g(U +1) + 9(1))
+asing((h(l + 1)+ h(1))) }do. (2.87)

This expression is simple to evaluate numerically, which allows us to compute the
characteristic function and the average error probability. From the above expression,

we see that the characteristic function of the interference does not depend on the signal
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energy or SNR. The advantage is that we need to compute the characteristic function
of the interference only once, and it can be applied to different SNR values to compute

the probability of error.

2.3.3 Synchronous Case

For the synchronous case, the derivation is similar to the asynchronous case. The
expressions for the bit-error probability for the I and Q channels are the same as for
the asynchronous case. The only difference is in the expressions for the characteristic

functions of the interference. These are given by

K 2w
o, (v) = H {ﬁ / cos (%[cosgb - Ri'(0) + tan 3 - sin ¢ - R,?{(O)])
0

k=2

+ cos (%[cosgb . RI(0) — tan 3 - sin ¢ - R (0)]) d¢} , (2.88)

47
k=2

K 2w
Qr,(v) = H { ! / cos (%[cosgb : Rg?(O) +cot 3 -sing - Rﬁ(O)])
0

+ cos (%[cosgzﬁ : R??(O) —cot 3 -sin¢ - Rﬁ(O)D d(;ﬁ} : (2.89)

2.3.4 Numerical Examples

Here we present a numerical example for the asynchronous case. In [20], the average
error probability for a direct-sequence spread-spectrum multiple-access (DS-SSMA ) sys-
tem with symmetric QPSK modulation is investigated. The performance is evaluated
using auto-optimal, least side-lobe energy (AO/LSE) sequences [2I] as the spreading
codes for the users in the system. For the quaternary system, the spreading factor is
chosen to be N = 127, and there are 9 pairs of codes listed. In each pair of codes,
the I- and Q-channel sequences are the reverse of each other. The AO/LSE codes for
N = 127 are listed in Table 211

Each row represents a pair of codes. The generator polynomial coefficients are
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Table 2.1: AO/LSE codes (N = 127).

H a H* o' M L S
211 0010000 221 1001101 17 6 2183
217 0000101 361 1111111 15 12 2015
235 0001100 271 1000101 17 10 2283
247 0010111 345 0110001 17 8 2255
277 1110001 375 0101010 19 4 2295
357 1110010 367 0110101 17 4 2563
323 1110111 313 1000111 17 4 2203
203 1101101 301 0010010 17 4 2087
325 0000101 253 1101100 19 6 2483

denoted by H and H~! in octal. The initial values in the shift registers are denoted
by a, and a;'. The in-phase interference characteristic function from the second user
to the first user using the above spreading codes with § = 7/4 is shown in Figure
Since in the symmetric constellation the I- and Q-channel signals have the same
power, the resulting characteristic functions of the I- and Q-channel interference are
the same. Therefore, we show only the characteristic function of the I channel. For
B = m/8, even though we use mutually reversed spreading codes for in-phase and
quadrature-phase components, the characteristic functions are different. This is due
to the unequal power of the I- and Q-channel signals in the asymmetric constellation
and the cross-correlation nature of the spreading codes. The characteristic functions
of the interference from the second user to the first user when § = 7/8 are shown in
Figure The average probability of error when the number of users varies from 1 to
9 is shown in Figure 2.6, The performance is worse than the symmetric case as shown
in [20]. This is because the performance is dominated by the Q-channel performance,

which is bad due to the low transmitted power.
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Figure 2.4: In-phase interference characteristic function (N = 127, 5 = /4).
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Figure 2.5: Interference characteristic functions (N = 127, § = 7/8).
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Asymmetric QPSK DS-SSMA (N = 127, 3 = 1/8)
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Figure 2.6: Probability of error for asymmetric QPSK DS-SSMA (N = 127, 5 = 7/8)
for K =2 to 9 users.
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2.4 Approximate Performance Analysis

As seen in the previous section, the expressions for the interference are very compli-
cated, and the evaluation for the exact performance is computationally tedious. Also, as
in the numerical example, the results are for a specific set of signature sequences. One
way to solve this problem is to use a Gaussian approximation to model the interference
and to use random signature sequences in the analysis. Then a simple approximate
expression for the BER can be obtained involving only the signal-to-interference-plus-
noise ratio (SINR) and the @ function. In this section, we approximate the interference
as a Gaussian random variable and assume random signature sequences. We find the

variance of the interference and examine the approximate system performance.

2.4.1 Asynchronous Case

In order to find the approximate BER performance, we approximate the interfer-
ence as a Gaussian random variable and find its variance. We first find the conditional
variance of the interference, and then average over the random variables to find the vari-
ance. Therefore, we can obtain an expression for the SINR, and thus the approximate

BER.

The decision statistics at the output of the correlation receiver for user 1 are

K
P P
zl = n{—f—T\/E~COSﬁ‘b{7O+\/52COSB~W]€H~COS<¢]€)+SiHﬁ~W,§I-Sin(¢k)
k=2

(2.90)
[P [P &

Z9 = 2% 47T 5 cos 3 - bgo + 5 Zsinﬁ W2 . cos(¢y,) — cos B - W - sin(¢,)
k=2

(2.91)
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where

Wil = by R (k) + bl - B (e), (2.92)
W = bE_ - REN(m) + b2 - Re(m), (2.93)
WE? = bl - RES(m) + b2 - R (i), (2.94)
Wi = bl RS (m) +blo - RS (). (2.95)

To find the variance of the multiple access interference (MAI) of Z! and ZZ2, we start

by writing ZI in the form
A :n{+T\/P/2-b{70~cosﬁ—l—W (2.96)
where

K K
W =/P/2-cos B W' -cos(¢p)++/P/2-sin 3> W -sin(gy) = W+ W< (2.97)
k=2 k=2

with
K
wl = /P/2- COSBZ Wi - cos(¢y), (2.98)
k=2
K
W9 = /P/2-sinB> W' -sin(¢y). (2.99)
k=2

The variances of W/ and W are given by (see Appendix

(K — 1)NPT? cos*(3)

Var[W!] = s (2.100)
Var[IVe] = <K_1)N]63T628m2(5). (2.101)
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Hence the variance of the MAI in Z{ is given by

(K — 1)NPT?

Var[W] = Var[W'] + Var[W¢] = 5

(2.102)

The SINR of Z{ is then

T?P/2 - cos® 3
NoT , (K—1)NPT?
M O

6E, - cos® 3

3N, + 2B, 51
12E;, - cos? 3
ST (2.103)

—1
N

SINR; =

where Fg = NPT, is the symbol energy, and E, = (1/2)E; is the average bit energy.
Similarly, for the Q-channel, the SINR of ZIQ is given by

6F, - sin? 12E), - sin®
SINR = - 5 b Sm(Kﬁ . (2.104)
3Ny + 2B, 3N, + 45,50
Then the approximate BER can be expressed as
12E) - cos?
Ploy = Q el (2.105)
’ 3Ny + 4Ey—5
12E, - sin®
Pe. = Q ”im(Kﬁ_l) . (2.106)
’ 3Ny + 4Ey——~

2.4.2 Synchronous Case

The analysis for the synchronous case is similar to that for the asynchronous case

presented in the previous subsection. We can rewrite the decision statistic as

Z{ =n{+T\/P/2-cos(B) - b, + W (2.107)
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where

w=> W (2.108)

and

Wl =+/P/2 (Cosﬁ “bio - Ry (0) - cos(y,) + sin B - bg,o . RS{(O) : Sin(Qk)> (2.109)

We want to find the variance of the MAI W/. Note that R;/,(0) and R,;Q{(O) are both

functions of {a{ ;}. Thus the variance of W/ conditioned on {af ;} and 6, is

Var [W,f | {a{d-}, Qk] = Var [\/P_/Q -cos 3+ bi,o . Ri{l(O) - cos by, | {a{’j}, Qk}
+Var [\/P_/Q -sin (3 - bg,o . RkQ{(O) - sin 4y, | {a{’j}, 04
= g (COS2 B - cos? 0y, - Var[béo . Ri{l(O) ] {aij}]
+sin? 3 -sin? 0 - Varltgy - BEL0) [ {al }]) . (2.110)

. : I
Because we assume random signature sequences, given {af ;}, R’ (0) and Rgl(O) are

independent identically distributed (i.i.d.) with PDF

pr(rT.) = (;) 27N (2.111)

for r = —N,—N +2,--- N —2,N. Since both b; , and R}/, have zero mean and they

are independent, we have

Var (b - BEL(O0) | {ad,}] = B [(bho - RILO) | {ad}]
= B |(btho)’] B |(REL(0)" | {a] }]
= 1-NT?

= NT? (2.112)
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Note that even though R;/,(0) depends on {af ;}, the mean and variance do not depend
on the particular realization of {a{,j}. This is different from the asynchronous case.
However, this property helps reduce the complexity of analysis. Similarly, we have
Var [bg,o : Rg{(0)|{a{J}} = NT?2. Therefore the conditional variance of W/ is

NPT?
Var [ka | Qk,{aij}] =—3

(cos? B - cos® O + sin® 3 - sin® Oy, (2.113)
Let ® = (0y,--- ,0k). Then the conditional variance of W is given by

K
Var [W | ©, {aij}} = ZVar [Wk{ | Oy, {a{,j}]
k=2
NPT?
= (K-1) 5 < (cos® 3+ cos® Oy + sin® 3 - sin” 0 ) (2.114)

Note that the above expression now depends only on ;. By averaging over 6, the

variance of W is

Var [W] = 3 Ey, [Var [Wkl | ekH
k=2
= (K —1)Ey, {NI;TCQ (cos2 B - cos? O, + sin® 3 - sin® Hk)]
_ (K — 12)NPTC2 (0082 G- Ey, [COSQ 0] + sin? B - Eg, [SmQ Qk])
— (K_12)NP : cos? -—+sin2ﬁ-%)
(K- 12NPT3‘ (2.115)
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Therefore, the SINR is

T?P/2 - cos?
NoT/4 + (K —1)NPT2/4
2NT.E, cos® 3
NoNT, + (K — VT.E,
2F, cos® 3

_ _Zhecos P (2.116)
4E, cos? 3

- e (2.117)
o+ =~

SINR; =

By approximating the MAI as Gaussian with variance (K — 1) N P/4, the approximate

I-channel average probability of bit error is

Plo,=Q <\/SINRI> —Q <\/ 4Eb;§°s?5 ) . (2.118)

Ny + 25V,

Similarly, it can be shown that, for the Q channel, the approximate average probability

4F, sin? 3
P2, =Q : (2.119)
(V No+—2<f5;”Eb>

2.5 A Generalized Model and the Near-Far Prob-

of bit error is

lem

In this section, we consider a general model for the AQPSK DS-CDMA system.
The main difference from the model in the previous sections is that the users can have
different transmission power. This causes what is referred to as “the near-far problem”.

We are interested in the near-far effect on system performance.
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2.5.1 Analysis

In the general model, the in-phase and quadrature components are given by

sp(t) = Aycos(B)ar(t)br(t) cos(2m fot + 0y) (2.120)
s2(t) = Apsin(3)a?(t)b?(t) sin(2n fot + 6;) (2.121)
where Ay, A, ---, Ag can be different. Without loss of generality, let user 1 be the

desired user. The correlation receiver output of the in-phase and quadrature phase

channels are

1 A
zl = 5AlT {b{yo cos(f3) + cos(ﬁ) Ak Il£1<b£v7—ka br)
K
-+ Sln Z ]kQ{ bk; s Ths ¢k)} + n{? (2122)
k=2

| IS

K
1
ZlQ = §A1T{bgosm + cos(f E A bk77—k7¢k)
k=2

K
Ag
+ sin(8 Z A_ C (b2 7, gzﬁk)} ns. (2.123)
P

The average probability of error is given by

P, = %(P] + P?) (2.124)
with
Pl = l{1—13(—1<2—"{+I{§1)} (2.125)
2 AT cos 8
Po = %{1-P(-1<%§M+Iﬁgl>} (2.126)
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where

K
A
> [HAGE 7 6n) + tan BIZ (2, 71 0)| (2.127)
k=2 1
K
A
k=2

The characteristic function of I{ is

where

and

¢II U

f (il g(1), h(l),

Oy (v H P (2.129)

N-1 8
1

Ay,
=3V 1f(ul,gk, ), his (D), “Al) (2.130)

l

I
o

1=

0 = 5 [ s frgtn (eosslali 1) - o0)
+ asing(h(l+1) — h(1)))}
-cos {75 (cos o9l +1) + g(0)
+ asing(h(l + 1) + h(1)))} do

(2.131)
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with

Similarly, we have

where

and

91€,1(l) = 91€,I1,
gé,?(l) = li,lp
91€,3(l) = 91€{1>
gk,4(l) = 91?17
Ik 5(l) = giﬁ,
Ik 6(1) = é\iﬁ,[p
i 7(1) = 5116,117

®q (v) =
1 N—-1 8

8_ =0 ;f

(1) =622, h2, ()
(1) =022, hds(0)
(1) = 627, hZy(D)
(1) =022, hd, ()
(1) =022, hds ()
(1) =022, hds(0)
(1) =022, h- ()
(1) =022, hds()
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_ pl@
=01

_ 719
- 0k,17

_ plQ
= 9k,1>

— ple@
- 9k,1>

_ pl@
= 9k,1>

_ plQ
= 9k,1>

_ plQ
= 9k,1>

I
- 9137

ol = +tan 3,
o = —tan 3,
ol = +tan g,
ol = —tan 3,
ol = —tan 3,
aé = +tan 3,
a% = —tan [,
af = +tan .

A
(15.02,0018, 0,02 5

oz? = —cot 3,
ad = +cot g,
a3Q = —cot 3,
ozf = +cot 3,
a? = +cot 3,
a? = —cot 3,
af = +cot 3,
af = —cot 3.

)

(2.132)
(2.133)
(2.134)
(2.135)
(2.136)
(2.137)
(2.138)

(2.139)

(2.140)

(2.141)

(2.142)
(2.143)
(2.144)
(2.145)
(2.146)
(2.147)
(2.148)

(2.149)



2.5.2 Numerical Examples

Here we show some numerical examples. To see the near-far effect on the error
probability, we consider the cases where there are five users in the system and the
desired users power is four times the power of the interferers, while the interferers have
the same power, that is, P, = 4P, = 4P; = 4P, = 4P;5. Here the total interference
power is the same as P;. We compare it with the case when there are two users having
the same power, i.e., P, = P,. In this case also, the total interference power is P;.
AQPSK modulation is used by all the users. The spreading codes are the AO/LSE
codes listed in Table 211

Figure shows the average probability of error for both I and Q channels with
B =mn/8 and N = 127. Due to the unequal error protection for the I and ) channels by
the modulation scheme, we can see that the I channel has much lower error probability
than that of the Q channel. Figures [2.8 and show the average error probability
for the I and Q channels for the two cases when f = 7/8 and N = 127. As can be
seen, in the case with the near-far effect, the performance is better as SNR increases.
This is because even though the total interference power is the same, the effect of each
interferer on the desired user is not the same due to the different correlation relations
of the spreading codes. In this case, the interference effect is not four times that of any
one interferer since it is unlikely that all interferers spreading codes have simultaneously

large correlation with the desired user.

2.6 Conclusions

In this chapter, the exact and an approximate BER performance were derived for
a quaternary asymmetric QPSK DS-CDMA system. The variance and pdf of the MAI
were analyzed. The results showed that the AQPSK scheme can provide a significant

difference in the amount of error protection for different bits of a symbol. Therefore,
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QPSK DS-SSMA (N = 127, B = 1/8)
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Figure 2.7: Probability of error for asymmetric QPSK DS-SSMA ( N = 127, § = 7/8).

it is advantageous to use AQPSK when designing a UEP system for its simplicity and
efficiency. We also examined the nearfar problem by generalizing the system model
to the case where users have different transmit power. The results showed that the
Q-channel (less power) is more sensitive to the nearfar effect than the I-channel is in a

multiple-access environment.
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I-Channel, B = 18, N=127
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Figure 2.8: Probability of error for asymmetric QPSK DS-SSMA I-Channel(8 = 7/8,
N = 127).
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Q-Channel, B = /8, N=127
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Figure 2.9: Probability of error for asymmetric QPSK DS-SSMA Q-Channel(8 = 7/8,
N =127).
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CHAPTER 3

Analysis of A Multilevel Coded 8-PSK CDMA

System with UEP Capability

3.1 Introduction

Multilevel coding (MLC) is a way to provide unequal error protection for different
streams of information with different levels of importance in a communication system.
MLC is based on the concept of coded modulation, which combines coding scheme and
modulation scheme in the system design to optimize the performance. Based on the
code structure, there are two basic types of coded modulation: trellis coded modulation
(TCM) and block coded modulation (BCM). TCM was first introduced by Ungerboeck
in 1982 [22], and BCM was first introduced by Imai and Hirakawa in 1977 [I1]. In this
chapter, we focus on the use of BCM. However, the design and analysis demonstrated
in this work can easily be extended to the TCM case.

Imai and Hirakawa’s work was referred to as multilevel coding (MLC). The idea is
to protect each bit in the signal point in the modulation constellation by an individual
binary code. Originally it was proposed for one-dimensional signaling combined with
labeling by binary counting of the signal levels. In general, it can be applied to any

two-dimensional modulation scheme.
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3.1.1 MLC Encoding Scheme

Consider M information streams at the output of the source encoder. Each of them
has different levels of importance. The goal is to design the channel encoder using
MLC to provide different levels of error protection to these streams of data. Two main
parts in the system design for the transmitter employing MLC are the code construction
(MLC channel encoder) and how the codewords are mapped to the signal space (symbol

mapper).

MLC Channel Encoder

The MLC encoding scheme at the transmitter is shown in Figure[3.1} Let by, ba, ..., by
denote the information streams. They are sent into the multilevel/UEP channel en-
coder. The encoder output is mapped to the signal point in the modulation constellation

by the mapping rule M, and then sent through the channel.

M
by
b2 | Multilevel/UEP | ¢
Source ; c mbol s
: channel er Channel ——— r
encoder - encoder app
M
codeword 2M _ary modulation
Space signal set
Figure 3.1: Multilevel encoding system.
We consider block coded modulation, and in this case by, bs,..., by are encoded

with binary block codes C4, Cs, ..., C)y, respectively. In the MLC setup, we refer the
level corresponding to b; as the ith level. Let C; be a (n;, k;, d;) code as the component

code of the ith level for ¢ = 1,2,..., M. For the purpose of analysis, we assume all
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the codes have the same block length n. Thus the ith code has rate R; = k;/n, and
the overall code rate is R = Zf\il R;. The overall MLC encoding process and the code

array for M = 3 is shown in Figure [3.2]

(11,012, ..., b1k, ) —= Ci(n,k1,d1) —>(ci1,¢12, ..., ¢in)
(bgl,bzg,...,b2k2)—) Cz(n,k‘g,dg) —)(0217022,...70271)
(b317b32,...,b3k3)—) Cg(n,k‘g,dg) —)(0317032,...70371)
MLC code array
Level 1 C11 C12 . o . Cln C1
Level 2 C21 C22 . .. Can C2
Level 3 €31 C32 . .. C3n C3
[ Co Cp
Ml J
51 59 Sn

Figure 3.2: MLC encoder and code array (M = 3).

Each information stream is first encoded by sending k; bits (b, b2, ..., bix,) into
its corresponding encoder, and the encoder output is a codeword ¢; = (¢, Gz, - - -, Cin)
of block length n. These M codewords are arranged row by row to form a M-by-n
code matrix. Then each column of the matrix ¢; = (c1j, ¢4, - -, carj)T is sent to the
symbol mapper M to generate the corresponding signal point s; in the constellation
of the modulation scheme. For example, in Figure 3.2 the three bits (ci1, 1, ¢51)
of ¢, are mapped to s; according to the mapping rule M. The code construction is
done by appropriately choosing C', Cs, ..., C); to make the system suitable for various
channels while achieving the desired error protection levels. In the code array generation
described above, each row of the code array is a codeword generated from one of the
component codes, and all the codewords are generated in parallel. Thus, the codewords

C1,Ca, ..., Cp are generated independently. It might be possible to add interdependency
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among codewords by encoding them in a different way. However, in this chapter we
only consider the case that there is no interdependency among component codewords

in the code array.

Symbol Mapping by Partitioning

There are many different strategies for the design of the symbol mapper M proposed
in the literature [22][11][23][24]. The basic idea is to map the codeword to the signal
space such that the minimum Euclidean distance of the coded sequences is maximized.

In Imai and Hirakawa’s paper [11], the mapping is very simple by binary counting off

the signal levels. This is shown in Figure [3.3] for the case of 8-PSK modulation.
010

100 000

110

Figure 3.3: Imai and Hirakawa’s partitioning for 8-PSK constellation.

Ungerboeck’s approach is the mapping rule called “mapping by set partitioning”
[22]. This mapping follows from successive partitioning of a signal set into subsets with
increasing minimum distances between the signals of these subsets. Thus the minimum
intra-subset Fuclidean distance is maximized. This partitioning strategy is widely used
in coded modulation. An example for 8-PSK modulation is shown in Figure |3.4]

Another mapping strategy is called “block partitioning” [23][24]. By using this rule,
at each partition level, all the signal points within a subset are contained in disjoint

half planes. This results in a small number of nearest neighbors. However, unlike
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Figure 3.4: Ungerboeck’s mapping by set partitioning for 8-PSK constellation.

Ungerboeck’s partitioning, the minimum intraset distance at each level of the partition
is a constant. An example of 8-PSK modulation using blocking partitioning is shown in
Figure Note that in the 8-PSK case, the first level (most significant bit) determines
which of the horizontal half-plane the symbol lies in, and the second levels (the second
most significant bit) determines which of the vertical half-plane the symbol lies in. This
implies that the first and second level decoders can be implemented in parallel.

By combining Ungerboeck’s partitioning and block partitioning, a strategy called
“hybrid partitioning” [23][24] was proposed. It takes advantage of both the reduction of
error coefficients, achieved by block partitioning, and the increasing minimum intraset
distance associated with Ungerboeck’s partitioning. An example for 8-PSK modulation
is shown in Figure |3.6, The first partition level is identical to block partitioning, and

the remaining levels are partitioned using Ungerboeck’s rule.

20



000 100

001 101

011 111

010
. B =

—d9 —d1 01 02
Figure 3.5: Block partitioning for 8-PSK constellation.

3.1.2 MSD Decoding Scheme

The decoding procedure for MLC is called “multistage decoding” (MSD). In gen-
eral, for basic MLC with independent component codes, each code C; can be decoded
individually. However, due to the coded modulation structure, codeword bits of all
levels are related in the signal space. Thus, in the MSD scheme, the decoding pro-
cess starts at the first level codewords, and the decoding at a later level has to take
into account the decoder outputs of prior decoding stages. To be specific, consider
the transmission of one code array as shown in Figure [3.2] As mentioned earlier, each
column of the code array is mapped to a symbol, then sent through the channel. Let
¢; = (c1j, oy, - - - ,cur;)T be mapped to s; and transmitted, and r; is the received symbol
for j =1,2,...,n. Let f(r;|s;) be the conditional probability density function (PDF)
of the channel output r; given the channel input s;. Also define f(r;|ci;, coj, .- ., Cij) to

be the conditional PDF of r; given that the encoder outputs from the first to the ¢th

level are ¢y, ca5, . . ., ¢ij, respectively, for ¢« = 1,2, ..., M. Therefore, we have

f(riley, o - earg) = f(rils;) (3.1)
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Figure 3.6: Hybrid partitioning for 8-PSK constellation.

where f(r;j|ci;, ¢, ..., cij) can be computed as

1 1
f(?"j‘Clj,CQj,...,Cij) = Z Z f(rj|clj702ja"'7CMj)P(C(i+1)j7"'7ch) (32)

C(1+1>J:0 CM]:()

where P(c(i41)j,---,Cum; ) is the joint probability of cg i1y, ..., ;-
to be the conditional probability of c¢;; given the channel output r;.
P(cij|ri, cijy - -
Let f(r;) be the PDF of r; and P(cyy, . . .

then we have
f(rjleiy) Pley)
f(rj)
f(?“lelj, ce 7Cij)P(Clj7 ..
Tj|61j, Ce 7C(i71)j)P(Clj7 ..

P(cyjlry) =

-5 Cij)

-5 Ci-1)j)

P(Cij|7“j7clj7 B 7C(i_1)j) - f(

fort=2,...,Mand j=1,2,...,n.

To estimate ¢;; when given r; and cyj, ..., ¢4—1);, using MAP rule, we have

P(0|7“j,01j7-~70(z’—1)j) Z P(1|7”j,01j,...70(i—1)j) — a]:0

POlrj,cij, ..., ci-1yj) < P(rj,ciy,. .. cu1)) = =1

o2

c(i-1);) to be the conditional probability of ¢;; given r; and ¢y, . .

, C(i—1);) be the joint probability of ¢y, ...

Define P(cy;|7;)
Also define

- Ci-1)5

1y C(i—1)3>



where ¢;; is from the detection of the received symbol r; before the decoding process,
and is called the intermediate estimate for c;j, which might be different from the final

estimate ¢;; after decoding.

In practice, the receiver does not know cij,...,cu—1);. However, if ¢i;,...,¢4-1);
are equal to cyj,...,c;-1); with high probability, then ¢;,...,¢;-1); can be used in
the above equations to replace cyj, ..., c—1); for the estimation of ¢;;. The decoding

process can be described as the following.

e The first step is to estimate ¢1; by observing r; using P(0|r;) and P(1|r;) for j =

1,2,...,n. At this point ¢;; is obtained. Then after the intermediate estimates
(¢11,C12, . .., C1p) are obtained, they are sent into decoder D; for error correction
and form the final estimates (€1, ¢12, - - ., Cipn)-

e The ith step is to estimate ¢;; using the probabilities P(0|r;,¢1;, ..., ¢s-1);) and

P(1|rj, ¢, ..., C4-1);)- Then the intermediate estimates (¢;1, i, . . ., Cin) are sent
into decoder D; and form the final estimates (¢;1, o, . . ., G ). This part is applied

fori=2,...,M.

If we assume that basic MLC scheme is used, then ¢;;, cyj,. .., caj are independent,
and P(c;j|r;, ¢ , ..., Ci-1);) can be replaced with f(r;[ci;,...,¢u-1);, ¢ij), which can be

computed by

1 1
f(riley, ... eij) = 2121‘ Z Z frjley, - eny) (3.7)

C<Z+1>J:O CMJZO

3.1.3 Outline of the Chapter

In this chapter, we analyze the performance of a code-division multiple-access (CDMA)
system with coded modulation. MLC is used at the transmitter with asymmetric 8-
PSK modulation to achieve unequal error protection (UEP). BCH codes are used in the

encoder and multistage decoding (MSD) is used at the receiver for data recovery. The
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approximate bit error performance is obtained by approximating the multiple-access
interference (MAI) as a Gaussian random variable. The rest of the chapter is organized
as the following. In Section [3.2] we introduce the system model. In Section [3.3] we
analyze the performance of MLC with 8-PSK modulation in the single-user case. In
Section [3.4] we analyze the overall system performance by combining the analysis of
8-PSK MLC with the quaternary DS-CDMA scheme. Then this chapter is concluded
in Section 3.5l

3.2 System Model

The overall system we consider is a direct-sequence code-division multiple-access
(DS-CDMA) system where each user employs MLC coded modulation to achieve UEP
for various data streams of different priorities/quality of service (QoS) requirements.
Specifically, we consider 8-PSK modulation where three data streams are multilevel
coded at the transmitter. The receiver employs multistage decoding (MSD). This is
shown in Figure The detail information about each component in the system is

described in the following.

3.2.1 Multilevel/UEP Channel Encoder

In the proposed system, we consider three bit streams generated from the source
encoder to the input of the multilevel/UEP channel encoder as shown in Figure[3.7 The
multilevel encoder and the code array structure is shown in Figure as an example.
The component codes used in the system are BCH codes since given a block length,
it is possible to find BCH codes with different error correcting capability, which suits
our needs well in the design of the UEP system. The shortest BCH codes [n, k,t]
with 3 different error correcting capability are [15,11,1], [15,7,2] and [15,5,3] BCH

codes where n is the block length, £ is the message length, and t is the error correcting
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Figure 3.7: A MLC coded modulation quaternary DS-CDMA system with MSD.

capability of the code. These three codes have rates 0.73, 0.46, and 0.33 and can correct
1, 2, and 3 errors, respectively. We use these three codes as the component codes in

the MLC scheme in the proposed system.

3.2.2 Asymmetric 8-PSK Modulation

The modulation scheme we consider in the system is asymmetric 8-PSK constellation
as shown in Figure [3.8, The asymmetry of the constellation makes the system design
flexible for the UEP purpose. The partitioning scheme (symbol mapping) considered
in this system is block partitioning. The symbol mapper M maps every three coded
bits (cl(gl)c,(f)c,(f’) ) € {0,1}3 from ¢, column by column to one of the 8-PSK symbols.
As can be seen in Figure [3.8, the eight symbols are distributed non-uniformly around
the circle. The values a and [ denote the angles corresponding to the symbols in the
constellation. In each quadrant, there are two symbols located symmetrically about the

angle # with an angle shift of either +a or —a. For the eight symbols, there are two
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possible values for the phase of the symbol ¢, 3 —«a and 3+ «, which is determined by

c,(f’). For example, in the first quadrant, when c,ﬁg) =0, ¢ = 8 — a, and when c,(:’) =1,

op =0+ a.

101 T 001
® 2}
100 ;7 % 000
. <59
v
| 0
110 . 7010
m o
111 e o

Figure 3.8: Asymmetric 8-PSK constellation.

Symbol Mapping at the Transmitter

In general, the symbol mapper output is not the angle of the constellation point but
the in-phase and quadrature phase components of the baseband complex signal. By

examining the modulation constellation, we have the following mapping as shown in

Table 3.1
(e ) | I \ Q |
(000) +v/2P cos(ff — ) 2Psin(f3 — «)
(001) +v2P cos(f + ) 2Psin(f + «)
(010) +v/2P cos(ff — ) 2Psin(f — «)
(011) +v2P cos(3 + ) 2Psin(f + «)
(100) 2P cos(f — «) 2Psin(f — «)
(101) 2P cos(f + a) +\/ﬁsm(ﬁ + )
(110) 2P cos(f — ) 2Psin(f — «)
(111) 2P cos(f + a) 2Psin(f + )
Table 3.1: In-phase(I) and quadrature-phase(Q) components of 8-PSK modulation.
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From Table 3.1} we can write the I and Q components in the general form

[-component: V2P cos(¢k)d,(€1) (3.8)
Q-component: V2P sin(qﬁk)dl(f) (3.9)

where d,(f) =1- 2055) for i = 0,1, and ¢, is determined by c,(f).

Symbol Detection at the Receiver

We begin by considering optimum detection in an AWGN channel. The detection
rule is equivalent to the minimum distance rule for symbol detection. However, we can
divide the process into stages for detecting individual bits. The reason is because when
combining this modulation scheme with MLC, this detection scheme can be combined
nicely with MSD.

The detection of c,(:) and c,(f) is the same as QPSK modulation since for the trans-
mitted symbol, the I-component is solely determined by cg) and the Q-component is
solely determined by c,(f). This is a result of block partitioning when designing the sym-
bol mapper. Let Z! and Z denote the I and Q components of the receiver correlator

output for one symbol. Then the detection rule for c,(cl) and c,(f) can be summarized as

0, ZzI>o0;
al = (3.10)
1, Z' <o,
and
0, Z9>0;
= (3.11)
1, Z9 <.

The detection of c,(f) requires a bit more work. From the modulation scheme, the
quadrant where the symbol is located is determined by c,(:) and c,(f). Once the quadrant

is determined, c§€3) determines the symbol among the two. Thus, the detection of c,(f)
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20 and 72,

is based on ¢, When considering coding combined with modulation, the

ES) and Eff). Within a quadrant, c,(f’)

detection of c,(f’) is based on the decoder output
can be regarded as the case of BPSK modulation with two symbols along the line
determined by the angles 4+ a and § — a. Since the two symbols are centered around
the angle (3, we can rotate the received symbol by the angle £ to make it center around
angle zero, and the decision is based on the Q-component as in the BPSK case. To be

specifically, the detection of c,(f’) can be made by a decision statistic Z based on Z! and

79, which is given by

7 = 7Z%cos f — (—1)‘52‘1)_51(@'2)| - Z"sin 3. (3.12)

Based on Z, the detection of c,(f) is summarized in Table .

’ (E;l)éf)) ‘ Angle of rotation ‘ Z>0 ‘ Z <0 ‘
(00) -4 g =1]g"=0
(01) +6 @ =o0|d¥=1
(10) + @ =1]g"=0
(11) -3 W —o]d¥ =1

Table 3.2: Detection of cf’) in 8&PSK modulation.

3.2.3 Multiuser Scheme

We consider a multiple-user system with K users being active simultaneously. Multiple-

access is achieved by employing quaternary DS-CDMA as shown in Figure 3.9 The

transmitted signal of the kth user is given by

sult) = sh(t) + s2(1) (3.13)
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with

sL(t) = V2P cos(d(t))ak(t)d (t) cos(2m ft + 6;) (3.14)
s9t) = V2Psin(¢r(t)al(t)dP (t) sin(27 fot + 0) (3.15)

where ¢ (t) is the phase of the constellation point in the modulation scheme, and 6y, is
the phase of the kth user’s carrier.
We consider the synchronous case (7, = 0 for all k), and the received signal can be

written as

r(t) =Y s(t) +n(t) (3.16)

k=1

where n(t) is an additive white Gaussian random process with zero mean and two-sided
power spectral density %

Consider the correlator receiver of the first user for 0 <t < T'. Then we can write

or(t) as ¢. Assume 6 is known to the first user’s receiver. Therefore the in-phase and

quadrature phase components of the receiver correlator output can be written as

zl = /OTr(t)a{(t)cos(Qﬂfct)dt, (3.17)

z9 = / Tr(t)a?(t)sin(QﬂfCt)dt. (3.18)

These two terms are used for symbol detection at the receiver as mentioned earlier.
However, in a multiple-access scheme, both Z{ and ZlQ contain multiple-access interfer-
ence (MAI) from other users in the system that can degrade the system performance.

A detailed analysis on Z7, ZIQ , and the MAI terms will be conducted in Section in

order to evaluate the overall system performance.
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Figure 3.9: A quartenary DS-CDMA communication system.

in the next section.

3.3.1 BCH Codes

60

3.3 Multilevel Coding with BCH Codes

In this section, we analyze a single-user communication system using MLC with

8-PSK modulation and MSD at the receiver. The multiple-user case will be discussed

In our proposed system, we apply MLC to the asymmetric 8-PSK constellation. The
code array is shown in Figure 3.2l As mentioned earlier, with BCH codes, it is possible
to find codes of the same block length with different error correcting capability, which
suits our needs well in the design of the UEP system. We choose the shortest BCH

codes of block length n = 15 as an example in the analysis. These codes are [15,11, 1],



[15,7,2] and [15,5, 3] BCH codes. According to [25], the bit error probability for binary
BCH codes when used in a binary symmetric channel (BSC) with crossover probability

p is upper bounded by the probability that more than ¢ errors occur, which is given by

by < i izt (ﬁ)pi(l )" (3.19)

]

This quantity includes both the cases of undetected errors and failure to decode. In the
case that the BSC is from an AWGN channel with BPSK modulation and hard decision
demodulation, p = Q) (W) where E = E,/r is the normalized bit energy, £, is
the uncoded bit energy, and r = k/n is the code rate. To verify the upper bound,
we simulate the three codes with BPSK modulation in the AWGN channel. In the
simulation, the decoder first detects the number of errors in the received codeword with
hard decision detection. If the number of errors is within the error correcting capability
of the code, the decoder corrects the error bits and output the corrected codeword. If
the number of errors is beyond the error correcting capability of the code, the decoder
does nothing and outputs the received codeword. The simulation results and the upper
bounds for the three codes with BPSK modulation in the AWGN channel are shown in
Figure [3.10] [3.11] and

It can be seen that the upper bound is very close to the actual performance, and
thus it is possible to use it as an approximation. Also for the [15,11,1] BCH code, the
upper bound is equal to the actual performance. This is because the [15,11,1] BCH
code is actually a Hamming code, which is a perfect code. In this case, the decoder
corrects exactly ¢ or fewer errors in a codeword and cannot for more than ¢ errors in a
codeword. Thus the upper bound mentioned above becomes exact. We are interested in
the performance of the three codes since we want to achieve unequal error protection by
using them. Figure [3.13|shows the performance of the three codes for comparison. We

can see that for codes with higher error correcting capability, the performance is worse.
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[15,11,1] BCH code, BPSK + AWGN
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Figure 3.10: Performance of [15,11,1] BCH code.

This is because for codes with high error correcting capability, the message length &
is small and the rate R is low. Thus the energy used to transmit the whole block of
coded bits is low. However, when we apply the coding scheme with asymmetric 8-PSK
constellation, the symbol energy is distributed unequally to bg), bf), and b;f’), thus the
performance of the codes combined with modulation can still be different. Our idea is
to apply the codes with larger ¢ to bits of more importance. Thus we will apply [15,5,3]
code to b,(gl), [15,7,2] code to bff), and [15,11,1] code to b,(f’) and see what is the overall

coded modulation performance.
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[15,7,2] BCH code, BPSK + AWGN
10 A e e

| —— simulation
| = — — upper bound|
' uncoded

BER
=
o

E,/N, (dB)

Figure 3.11: Performance of [15,7,2] BCH code.

3.3.2 Upper Bound to the BER using BCH Codes — Single-

User Case

We first examine the BCH coded MLC scheme for the single-user case in AWGN
channel. Later the multiple-user case can be extended from this case. The detection

and decoding error probability of the ith level in the MLC scheme are defined as

Pier, = P(c)) # &), (3.20)
and
Plee; = P(bg) #622))7 (3.21)
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[15,5,3] BCH code, BPSK + AWGN

—*— simulation | ]
— — — upper bound| ;

Figure 3.12: Performance of [15,5,3] BCH code.

respectively, for ¢ = 1,2, 3. The detection error probability is defined as the error prob-
ability between encoder output and decoder input, which occurs during transmission
over the AWGN channel with hard decision detector at the receiver. The decoding error
probability is defined as the error probability between the uncoded bits at the encoder
input and the decoded bits at the decoder output. Depending on the number of errors
occur in a codeword during transmission, the decoder may or may not be able to correct
the errors, which causes decoding error. For a [n, k,t] BCH code, the decoding error
probability can be upper bounded by equation , and the simulation results show
that for BCH codes, this upper bound is very close to the actual decoding error proba-
bility, and thus can be used as an approximation to P.,. Therefore, for the proposed

BCH coded 8-PSK UEP system, the upper bound of the overall bit error probability
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Figure 3.13: Comparison of BCH codes performance.

for the three levels can then be approximated by

n

Preoy = > ? - (.>Pieti(1—Pdeti) J. (3.22)

j=ti+1 J

In order to find the upper bound (approximation), we need to obtain the detection

error probability Pye,. For level-1 (b,(cl)) and level-2 (b,(f) ), we have [26]

1 - 4F, cos? (0 + «) 4F, cos?(f — «)

Pdet1 - 5 Q \/ NO + Q \/ NO ) (323)
1 - 4E,sin®(8 + a) 4F,sin?(f — a)

Pier, = 5 Q \/ Ny +Q \/ No . (3.24)
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where Ej is the symbol energy. For level-3, the derivation of Py, is more complicated
than that of Py, and P, because of the multistage decoding (MSD). It can be shown

that (Appendix |C))

4F, sin® o
Pdet3 Q N, (1 - Pdeq - Pdecz)
0
1 4E,sin*(26 — a) 4E,sin?(26 + a)
— 11 = P, ec
1 4B, sin*(28 — a) 4E,sin?(26 + a)
— 11 — P, eca
+2 +Q \/ N, Q N d
) (3.25)

Therefore, from (3.22), (3.23), (3.24]), and (3.25)), we can obtain the approximate de-

coding error probability for Piec,, Puec,, and Pye,. It can be observed that Py, (and
thus Pje.,) depends on Py, and Py, which is due to the structure of MSD. The
independence of Py, and Py, is because of the block partitioning. Hence, when Py,

and Py, are very small, Py, is dominated by the value of .

3.3.3 Numerical Examples

Now we demonstrate numerical examples of applying [15,11,1], [15,7,2], and [15,5,3]
BCH codes to the asymmetric 8-PSK multilevel coding (MLC) system and observe the
bit error performance of the three levels. In the simulation, the [15,5,3] code is applied
to the first level, the [15,7,2] code is applied to the second level, and the [15,11,1] code is
applied to the third level. We consider the single user case in the AWGN channel. Figure
shows the bit error probability of the three levels when 3 = 45° with a = 10°,
15°, 20°, and 25°. The solid lines are the simulation results and the dash lines are the
upper bound shown in the previous section. For § = 45°, the constellation is the

same as the case proposed in [24]. As can be seen, when « increases, the third level
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bit error probability decreases. This is consistent with that the performance is
dominated by a when P, and Py, are small. It can also be observed that the change
of av does not affect Py, and Py, very much. As to the upper bound, we can see that
it is very close to the actual performance and can be used as an approximation when
BCH codes are applied. Figure shows the results when g = 35° with a = 5°, 10°,
15°, and 20°. As can be seen, by changing 3, Py, and Py, can be further adjusted to
differentiate the level of unequal error protection. Note that when o = 20° and SNR is
greater than about 13 dB, the level-2 performance is worse than the level-3 performance.
Thus in the system design, in order to have distinguishable error protection levels, it is
important to choose the right values of o and . Figure shows the SNR required
to achieve a bit error probability of 107 for the three levels for different v and 3. It
can be observed that for the third level, there is an optimal value of a that requires the
least SNR to achieve a bit error probability of 107°. However, at the optimal point,
the level-2 performance is very close to the level-3 performance and is worse than the
level-3 performance when a goes beyond the optimal point. This result is also shown
n [24]. Thus, the optimal point of « for the third level might not be the optimal point

for the overall system.

3.4 CDMA with 8-PSK Modulation

In this section, we analyze the performance of the proposed 8-PSK MLC system in
the multiple-user scenario employing DS-CDMA as the multiple-access scheme. From
the analysis in Section [3.4] the 8-PSK MLC performance for single-user case can be
evaluated using detection and decoding error probability at each level. In the multiple-
user case, there is MAI in the received signal, and the detection and decoding error
probability is different. In order to evaluate the performance, we first need to analyze

the MAI in the system.
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Figure 3.16: SNR required to achieve P, = 1075,

3.4.1 Correlator Receiver

We begin with the analysis on the correlator receiver output. Let user 1 be the user
of interest. Without loss of generality, we assume #; = 0. Recall in Section the

correlator receiver output of user 1 of the quaternary DS-CDMA system is given by

zl = /()Tr(t)a{(t)cos(Qﬂfct)dt, (3.26)

z9 = / Tr(t)a?(t)sin(%rfct)dt. (3.27)
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If we expand (3.26)), we have

/ ' V2P cos(n)al ()dV () cos (2 ft)al () cos(2r ft)dt
/ V2P sin(¢y)a(t )d( )( t) sin(27 f.t)al (t) cos(2n f.t)dt

+Z / V2P cos(¢p)ak(t)d) (t) cos(2m fot + O )al (t) cos(2m f.t)dt
+Z /0 V2P sin(¢y,)a® (£)dP) (t) sin (27 fot + 0y,)al (t) cos(2m f.t)dt

+ /0 n(t)al(t) cos(2r f.t)dt

K K
= A+B+) Ci+ Y Dp+ni. (3.28)

k=2 k=2

For 0 <t < T, we can write d,(j)(t) as d,(j) since they are constants throughout one

symbol duration. In the above expression, the output due to the desired signal is

= V2P cos(¢y )dV /T( L1)? cos®(2m ft)dt = \/P/2T cos(¢y)dy . (3.29)

0

The output of the I-channel receiver due to the Q-channel signal is (assuming f.7 > 1)
T
= V2P cos(¢ )d? / al(t)a$ () sin(27 f.t) cos(2m f.t)dt = 0. (3.30)
0
The output of the I-channel interference is given by

Cr = / V2P cos(¢y)al(t ) ( ) cos(27 fot + Ox)al (t) cos(2m fot)al (t) cos(2m fut)dt
= \/ﬁcos(gzﬁk)dk,l /T ar(t)aj(t) cos(2m fot + Ox) cos(2m f.t)dt
0

= \/P_/Zcos(gzﬁk)d,gl)cos(ﬁk)/o ai(t)ai (t)dt
= \/P/2cos(gz§k)d,9)cos(@k)Rﬁl (3.31)
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where

T Te
R, = / L(V)al (t)dt = akjalj V(¢ (3.32)
0

and 1(t) is the chip waveform. If we use a rectangular chip waveform, that is, () =
pr.(t), then fOTC *(t)dt = T., and R{f, = Z] o a.;ai ;. Similarly, the output of the

interference due to the Q-channel signal is

Dy, = \/P/2sin(¢y)dy sin(6),) RY} (3.33)
where
T N-1
jo - / a (t)al (t)dt =T, agjaij (3.34)

assuming rectangular chip waveform. The noise at the receiver output is

nl = /0 C()al (1) cos(2m ). (3.35)

NoT

Note that n{ is Gaussian with zero mean and variance =9

. In summary, we have

K
Zl = T+\/PJ2cos(¢))d" +Z V/PJ2 cos(¢y)d\! B cos(@k)R
k=2
K
+ Z V P/2 sin(qﬁk)dg) sin(@k)R% +ni
k=2

K
= TP { 17 cos(p1) —1—2[005 or) 11?1 d,(gl),gk)‘f'sm(%)]m( (2) Qk)]}—i-n{
k=2

(3.36)
where
11 ¢ 4(1) L) prr
Lo (dy”,0r) = Tdk Ry, cos(0), (3.37)
1
I 6:) = Zd) RYysin(6). (3.38)
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Since we only consider a single symbol transmission in the time interval [0, 7], we can

simplify the subscript for the data bits, and write ZI as

K
=T\P {dg cos(¢y) + Z [cos or) I,gll X ,Gk) + sm(qﬁk)IQl(dk ,Qk)} } + nj.
k=2
(3.39)

By similar arguments, we have

K
79 =1\/P { 17 sin(¢r) + Z [cos or) 1 k ,Qk) —|—sm(gz5k) (dk ,Qk)] } +n¥
k=2

(3.40)
where
L3y, o) = fd 'Ry sin(—6y), (3.41)
I2(d?,0,) = faz Y REY cos(6), (3.42)
and
T N-1
RS = /0 ap(t)af (t)dt =T, ) " ay ;a;, (3.43)
7=0
T N-1
RZ? = /0 af (t)af (t)dt = T. Y a? af. (3.44)
7=0

As shown in the system model, we use hard decisions to obtain 8{1 and ¢ ~(2) Thus

if ZI > 0, the receiver decides 6{11) = 0, otherwise 6{11) = 1. Similarly, if ZZ > 0, the

receiver decides 6{12) = 0, otherwise 6{12) =1.
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3.4.2 Bit Error Probability

Let P, and Py, be the detection error probability of cgl) and 052), respectively.

The bit error probability P, can be written as

1
Py = 5{Pz <01d"=0)+ Pzl 20|V = 1)}

= %{P [\/P_/QT(cos(m) + I +ni < O]
—|—P[\/_T cos(¢1) +I[)+n12()]}

_ 1 n _ _ 1- ny _ 1_
= 3 {P _\/P_/QT < —cos(¢1) Il- +P N > cos(¢1) [1- }
_ ! P_ il +II<—COS((25)_+P_ n +II>cos(<;5)-
2| |vPer ! M RV 2P
1 1
= 3 {1 — P |—cos(¢1) < 1:;2T + I < —cos(¢1) }
= P(—1§n1—|—11<1) (345)
where
B 2ni
" P o) .
and
=~ os(h) 11 ) S () 1
I = ; cos(qﬁl)jk’l(dk ,0r) + cos(¢1)I [(d?,6). (3.47)
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Let I = n; + I; denote the total normalized interference plus noise, and f;(z) denote

its probability density function, then P., can be written as

Puet, = fr(z)dx

1 1 00 )
= 2/0 <% /_Oo QI(U)eJ”xdv) dx

/01 /0°° ®r(v) cos(vz)dvd

o) 1

/ ®;(v) | cos(vz)dzdv

0

= / ®;(v)vtsin(v)dv (3.48)
0

where ®;(v) is the characteristic function of I, which can be written as ®;(v) =

O, (v)®y, (v), the product of the characteristic functions of n; and I;. Since ny is

Gaussian with a known characteristic function, we need to derive ®;, in order to eval-

uate F,,.

Characteristic Function of I;

If we expand the I-channel and QQ-channel interference terms in I;, we have

K .
cos(Pr) 1) pr1 sin(pr) ) o1
1= 2 Feoston® Or) + = ——d 0). 4
! ;Tcos(qbl) b Ry cos(6k) + T cos(¢y) * Ry sin(6y) (3.49)
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The characteristic function conditioned on ¢, can be written as

(I)II|¢1 (U> = K [exp (]U[I)]
exp <m Zcos or) cos(Hk)al(1 R
+ sin(¢y) sin(&k)dk R,;Q{)]
K :
= H E {exp {#v(%) (cos(@) cos(Gk)d,(j)Rﬁl
k=2

+ sin(¢y) Sin(Qk)di(f)R%ﬂ }

= F

K

:Ih%@ﬁ&) (3.50)

k=2

27 .
Ny = Z Z/ exp {#v((m) <cos(5 —a) cos(Qk)d R,c | +sin(8 — )d£2)32{>} oy,
(3.51)

and

Ny = ZZ/ {m <cos(ﬁ + a) cos(@k)d Rm +sin(B8 + a)déz)Rgﬂ db,.

d ¢
(3.52)

To further simplify A;, consider the four cases for the pair (dg), d,(f)). Then A can be

written as

4 27
1
A = Z / exp <jv?%> o, (3.53)
i=1 70
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where

_ cos(f—a) 7 osin(f—a) . o1
o= “eos(or) cos(Oy) Ryy + “cos(o1) sin(0r) Ry,
_ cos(f—a) i sin(B—a) o1
Yo = —cos(gbl) COS(@k)Rk’l —cos((bl) sm(ek)RkJ,
cos(ff — sin(f — a) .
V3 = _W COS(Qk)Riﬁ + W SlH(Qk)Rin,
cos(ff — sin(ff — a) .
Y4 = —W COS(Qk:)Ri,Il - Cés( 3 ) sm(ﬁk)REj.
As can be seen, y; = —v4, and 5 = —~3. Therefore,

1 1 v

exp (JUT%) +exp (]’Uf%) = 2cos <f71> :
o1 1 )

exp { JVE2 + exp Jus | = 2 cos (;%) ;

and we have

Ny = 2/027T cos <%W1> + cos <%W2> dos,

(3.54)
(3.55)
(3.56)

(3.57)

(3.58)

(3.59)

B 2n v (cos(fB — a) sin(f — a) . oI
= 2/0 COSs T (W COS(Qk)Ré{l + W sm(@,f)Rk’l)}
v [cos(fB — a) sin(f —a) . o1
-+ cos |:T <W COS(Q}C)RIIJl — COS((bl) sm(@;f)Rk’l)] d9k

Similarly,

cos(¢y)
cos(f + ) sin(f + «)

27 i
Ny = 2/0 cos {% <% cos(ek)Rifl + sin(3 + a) sin(@k)Rg{)]

(3.60)

2 I 17 . QI
+ cos T( cos(01) cos(0) Ry, cos(o1) sm(Gk)RkJ)} dby.
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Therefore, the characteristic function of I; condition on ¢, is given by

K - )
g (v) = ] 8% /2 {Cos {% (M cos(6) RI, + Msin(%mﬁfﬂ
k=2 0

cos(¢1) cos(¢1)

v (cos(fB — a) sin(f —a) . QI
—+ cos |:T (W COS(Qk)Ri{l - W Sln(ek)Rkyl)]

v [cos(f+ a) sin(f 4 «) . or
-+ cos {T (W COS(@k)R;iIl + W sm(ﬁk)Rk’l)]

v cos(f8 + «) ' sin(f + a) QI
+ cos [T (—cos(¢1) cos(0) Ry, “eos(@n) sm(Gk)Rk’lH } dby.

(3.62)
Then, by averaging over ¢, we have
1
(I)II(U) = 5 (q)11|¢1:3—a(v) + q)11|¢1=ﬁ+0<<v)) : (363)

As can be seen, the expression for ®r,(v) is complicated, and it is difficult to find a
closed form solution. However, it can be computed numerically.

The error probability P, can also be computed in a similar way using the char-
acteristic function method. For the error probability P, of the third level, we can
follow similar analysis as shown in Section (3.3 utilizing the decoding error probability
Pee, and Py..,. However, we still have to analyze the effect of MAI using the charac-
teristic function analysis. As can be seen, the characteristic function method results in
complicated solutions that need to be evaluated numerically. This leads to the analysis

of approximating the MAI with Gaussian distribution.
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3.4.3 Gaussian Approximation to the MAI

Recall the correlator receiver output in equations (3.39)) and (3.40). We can rewrite

them as

zZl = T\/P/2 cospy + W+ n! (3.64)

Z9 = T\/P/2-sing, + W&+ nY (3.65)

where the MAI terms are represented by

K K
Wi = Z W,f’l = Z \/ P/2 <cos O - cos Oy, - Riﬁ + sin ¢y, - sin 6y, - Rg{) (3.66)
k=2 k=2

K K
We = Z W,f?l = Z V P/2 (sin ¢y - cos O, - RkQ? — COS Py, - sin by, - Rﬁ) (3.67)
k=2 k=2

with the crosscorrelations of the signature sequences defined as in equations ,
, , and . The noise terms n! and n? are both Gaussian random
variables with zero mean and variance NyT'/4. As can be seen, the MAI terms are com-
plicated, and as shown in the characteristic function analysis, the probability density
function of the MAI is also complicated. In order to simplify the analysis, we apply
Gaussian approximation to the MAI assuming the use of random signature sequences
[18].

In order to approximate the MAI as Gaussian, we need to find the variance of
the MAI. By assuming the use of random signature sequences and following similar
arguments for the QPSK case [20], it can be shown that (Appendix [D]) the variance of
W and WIQ is %.

Following the analysis of detection and decoding error probability of the MSD in the

single-user case, the approximated detection error probability in the first and second
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level can be written as

1 [ 2F, cos?(f — «) 2F; cos?(f + )

Pdet1 5 _Q (\/ Ny + %Es ) +Q (\/ Ny + %Es ) (368)
1 2F, sin*(f — ) 2F, sin*(8 + a)

Pdet2 ) _Q (\/ Ny + %Es ) +Q (\/ Ny + %Es ) (369)

where E, = PT is the symbol energy. Then depending on what error correcting code
is used as the component codes, the decoding error probability Py, and Py, can be
obtained using Py, and Py.,. For the third level, the approximate detection error

probability is given by
2F, sin® a
Pdet3 = Q

m) (1 - Pdeq - Pdecz)
N s

1 [ 2, sin2(20 — ) 2F, sin?(28 + a) \ |
+= 1-— + Pec
2 Q(\/ Ny + E21E, @ Ny + 5 E, e
1 [ 2F, sin(26 — ) 2B, sin%(26 + ) \ |
11 — Piee
+2 +Q<\/ NO"’%ES Q No—i-%ES deca
(3.70)

Again, the approximate decoding error probability Py, can then be obtained using

Pdetg .

3.4.4 Numerical Examples

The average bit error probability of the overall system, denoted by P,,, is defined

as
:Pdec1'R1+Pdecz'R2+Pd603'R3

Pav
R

(3.71)

where R;, Ry, and R3 are the code rates of the component codes of the first, second, and
third level in the multilevel coding, respectively, and R = R+ Rs+ R3 is the overall rate.

Figure|3.17|shows the approximate average bit error probability for different number of
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users K from 1 to 5 with § = 45°, a = 22.5° (symmetric 8-PSK), and N = 127 using
Gaussian approximation to the MAI and random signature sequences. The component
codes are [15,5,3], [15,7,2], and [15,11,1] BCH codes, and the decoding error probability
is approximated by the upper bound in equation . If we change 3 from 45° to 35°,
then as shown in Figure [3.18] the overall performance gets worse than the symmetric
constellation case. This is because even though the first level bit has an improvement
in the bit error performance, it takes the least part among the three levels (R;/R) in
P,, and cannot compensate for the performance loss caused by the increment in the

second level bit error probability.

B=45,a=225,N=127

T ]

[

e L —6—K=2|1
SR T RN SRR K=3|

Average Bit Error Probability

E/N, (dB)

Figure 3.17: Average bit error probability for different number of users.
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p=35", 0=22.5, N = 127

Average Bit Error Probability

EN, (dB)

Figure 3.18: Average bit error probability for different number of users.
3.5 Conclusions

In this chapter, we consider the performance of a CDMA system with coded mod-
ulation. Multilevel coding (MLC) is used at the transmitter with asymmetric 8-PSK
modulation to achieve unequal error protection (UEP). BCH codes are used for en-
coding, and multistage decoding (MSD) is used at the receiver for data recovery. The
approximate bit error performance is obtained by approximating the multiple-access
interference (MAI) as a Gaussian random variable and assuming the use of random sig-
nature sequences for spreading. The numerical results show that the BCH code upper
bound is a good and simple approximation to the bit error performance. It also shows
that the symmetric constellation results in a better average bit error probability than
that of the asymmetric one. However, the tradeoff is the flexibility in the designing for

the UEP capability of the system, which can not be quantified.
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CHAPTER 4

Capacity of MLC with 8-PSK Modulation

4.1 Introduction

In this chapter, we analyze the capacity of the MLC scheme and compare it with
the case without MLC. From the analysis, we can find situations when substantial

performance gain can be obtained when applying MLC in the system.

4.2 Capacity Analysis

4.2.1 MPSK Capacity in AWGN Channel

Let s = {so,51,...,5m—1} be the set of symbols of a M-ary phase-shift-keying
(MPSK) modulation scheme. Consider an AWGN channel with zero mean and variance
o? along each dimension. According to [22], the capacity of MPSK with equiprobable

occurrence of channel input (p(S;) = 1/M V i) is given by

1 = py (sp +w — 5;)? — w?
C = logy(M) — i E / log, ( g exp (— k 2021 )) dw (4.1)
k=0 v i=0

and can be evaluated numerically. Figure 4.1 shows the capacity of MPSK for M=1
(BPSK), 2 (QPSK), and 3 (8-PSK).
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Capacity versus SNR in quarterary input AWGN channel
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Figure 4.1: Channel capacity of MPSK modulation in AWGN channel.

4.2.2 Capacity of MLC

The MPSK capacity in is a general formula for any set of MPSK signals s
(uniform or nonuniform). We are interested in evaluating the capacity of the MLC
scheme with nonuniform 8-PSK modulation. Consider the 8-PSK modulation with
block partitioning as shown in Figure [4.2]

Let X be the AWGN channel input and Y the output. Let (X7, X5, X3) be the three
bits corresponding to the symbol X. Assume all 8-PSK symbols are equiprobable. The

mutual information between X and Y is given by

I(Y;X) = I(Y; Xy, Xs, X3)
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Figure 4.2: Nonuniform 8-PSK modulation with block partitioning.

It can be shown that (see Appendix [E)

I(Y: X)) = %gl (\/E-c(;s(ﬁ—l—oz), VE. - C(:j(ﬁ _ a))
+191 <_\/Fs'COS(ﬁ_’_a)’_\/FS-COS(ﬁ—Q)) 43)
2 o .
I(Y; Xo|X0) = 391 (\/E : Si:(ﬁ - O‘)’ VE; - Si;l(ﬁ — a))
g (- EOr) VBBl gy
7 o
where
L1 e
nlea) = s [ (e v ).
2 (=% 4t
10g2 _ (u—z)? < P ) du (45)

e~ 2 (1+672xu)+e* ) <1+672yu)
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and

1 (M) ! (_M) (4.6)

I(Y; X351 X1, Xs) = 592 - + 592 -

where

1 © (w—a)? 2
gg(ac) = \/—2_7]-/ e 2 . 10g2 <m> du (47)

Figure[£.3shows the capacity of the nonuniform 8-PSK MLC scheme when o = 22.5°
and # = 45°, 35°, 25° and 22.5°. The case = 45° and o = 22.5° shown in Figure
is actually the uniform 8-PSK constellation and the result is the same as the
one shown in Figure As can be seen, the nonuniform scheme might result in a
smaller capacity, but the capacity in individual levels might be improved compared to
the uniform scheme. Figure [£.4] shows the capacity with fixed § = 45° and various «
values. This is to demonstrate how level 3 (b3) capacity I(Y; X3|X1, Xs) varies with
a. It is observed that I1(Y; X3 X1, X5) is an increasing function of «, which intuitively

makes sense.

4.3 Throughput Analysis

The throughput analysis is complementary to the capacity analysis. The capacity
tells us the theoretical limit of the MLC scheme, and the throughput tells us when
various channel codes are applied to the MLC scheme, how the system performs in
terms of bits per transmission or bandwidth efficiency (bits/sec/Hz).

The throughput of the 8-PSK MLC system at each level is computed as the following.
For each level, the bit error probability of detection Py, is obtained in , ,
and . With Py, the packet error probability can be computed as

" n ) .
Pr= Y (,)pgiu _p) (4.8)
Jj=ti+1 J

where t; is the error-correcting capability of the code, and n is the block length. This
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Capacity versus SNR of 8PSK in AWGN channel (3=45", a=22.5)
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Figure 4.3: 8-PSK MLC capacity (o = 22.5°) |(a)|5 = 45° |(b)|5 = 35°.
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3.5

Capacity versus SNR of 8PSK in AWGN channel (3=25", a=22.5)
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3.5

Capacity versus SNR of 8PSK in AWGN channel (B:45°, a=0°)
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Capacity versus SNR of 8PSK in AWGN channel ([3:45°, 0(:100)
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Capacity versus SNR of 8PSK in AWGN channel ([3:45°, 0(:4O°)
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quantity includes both the cases of undetected errors and failure to decode. The prob-
ability of successful transmission of a packet is then given by Ps, = 1 — Pg,, and the
throughput is given by

S; = R;Ps, = R;(1 — Pg,) (4.9)

where R; is the rate of the channel code. The total throughput of the system is given
by
S =51+ 5+ S5s. (4.10)

We want to compare the throughput of the 8-PSK MLC system with the throughput

of system employing a regular coding scheme with 8-PSK modulation.

4.3.1 Throughput of 8-PSK with BCH Codes

The regular coding scheme for 8-PSK modulation with a (n,k,t) BCH code is to
group every k information bits into the encoder and the output is a block of n bits.
Then every three encoded bits are mapped to a 8-PSK symbol for transmission. The
receiver demodulates the received symbol and makes a hard decision for detecting the
three bits in the symbol. Then the demodulated bits are sent into the decoder for error
detection and correction.

For uniform 8-PSK (5 = 45°, a = 22.5°) with Gray mapping, the exact bit error
probability of the AWGN channel can be evaluated [27]. Then from equations
and , the throughput of each level can be computed. In the following, we plot the
throughput of the regular coding scheme with BCH codes of block length n = 15, 31,
and 63, and compare them with 8-PSK capacity and AWGN channel capacity.

Figure 4.5| shows the throughput with all possible BCH codes of length n = 15:
[15,11,1], [15,7,2], [15,5,3], and [15,1,7]. The first three codes are used in the 8-PSK
MLC system described in the previous sections. Notice that the cross-over of the

throughput of different codes suggesting that different codes should be used in different
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SNR region in order to achieve the maximum throughput.

A similar plot for BCH codes of length n = 31 is shown in Figure [4.6l With n = 31,
there are more codes for various error-correcting capabilities. Again, the crossover of
the throughput curves suggests the proper selection of codes depending on the SNR.

Figure 4.7 shows the throughput for BCH codes of length n = 63. It can be observed
that most of the throughput cross-overs happen between SNR of 5 to 12 dB.

The comparison of the maximum throughput (envelope of the throughput of various
codes) for n = 15, 31, and 63 BCH codes is shown in Figure[4.8] In the low SNR region,
short block length codes have higher throughput than codes of longer length. In the
high SNR region, the achievable rate actually depends on the code rate, in which case
codes with long block length tend to have high throughput due to more selections of

codes with higher rates.

Throughput of 8-PSK MLC with BCH Codes

The throughput of the MLC coded uniform 8-PSK scheme can be obtained in a
similar way as the regular coding scheme with different detection error probability and
the MSD decoding structure. Figure |4.9|shows the throughput of each level of the ML.C
scheme with n = 15 BCH codes, and the total throughput is shown in Figure 4.10 The
comparison of the total throughput of the MLC scheme with the regular coding scheme
in shown in Figure .11} As can be seen, the MLC scheme outperforms the regular
coding scheme in the SNR region from about —6 dB to around 6 dB. At the rate of
0.5 bit/transmission, there is about 3.5 dB gain for the MLC scheme over the regular
coding scheme when the block length is 15.

Similar plots are shown in Figure 4.12| Figure [4.13] and Figure [4.14] when three
BCH codes of length n = 31 ([31,6,7], [31,16,3], and [31,26,1]) are chosen for the MLC
scheme. The MLC scheme outperforms the regular coding scheme from SNR of —4 dB

to abour 7.5 dB when comparing with n = 31 BCH codes, and from around —2 dB to
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4 dB when comparing with n = 15 BCH codes.
Finally, the comparison of the MLLC scheme using n = 15 and n = 31 codes is shown
in Figure Note that the total code rates of the two sets of codes are very close.

For the n = 15 codes, the total rate is (5+I;H) = 1.533. For the n = 31 codes, the

(6+16+26)

total rate is =1

= 1.548. As can be seen, the n = 15 codes have a higher total
throughput throughout the low SNR region up to around 12 dB, the in the high SNR
region there is very less difference. This is consistent with the results shown in Figure
[4.8in the regular coding scheme case.

Note that all the throughput plots shown are of the case of uniform 8-PSK con-

stellation. Further improvement of the total throughput may be improved by using

non-uniform constellation such that the first level (b)) bit error rate can be decreased
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Figure 4.10: Total throughput of of 8-PSK MLC with BCH codes (n = 15).

to increase the throughput in the low SNR region.

4.4 Conclusions

In this chapter, we analyze the capacity and throughput of the proposed MLC
system with 8-PSK modulation. Numerical results show that the MLC scheme outper-
forms the regular scheme in the low SNR region by sacrificing the throughput in the

high SNR region due to the low reliability on the low level in the MLC scheme.
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CHAPTER 5

Receiver Design for Multiple-Access

Ultra-Wideband Communications

5.1 Introduction

One form of ultra-wideband (UWB) communications, originally referred to as im-
pulse radio (IR), involves the transmission of signals that are short pulses with a rela-
tively large fractional bandwidth. These UWB signals possess a bandwidth from over
500 MHz to several GHz that is larger than 25% of the center frequency. The Federal
Communications Commission (FCC) and the International Telecommunication Union
Radiocommunication Sector (ITU-R) define UWB in terms of a transmission from an
antenna for which the emitted signal bandwidth exceeds 500 MHz or 20% of the cen-
ter frequency. Like a spread spectrum (SS) system, UWB systems use pulse trains to
spread energy over the ultra-wide bandwidth. The classical way to modulate data with
such signals is to use pulse-position modulation (PPM) on the low duty-cycle pulse
trains [2§]. Figure |5.1]illustrates the bandwidth comparison of UWB PPM signals and
narrowband signals.

For multiple-access communications, assigning different random time-hopping (TH)
sequences to different users can be combined with PPM [29]. This TH-PPM scheme

was originally proposed for UWB communications. A nice property of this modulation
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Impulse-Radio (IR) UWB signal Narrowband signal
Frequency

Figure 5.1: UWB vs narrowband signaling.

scheme is the excellent time resolution which comes from the fact that the pulse duration
is on the order of a nanosecond. In a multipath environment, this provides the system
with resolvable paths of differential delays on the order of the pulse duration. Therefore
with appropriate signal processing, the effect of multipath can be mitigated to achieve
high system performance.

Since UWB systems have a very large bandwidth, which overlays with other dedi-
cated frequency bands for existing narrowband and wideband systems, the signals from
UWB systems would interfere with narrowband and wideband radio systems, and vice
versa. The impact of UWB system interference on narrowband systems is examined
n [30]. To insure that UWB communications will not affect the already existing nar-
rowband and wideband systems, the FCC has released strict regulations on the power
spectral density, peak power, and bandwidth for UWB communication systems. More
specifically, the FCC allocated 7.5 GHz of contiguous spectrum (3.1 - 10.6 GHz) for
UWB communication systems with a minimum 500 MHz bandwidth regulation on UWB
signals of —41.3 dBm/MHz permissible power over the entire 7.5 GHz band. This is
shown in Figure

There are two problems arising from the FCC regulations. The first is that for the
assigned spectrum, UWB systems have to be carrier-based systems in order to have the
spectrum centered within the 3.1 to 10.6 GHz frequency band. The second problem
is that under the low power level regulation, UWB systems are vulnerable to signals

from co-existing narrowband and wideband systems, and subsequently encounter serious
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Figure 5.2: UWB spectrum allocation.

problems with the narrowband and wideband interference. This makes the interference
mitigation an important issue in UWB communications. In this chapter, we focus on
the mitigation of MAI in an AWGN channel.

For these different types of interference, there are different methods proposed in the
previous research to deal with them. ISI exists due to the multipath propagation chan-
nels. Since UWB systems have a high time resolution, there are more resolvable paths
in the receiver which can be utilized for different combining schemes to achieve a better
system performance. This leads to the Rake receiver design for UWB systems. The
performance of a Rake receiver for a PPM-based single-user UWB system is examined
in [31]. For narrowband interference, an interference rejection method based on UWB
pulse shape design was proposed in [32]. An interference suppression scheme based on
the estimation of interference was proposed in [33]. There is also a linear interference
suppression method based on the traditional Rake receiver investigated in [34]. The
performance analysis of the multiple-access UWB system is examined in [29], [35], and
[36]. In [36], the system performance is evaluated using the Gaussian quadrature rules
(GQR) technique, which can overcome the problem of exactly evaluating the probabil-
ity density function (PDF) of the MAI For the MAI an optimum multiuser detection

(MUD) scheme is proposed in [37]. As to jamming signal interference, the system per-
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formance is evaluated for a single-tone jammer in [38]. In [39], both cases of single-tone
and multiple-tone jamming are considered in the system performance analysis.

The problem for the MAI mitigation in the current work lies in the choice of suitable
probability model. Many previous research used the Gaussian approximation (GA) to
describe the probability model of the MAI. However, as mentioned in [29] and [30],
the GA for the distribution of the MAI is not always accurate. Thus the optimum
receiver designed using this GA is actually not optimum. Analyzing a system with a
GA will likely yield pessimistic results. The advantage of the GA is that the optimum
decision rule is simple and the analysis is straightforward. But for an accurate system
performance analysis and the actual optimum receiver design, we need to know the
actual probability model of the MAL

The optimum receiver design for UWB communication systems could be complicated
due to the required accuracy of time synchronization and various sources of interference,
and might not yield a practical receiver. Therefore, we propose a suboptimum receiver
with nonlinear interference mitigation such that the complexity can be greatly reduced
while the performance is still comparable to the optimum receiver.

The goal of the suboptimum receiver design is to reduce the complexity while pre-
serving the performance very close to the optimum receiver. A suitable approach in
the design of the suboptimum receiver for a UWB system is to use the locally optimum
Bayes detection (LOBD) theory [40][41]. This is because the UWB signals generally
have very low power, which satisfies the small signal per chip assumption in the LOBD
algorithm. By using a locally optimum detection approach in a TH-PPM UWB system,
the receiver is designed with the structure of having the conventional correlator at the
first stage followed by a nonlinear processing element, which works to mitigate the in-
terference. This function depends on the density function of the interference. However,
it is not trivial to find the PDF of the total interference.

In this chapter, we look at the case of synchronous multiple-access time-hopping

112



PPM UWB communication and investigate the suboptimum nonlinear receiver per-
formance by finding the exact PDF of the interference. The rest of the chapter is
structured as follows. In Section [5.2) we consider the system model of the TH-PPM
UWB system. In Section [5.3] we derive the PDF of the MAIL. The receiver design is
considered in Section [5.4 We first evaluate the linear receiver performance and check
the validity of the Gaussian approximation to the MAI. Then we design the subopti-
mum receiver using the LOBD algorithm and evaluate the performance. In Section [5.5

we show numerical examples. We state the conclusions in Section [5.6]

5.2 System Model

Consider a multiple-access (MA) time-hopping (TH) pulse position modulation
(PPM) ultra-wideband (UWB) communication system. The transmitted signal of the

kth user is

— [Ex : k k
sk (1) = Z Fp(t — jTy — c§- T, — d(Lj}NSJ J) (5.1)

j=—o0
where Ty is the time duration of one frame (or say pulse repetition time), Ej is the
energy per bit of the kth user, p(t) is the transmitted pulse waveform of unit energy,
OTP p*(t)dt = 1, where T), is the duration of p(t), {cg-k)} € {0,1,---, N, — 1} is the time
hopping sequence of the kth user, T, is the chip duration for time hopping, {d(@ N, J} €
{0,1} is the binary data of the kth user, ¢ is the additional time shift due to PPM, and
each data bit is transmitted in NNy consecutive slots. An example of the UWB frame

structure is shown in Figure [5.3]
In our model, we assume T}, = T, = . In general, T} has to be at least (N, + 1)T..

In the analysis, we assume Ty = N, by rewriting equation (5.1)) as

sty = D" [ plt — T —wT) (5.2)
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Figure 5.3: UWB frame structure.

where

w](-k) :CEk)+d(L’;}NSJ mod N.. (5.3)

In a single frame, only one pulse, or say chip, is transmitted. Therefore, it takes
NT} seconds to transmit a single data bit. The bit energy Fj, is equally distributed to
each chip, thus the power of a user is not increased when N, increases. Assume there
are total N, users in the system. Then the received signal with just additional white

Gaussian noise is

r(t) = Zus(k)(t—Tk)+n(t)

= 303 Auplt — Ty — PT. —d®), 5 —7) + nlt) (5.4)
k=1 j=—o0

where A, = \/m, 7, is the time delay of the kth user’s signal, and n(t) is the
AWGN with zero mean and one-sided power spectral density (PSD) Ny. Furthermore,
we assume 7;’s are i.i.d. and uniformly distributed in [0, T ]. The conventional receiver
for the TH-PPM UWRB system is the correlator receiver as shown in Figure At the
receiver of the kth user, the received signal r(¢) is correlated with the template signal
v®) (1) = p(t) —p(t — ) in each frame. We assume the desired user’s receiver has perfect
knowledge of the time-hopping sequence of the desired user, but not other users. For

the detection of one bit (say dék)), the received signal is correlated with the template
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signal of the desired user over the bit duration N,T;. That is,

NsTy Ng—1 Ns—1
P = / r(t) [Zv“)(t—m—ci-’“ffc) dt=3_ r (5.5)

J=0

(k)

where ;" is the component in the jth frame
w_ [ (h CIICINT
ry = / r(t)v(t — Ty —¢; To)dt = 557 + 17 +n; (5.6)
JiTy
where sg-k), I](k), and ngk) are the correlation of s (t — 1), leiul,l;ék s (t —7), and n(t)

with the template signal in the jth frame, respectively, and can be derived from the

following equations.

(j+1)Tf

s = / SOt — m)o(t — 5Ty — OT)de (5.7)
JTy
Nu (j+1)Ty

o= % / sO(t —myo(t — jTy — VT, ) dt (5.8)
1=1,1#k 7 3Tf
(J+1)Ty

i = / n(t)o(t — jT; — T, dt. (5.9)
JTy

r(t) T
v(t) N
¢iTe 5 r(t) — i
R *
‘ A
BN .
: : p(t — ij — CjTC — 5)

Figure 5.4: Conventional correlator receiver.

At the kth user’s receiver, in order to decide if dflk) is “0” or “1”, we need to observe
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) for J=¢qNg,qNg+1,--- ,qNs+ Ny — 1. That is, the decision is based on

(k) qNs+Ns_1
A
Jj=qNs

In order to find the decision rule for d((lk), we need to know the characteristics of r](k).

First note that since n(t) is AWGN with zero mean and one-sided PSD Nj, nék) is a
Gaussian random variable with zero mean and variance —0 [ -2 fo 5)dt].
To derive s ) and I , notice that they depend on {Tk}k:ul, as well as on the
transmitted data of the users. Without loss of generality, we consider the receiver
for the first user (kK = 1). We want to make a decision on d(()l) (¢ = 0) by observing
{r(l) e ,7’5\271}. We assume 7 = 0 and consider the relative delay between user

1 and other users. We also assume perfect knowledge of the channel at the receiver.

Now the problem becomes to characterize the following:
T](;) _ 851) n ];1) n ng;)
for j=0,1,--- , Ny — 1. By the above assumption,

N A N R X (M) B

where we define R,,( fo — 7)dt as the autocorrelation of the pulse waveform

p(t). There are many ways to choose the value of §. Here we simply choose 6 = T}, so

that the PPM pulses maintain orthogonality, i.e. R,( fo p(t—0)dt = 0. In this
) (1 N (1) (1)

case, R, (dLj/NSJ5> - R, (( d]/NJ)5> is either 1 (dLj/NsJ =0) or =1 (d|;)n, = 1).

Thus, we have

A, dY =0
s 1 o (5.11)
—An dyy,y =1
Note that in this case, the variance of n§ ) can be simplified as Var[ } Ny, and
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S ) is Gaussian with zero mean and variance Ny. In the next section, we will

characterize the interference term [/ J(l).

therefore n

5.3 Synchronous Multiple Access UWB Communi-
cations

In this section we consider the synchronous multiple-access (MA) TH-PPM UWB
system, i.e., 71 = 75 = --- = 7y, = 0, and derive the probability distribution of the
interference. By assuming that all users are independent, the interference from all other
users to user 1 over the N, frames {/ ,gl)} i are independent and identically distributed
(i.i.d.), and thus we only need to consider the interference from a specific user k.

In order to simplify the analysis for the distribution of the MAI, we need to make
a further assumption, or equivalently, we look at a special case of this system. Assume
that Ty = NI, and T, = T, = 4. Also assume that the pulse waveform is rectangular.

That is

p(ty =4 VI (5.12)

0, otherwise.

Furthermore, in order to make the pulse waveform uniformly distributed within one

frame duration, we define

w§k) :Cg-k)‘Fd(L?}NSJ mod N, (5.13)

In this case, the transmitted signal of the user becomes

RIOEDY 1/ﬁkp(t—ij—w§k)Tc) (5.14)

j=—o0

Here we use the rectangular pulse shape so that we can have a closed form solution
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of the interference PDF. The analysis shown here can be extended to other different
kind of pulses, such as a Gaussian monocycle.

Consider the communication during the time from 0 to N7, which is the time to
transmit a single bit. This time interval corresponds to the data bit d(()k) of the kth user.
Since we only consider a single bit transmission, we eliminate the subscript 0 and simply
use d®) to represent the data bit. For a given data bit d®) of the kth user being trans-
mitted, there are N, frames. The interference from these N, frames I(()},z, 1 fllz, cee ]1(\}5)—1&
are assumed to be identically distributed, but they are not independent since they all
contain the information of the same data bit d*) being transmitted by the kth user.
However, they are conditionally independent when conditioned on d*®). In later analy-
sis, we will show that the identical distribution assumption of the interference terms is
not necessary.

We first consider the case when d®*) = 0. In this case, the total shift of the pulse in
the N, frames of the kth user {wék) ;V;g ! equals the time-hopping sequence of the kth
user {cg.k)};y;g . Therefore {w§k)}§y;a ! are uniformly distributed over [0, N. — 1]. The
time shift of the template signal of user 1 is simply the time-hopping sequence of user

1, {c§1)}§y;g . Let X be the random variable of the time shift difference between user

1 and user k. That is, define
X; = wj(k) - c§1) = c§-k) — c§1). (5.15)

Note that cg-k)’s are independent due to the randomness of the time hopping sequence.
Thus, X, is a discrete random variable ranging from —(N. — 1) to N, — 1 with the
probability distribution

Neclel = —(N,—1),-++ ,N.— 1
P(X;=2)={ ( ) (5.16)

0, otherwise.
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Given that d® = 0, the pulses of the kth user will overlap with the template pulse of
user 1 only when X is either 0 or 1. Therefore, the conditional density function is then

given by

5z + Ay) + (Nc_l)Qa(x). (5.17)

1 N.—1
f(§}£|d(k) (2]0) = d(z — Ap) + N,

N, N2

c

Now define the total interference of user k to user 1 during the N, frames as [ ,51) =

Z;V:g ‘I ](1,2 Given d® = 0, I ;’1,3’5 are independent. Thus the characteristic function

(CF) of I,E,l) is the product of the CF’s of I](.Vlk)’s, ie.
No—1

Ns
I(l)‘d k) H q)[(l)ld(k) = [q)lé}gld(k) (,U)i| (518)

where the last equality comes from the fact that I ;1 s are identically distributed, there-

fore having the same CF. The CF of IO,k given d*) = 0 can be computed as

1 .. N,—1 _. N, —1\"
(I)Ié?g‘d(k)zo(v) = ﬁcej Ak 4 T@ ol 4 < N, ) . (519)

c

Thus, the CF of I,E,l) given d®) = 0 is

Ng Ns—l 1)
jvAg(l—m
1) 01 <o NNS Z Z (l m) = lt=m) (5.20)

where ¢ = 2N, — 2l — m, and the conditional PDF of [,El) is given by

1 = —jvx
f1£1)|d<k)(x|0) = —/ e’ @Iél>‘d(k>zo(v)dv. (5.21)

2r ) _ o

Similarly, when d*) = 1, the conditional density function of Io% k is given by

N, —1 1 N, -1}’
fIJ(}Ig'd(k)(JIH) = T(S(ZE - Ak) + ﬁcé(l‘ + Ak) + ( Nc ) 5(]}) (522)

C
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Then the CF of Ié},z given d¥) = 1 can be written as

N,—1 ., 1 N, —1\°
01— (V) = —m ¢ e N ok 4 <—Nc ) : (5.23)

and the CF of the total interference over the Ny frames is given by

Ng Ng—
1 ~ ' 1) ivAL(l—m
pana V)= 3 (l m) e et (5.24)

¢ = =0

where ¢ = 2N, — [ — 2m, and then the conditional PDF of I,El) can be computed.
Assume that P(d®) = 0) = P(d®) = 1) = i. Then the PDF of ],gl) is given by

,00) = 3101000 10) + 3 Fyo i (o11) (5.25)
and the CF of ,il) is given by
1
2,0 (1) = 5 (01000 (0) + Py 0, (1) (5.26)
For the total interference 1) = fo ) from the N, — 1 users to user 1, we can

compute its PDF by convolving the PDF of Ik

f1(1)($) = f1§1)(fl}) * flél)(x) E RS IJ(\}) (l‘) (5.27)
The CF of I is given by
Ny,
®,0(v) = kHQ ) (v). (5.28)

5.4 Receiver Design for UWB Communications

From the previous section, we have obtained the probability distribution of the MAI

in the synchronous MA-TH-PPM UWRB system. The next question is how to design
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the receiver based on the MAI distribution to have the optimum system performance.
In this section, we design the receiver for the synchronous system with the MAI in
the AWGN channel. We first examine the optimum receiver. Then we design the
suboptimum receiver with less complexity and asymptotically approach the performance

of the optimum receiver.

5.4.1 Optimum Detection with MAI

Recall that to detect the desired user’s data bit (dél)), the conventional linear receiver

computes the correlation of r(¢) with the template signal within a single frame. From

equation (5.6)), we have
ri = s 4 1V 4l = 5t 4 7 (5.29)

and makes the decision by checking if r(V) = Z;V:E ! is greater or less than the threshold

0. Generally the optimal receiver is not linear since the interference component /; M) i

not Gaussian. Note that I Z,]cv“Z I] «, and the PDF and CF of IJ » were derived in

the previous section. Therefore, the CF of It p ) is given by

B, (0) = 1 [(M;V; 1) cos(vA) + (NCN: 1)1 | (5.30)

The CF of Z\"

(5.31)

and then the PDF of Z ](-1) can be computed from the characteristic function.
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Now in order to derive the optimum receiver in this case, consider the binary hy-

pothesis
Hy: r® = s+ 20,
) (5.32)
Hy: r® §§1) ZW
where ZW) = [Zél), Z§1), e Z](\}j_l]. Here the underline on the signal denotes the vector

consists of correlator outputs of the signal indexed from 0 to Ny, — 1. For example,

rH = [7"(()1), r§1), e ,7“](\271]. Then the optimal decision rule based on observing r() is

given by

P (1) H 1 f(l)_§(1) H
(V1) _ Fz00( 0 ) > 1 (5.33)

A(r) = _
PWIHY)  f0® —sY)

To further simplify the above equation to obtain the final decision statistic, we need
to derive the PDF of Z!). Even though we already know the PDF of ZJ(.l), it is not
straightforward to obtain the PDF of Z" from it. Even knowing the PDF of Z, it
would still be very complicated to implement the optimum decision rule. This leads us
to the consideration of suboptimum receiver design for the system with MAI. The goal
here is to design a suboptimum receiver with simple decision rule and performance that
asymptotically approaches the performance of the optimum receiver (as the signal-to-

noise ratio becomes small or as N, becomes large).

5.4.2 Suboptimum Design with the Linear Receiver

As mentioned earlier, Gaussian approximation to the MAT is not accurate. In order
to see that the Gaussian approximation is inappropriate, we first want to know the
system performance in the case when the Gaussian approximation is used. Then, we
compare the Gaussian approximation case with the case when the actual MAI distri-

bution is taken into account in the system performance evaluation.
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Performance of the Linear Receiver

Recall that the correlator receiver output of user 1

Yy Z ! (5.34)

If we collect the correlator output over Ny frames (j = 0,1,---, Ny — 1), according to

equation (5.5)), we have

N,—1 N,
r® =3l = s 3 (5.35)

=0 k=2
where s(!) = Zjvsgls € {£N,A}, 1! Zé\f:so—l I]Elk), and nM = Zjvso_l n( )~

N(0, NgNy). In the previous section, we derived the PDF and CF of Ik . By the
assumption that all the users are independent, the CF of () = fo;‘Q 1 ,5,1) is the product
of the CF’s of I"’s. Let ZM = Zjvzal Z](-l) = I 4 nM then the CF of ZW is the
product of the CF’s of ™ and n™, and the PDF of Z() is given by

2Nugr

N,
1 < T s
fro(z) = / e v H gr(v)e” =00 gy (5.36)
- k=2

where

—jvAy N _1 2 Ns
C ]UAk + + C
e A
(5.37)
Now we have
r) =M 4 ZzO) (5.38)
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and the PDF of Z( is given above. This is a typical binary hypothesis problem. Note
that Z() has zero mean and the PDF is symmetric about 0. Therefore under the

assumption that P(d(()l) =0) = P(d(()l) = 1) = 3, the BER is given by

|
Po= 3 [P(r<1> < 0]dY = 0) + P(r®V > 0ldl! = 1)]

= PO <o0ld =0)

— 00

N A
= / fr)(x)dz

[e.o]

1 1 —NsAq [e'e)
AL /_oo /_oo
Ny

27 Ns
e () o (05

k=2
11 ) N N1V e
* (ﬁ_z\ﬂ) J”+Neﬂfk+( N > e 2 Vdvdx

(5.39)

With simplification, we have
1 —NgAq 00 . Ny 3

P = N / / e v Hgk(v)e_wﬁdvdx (5.40)

urr

which can be evaluated numerically.

Gaussian Approximation to the MAI

Now we look at the case if we evaluate the system performance by approximating the
MAT as Gaussian. The variance of the interference Var[/] can be computed numerically

from the interference PDF. The variance of the AWGN over N; frames is Var[n] =
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Ny - Ny. Then the variance of the total interference plus Var[l + n] is given by
Var[l + n| = Var[I]| + N, - No. (5.41)

The actual signal-to-inteference plus noise ratio (SINR) can then be computed and the

approximated BER performance under the Gaussian approximation is given by
P.r~Pogi=Q <\/SINR> . (5.42)

When the number of users is large, the total interference is approximately Gaussian
distributed by the central limit theorem (CLT), and the Gaussian linear receiver is
approximately optimum. However, when the number of user is small, say 2 or 3, the
CLT does not apply, and the Gaussian linear receiver is not optimum. Thus, we need
to find other ways to design the suboptimum receiver which gives the approximate

optimality.

5.4.3 Locally Optimum Bayes Detector

The basic idea of the LOBD algorithm is to approximate the interference PDF using
the Taylor series expansion. As it is shown earlier, the optimum decision requires the
computation of the total interference plus noise PDF fZ;l) (x). However, since this PDF
is a complicated function, the implementation complexity is high. Therefore, if we can
find a good approximation to this PDF, we can reduced the receiver complexity. This
can be done by first expanding the PDF into Taylor series, and then eliminating the
higher order terms. For this to be a good approximation, the interference should be

much stronger than the desired user’s signal. This is called the small signal assumption.

125



For i = 0,1, the Taylor series expansion of f u () is given by
J

Ngs—1
O f o (1Y)
fzo (™ — si)) = fr (W) — = ) z(la)

(5.43)

(1)

Now under the small signal assumption, s;:’s are small, thus the higher order terms

(order > 2) should be small, and we have the approximation

Ns—1 afg(l) (i(l)) W

1
fro (@M — siV) o fr (eW) = Z ortH Sig (5.44)
Jj=0 J
where 38])- = A, and sglj) = —A;. The suboptimum decision rule is then given by
1 9f ;) @)
fp () = 4 Zj'v:o 1 ZaiT Ho
AWy ~ o = L — > 1. (5.45)
(1) Ns—1 afZ(l)(K( ) H;
fro (W) + A2
Note that Z ](1)’8 are identically distributed. If we define
d
h(z) = — fZ]m) (z), (5.46)
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we can rewrite equation ([5.45)) and substitute h(x) into it, and we have
e (7“< No—1 0F ) (
m M2t —pm— /fz<1>( ))

fZ(1>(£(1>) N,_10f (1)(r( )
0 @™) +A1205% 8;1>_/ Z(l)(f(l))

1— A ZNg_l ln fZJ(_1> (x)
1+ A ZNS - ln fZJ(_1) (x)
1+ 4 ZNS_lh(r](.l)) Ho

= z 1, 5.47
1— A, ZNs_lh(T(l)) H<1 ( )

J

and it can be further simplified to

> he) = o (5.48)

Thus, by using the LOBD algorithm and under the small signal assumption, the decision
rule can be greatly simplified to a threshold detection rule, similar to the Gaussian
linear receiver. For different systems, the key point is to find the function h(z) =
—Linf 2z (x). Obviously to derive the function h(x) we need to know the distribution
of the interference, which is the difficult part when implementing the suboptimum

receiver.

5.4.4 LOBD Receiver for UWB Communications

As mentioned above, to design the suboptimum receiver using the LOBD algorithm
for the UWB system, first we need to find the total interference plus noise PDF of a

single chip. That is, for r§1) = 351) + Z;l), where Zj(l) = I](l) —l—ngl), we need to know the

PDF of Z{". From (5.30) and (5.31), it is given by

1 o . N Ng .2
fZJ(;)(:z:) = %/ e v {H fr(v)e =" }dv (5.49)
- k=2
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where

fr(v) = <2NN—2_1) cos(vAy) + (NN_ 1)2. (5.50)

The derivative of f, <1>( ) is

fo@) = %/_ —jue I {H fk(U)e_NQ%Q} dv (5.51)

and the function h(x) is

I dve { I fuo)e 0 bdv

R {ID%, fulwye ¥+ b av

(5.52)

As can be seen, it is not easy to further simplify the above equation. However, we can
always compute it numerically. In general, the function h(z) is a nonlinear function.
Thus, the suboptimum receiver obtained in this way is also called a nonlinear receiver
in comparison to the Gaussian linear receiver. In the next subsection, we take a look
at a special case when there are only two users in the system (N, = 2). In this case,

we can find a closed form expression for h(z).

5.4.5 Special Case: 2-User Synchronous UWB Communica-

tions

Here we look at the special case when there are only two users (IV, = 2) in the

system. In this case, Z ZN“Q Ij L T n( ) = Ij%) + ng-l) has the PDF

2

() = L / e fy (w)e= Ry, (5.53)

2r J_ o
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However, it is not easy to further simplify the PDF from this form. Another way to

compute the PDF is by convolving the PDF of [ ](1) =1 3(12) and ngl). Then we have

N, — N.—1\? _ =2

where

_(3'3*142)2 _($+A2)2

hi(z) =e Mo +e 2N . (5.55)

By taking the derivative of f, a) (x), we can obtain the following nonlinear function
i

2

2 x
2N.—1 Ne—1 T T3aNg
2

h(z) = (

- (5.56)
(2]2V;V§1> hi(z) + (N;Vj) e 2N
where
—Ay) _e-ap? Ay) _tmran?
h2(x>:u€ Ny —I—Me s ' (5.57)

Ny Ny
Some plots of the density function and h(z) for different parameters are shown in
Figure 5.5 and [5.6, From these plots, we can see that the nonlinear function actually
“suppress” the interference by the nonlinear mapping, especially at amplitudes where
the “peak” happens in the interference PDF. Later it will becomes clear that this
interference mitigation is the key to improve the system performance compared to the

linear receiver performance.

5.4.6 Performance Analysis

In this section, we assume P(Hy) = P(H;) = 3. Let yj(-l) = h(r](-l)) for j =

0,1,---, Ny — 1. The BER of this receiver is given by
Ny—1
P.=P (Z RS O‘H()) . (5.58)
j=0
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Figure 5.5: h(z) for 2-user case.

To find the exact P,., we need to find the probability distribution of Z;V:so_ ! y](l) under

H,. However, this is not easy since h(z) is quite complicated. A way to approximately

(1)

J

1),

evaluate P, is to apply the CLT. Assume r;’’s are i.i.d under Hy. Then y](. s are i.i.d

under Hj since they are functions of rj(-l)’s. By the CLT for large N, we have

ot | o - B [y | H|

2 1
Jj=0 \/NSVar <yj( )’H())

— N(0,1). (5.59)
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Figure 5.6: h(x) for 2-user case.
Therefore, for large N,
No—1 (1)
. N.E |y, |Hy
! <0‘H0 . (5.60)

Py ) -
Jj=0 \/NsVar (y](-l) |H0)
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It can be shown that that mean of y](l) conditioned on Hj is given by

1 > 1 1 1
E[yj()\Ho] - / u s dyS”

, Nk
AN M\ ;.1
— Al/ (1) fZJ(l) <T] )d?"]
=[S (")
= Al/ h? <7"](-1)> fzj(.l) (7“](1 > drt?
where
L:/ W () f 0 (x)dx (5.62)

Similarly, we have

h2 7’](1 [ m ( ) Ale(1) (7“](-1)):| drj(-l)

() £ ()

I
S — —
%

= (5.63)
Therefore, the variance of y](-l) conditioned on Hj is given by
Var (y§1) \H()) = [ AL (5.64)

Then we have the approximate error probability

N N AL B Ey
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where L' = 1/L can be evaluated numerically. The quantity L represents the inter-
ference energy captured by the suboptimum receiver after passing the received signal
through the nonlinear function. Intuitively, with strong interference, L is large, and
thus L' is small. Therefore, the argument of the Q function becomes large, and thus
P, becomes small. For this approximate P, to be valid, we need L' > % Therefore,
we need F; to be small, which is the same as the small signal assumption in the LOBD

algorithm.

5.5 Numerical Example

In this section, we look at a special case when there are only two synchronized users
in the system (N, = 2). This is an extreme case that the interference is far from the
Gaussian distribution. Let user 1 be the desired user and user 2 is the interfering user.
The bit energy of the two users are E; and FEs, respectively. Note that A, = \/m
and Ay = \/m where Ny is the number of repetitions for transmitting one bit. We

will examine the performance of both the linear and nonlinear receivers.

5.5.1 Linear Receiver

Figure shows the exact BER performance for the synchronous case of the linear
receiver for different N; with E; = E5. It is obtained by evaluating equation ([5.40))
numerically. We can see that by increasing N, there is very limited performance
improvement when IV, is large, and there is a gap from the baseline AWGN performance.
Figure [5.8 shows the BER of the linear receiver for different interference energy Fs as
N, changes. The SNR in this case is % = 10 dB. As can be seen, when N increases
from 1 to 50, the BER improvement is not in proportion to the the increment of Nj.

Therefore, for the linear receiver, we can not improve the BER a great deal by increasing

Ns.

133



Theo. Linear Rx BER (NC:2, E2:E1)
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Figure 5.7: P, vs. SNR for different .

5.5.2 Gaussian Approximation

The comparison between the actual performance with a linear receiver and the one
using Gaussian approximation is shown in Figure [5.8] It shows that by using Gaussian
approximation, most of the time we would over estimate the system performance. With
the interference plus noise variance, we can compare the PDF of the total interference
using Gaussian approximation with the actual PDF. Some examples are shown in Figure
L.I0

The Gaussian linear receiver is simply a threshold receiver, which gives a very low
complexity. However, from the numerical results, we can see that the linear receiver

does not perform well with the MAI in the system.
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Figure 5.8: Performance comparison (actual vs. Gaussian approximation).

5.5.3 LOBD Nonlinear Receiver

The performance of the suboptimum nonlinear receiver for different N, in the 2-user
case is shown in Figure [5.11] We can see that the performance approaches the baseline
AWGN performance when Fs is large. This is consistent with the small signal assump-
tion. Note that this is totally opposite to the linear receiver case: the performance gets
worse as Fy gets larger. The performance of the suboptimum nonlinear receiver com-
pared to the linear receiver is shown in Figure for the extreme case when Ny = 1.
We can see that the nonlinear receiver outperforms the linear receiver, and is able to
achieve the baseline AWGN performance when interference is strong. This is consistent

with the small signal assumption required in the derivation of the nonlinear receiver.
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Figure 5.9: Interference PDF and Gaussian approximation.
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Figure 5.10: Interference PDF and Gaussian approximation.
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Figure 5.11: Suboptimum nonlinear receiver: 2-user case (N, = 2, Ny = 2).
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Figure 5.12: Linear v.s. nonlinear receiver: 2-user case (N. = 2, Ny = 1).

5.6 Conclusions

In this chapter, we considered suboptimum receiver designs for UWB communica-

tions. The suboptimum [linear receiver does not perform well with the MAI in the

system even when the interference is not strong and Ny is large.

The suboptimum

nonlinear receiver designed according to the LOBD algorithm performs well and ap-

proaches the optimum performance when the interference is strong. The nonlinear

receiver structure is simply a threshold receiver as the linear receiver, except with the

extra complexity of mapping the received signal with a nonlinear function.
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CHAPTER 6

Performance of UWB in Jamming

6.1 Introduction

In a military or commercial communication system, intentional or unintentional
jamming interference can cause serious problems. Jammers emit noise-like interference
to disrupt the communication link and degrade the performance. It is not easy to design
a receiver that operates well in the presence of jammers, and it is necessary for a receiver
to have the ability to suppress interference in such a hostile environment. Since ultra-
wideband (UWB) communications co-exists with many narrowband systems, jamming
interference is a crucial issue. Some of the analysis of the impact of jamming interference
on UWB communications can found in [39][38][42] [43][44].

The optimum receiver design for UWB communication systems in the presence of
jamming is complicated. Suboptimum receivers with low complexity that can per-
form nearly as well as the optimum receiver are desirable. One of the methods to
design suboptimum receivers is by using the locally optimum Bayes detection (LOBD)
algorithm [41][40][45]. The idea is to pass the received signal samples through a nonlin-
ear function designed according to the LOBD algorithm before the detection process.
The nonlinear function can suppress the interference in the received signal and hence
enhance the performance of the receiver. This technique is used in a direct sequence

spread spectrum (DS-SS) system in [46] for the case of continuous wave and Gaussian
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noise jamming in the system. An important assumption for the LOBD algorithm to
work well is the small signal assumption, which says that the desired signal should
be much smaller than the interfering signal. This is likely to be the case for UWB
communications. In [47], the LOBD algorithm is applied to a multiple-access UWB
system for multiple-access interference (MAI) suppression. In this chapter, we apply it
to an UWB system with pulsed Gaussian noise jamming, and compare the performance
of this suboptimum receiver with the performance of the optimum receiver and the
suboptimum linear receiver designed according to the Gaussian approximation to the
interference.

This chapter is organized as the follows. In Section the system and signaling
model are described. For the proposed system, different types of receiver designs are
discussed in Section[6.3] In Section[6.4] we analyze the performance of different receivers
introduced in the previous section. Numerical examples and simulation results are

shown in Section [6.5] Finally, conclusions are presented in Section [6.0]

6.2 System Model

In this section, we consider an impulse radio (IR) based ultra-wideband (UWB)
communication system using time-hopping (TH) pulse-position modulation (PPM).
We consider the single-user case, an additive white Gaussian noise (AWGN) channel

coexisting with jamming signals in the system. The user’s signal s(t) is given by

= /B
s(t)="Y_ 4/ Fbp(t — KTy — T — djgyw, |0) (6.1)

k=—00

where p(t) is the UWB pulse with unit energy and time duration 7, Ty is the frame
duration or pulse repetition time, {cx} is the time hopping sequence known to both
transmitter and receiver, T, is the chip duration, d € {0,1} is the binary data being

transmitted, N is the repetition code length, and ¢ is the PPM modulation index. The
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received signal is represented as

r(t) = s(t) + j(t) + n(t) (6.2)

where j(t) is the jamming signal, and n(t) is the Gaussian process with zero mean and

one-sided power spectral density (PSD) Np.

6.2.1 Jamming Signal Model

We consider pulsed Gaussian noise jamming in our system model. Assume the
jammer is synchronized with the communication system at the chip level. That is,
for any chip duration, the jamming signal j(¢) is either on with probability p or off
with probability 1 — p. Let J be the average power of the jammer. Assume the
wideband Gaussian noise jammer spreads its power evenly over the total frequency
range of the spread bandwidth. That is, W; = W where W is the spread bandwidth
of the signal. The equivalent single-sided PSD of the Gaussian noise jammer signal
j(t) is then Ny = Wi] According to the assumptions, when the jammer is on, j(t) is

a continuous-time Gaussian random process with bandwidth W; and single-sided PSD

NJ//)

6.2.2 Correlator Receiver

The receiver correlates the received signal with the template signal

o(t) = —— [p(t — KT} — xT.) — plt — KT} — e To — )] (6.3)

E

and generates r, = ror —r1x, where o, and ry; are the correlator outputs corresponding
to the two PPM chip durations (0 and 1), respectively. Assume the receiver is synchro-

nized to the transmitter. Consider one frame of the signal starting at time 0. Then we
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have

0=\ Beptt .~ o) +58) ) (6.4)

for 0 <t < T%. The correlator output is
Ty
ro = / r(t)v(t)dt = so + Jo + no = So + 20 (6.5)
0

where 2y = jo + ng is the total interference plus noise. Since there are only two possible
chip durations containing the desired signal in binary PPM, the integration from 0 to
Ty is equivalent to integration from coT. to (co + 2)T¢. assuming 6 = T, = T.. The

desired signal part sg in rg is given by

(co+2)Te E VvV E
S0 = / V52t — coT, — dod)v(t)dt = (1 — 2dy) V-2 (6.6)
col. Ns Ns

The noise part ng in 7y is Gaussian with zero mean and variance Ny/N;. In any chip

duration, if the jammer is on, the correlator output due to the jammer is Gaussian

distributed with zero mean and variance ng{,s . Within any frame duration 7%, the
receiver correlates two consecutive chip durations depending on the time hopping offset.
For the jammer, there are four different states during these two chip durations: (on,on),
(on,off), (off,on), (off,off) with probabilities p?, p(1—p), p(1—p), (1 —p)?, respectively.

For the (off,off) state in which the jammer is off during these two chip durations, j, = 0.

. . . NJ NJ NJ
For the states (on,on), (on,off), and (off,on), the variance of jj is SN Bph and T

respectively. Therefore, the probability density function (PDF) of j, is given by

2 _ .z _ =z
p 2Ny 2p ]_ — p N ;
ful@) = e w220 T s, (6.7)
21 ]\]I\{ T ]X‘,’
PiNs PLNs
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Based on the assumption of the jammer, the PDF of the total interference plus noise

zo is then given by

2 -y e g _ _a
on(x) = P e 2(%72+;VTJS) + 20(1 — P) e 2(%}*%) _|_(1 - P) e 2%.
N
\/27'(' (%‘i‘é\TTJS) \/27r <%+Zg]{75> \/ 2T
(6.8)

6.3 Receiver Design

In this section, we examine different designs of the receiver for the communication
system described in the previous section. We first design the optimum receiver to
give us an idea of the best possible performance of such a system. Then we design
suboptimum receivers with less complexity compared to the optimum receiver. The

performance analysis of these receivers will be discussed in the next section.

6.3.1 Optimum Receiver

The design of the optimum receiver is based on the maximum-likelihood decision
rule. The optimum receiver employs a maximum-likelihood diversity combining scheme
to process the correlator outputs from different frame durations. The idea is that the
correlator outputs that are corrupted by the interference are less reliable than those that
are interference free. Therefore when they are combined to form a decision statistic,
they should be weighted differently. The optimum receiver computes the weights for
each frame output and compares the weighted sum with an optimum threshold to make
the decision.

The receiver correlator outputs are {ry,} wherei =0,1and k =0,1,--- , Ny—1. The
subscript ¢ indicates the output from the two binary PPM chip durations corresponding
to 0 and 1 being transmitted, respectively. The subscript k indicates the frame in which

the correlator outputs are generated. During the bit duration from time 0 to T}, the
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correlator receiver generates the following outputs:

Too To1 -+ ToNg—1

r= . (6.9)

o "1 - TiNs—1

Depending on the chip being jammed or not, we can find the conditional PDF of r.
The conditional PDF of r;. conditioned on the ith symbol being sent in the kth frame

with the jammer off is given by

Pil(w) =

expQ — L . (6.10)

[ No N
TR N

The conditional PDF of r;; conditioned on the ith symbol being sent in the kth frame

with the jammer on is given by

2
1 o)
Pii(x) = XD TN TN, (6.11)

The conditional PDF of r;, conditioned on the ith symbol not being sent in the kth

frame with the jammer off is given by
1 x?
(@) = —exp{—E}. (6.12)

The conditional PDF of r;, conditioned on the ith symbol not being sent in the kth

frame with the jammer on is given by

1

$2
f,?(x) = exp —m . (613)

Let Jo be the set of frames in {7} with interference on, and J; be the set of frames
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in {r1;} with interference on. Let |Jy| and |.J;] denote the cardinality of Jy and Ji,

respectively. The joint PDF of r conditioned on 0 being sent is given by

f(x]0, Jo, 1) = (H P&?(T%)) (H Pé’;f(?“%))

keJy k¢J0

(H Qm le ) (H Q1k le ) )
keJi k¢ Jy

(6.14)
and the joint PDF of r conditioned on 1 being sent is given by
Fx[1, Jo, Jy) - = (H Pf;<r1k>> (H Pf,?<m>>
keJy kg J1
(H Qor (rox ) (H QSE(W)) .
keJo ke Jo
(6.15)

Assume that 0 and 1 are equally likely being sent. Then the maximum-likelihood

decision rule is given by
f(r|07 Jo, Jl) H>D

1. 06.16
el T ) (6.16)

This rule can be further simplified to

Ny [Z ok — ) rlk]

kEJ() keJy
() [z - ]
k¢ Jo k¢
H Ji| = |Jo| )V EBN.
%0 ([J1] = [Jo])V'Ep J (6.17)
Hi QpNs

Note that in the above equation, it requires the knowledge of Jy, Ji, Ny, N, and p to

make the decision. It can be observed that the optimum receiver is a linear receiver

146



comparing the weighted sum of the correlator outputs with a threshold. The correlator
outputs with and without interference are weighted differently. The frames without
interference are weighted more than the frames with interference. This is reasonable
since information from frames being jammed by the interference is less reliable than

those that are not jammed.

6.3.2 Suboptimum Receiver

As can be seen, the optimum receiver is complicated in practice since it requires the
knowledge of the channel and interference. Therefore, we seek suboptimum receivers
that are feasible with limited knowledge about the channel and interference. A common
way to design a suboptimum receiver is to model or approximate the interference as
Gaussian distributed. However, depending on the type of interference, a Gaussian ap-
proximation may not always be accurate. In that case, substantial improvement can be
made by considering a more accurate probability distribution of the interference. In the
following we consider two suboptimum receiver designs. The suboptimum linear receiver
is derived by employing a Gaussian approximation. Then we derive the suboptimum

nonlinear receiver by using the actual probability distribution of the interference.

Linear Receiver

From , it can be seen that the probability distribution of the total interference
plus noise is not Gaussian. By approximating the interference distribution as Gaussian,
it is equivalent to the case of a single user in an AWGN channel without interference.
In this case, the receiver is the simple threshold detector as shown in Figure [6.1 The
suboptimum linear receiver collects and sums up the correlator outputs, and compare

the sum with the threshold 0. This is given by

Ng—1 H
=S "rn Z 0 (6.18)
k=0 H



This receiver structure is simple and easy to implement. However, due to the inaccuracy
of Gaussian approximation, the performance can be poor, leaving the possibility for

substantial improvement.

) —N— B — 20—

Figure 6.1: Suboptimum linear receiver.

Nonlinear Receiver

To further improve the suboptimum linear receiver, the accurate probability dis-
tribution of the interference has to be taken into consideration. However, by using
the actual PDF in and the maximume-likelihood detection, the decision rule is
quite complicated. As mentioned in [47], under the small signal assumption, the LOBD
algorithm can be applied, and the decision rule can be simplified to the structure as
shown in Figure|6.2] The receiver structure is similar to the suboptimum linear receiver
except that the correlator outputs are passed through a nonlinear function before the
summation. According to the LOBD algorithm [41][40][45], the nonlinear function can

be computed by
(@)
fao ()

where f. (z) is given by and the derivative of f,,(x) can be easily computed as

h(z) = (6.19)

o) = e T ()

2 (3 + 20) N
N P
IQ
Lo 20 -p) ey (o
Ny 4 Ny N
2T - + % P
_ )2 —=
MGl N A (6.20)
N No
2r L N



Let yr = h(rg) denote the nonlinear function output. Then the decision rule is given

by
N1 No—1 Hy
rt = Z Yy = Z h(ry) Hz 0. (6.21)
k=0 !

An example of the nonlinear function is shown in Figure for B, =1, E,/Ny =5

o

Figure 6.2: Suboptimum nonlinear receiver.

dB, E,/N; = —10 dB, p = 0.3, and N, = 10. It can be observed that the plot can be

Eb/NO =5dB, Eb/NJ =-10dB, Ns =10,p=0.3
8 T \ T T

h(x)

Figure 6.3: LOBD nonlinear function h(z).

divided into two regions: the linear region close to the origin passing through (0,0), and

the nonlinear (semi-linear) region. The linear region corresponds to the AWGN, and the
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nonlinear region corresponds to the interference. Under the small signal assumption, if
the interference is small, the AWGN dominates and the function operates in the linear
region. With strong interference, the function operates in the nonlinear region and
the interference is suppressed. As the interference gets weaker, the nonlinear region
becomes less nonlinear. In the extreme case, the system is interference-free, and the
nonlinear function becomes linear. Also note that the AWGN cannot be suppressed by

the LOBD receiver.

6.4 Performance Analysis

In this section we analyze the performance of the optimum and suboptimum re-

ceivers described in the previous section.

6.4.1 Optimum Receiver

Now we investigate the performance of the optimum receiver in terms of the bit
error probability. The decision rule of the optimum receiver derived earlier in (6.17))

can be rearranged and written as

o (Nl = D) VEN,

Ry— R, = 6.22
R 20N, (6.22)
where
Ny
Ry=No Y rox+ (No+ =) > rox (6.23)
keJy P k¢ Jo
and

N,
Rl :N()Zle—i— (No—f-?J) Zrlk. (624)

keJy k¢.Jy
Without loss of generality, assume data bit 0 is sent. Conditioned on 0 being sent,

each term in the above expression is Gaussian distributed and all terms are independent.
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Then the mean (juz,) and variance (0% ) of Ry and R; can be computed as

E N,
. = St |1l V. = ) (M + 22 ) (6.25)
op, = al|Jo| + b(Ny — |Jo|) (6.26)
op, = alBil +b(Ny — | /i) (6.28)
2
where a = NTg (%J + %) and b = (NO + N ) . Therefore, the decision statistic

R = Ry — Ry is Gaussian with mean (uR) and variance (0%) given by

E N
n = VN”[|J0|NO+<NS—|JO|> (No+7’)} (6.29)
or = a(|Jo| + [1]) + b(2Ns — | Jo| — |h]). (6.30)

A bit error occurs when R is less than the threshold

(I/1] = [JoDVEN,.
2pNy

t(Jo, J1) = (6.31)

Thus, given (Jo, J1), the bit error probability can be computed as

o) e

where Q(+) is defined as Q(x f W exp <—§) dx. The average bit error probability

by averaging B,(Jy, J;) over (Jo, J1) and is given by

=3y K\Jo ) <|J1 )p(|J0|+J1|) (1= p)@Ne=1hl=1D g (m;_;t)} (633)

|Jol | 1]

Notice that this result can be easily computed.
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6.4.2 Suboptimum Linear Receiver

For the linear receiver, during one bit duration, the receiver combines 2N, chip
correlator outputs to make the decision. Assume k out of these 2N, chips are jammed.

Then the variance of the total interference plus noise is given by Ny + QkpiNJs’ and the

conditional bit error probability is given by @) < I fi N5 ) The average probability
0T 25N,
of bit error can then be derived by averaging the above expression over all possible

values of k and is given by

2Ny
P=> (2],:> pF(1— p)*NmkQ ( NI fbﬂ> . (6.34)

k=0 2pN

6.4.3 Suboptimum Nonlinear Receiver

According to the decision rule obtained in (6.21]), the bit error probability of the

nonlinear receiver can be computed as
1 . 1 . «
P, = §Pr(r < 0|Ho) + §Pr(r > 0|H;) = Pr(r* < 0|Hy), (6.35)

and the second equality is due to the assumption that 0 and 1 are equally likely to
be transmitted. In order to compute the above probability, we need to know the
probability distribution of r*, and equivalently, the distribution of y, = h(ry). The
conditional mean of y; can be computed in a similar way as in equation , and is

given by [40]

E [yx[Ho] = /_OO Yef (Yr)dyi

o0

= [0 [ a0 - Y215 0]

JVE
= Nk (6.36)
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where

L= / B2 (w) f () (6.37)

o0

Similarly to equation (5.63)), we have
E [yi[Ho] = L, (6.38)
and the conditional variance of y is given by
Var [yx|Ho] = L — — L*. (6.39)

Therefore, the conditional mean and variance of r, can be represented as

Ns—1
E [ry[Ho] = [Z yilHo| = V E,L (6.40)
Var [r,|Ho] = Z Var [y|Ho] = N,L — Lopa (6.41)
N

In the ideal case, the interference is suppressed after passing the correlator outputs
through the nonlinear function. Thus, the nonlinear function output is interference
free and the same as the single-user AWGN channel case. In practice, the interference
suppression is not perfect and there is still residual interference in the nonlinear function
output. If N, is considerably large, the output can be approximated as a Gaussian

random variable. The error probability can then be approximated by

E,L? Ey
Pb:Q( —NSL—%L>:Q< —l_£> (6.42)

L N

Note that in this expression, L depends on the PDF of the interference and has to be

evaluated numerically.
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6.5 Numerical Examples

In this section we present numerical examples of the performance of the different

receivers mentioned in the previous sections.

6.5.1 Optimum Receiver

Figure shows the performance of the optimum receiver for Ny, = 1,2,--- , 10 with
signal-to-interference ratio (SIR) E;,/N; = —10 dB and jamming fractional probability
p = 0.3. It can be observed that when Ny increases, the performance gets closer to
the single-user AWGN channel case. However, there is a limitation of improvement
by increasing N,. For the bit error probability (BER) of 107° and N, = 10, there is
still a 2 dB performance gap to the single-user AWGN case. In Figure [6.5, the SNR
is fixed at E,/Ny = 15 dB, and the BER is shown versus the SIR. The substantial
BER improvement by increasing Ng can be seen clearly in the low SIR region. The
BER versus jamming fraction is shown in Figure It can be seen that p has a larger
impact on large value of N than small value. However, in full-band jamming (p = 1),

the performance is almost the same for any value of Nj.

6.5.2 Suboptimum Linear Receiver

For the suboptimum linear receiver, the BER performance versus SIR for p = 0.1
and 0.3 is shown in Figure [6.7 First note the crossover of the plots for Ny = 1 to
10 in both figures. The crossover divides the plots into two regions. In the high SIR
region, the BER decreases as N, increases. However, in the low SIR region, increasing
N, degrades the system performance. This is because when the signal to interference
plus noise ratio is small, a coded system can perform worse than the uncoded system.
Also note that the smaller jamming fraction has a higher impact on the performance

difference among different values of Nj.
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Figure 6.4: Performance of the optimum receiver.

6.5.3 Suboptimum Nonlinear Receiver

Figure shows simulation results of the BER performance of the suboptimum
nonlinear receiver versus the SNR for the SIR at —10 dB and p = 0.3. Notice that as
the SNR increases, at some point, the BER bounces back and increases. Eventually
when SNR is large enough (say 30 dB), increasing N, degrades the performance. There
are two main reasons for this phenomenon. First, within the N, chips, not all of the
are jammed. However, those non-jammed chips are still passed through the nonlinear
function. For the non-jammed chips, the nonlinear function is not optimum since only
AWGN is presented. The other reason is that when SNR is large, for the non-jammed
chips, the small signal assumption does not hold, and the LOBD algorithm can not be

applied to enhance performance. This can be seen in Figure[6.9] In this figure, for high
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Figure 6.5: Performance of the optimum receiver.

SNR (say 25 dB), the linear region of the nonlinear function actually lies within the
desired signal’s amplitude. To demonstrate the ideas, if we pass the non-jammed chips
through the function matched to the AWGN distribution (which is linear) instead of
the original nonlinear function, the BER does not bounce back as SNR increases. This
is shown in the dotted lines in Figure [6.10] Figure shows the performance of the
nonlinear receiver against the jamming fraction p. Note that for small p region, a large

value of N, can have a substantial performance improvement.

6.5.4 Comparison

Figure shows the comparison of the performance of the optimum receiver and

the suboptimum receivers for SIR = —10 dB, N, = 10, and p = 0.3. It can be seen
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Figure 6.6: Performance of the optimum receiver.

that the nonlinear receiver outperforms the linear receiver in the low SNR region from
0 dB to about 17 dB. From 17 dB to 26 dB, the performance gap narrows down. This
is because of the effect of the non-jammed chips. For the BER at 1072, there is still a
performance gap a bit more than 5 dB between the nonlinear receiver and the optimum
receiver. A more sophisticated coding scheme than the repetition code might be able

to narrow the gap.

6.6 Conclusions

In this chapter, we designed and analyzed receivers for the ultra-wideband commu-

nication system in the presence of jamming interference. We compared the optimum

157



Eb/NO =10dB,p=01 Eb/NO =10dB,p=0.3

10° ¢ ‘ ] 10 ‘ ‘
i N_=10

S

Probability of bit error
Probability of bit error

1 1 1 1 10_4 1 1 1 1 1

10 i
20 -10 0 10 20 30 40 ~20 -10

0 10 20 30 40
E/N, (dB) E/N, (dB)

Figure 6.7: Performance of the suboptimum linear receiver.

receiver with two feasible suboptimum receivers. The suboptimum nonlinear receiver
outperforms the linear one, especially when the interference is severe. Numerical re-
sults show the effectiveness of the repetition coding scheme in different conditions. The
good thing about the suboptimum nonlinear receiver is that it has a simple threshold
detector structure. The complexity comes in finding the probability distribution of the

interference.
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Figure 6.8: Performance of the suboptimum nonlinear receiver.
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Figure 6.9: Nonlinear LOBD function of different SNR.
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Figure 6.10: Performance of the suboptimum nonlinear receiver.
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Figure 6.11: Performance of the suboptimum nonlinear receiver.
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Figure 6.12: Performance comparison of different receivers.
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CHAPTER 7

Adaptive Receiver for UWB Communications

7.1 Introduction

The nonlinear receiver design based on the LOBD algorithm in Chapters [5| and
[6] requires the knowledge of the PDF of the interference. In the previous chapters,
we demonstrated that in theory the receiver design can suppress interference with the
knowledge of the interference PDF. In practice, the interference PDF is unknown to the
receiver and needs to be estimated. For practical purpose, it is also necessary for the
receiver to keep tracking the PDF of the interference due to the time-varying nature
of the communication link. Therefore, for implementation, it requires the receiver to
estimate the PDF or the nonlinear signal processing function in real-time in order to
successfully suppress interference. The adaptive receiver structure for an impulse radio
based UWB system is shown in Figure [7.1] The receiver keeps taking interference
samples and updating the nonlinear function in order to ensure the suppression of the
interference.

There are many ways to estimate the PDF of a random signal. In general, the PDF
of a random signal can be estimated using parametric or nonparametric estimators.
Parametric estimation assumes the density to be some known parametric distribution.
By identifying the characteristics of the signal, an estimate of the parameters of that

distribution is made. This type of estimator can generate poor estimates if the dis-
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Figure 7.1: Adaptive LOBD receiver.

tribution of the signal is unknown a priori, or if the signal distribution is not of the
form of the assumed distribution. Nonparametric estimation, on the other hand, does
not make any assumption about the distribution of the signal. An intuitive nonpara-
metric way to estimate the density function is to use the histogram of the signal. The
histogram of a set of samples of a random signal is a plot showing the proportion of
samples falling into adjacent, non-overlapping intervals called bins. The intervals are
generally of the same size (bin width). The histogram representation of the PDF runs
into difficulties when the signal is changing dynamically, and can not guarantee an effi-
cient description of the distribution [48]. Another problem of the histogram estimation
is that it is sensitive to the choice of bin width. Without careful selection of the bin
width, important information may be lost in the histogram representation. A general
form of nonparametric density estimation is kernel density estimation (KDE). The idea
is to extrapolate the set of samples of the signal to the entire range of the distribution.
To be specific, let x1,xs,...,x, be a set of i.i.d. samples of a random signal, then the

kernel density approximation of its probability density function is given by [49]

f(fv)zn—lflgf((x;xv (7.1)

where K (-) is some kernel function and h is a smoothing parameter called the bandwidth.

Quite often K(-) is taken to be a standard Gaussian function with zero mean and
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unit variance. Thus the variance is controlled indirectly through the parameter h.
A histogram can be regarded as a collection of point samples from a kernel density
estimate for which the kernel is a uniform box the width of the histogram bin. As can
be seen from equation , the computation of the PDF requires the summation of
the kernel function evaluated over the set of samples. With a large size of samples, this
computation can take quite some time and this does not suit the needs of a real-time
estimator for the LOBD receiver.

In [48], cumulative distribution function (CDF) and quantiles are used for interfer-
ence PDF estimation, and combined with the LOBD algorithm for interference suppres-
sion. It is then applied in [46] in a direct-sequence spread-spectrum (DS-SS) system
with turbo coding for the continuous wave and Gaussian jamming interference cases.
The nice thing about using quantiles for PDF estimation is that it does not change
radically with the dynamic change of the signal. Quantile representation is also less
likely to cause the loss of important information with equal-bin-width histogram counts.
When combining quantile representation with LOBD algorithm, the computation of the
nonlinear function output can be very simple, and makes it suitable for the real-time
estimation purpose.

For IR-based UWB systems, interference PDF estimation might be done by collect-
ing interference samples during the non-PPM chip duration as shown in Figure and
then form and update the CDF. Typically, the frame time or pulse repetition time may
be a hundred to a thousand times of the monocycle width, therefore a sufficient number
of interference samples can be obtained between two UWB pulses. The accuracy of the
PDF estimation depends on the number of interference samples in the CDF. Note that
the “interference sounding” process requires extra energy at the receiver. The more
samples are collected, the more energy is required.

In this chapter, we will investigate the quantile PDF estimation method, and apply

it to the adaptive receiver design for UWB communications to combat interference.
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Interference
sounding

Figure 7.2: Interference sounding for PDF estimation.

7.2 Quantile for PDF Estimation

The histogram of a signal can be regarded as representation of the PDF of the ran-
dom signal. The quantile representation can be thought of as the cumulative histogram,
which can be used to represent or estimate the CDF of a random signal. Once the CDF

is estimated from the quantile, the PDF can be estimated from the CDF by derivation.

Let x = {x1,22,...,2n,} be the set of N samples of a random signal. We can
sort the samples so that they are in ascending order (z; < zo < ... < zy,). Let
Ao, A1, ..., Ay represent the quantile of the samples where Ay is the sample x;, € x in

the k/N percentile position of the sample set z. For example, when k£ = N/2 (assume
that N is even), Ay/s is the median of z. When k& = N, Ay = zy, is the maximum
of the set x. For kK = 0, we can set Ay = x; to be the minimum of the set = with
the assumption that Ny > N in most cases. Thus, the empirical CDF is formed by
mapping Ay to k/N. Figure shows the histogram and quantile representation of a
Gaussian distribution with zero mean and unit variance with N, = 8192 samples and
N = 16 bins. As can be seen, the quantile is closely matched to the actual CDF of
a Gaussian distribution. The estimate of the PDF from the quantile representation
can be done by taking the ratio of the difference of the quantile bins (1/N) and the
difference of Ay’s. Figure [7.4] shows the estimated PDF from the quantile plot shown
in Figure [7.3bl As can be seen, the PDF estimate is not smooth and does not closely
match the actual PDF. However, it does have the general trend of the actual PDF. For

the case of increasing the number of bins to N = 64, the estimated PDF is shown in
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Figure[7.5] It can be observed that the estimation is closer to the actual PDF in general
shape, but in detail it is spiky. Similar to the KDE method in which the selection of the
bandwidth can vary the smoothness of the estimate, when using quantile to estimate
the PDF, the number of bins can also affect the smoothness of the result. However, the

quantile method requires much less computation compared to the KDE method.

8192 samples, 16 bins

0.4 T T T e — T T 1
2| N
0.35F : ol Vool 0.9
1 Y
[T 4 08
03r h \
" 0.7
L \,
0.25 i \ 0.6
1 [ s
Z o02f ] \ 4 % 051
= 1 \ (8
i
0.15] 0.4
1
0.3
0.1r B
0.2
’
0.05 01
0
-4 -3 -2 -1 1 4 -4 -3 4
X X

Figure 7.3: Gaussian distribution N(0,1) histogram representation @ quantile
representation.

7.3 Adaptive LOBD Receiver

In this section, we demonstrate how to apply quantile PDF estimator to the imple-
mentation of the LOBD receiver to estimate and update the nonlinear function. It is
shown in Chapters [o] and [6] that the signal processing function of the LOBD receiver is

nonlinear in general and is of the form

h(z) = — (7.2)

where f(z) is the PDF of the interference. With the quantile representation of the CDF

at Ay, we have the estimate of the CDF Fy = k/N. To obtain f from the derivative of
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F| the technique used in [48] is to evaluate Fj at “half a quantile” from Aj.

dr Fk+% - Fk—% 1
Jr = 1) T 1 1. . (7.3)
k k+i 7 - N (Ak+é _Ak_%>
To obtain f  from the derivative of f, we can compute in a similar way
1 1
f’ — ﬁ — fk‘*‘% B fk_% _ N(Ak—Ar)  N(A—Ap_1) (7.4)
The LOBD nonlinear function is then given by
i . Ak+1l—Ak o Ak—ilk_l/N (Ak+§ - Am%) 1 1
k = —_—_—— = — — J—
Ji UN Ay = A y) A=At At~ Ay
(7.5)

Equation provides the desired receiver output with simple computation. with
an input x to the LOBD function, it is first sorted to the nearest quantile Ay, and the
corresponding hy, is the function output. In actual implementation, the receiver has to
maintain the quantile Ay, Ay, ..., Ay using the most recent samples of the interference.
For the input to the LOBD function, a sorting process is required to find the nearest
quantile value for generating the output. Due to the simple arithmetic of the output
computation, the most time consuming part in the processing is to perform sorting to

form the quantile and match it to the function input.

Receiver Implementation

The implementation of the adaptive LOBD algorithm at the receiver requires a
buffer of size N, to store interference samples, and another buffer of size N to store
the quantile Ay, As,..., Ay. For an IR-based UWB system with PPM modulation,
interference samples can be collected during the non-PPM chip durations. Initially,

the receiver collects Ny interference samples and store them in the interference buffer.

170



The interference samples need to be sorted in order to generating the quantile. Let
x = {x1,%s,..., 2N, } be the sorted samples (in ascending order) of interference stored
in the buffer. The quantile is formed by assigning the sample at the k/N percentile
position, TN | to Ai. The quantile Ay, Ao, ..., Ay is stored in the quantile buffer.

The adaptive LOBD algorithm can be summarized in the following steps:

1. During the PPM chip duration, the correlator receiver output r is first sorted to
the nearest quantile A;. Then the LOBD function output is computed according

to equation (|7.5).

2. During the non-PPM chip duration, whenever the correlator receiver outputs
a interference sample, the interference buffer is updated by replacing the oldest
interference sample with the current one. Then the new set of interference samples

x ={x1,29,...,2y,} is sorted and stored in the buffer.
3. The quantile Aq, As, ..., Ay is updated with the current interference buffer.

4. Go back to step 1.

7.3.1 Adaptive Receiver for MAI

For the multiple-access UWB system described in Chapter [5], consider the MAI in
the case shown in Figure with the system parameters N. = 2, Ny =1, F1/Ny =0
dB, Ey/E; = 20 dB. By taking 8192 samples from the MAI, the 16-bin histogram and
quantile representations of the PDF and CDF is shown in Figure [7.6] The estimated
LOBD function is shown in Figure [7.7] (solid line) compared with the theoretical LOBD
function (dash line). Both the histogram and quantile plots give us pretty good ideas
about the distribution. The estimated LOBD function does have three regions close to
the three linear regions in the theoretical function. Even though the “linear” region in
the estimated function is smaller than that in the original function, it can still suppress

interference since the function output is limited to roughly —1.5 to 1.5 as shown in the
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figure. Figure shows the probability of bit error of the adaptive LOBD receiver for
the two-user case as shown in Figure [5.12] It can be observed that the performance
of the adaptive LOBD receiver is very close to the theoretical performance with the
perfect knowledge of the interference PDF. When the interference is strong, the adaptive
LOBD receiver is able to suppress interference and performance is comparable to the

interference-free single-user AWGN case. This is consistent with the results shown in

Chapter 5]
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Figure 7.6: MAI (N, = 2, N, = 1, Ey/Ny = 0 dB, Ey/E; = 20 dB) [(a)] histogram
representation @ quantile representation.

7.3.2 Adaptive Receiver for Gaussian On-Off Jamming

For the on-off Gaussian jammer in UWB communications described in Chapter [6]
one of the examples of the LOBD function is shown in Figure [6.3| with parameters
Ey/Ny =5 dB, E,/N; = —10 dB, Ny = 10, and p = 0.3. The histogram and quantile
plots representing PDF and CDF using 8192 samples in 8 bins are shown in Figure
7.90 The estimated LOBD function is shown in Figure (solid line) compared with
the theoretical LOBD function (dash line). Similar to the MAI case, the linear region

of the theoretical LOBD function is clearly shown in the estimated function. Again,
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Figure 7.7: Estimated LOBD function for MAI.

even though the estimated function does not follow the theoretical function exactly,
the interference suppression capability can still be observed. The probability of bit
error of the adaptive LOBD receiver is shown in Figure [7.11] The adaptive receiver
performance is very close to the theoretical LOBD receiver performance in the low
SNR region before the BER curve bounces back. In the high SNR region when the
theoretical BER bounces back, the adaptive receiver BER has a similar trend, but it
outperforms the theoretical LOBD receiver. This is because the adaptive algorithm
cannot perfectly estimate the theoretical LOBD function, which performs poorly in
the high SNR region where the small signal assumption does not hold as discussed in
Chapter [6l The adaptive algorithm is not able to create the estimate of the LOBD
function with sharp transition from the linear region to the nonlinear region as shown
in Figure [6.9] which unintentionally improved the BER performance. This is shown in
Figure when SNR is 20 dB. Compare it Figure[7.10| it can be seen clearly that the

estimate of LOBD function when SNR = 20 dB does not match the theoretical one as
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well as the case when SNR = 5 dB.
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Figure 7.9: Gaussian on-off jammer (E,/Ny = 5 dB, E,/N;, = —10 dB, Ny = 10,
p=0.3) histogram representation @ quantile representation.

7.4 Conclusions

In this chapter, we investigate a real-time PDF estimation technique that can be
applied to the LOBD receiver for UWB communications to adaptively estimate and
update the LOBD function for signal processing to suppress interference. Numerical
results show that the LOBD function can be estimated in an efficient way with small
number of quantile bins, and can be close to the theoretical LOBD function derived from
the actual interference PDF for the MAI and Gaussian on-off jammer. This adaptive
receiver scheme makes the suboptimum receiver design for UWB systems practical with

low complexity for easy implementation.

175



Eb/N0 =5dB, Eb/NJ =-10dB, NS =10, p=0.3, 8192 samples, 8 bins
20 T T T

estimated h(x)
= = =theoretical h(x)| |

151

10

-10

-15

-20 i i i
-10 -5 0 5 10

Figure 7.10: Estimated LOBD function for Gaussian on-off jammer.
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Figure 7.11: Adaptive LOBD receiver for Gaussian on-off jamming suppression
(Ey/Ny = —10 dB, N, = 10, p = 0.3).
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60 T , , . .
estimated h(x)
= = = theoretical h(x)

40

20

|
N
o
T

Figure 7.12: Estimated LOBD function for Gaussian on-off jammer.
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CHAPTER 8

Conclusions and Future Research

In this chapter, we conclude this thesis by summarizing the content of this thesis

and discussing possible future research directions.

8.1 Summary of Contributions

The major goal and contributions of this thesis is present and analyze the design of
communication systems to combat interference. In Chapters [2]through[d] we investigate
the use of multilevel coding (MLC) and asymmetric modulation in a multiple-access
system to transmit data with various levels of importance and quality of service (QoS)
constraints. Although the capability of unequal error protection (UEP) of a system
cannot be easily quantified, we demonstrated that different QoS requirements (BER) of
different data streams can be achieved through the choice of asymmetric modulation and
MLC components codes combined into one simple coded modulation scheme. We con-
sidered ML.C with asymmetric 8-PSK modulation using block partitioning, and apply
multistage decoding (MSD) for data recovery. The performance of the proposed scheme
using BCH codes is evaluated using the upper bound of decoding error probability of
BCH codes. In order to analyze the BER performance, we use characteristic functions
to derive the probability density function (PDF) of multiple-access interference (MATI)

of a quaternary DS-CDMA system. The capacity and throughput analysis shows that
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the MLC scheme (coded modulation) outperforms the regular coding scheme (indepen-
dent coding and modulation) in the low SNR region. This means that the MLC scheme
is an effective design for noisy environments. The combination of MLC and asymmetric
modulation also enables the flexibility in designing systems for the (UEP) purpose.
Another way to combat interference presented in this thesis is through the design of
the receiver to suppress interference. Specifically, in Chapters [5] through [7, we designed
receivers to mitigate interference for ultra-wideband (UWB) communications. We con-
sider impulse radio (IR) based UWB system with pulse-position modulation (PPM)
and time-hopping (TH) for multiple-access. The simple repetition coding is applied for
reliability enhancement. The goal is to design a simple, low-complexity receiver that
can perform asymptotically as well as the optimum receiver. The receiver design based
on locally optimum Bayes detection (LOBD) algorithm can effectively suppress inter-
ference while maintain a low complexity. It is demonstrated with the examples of MAI
and jamming interference. The LOBD algorithm requires the knowledge of the PDF
of the interference. For the MAI case, the PDF is derived using characteristic function
method. For the jamming interference, a Gaussian on-off jammer is considered and
PDF is obtained in a closed form. Numerical results show that the LOBD receiver
performance well under strong interference. An adaptive algorithm for estimating and
updating the interference PDF and the signal processing function of the LOBD algo-
rithm is presented to address the practical issues of the receiver implementation. The
use of quantile to represent the cumulative density function (CDF) results in simple
arithmetic of the signal processing function, which suits well with the purpose of a
simple, low-complexity receiver structure. Numerical results show that the adaptive
receiver performance is very close to the theoretical performance of the case when the

receiver has perfect knowledge of the interference PDF.
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8.2 Future Research

8.2.1 Autonomous Radio with MLC and UEP

As mentioned in Chapters 2] and [3, we investigated techniques to equip a commu-
nication system with unequal error protection capability. One of the intentions is to
design an autonomous radio with simple transmitter using a fixed coding and modu-
lation scheme without feedback from the receiver. The receiver can demodulate and
decode the received signal successfully in different stages depending on the channel
condition.

The analysis in Chapters 2] and [3] assumes the channel is a simple AWGN channel.
Therefore, there is no need for channel estimation. For realistic modeling of a wireless
channel, we have take into account the effect of multipath fading and shadowing. In this
case, even without feedback from receiver to the transmitter, channel estimation can
still be done at the receiver for the decoder to improve the performance. One direction of
future research is to consider fading channel in the autonomous radio system employing
multilevel coding. At the receiver, channel estimation and decoding can be jointly
considered when designing the system in order to attain the optimum performance.
The channel estimator and the decoder can iteratively exchange information, and it
is crucial to find what information should be exchanged between the two entities to

enhance performance.

8.2.2 Impact of Interference Mitigation on Wireless Networks

Traditional wireless network design is based on the layering structure, and the phys-
ical and MAC layers are considered separately. Radio resource access is considered as
a MAC layer problem. It is shown in [50] that this might not be an efficient way to
design routing, scheduling, and power control for wireless ad hoc networks.

Most resource allocation algorithms considering cross-layer design use the receiver
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SINR as an indication of the link quality. Based on the SINR measurement, optimiza-
tion can be done to achieve the goals such as maximizing the throughput or minimizing
the power consumption. One key component in the design is to control interference so
that a desired link quality can be maintained to achieve a desired rate. Interference
control can be done through scheduling, power control, exclusion regions, etc. These
are MAC layer protocols and do not take into account interference mitigation that can
be done in the physical layer.

It is not straightforward to quantify the effectiveness of interference mitigation al-
gorithms. SINR seems to be a reasonable measurement. However, different interfer-
ence mitigation algorithms work differently in different aspects affecting the network.
Therefore, it is crucial to create a framework that abstracts the concept of interference
mitigation in order to understand its fundamental impact on a wireless network.

One of the possible directions to continue the research carried out in this thesis is to
examine the impact of interference mitigation to different network resource allocation
issues in UWB networks. For example, by considering interference mitigation through
physical layer signal processing, it is possible to achieve the same desired receiver SINR
with a lower transmission power. This can change the power control algorithms, enable
more different combinations of target link quality requirements, and increase the net-
work throughput. This can be beneficial for low-power, energy-constrained networks.
For networks without energy constraints, the gain in throughput might still worth the
extra signal processing in the physical layer. We can investigate the balance for energy
consumption and data rate for low-power systems such as UWB [51] through cross-layer

design. This concept can also be applied to general wireless network models.
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APPENDIX A

Characteristic Function of [;

To further simplify Equation (2.76[), we have

o, (v) = ;ﬁz { 321@ ]lvz_‘; /02” /OT % exp {jy% (A)} d7d¢} (A1)

by by
where
A = |:COS ¢(b£7_10,££(l —N)+ bi,ooig,ll(l))
tan - sino(b2_,CAL1 — N) + 8,02 D)] - Rylr)

[ cos G(bf,_\ CLL L+ 1= N) + b, CLA (1 + 1))

+tan B -sin (b2 ,C (1 +1— N)+ 42,02 (1+ 1))} Ry(7).  (A2)

To evaluate the summations over Qé and bg, we note that there are 16 cases for (bé, bg) =

(bf, 1. bF 0,01, b2y) as in Table .
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Table A.1: Sixteen cases for (bf,b%).

Case bf_, bl, Y2 . b2,
1 11 11
2 11 1 -1
3 11 -1 1
4 1 1 -1 -
5 1 -1 11
6 1 -1 1 -1
7 1 -1 -1 1
8 1 -1 -1 -

Ne}

-1 1 1 1
10 -1 1 1 -1
11 -1 1 -1 1
12 -1 1 -1 -1
13 -1 -1 1 1
14 -1 -1 1 -1
15 -1 -1 -1 1
16 -1 -1 -1 -1

Introducing the periodic cross-correlation functions

0.5(1) = Cii()+ Cli(l—N), (A.3)
ik = il -clia-n, (A4)
02l = CRI()+CRl(l—N), (A.5)
0 = Pl -cilu-nN). (A-6)

we evaluate A for the above 16 cases with the following results.

Case 1:

A = [eos(@)9fh (1) + tan(3) sin(6)621 (1) | Ro(r)
+[cos<¢)e (1 + )+tan(ﬁ)sm(¢)e,§%{<z+1)} Ro(r). (A7)
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Case 2:

Case 3:

Case 4:

Case 5:

Case 6:

A,

As

[cos(@)0114(1) — tan(3) sin(@)F1 ()] Ru(7)

+ [cos(@)81 (1 + 1) — tan(8) sin()8F{ (1 + )] Ry(7).

[cos(9)011(1) + tan(3) sin(6)8Z{ ()| Ru(7)

+ [cos(@)8E (1 + 1) + tan(3) sin()BF{ (1 + 1)]| Ry(r).

[cos(@)014(1) — tan(8) sin(6)671 ()| Ru(7)

+ [cos(gz))eé{l(z +1) — tan(B) sin(¢) 0% (1 + 1)] Ry (7).

_ ([COS(gb)é\lill(l) — tan(f3) sin(qﬁ)@g{(l)] ﬁw(T)

+ [cos<¢)§,§{1(z +1) — tan(B) sin()0% (1 + 1)} Rw)) .

_ ([COS(@@ZU) + tan(p) Sin(¢)§]§?’{(l)} Ru(r)

+ [cos(¢)§,§{1(z +1) + tan(8) sin(¢)827 (1 + 1)] Rw(T)) .
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Case 7:

A~

Ar = = ([cos(@L (1) — tan(B) sin(@)FF ()] Bu(r)
+ [cos(@)BLL (14 1) — tan(8) sin(@)F] L+ 1)] Ru(r)) . (A13)

Case 8:

A~

s = = ([cos(@FA (1) + tan(8) sin(@)0L1 ()| Ru(r)

+ [cos(qﬁ)é}g{l(z +1) + tan(B) sin(¢)621 (I + 1)] Rw(T)) . (A14)

The latter 8 cases are simply the negative of the first 8 and thus we have 8 pairs of

cases. For case 1 and case 16, we have
ex 'le + ex 'le = VP 4 e T = 208 <£A > (A.15)
p{J 7ot piJ 706 ) = = T .

with similar results for the other pairs of cases. Therefore, we have

O, (v) = H {8%\72_: (;%TC/O%/OTC cos (%AJ) } (A.16)

k=2 =0

If we further define

~

27T1Tc /02” /OTC Ccos {% [(COSQb ~g(l) +asing - h(l)) Ry(7)

+(cos¢-g(l+1)+asing-h(l+1)) R¢(7')] }degb (A.17)

>

CHNIONCONY

then the characteristic function can be written as

l= =1
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where

g1(1) = 6{, ha(1) = 621, a1 = +tan 3,
g2(1) = 0%, ha(l) = 61, az = —tan B,
g5(1) = 0%, hs(l) = 671, a5 = +tan B,
gs(l) = 9,?11, hy(l) = 9,?7{, ay = —tan 3,
gs(1) = 5,?11, hs(l) = 9,(;27{, as = —tan 3,
96(1) = O, ho(l) = 7Y, a6 = +tan 3
g7(l) = /9\15,[17 he(l) = 5;?{; a7 = —tan f3,

gs()) = 011, hs(l) = 021, a5 = +tan .

(A.19)
(A.20)
(A.21)
(A.22)
(A.23)
(A.24)
(A.25)

(A.26)

As can be seen, in order to evaluate the characteristic function, we need to evaluate

f(v;l,g(l), h(l), ), which involves the computation of double integrals that can be

complicated. We can further simplify this by integrating over 7 when considering the

chip waveform W(t) to be the rectangular pulse. In this case, Ew(r) =T, — 7 and

Ry (7) = 7. Now the integrand can be written as

E

2l (cos g gl1) +asing - h(D)) Ry(r)

cos- g(l+1) +asin¢-h(l+1))Rw(T)]}

= (cos @+ g(1) + asing - h(1)) (T, — 7)

cosé - g(l +1) +asin¢‘h(1+1))7}}
{F[eoso((6t+1) - g7 +90)7.)

+ asingb((h(l +1) = (1) + h(l)Tcﬂ }
[2]((cosol(o(t + 1) — 1) + asing((h(t + 1) — @)=

+ <cos ¢g(l) + asin ¢h<l>)Tc] }

oS (FT + G>
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where

F= %(cosgb((g(l +1) = g(1) + asing((h(l + 1) — h(l))), (A.28)

and

G= %(cos g(l) + asin qﬁh(l))Tc. (A.29)

Next, we integrate E over 7 to obtain

%/chos <F7+G>d7 = %sin <FT+G>‘Z€
c JO c
_ %{sin (FTC+G> _sin (G)}

= %{2 sin (%FTC> cos (%FTC + G)}

- sinc(%FTc) cos (%FT#G) (A.30)
where
sinc(z) = 81n7gx), (A.31)
S FT = o2 ((coso(g(l+ 1) — (1)) + asin((h(1 + 1) — (1)) T
o ¢ T opT g g ¢
- #(cosd)((g(un —g(l))+asin¢((h(l+1)—h(l))), (A.32)
and
%FTC 16 = ((coso((g(t+ 1) — g(0)) + asing((h(i + 1) — (1))

( cos phy (1) + asin ¢h2(l)> T.

(cos dl(glt + 1)+ g(0)) + asin6((AL +1) + h(1))). (A.33)

%‘@'ﬂ—r@ g‘@
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Therefore we have

1 27

fwilg®hb),0) = 5o | sine{ o (cosol(gll +1) — g(0)
+asing((h(l+1) - h(z)))}
- oS {%(cos o((g(l+1)+g())

+asing((h(l+1) + h(z))) }d¢.

(A.34)
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APPENDIX B

Variance of the Interference

The derivation here follows the work in [I8]. According to Equations (2.68]) and

(2.69), we can expand Equation (2.92)) as

Wk{[ = [bI Ck: 1(% N) + bi Ck: 1(%)] éw(sk)

+ b1 G+ 1= N) 4 b - Cii (e + D] Ru(Sk) - (B

where Sy, = 7, — 1. and vy, = |[7%/Te]. If we use Equation (2.74)) to expand Equation
(B.1), we obtain

Te—1
11 I I
Wi Zb 1%, j— 7k+Na11 Zb Oakj Yk R v(Sk)
Jj=0 J="k
I
Zbk 10h NG Z Dhothy—10ly | Ru(SK)  (B2)
J=+1
which can be further expanded to obtain
Ye—1
I
= Zbk —10 - %+N“13+ Zbkoa’k] yka1]+bk0akN o= 1a1N 1 Rw(Sk)
=Yk
Ye—1 N-2
I I I
+ Dk 1 Ny 1010 T Zb 10, j— 7k+Na1j+1+ Zbk()ak] 'ykalg—H Ry (Sk)-
Jj=0 J="k
(B.3)
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Finally, the terms in Equation (B.3]) can be rearranged to obtain

Ye—1

Wit = b1 ) ey (a{,ijﬂ(Sk) T G{JHRMS’“))
=0
N-2

+bio > Gh o (a{,jﬁiﬁ(sk) + a{,jJrlRw(Sk))

J=Yk
+b£,0a£,N—'yk—1a{,N—lR¢(Sk) + bi,—ﬂi,N—%—ﬂ{,oRzﬁ(Sk)‘ (B.4)

In order to reduce the complexity of evaluating Equation (B.4)), we consider it condi-
tioned on the signature sequence of the first user {a{d} and the random variable v,
which is uniformly distributed on the set {0,--- , N —1}. We condition on v¥ = 4* and

{af;} = {a],}, and define a set of N 4 1 random variables Q;, 0 < j < N, by

bi,flaé,jf’yk+Nd{,j7 J=0, -1
bloal . . al =R, N =2
T S (B.5)

I I AT .
bk,oak,kaqal,N—lv J=N-1

I I AT .
L bk,—lak,N—fyk—lal,O? j=N

Then Equation (B.4)) can be simplified to
N-2 R R
Wi =370 [Ro(Su) + iyl a RulS)] + Q-1 RulS) + Qv RulS) - (BG)
=0

where the random variables €2;, 0 < j7 < N, are mutually independent and satisfy
Pr(Q; = +1) = Pr(Q; = —1) = 1/2. If we further define f(s) = Ew(s) + Ry(s),
g(s) = f@(s) — Ry(s), the set I'y to be the set of all nonnegative integers ¢ less than
N — 1 such that diidLHl = 1 and the set I'; to be the set of all nonnegative integers i

less than N — 1 such that d{,d{’iﬂ = —1, then Equation can be written as

2

W= "0 F(Sk) + D Qg(Sk) + Qvo1 Ry (Sk) + Qv Ry (S)- (B.7)

jery JEl2
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If we let X[F =37 cp Q, Vi1 =30 cp, I = Qn oy, and A = Qy, then we have

Wil =TT Ry (Sk) + A Ry (Sk) + X F(Sk) + Vi g(Sk). (B.8)
Similarly, WkQI can be written as
W2 =T Ry (Si) + AP Ry (Sk) + X7 F(Se) + Vi g(S) (B.9)

with HSI, A?l, X,?I, and YkQI defined in a similar way.

At this point, in order to simplify the notation, we ignore the superscript of Wi,
[y, Ak, Xi, and Yj. The random variables II; and Ay are uniform on {—1,1}, and X}
and Y, have PDF's

L
pXk(Z) = (2’+L)2_L7 /LE{_Lv_L+27 >L_2aL} (BlO)
2
, M\ v .
py,()) = (am )2 ie{-M,~-M+2,--- M—2,M} (B.11)
T2

where L = (N —1+4+U)/2, M = (N —1—U)/2. The random variable U is defined as

N-2
U= Z Q1,5 A1,5+41 (B12)
j=0

where {a;;} is the signature sequence of user 1. By assuming random signature se-

quences, the PDF of U is given by
N —1
pu(i) = (i+N1)2_N+1, ie{-N+2,-N+3,--- ,N—-3,N—1}. (B.13)
2

If ¢(t) is a rectangular pulse, we have

Wi = PSSk + Qu(Te — Sk) + Xi T, + Y3, (T, — 2Sk). (B.14)
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Let S = (S1,---,Sk) and ® = (¢y1,--- ,¢x). Then the conditional variance of W is

given by

K 2
Var [W |S,® M| = E (s/P/2-COSﬁZWk-COS¢k> 1S, ® M
k=2

K
= ECOSQﬁZE (W2 | Sk, M] - E [cos® ¢ | ¢x]

2
k=2
P
= 5 cos ﬁz [1 + cos(2¢y)] - Var Wy, | Sk, M]. (B.15)

The conditional variance of W), can be computed as

Var Wy | Sp, M] = E[IS; | Sk] + E [AJ(T. — Sk)* | Sk] + E [X;T7 | M]

+E [Y(T. — 2Sk)* | Sk, M]. (B.16)

The random variables I, and A, have variances equal to 1. Then we have

E [IS; | Sk] = Sz, (B.17)

E [AU(T. = Sk)? | Si] = (T — Sk)?, (B.18)
E[X;T? | M] =T(N - M —1), (B.19)

E [Y2(T. — 25,)* | Sp, M| = M(T, — 25;)>. (B.20)

Substituting Equations (B.17)) through (B.20)) in Equation (B.16) gives

Var [Wy, | Sg, M| = 2(2M + 1)(S7 — T.Sy) + NT?, (B.21)
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and thus from Equation (B.15)),

K
P 1
Var [W | S, ®, M] = 3 cos” 3 3 [1+ cos(2¢x)] [2(2M +1)(S; — T.Sk) + NT?]
k=2
P = NT?
= —cos’f3 Z [1 4 cos(2¢)] {(QM +1)(S7 — T.S)) + —=
2 — 2
(B.22)
By averaging over ¢y,
K
P NT?
Var [W | S, M] = 50082ﬁ; [(2M+ )(S7 — T.Sy) + 26]
K
P K —1)NPT?
= 35 cos® 3 [2(21\4 +1)(S; — T.Sk) | + ( ) ° cos® 3.
k=2
(B.23)
By averaging over Sy, since F[S? — T,Sy] = —T?2/6, we have
K —1)NPT? PT? =
Var[W | M| = ( ) ¢ cos® 3 — 1—20(:0525 (2M +1). (B.24)
k=2
For random signature sequences, E[M] = %, thus we have
K
(K —1)NPT2 ,  PT? N-1
- _Tle p |
Var[W] n cos” 3 T ﬁ;( 5+ )
K — 1)NPT? cos?
_ ) — cos’ . (B.25)
Therefore, the variance of W7 is given by
K — 1)NPT? cos®
Var[w'] = U= DNPTC cos” 5. (B.26)

6

195



Similarly, it can be shown that

K — 1)NPT?sin? 8
( JNPT;

Var[W9] = 5

(B.27)
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APPENDIX C

Probability of Detection Error of Py,

The detection error probability of c,(f) is defined as

Pa, = P(c) #8)

= P £V =80, Y =)
FP(E £ 7D (D 2D (@ 0
+P(e) 287 o) £8), o) =)

3 3) (1 1) (2 2
+P(cf #Eﬁhc,i) #a.d” £27)
The first term in the summation of (C.1)) can be written as

3 3 1 1 2 1 1 2 2
€D = P #d71e) =2 =@)Pe) =&, 47 =77

3 3), (1 1 2
= P<Cl(c) 7é8§c)|cl(c) —5;)702) _/ék))(l _Pd601)(1 _PdECQ)
The conditional probability in the above equation is given by

4F, sin’® «
3 3), (1 1 2 s
P(c,(C)#Efﬁ)|c,(€)—52),c,(€)—55€))—62 N,
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Similarly, the second term in the summation of (C.1]) can be written as

C3) = P<c§’7é6§>|c,i”—ck o) £ e P =), P £8Y)
= P(? #3Y =2, 6P #E)(1 — Pree,) Pices (C.8)

The conditional probability in the above equation is given by

1 4E, sin?(206 — «
PP £ =P 2 = L |1 ([ )

4E,sin®*(28 + )
-Q \/ N, (C.9)

The third term in the summation of ((C.1)) can be written as

1 2 2
€4 = Pl #7e) #4, c,?) =a))P) #8).¢) =2)

= P # )|V £V, =82 Piee, (1 — Piec,) (C.10)

The conditional probability in the above equation is given by

1 4F,sin*(28 — a)
P #8710 #8".¢7 =8Y) = S |1-Q \/ N,

0 \/4Es sinj\([jﬁ +0)\ | e

Finally, the last term in the summation of (C.1)) can be written as

@3 = P27 28" o £e?)Pe) #80. #&7)
= P<Cl(<:3) # ’0“123)|C](§1) % /C\ggl)? Cl(f) # /0\592))Pdecl Pd662 (C12)
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The conditional probability in the above equation is given by

4E, sin®
P #80)1e) #e) e #87) =1-Q % (C.13)
By combining the above equations, we can obtain Pjy, as
AE, sin® o
Pdet3 - Q T (1_Pdecl)(]—_Pd602)
0
Lt \/4Esm Qﬁa)
4F, sin® (20 + «
Q \/ ﬁ ) Pdecl Pd@CQ
+1 _0 \/4E sin? Zﬁoz)
2
4F,sin“ (20 + «
+Q \/ ]\(7—06 ) Pdecl (1 Pdecz)
4F, sin? o
1 -  aAr P eclp eco
+ Q ( N decy Ld
(C.14)
With further simplification, we have
AE,sin? o
Pdetg - Q T (1_Pdecl _Pdecz)
0

1 _ 4E,sin*(28 — a) 4E,sin*(26 + )
+§ 1-Q \/ Ny )+Q \/ No ) Face

% o \/4Essm2(25—a) 0 \/4E8sin2(2ﬁ—|—a)) -

No No
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APPENDIX D

Variance of the MAI

From (3.67), we know that W}/, is a function of ju, 0k, R, and Ri{. The cross-
correlations are functions of the signature sequences {af ;}, {aj;}, and {ag ;i}- There-
fore, we can obtain the distribution of Ri{l and R,?{ by conditioning on {aij}. By

doing so, the conditional distribution is given by

pr(rT.) = <%) 2~ (D.1)

where r = =N, —N +2,--- /N — 2, N. The conditional variance of Wk{l conditioned

on {af ;} and 6, is given by

Var[W/ [{a{;},0:] = Var[V2P cos ¢y cos bR} |[{a] ;}, 61]
+Var[V2P sin ¢y, sin ekRﬁﬂ{a{d}, O]
P
= 3 cos” 0 Var|cos ¢kR£{1 {aij}]

P
+§ sin? 0, Var[sin gkakQﬂ{a{J}] (D.2)
In the above equation, the variance of cos Ckaéﬁ conditioned on {a{,j} is given by

Var(cos ¢, Ry [{a1 ;3] = Elcos® (R [{aq ;3] = Elcos® u]B[(Ry)y)*[{a1 ;3] (D-3)

1,5
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where the two terms in the product are

E[cos® ¢i] = %(0052(5 —a) +cos?(B+ a)) (D.4)
E[(Ri))?[{a1;}] = NT? (D.5)
and
Var[cos ¢ Ry, |{a] ;}] = %NTCZ(COSZ(B —a) +cos? (B + a)) (D.6)
Similarly,
Var[sin gZ)kRkQﬂ{a{J}] = %NTf(siHQ(ﬁ —a) +sin?(3 + a)) (D.7)
Thus we have
Var[W,ill{aij}, O] = NZT‘? {cos.2 Or[cos? (B — a) + cos? (B + )]

+ sin® Gy [sin’*(6 — a) +sin*(6+ «)]}  (D.8)
Average over 0, we have

Var[Wyiy] = Eo,[Var[W,[04]]

= NZTCZ {E[cos2 0x)[cos®(B — a) + cos?(B + a)]

+E[sin® 6] [sin*(8 — a) + sin*(8 + )] }

2
_ NZTC {%[cos?(ﬁ — @) + cos?* (B + a) + sin?(3 — a) + sin®(3 + 0‘”}
NPT?
_ nPT (D.9)
Therefore,
K
Var[W]] = ZVM[Wk[J] - E- I)NPTCQ' (D-10)
k=2
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Similarly, we have
(K —1)NPT?

Var[IWWZ] = (D.11)
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APPENDIX E

8-PSK MLC Capacity

The AWGN channel output Y is complex and can be decomposed into I and Q
components Y7 and Yy, respectively. The mutual information of ¥ and X; can be

written as

(VX)) = I(X)Y) = I(X1: Yy, YD) = I(X1: Yo) + (X1 Yi|Yo) (E.1)
—_——

0

The last term I(X;;Y7|Yg) = 0 is due to the fact of independence of X; and X, (I and

Q components) introduced by block partitioning. Similarly,

I(Y:; Xo|Xh) = I(Xo; Y| Xy) = [(Xo; Yo, Vi Xq) = I(Xo; YolXh) +1(Xo; Yi|Yg, X1)
———
0
= I(Xy;Y)) (E.2)

We start the analysis of I(Y;X;) = I(X;;Yp) with the assumption that P(X; =
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0)=P(X1=1)=13. Let Ay = /E cos(B + ), Ay = /Escos(3 — o). Then we have

1 1
flyq) = §f(y62|371 =0)+ §f(yQ|371 =1)
o2 {2 V2mo? =P ( 202 " 2\/2m0? P 20?
1f1 1 (yq + A1) 11 (yo + No)?
+ 2 {2 \/2770'2 eXp ( 20'2 + 2 \/271-0-2 eXp 20-2

The mutual information 7(X;;Yg) can be computed as the sum of conditional mutual

information
16:0) = 27 Fluole = 0)log, (LU =00 4
2 ) f(wq)
1 [ =1
t 3 /_OO fyglzr = 1)log, (%) dyq
Let

1% = i5¥e) = [ Jluln = o, (%) dyg, i — 0,1

we have

1 1
I(X1:Yg) = §[(X1 =0;Yg) + §[(X1 =1;Yp)
When X; =0, I(X; = 0;Yp) can be computed as

1% =0:Y0) = [ ftoln =0, (%Q):”) dyg

1 /OO ( _ (vg—21)2 _ (vg—22)2 ) | Wd
= e 202 + e 202 og 1Y
2V 2102 J - 2 @
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where

. _wg-a1)? _(wg—A9)?
—_— 0'2 0'2
2V 2mwo? € 2 Te :
W = 2 2 2 2
1 _ (yg—A1) _(yg+a1) _(yg—~2) _(yg+A2)
Voot e 202 + e 202 + e 202 +e 202
(yQ—A1)2 (yQ—A2)2
21 e 202 +e 202
- _(yg—21)? _ (ug+ag)? _ (ug—29)? _ (yg+Ag)? (E8>
e 2052 +e 2052 +e 2052 +e 202
Let u = 2, ddy—z = 1, dyg = udu, then
(=512 (u=52)?
2(e” 2 + e 2
W= (=52 (ut 512 (u—52)2 (ut 52)2 (E-9)
e 2 e 2 e 2 e 2
With the factorization
Cwrsh)? @-51% oAy
e 2 =e 2z .ot (E.10)
and
Ag\2 2,2
_(u+32) _(w=22) oAy
e =e 2z .elot (E.11)
it can be simplified to
(=312 (=522
2({e 2 +e T 2
W = E.12
=g oA1, (=522 9By (E12)
e 2 l+e™") +e 2 1+e =7
Let
(2,9) 1 o ,(u—;)Z n ,(u;y)'”’
n\r,y) = € € :
221 J
N2 N2
9 <6_(u ) n U )
10g2  (u—=)2 (u—y)2 du (E13>

e 2
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Then we have

Ay A
I(X,1=0;Yy) = o (—1»—2)

oo
(Bt o) g,
o o
Similarly, we have
I(Xi=1Yy) = o (—%7—%>
_ (_\/E - cos(f + ) | VE; - cos(B — a)) (E.15)
o o
Therefore,
[(X1:Yy) = %gl (\/E'COGS(BM), \/ECOO_S(B — O‘))
+191 (_\/E'COS(BJFQX VB el a>> (E.16)
2 o o
Similarly, it can be shown that
e = L (LB B i)
U R AR ) R

To compute the mutual information of Y and X3, we have to consider the four cases

of the pair (X7, X5). Thus,

1
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With similar derivation, we have

1 VE, -sina 1 VE; -sina
IY; X3/ X1 Xo=00) = -go | —— | + =¢o | ————— (E.19)
2 o 2 o

where

1 & _(ufac)2 2

Due to the symmetry of the constellation, I(Y; X3|X1Xs = 00) = [(YV; X5/ X1 Xy =
01) = I(Y,X3|X1X2 = ]_0) = I(Y,X3|X1X2 = ]_1), we have

1 (@)j& (_M) (E.21)

I(Y; X351 X1X5) = 592 592 -
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