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Strip Blowing from a Wedge at Hypersonic Speeds
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and
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Surface pressure distributions are derived when gas is injected through a strip at the surface of a thin wedge in
uniform flow at high Mach number. The blowing velocities are such that the flow separates ahead of the blowing
region, but the layer of blown gas remains thin. Asymptotic descriptions of the separation region and the blowing
region are reviewed and extended, for weak laminar viscous interaction and a cooled surface. An example with

blowing through two strips is also given.

Introduction

URFACE pressure distributions on a body in high-speed flow
can be drastically altered if gas is injected at the body suiface,

through the distortion of the flowfield as well as through the mo-
mentum flux at the surface. One case of blowing from a strip on
a flat plate was studied by Smith and Stewartson.! In this case the
supersonic laminar boundary layer separates somewhat ahead of
the blowing region and moves away from the surface as a free shear
layer at nearly constant pressure. Between the separation region and
the location where blowing begins, a small part of the injected gas
moves upstream at a low velocity to supply the mass needed for
entrainment in the lower part of the shear layer.? In the neighbor-
hood of blowing a favorable pressure gradient turns the blown gas
toward the downstream direction. The layer of blown gas is still thin
but gradients are small enough that viscous stresses are small, and
the flow here is described by inviscid boundary-layer equations.’
Downstream of the blowing region the pressure is assumed con-
stant and equal to its undisturbed value, with no reversed flow near
the wall.2

The flow properties in the laminar free interaction at separation
are nearly independent of downstream conditions, and are described
asymptotically at large Reynolds numbers by a variation of the triple-
deck theory. The formulation relevant to self-induced separation at
supersonic speeds was given by Stewartson and Williams* and by
Neiland.’ In effect the length scales are reduced near separation, and
locally the flow is approximately a rotational inviscid flow with a
new thinner boundary layer close to the wall. The asymptotic form of
the solution somewhat downstream of separation, as the appropriate
scaled variable becomes large, was described by Stewartson and
Williams.6

As the Mach number increases, the length of the local-interaction
region grows, as does the thickness of the viscous sublayer, until
the interaction is no longer local, when the hypersonic viscous-
interaction parameter is no longer small. In different terms, if the
Mach number is large, the boundary layer has only a small effect
on the external flow at points sufficiently far downstream: the inter-
action is weak. But closer to the leading edge the streamline slopes
are no longer small in comparison with the slopes of characteristics
in the external flow, and the boundary-layer thickness can not be
neglected in a first approximation: the interaction is strong.

If separation occurs in the weak-interaction region, the asymptotic
description is still local, as explained by Brown et al.” Moreover, the
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scale of the interaction shrinks as the wall temperature decreases.
This was noted first by Neiland® and has been discussed further by
Brown et al.® and Kerimbekov et al.!? At high Mach numbers, if the
wall is cooled, the first approximation to the boundary-layer solu-
tion satisfies a condition of zero wall temperature. This, of course,
must be corrected at small distances: from the wall, as explained
by Neiland® and later by Seddougui et al.!! in a discussion of the
effect of wall cooling on stability. In a particular limit it is found
that the triple-deck solution must be augmented, since the displace-
ment effect of the changes in the main boundary layer is no longer
of higher order than that of the sublayer.”~'° For still smaller wall
temperatures, the scales continue to decrease; a detailed asymptotic
description for this case has recently been given by Kerimbekov
et al.'" In the blowing region, the pressure changes must be com-
patible-in the subsonic blown gas and the supersonic outer flow. If
the transverse pressure gradient remains small, the problem can be
reduced to solution of an integral equation for the pressure. Results
for the pressure distribution and for the location of separation were -
given in Ref. 1 in the case of uniform blowing.

In the present work the analysis of Smith and Stewartson' is
extended to flow past a wedge at high Mach number. A description of
separation from a cooled wall similar to that of Brown et al.” is given
in terms of the physical coordinate rather than the Dorodnitsyn-
Howarth variable. A complete asymptotic flow description leads to
a simpler expression for a constant in the pressure-displacement
relation. This part of the present derivation, given initially in the
1991 conference version of this paper, closely resembles that of
Kerimbekov et al.!® The formulation for the blowing region is the
same as in Ref. 1 and is applied to some specific examples, including
acase with blowing through two strips. Some representative pressure
distributions are shown.

Formulation

A thin wedge of length L and small half-angle o <« 1 is placed
at zero incidence in a uniform hypersonic flow at a Mach number
My, > 1. A perfect gas is assumed, with constant specific heats.
Coordinates x* and y* are measured along and normal to the upper
wedge surface, respectively. Gas is injected in a direction normal to
the surface from a slot occupying the region x} < x* < xJ, where
x; > Oand x] < L, as shown in Fig. 1. (Slopes of shock waves
and characteristics in Fig. 1 have been exaggerated in an attempt at
greater clarity.) The blowing velocity is such that the flow separates
from the surface at alocation x* = x; upstream of the slot. The value
of x} is unknown in advance and is determined as part of the solution,
in terms of parameters including slot length and blowing velocity.
It is assumed that the added mass is not so large that the separation
point has moved to the wedge vertex; i.e., 0 < x} < x}. Separation
of the laminar boundary layer occurs through a hypersonic free
interaction in a small neighborhood of x* = x}, where the pressure
rises to a constant plateau value determined through a local triple-



844 MESSITER AND MATARRESE: STRIP BLOWING FROM A WEDGE

%Expansion Waves

Shock Waves

Weak Reflected
Expansion

—2 Shear Layer

Fig. 1 Wedge flow with strip blowing.

deck analysis of the separation region. The pressure begins to drop at
x* = xg,and for x] < x* < x{ the blown gas is turned downstream
by the favorable pressure gradient.

The velocity, pressure, density, temperature, enthalpy, and vis-
cosity coefficient are u, p, p, T, h, and u, respectively, with cor-
responding undisturbed values %o, Poo, Poos Toos Aoos and hoo. The
Reynolds number based on x} and freestream quantities is Re =
PoolocXy [ Moo The viscosity is assumed to vary as a power of
the temperature i/l = (T/Tx)®; at high temperatures the
Sutherland law is recovered for w = % whereas comparisons with
certain existing results can be made if w = 1.

The problem formulation is given in terms of four small di-
mensionless parameters: the wedge half-angle «, the reciprocal
1/My of the freestream Mach number, the reciprocal Re™! of
the Reynolds number, and a nondimensional surface temperature
6=T,/ (Mozo Ts). A limiting case is considered where M, — 00,
o — 0, Re — o0, and & — 0, such that My« is fixed (hypersonic
small-disturbance theory) and Mf;r ©Re~} - 0 (weak viscous in-
teraction); the order of magnitude of 8 is chosen later.

The undisturbed wedge flow has shock-wave angle 8 ~ apy,
nondimensional pressure p/ps, ~ MZa?py, and Mach number
M ~ a~'M, found in the hypersonic small-disturbance limit from

2 1

y+1 y+1 1 :
= 1
a=2 () ®
P0=Vﬁo+w 2

1 By—1
— = )]
Mg ﬂO Po

where y is the ratio of specific heats and fy/(Bp — 1) is the density
ratio across the shock wave. Near separation these quantities charac-
terize the uniform undisturbed wedge flow external to the boundary
layer; similarly, in the blowing region the undisturbed flow above
the separation streamline is the uniform wedge fiow. Whereas an
outgoing wave will be reflected at the shock wave, the strength of
the reflected wave is numerically small in comparison with that of
the incident wave; although these reflections are not weak in an
asymptotic sense for the limiting case considered here, they will
nevertheless be neglected. For x; close enough to xj, the refiected
wave reaches the separated shear layer at a location downstream of
the slot, as depicted in Fig. 1, and causes a small outward bending
of the shear layer at that location. For smaller x7, this bending can
occur above the slot; the turning angle can be calculated from the
strength of the incoming wave.

Separation Region

The boundary-layer equations, plus the equation of state and the
viscosity law, can be written as '

d(pw) _ d(pv) _
ox* ay*

du du dp d ou
= 5
p<u8x*+vay*>+dx* By*(uay*)-i- (5)

0 “

oh ok dp _ o (wonY, (ou 2+
4 »
P\U% V8 ) Max T ey \Prayr ) T H\ oy
©)
1/ ioo = (T/Tw)® )

where Pr is the Prandtl number and R is the gas constant. At the
wedge surface y* = 0 it is required that

P = pRT,

u=v=0, T =T, = const ®)

For large M., the boundary layer has thickness equal to the dis-
placement thickness §*, since the mass flow in the high-temperature
boundary layer is small.!? The interaction parameter x measures the
ratio of a typical streamline slope in the boundary layer to the slope
of a characteristic in the inviscid wedge flow. Here x is defined for

a length x by

M M2
x= 7"8, b= —2 ©)

1

5 1

i L
ap, Re?

The displacement thickness is §* = (const)x}$; if w = 1, the con-
stant factor is 0.332(y —1). The product M2 o? is considered fixed in
the limit, but it is possible to recover the results for a flat plate when
Mo — 0, since in that case M2 a?py —> 1 and My/o - M.
Thus for a flat plate, x as defined here reduces.to the usual expres-

sion M2+e/ Re:.If x is small, the boundary-layer thickness is small
in comparison with the wedge thickness except at points very close
to the leading edge, and the interaction between the boundary layer
and the external inviscid flow is weak, except near the vertex. In the
following, it will be assumed that the interaction is weak; that is,
x — 0. The size of 6 in terms of x will be chosen later.

The undisturbed boundary-layer profiles are given by

wie = Ug(Y) + - - -, T/To = METo(Y) +--- (10)
where Y = y*/(x}$) is the boundary-layer coordinate. Since the
boundary-layer thickness may be set equal to the displacement thick-
ness, the edge of the boundary layer is located at ¥ = §*/(x*8).
In the inviscid flow outside the boundary layer, u#/u,, ~ 1 and
T/Tw = O1). Thus Uy — land Ty — Oas ¥ — 8%/(x}3);
whereas, fromEq. (8), Uy — O0and Ty — QasY — O;if Pr = 1,for
example, then Ty = (y —DUp(1—-Ujp)/2. AsY —> 0, it follows from
Egs. (5) and (6) that T;°Uj ~ A = const and Ty’T§ ~ Ar = const,
so that Ty ~ [(@+ DArYIV@*D and Uy ~ (A /Ar)Tp as ¥ — O.
On the other hand, at the wall T = T,, < M2 Ty, and the profiles
must be modified when ¥ = ©O(6“*!) to have the form

W/ = 0U(Y) +-- -, T/To = OMLTy(Y) +--- (11)

where ¥ = ¥/6°t! and

Te0g= A, Iy Ty = Ar, Uo©0) =Tp(0) —1=0
12)
so that
To = [1 4 (@+ DAr Y]V, Uo = (W /ar)(To—1) (13)
This formulation appears to have been given first by Neilénds; these
modifications near the surface have also been noted by Seddougui
et al.,!* Brown et al.,’ and Kerimbekov et al.10
In the neighborhood of separation the reference length in the flow
direction is small, and the proper streamwise coordinate is

Y A 14
x-A ;}:— ()

where A = A(),0) < 1 and is to be determined. In most of the
boundary layer, for the case to be considered here, the perturbations
in u and p are chosen to be of the same order of magnitude, say
O(g), where ¢ = £(x,8). A consequence of this choice will be
a relation between the orders of magnitude of 9 and x. The flow
variables are then expanded for x = O(1) and ¥ = O(1) in the
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form
2 = U(Y) + U (2, Y) + -
8
— = —eVi(x, ¥) 4 s
Uoo A
P/ (M2 popsc) = 1 + 6y Pi(x, ¥) + - -- (16)
T —’T Y)+eTi(x,Y)+
MiTy ‘o 1(x,
5 = po(Y) +eo1(x,¥) +--- an
o* PopPso
The perturbation quantities satisfy linear differential equations
po(Usx + Viy) + Uoprs + pp Vi = 0 (18)
UgUs, + UgVy + Pii/po = 0, Py =0 19
UoTix + TyVi = (v — DUo Pix/po =0 (20)
and the equation of state gives
T
wh=1,  yp=24 @1)
. o To

Thus the viscous forces are of higher order than the convection
and pressure terms, and the equations for the first approximation
describe small disturbances to an inviscid rotational flow.

The solutions to Egs. (18-21) are

1% Y1
A P;f (—"5 - l)dY — A, (22)
Uy 0 UO )

U, = PU’/Y(TO l)dY P, To +UA,  (23)
1= "] i - T 0
0 0 Ug Uo

Y

T

T, = —PITO’/ (5"2— - 1>dY+ (v = DToP, + TyA; (24)
0 0

' 1

where Py = Pi(x) and A; = A;(x); Up/T,’ is equal to the local
Mach number. The integral exists, since Ug-and T, are O(Y V/@+1)
asY — O;thusas Y — 0,

Vi ~ ~Un(P) 4} (), Uy ~ Up(D) Ay (x)

Ty ~ T (Y) Ar(x) 25

When ¥ = (O(6“*'), the proper coordinate is ¥ rather than Y,
and the profiles Uy(Y') and Ty(Y) must be replaced by 0Us(Y) and
0Tp(Y). The convection terms are now the largest terms in Egs. (19)
and (20), so that the solutions for ¥ = O(1) have the same form as
in Eq. (25) but in terms of the barred profiles. Thenas ¥ — 0

8
2o~ _Zegmoaral, -~ 9TOAY + £A)
U A Uso
Do | gopp(¥ + 54 26)
~ e
MLTy T 1

As in the conventional triple-deck theory, viscous forces can no
longer be neglected near the surface, and different asymptotic rep-
resentations are required in a thin sublayer where ¥ and ¥ are small.
An inner variable y is defined by

Y 1y
T T
where £ = ¢(x, 6) < 1, and it will be found that £ also satisfies the
stronger condition ¢ < 6“*!; thus, the sublayer is thin enough that
the solutions there should match with the solutions given by Eq. (26).
The limit process for the sublayer is chosen such that all terms in
the boundary-layer momentum equation are of the same order, the

@n

largest terms in the solutions for u are matched, and the solutions
for p are matched. Since the pressure perturbation is O(g) in the
sublayer as well as in the main boundary layer, these conditions lead
to expansions in the form

-—y—— =e%9%u1(x,y)+--- (28)
Uso
v _1 .1
— = A8s7202v;(x,y) + - (29)
Uoo
—r 14+ eypi(x,y)+--- (30)
MZ,e popoo
T
=0 +-..
MET. + Gn

where the scales A and ¢ are found in terms of ¢ as

A = A"2e399ts, ¢ =a"lelgots (32)
The perturbation quantities satisfy the incompressible boundary-
layer equations

Uty + Uly =0 (33)

Uiy + vilyy + pry = Uyyy, p1y =0 34

with boundary conditions #; = v, = Oaty = 0and initial condition
Uy ~yasx »> —00. As y - 00,

up~y+A, v~ —Ay (35
where the function — A (x) implies an effective shift of the origin for
¥, and so represents a scaled change in displacement thickness of
the sublayer. The form of the expansions defined by Egs. (28-32) is
independent of the relative sizes of the small parameters x and 6.

The interaction of the boundary layer with the external flow deter-
mines a relation between p; and A, as well as a definition for & and,
therefore, expressions for A and ¢. In the flow outside the bound-
ary layer, the pressure and the velocity components satisfy a linear
wave equation, for x* — x¥ = O(x}A) and y* = O(x}aA/Mp).
If only outgoing waves are present locally, the result at the edge of
the boundary layer is the usual linear-theory relation between the
pressure perturbation and the streamline slope. Since these quanti-
ties are continuous at the edge of the boundary layer, the solutions
in the main boundary layer evaluated at ¥ =8*/(x}8) must satisfy
this condition. It follows that

ePr+ - = x(e/A)Vi +--- (36)

at’Y = §*/(x}5), and so A = O(x). Matching the second terms in
u from Egs. (26) and (35) gives £ = O(6***') and A = (const)A.
Combining with Eq. (32) then shows that 8 = O(x /“+2) for the
case considered. It is convenient to introduce constant factors in
such a way that the pressure-displacement relation found from Egs.
(36) and (22) contains a single parameter Q. Since also p; = P,
the results are

1
0
A =0T ix AR (38)

pr=—-A'— —p; (k1))

1 1
£ =A2 X 2,
where the parameter Q is defined by

QI = 6“+ip-iy i, 1=/ T0(1~I°§)dn (39)
0 Us

The -integral I in Eq. (39) has been rewritten in terms of a
Dorodnitsyn—-Howarth variable n defined by dY = Todn; asn — 0,
both T, and Uy are O(n~"/*). The streamwise length scale A =
O(x) has been made specific by the choice A = Q1y, for conve-
nience in recovering the case of large Q, as noted subsequently; it
follows also that { = QJe. Equation (37) serves as an additional
boundary condition for Egs. (33) and (34) as y — oo, and can be
regarded as an interaction condition.
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Fig.2 Flow structure near separation.

Thus, the special case in which the displacement effects of the
viscous sublayer and the main part of the boundary layer are of the
same order of magmtude corresponds to a limit such that x — O
and & — 0 with 6°+3 /X i held fixed. In this limit, the scalings in
Eqgs. (14), (27), and (32) are, as already noted,

A= Qly, ¢ =Q0lIs (40)
and so the coordinates become
x* —xD)/x; = QIxx, Y = Qley “1)

The flow regions are sketched in Fig. 2. The length scales for the
local external flow are the same as for the boundary layer: for
x* —x} = O(x}A), disturbances in the outer flow extend only to a
dlstance y* = 0(8*) and notto a st111 larger distance as in the usual
triple-deck theory. Since ¢ = O(x %) and x = OB**?), it is seen
that { « 6%, as anticipated following Eq. (27). Thus, the interac-
tion occurs 1n a streamwise length O(xx¥), and the sublayer thick-
ness is O(x 2 f 8%); if = 1, the nondimensional wall temperature
is & = O(x ), and the reglon where corrections to Uy and Ty are
required has thickness O(x 3 8%).

Parameters equivalent to Q have also been given in Refs. 7-11;
in Refs: 7 and 11 the exponent w was taken equal to one. The inter-
action relation (37) has been given by Neiland,® by Brown et al.,” by
Brown et al.,” and by Kerimbekov et al.!? In the second of these, the
coefficient of p} has the same dependence on x, 6 and on the profile
shapes, and is of order one because y — 1 <« 1 rather than 8 <« 1.
Brown et al.’ used a Dorodnitsyn~Howarth variable, obtained a di-
vergent integral, and gave a more complicated right-hand side.

For a constant-pressure boundary layer with Pr = 1, the integral
in Eq. (39) can be evaluated by setting Ty = (y — D)Uo(1 — Uo)/2
and taking numerical values from the Blasius solution

2
1 -1
1= —1)-0.664— (”T) 1721 42)

If y = 1.4, the value is 0.0905. Thus for this profile, the main
boundary layer behaves as a supersonic flow, since from Eq. (22),
with interaction omitted, the displacement thickness decreases as
the pressure increases. On the other hand, since —A is a sublayer
displacement thickness, the first term —A’ is positive in Eq. (37).
Values of plateau pressure p,  given in Ref. 9 are p; s = p;(00) =
1.809, 1.681, and 1.564 when the value of Q in Eq. (37) is oo, 1,
and 0.5, respectively.

For large Q, the forms of the sublayer expansions in Eqs. (28—
31) are unchanged. In the main boundary layer, the pressure per-
turbation remains O(¢), but the velocity, temperature, and density
perturbations in Egs. (15) and (17) are O(Qe¢), because it follows
from Eqgs. (38) and (39) that A; = O(Q), and the choice A = QI x
gives V; (x, §718* /x¥) = QI Pi(x). Asaconsequence, the pressure-
displacement relation in Eq. (37) becomes p; = —A’. If w = 1, the
formulation for the first approximation is then identical to that of
conventional triple-deck theory in the limit asM,, — oo.

On the other hand, Eq. (37) requires modification if Q — 0, when
the displacement effect due to the main boundary layer becomes
large compared to that of the sublayer. The factor A introduced in
the scaling (14) for x*, and defined in Eq. (40), now should not
include the factor Q, but should be simply A = x, with the factor
I remaining in the interaction condition so that in the limit Eq. (37)

is replaced by Ip; + p; = 0. A detailed description of the limit-
ing flow as Q — 0 has recently been given by Kerimbekov et al.'0
for the hypersonic boundary-layer interaction at a shallow compres-
sion.corner. They considered both the supercritical case 7 > 0 and
the subcritical case I < 0, concluding from the sign change in the
exponential solution for p, that the pressure rise occurs primarily
downstream and upstream of the corner, respectively. In each case
smaller length scales become important and a still more compli-
cated asymptotic structure arises. For the present free-interaction
problem it seems reasonable to anticipate that a sign change in the
interaction relation would affect primarily the flow details in the sep-
aration region and that the pressure rise would again occur primarily
downstream or upstream of the separation point, respectively, when
I > 0orl < 0.Ifthisis true as Q — 0, a corresponding shift in the
location of the pressure rise would also be expected to persist when
Q is not small, with the changes occurring earlier for I < 0 than for
I > 0. The present solutions are restricted to values of Q that are not
small, since the case Q — 0 has not been considered further here.

Blowing Region

Gas is injected from the surface in the range xj < x* < xj,
with separation occurring farther upstream, at x* = x, where 0 <
x; < xg. Downstream of separation the separated boundary layer
moves away from the surface as a thin free shear layer at nearly
constant pressure. A low-speed backflow,? accelerated by a higher-
order pressure gradient, provides the small amount of mass required
for entrainment in the thin shear layer for x < x* < xj. Most of
the added mass, however, is turned downstream by the favorable
pressure gradient for x§ < x* < x7, as indicated in Fig. 3. Since the
mass entrained is small in comparison with the total mass added at
the wedge surface, the streamlines entering the shear layer originate
at points very close to the beginning of blowing.

The slope of the separated shear layer is dy*/dx* = A2 X 2
pira/My. At x* = xg, the beginning of blowing, the distance from
the surface to the shear layer is y* = 8, where

8o = (a/M)A2 X2 py (x5 — x7) 43)

Suitable coordinates for the blowing region are, therefore,

B X* — x* B y*
i=— 2, V== 44)
Xg — X -8

where 0 < ¥ < ¥; and X is the value of ¥ at x* = x}. The shear
layer has a thickness small in comparison with 8o and is defined by
y= A(@®), with A(0) = 1. The solutions are expanded in the form

u w .1 1 Lo ;
Pl v ,m)»4x4pffu1(x,y)+--- é5)
..% ~
5 8o 101 4
—_— = — A xip] 46
i Mo —x XApi X, 9) + - (46)
4 11 . e o~
_— ] A2y?2 . e 47
M pop +AZx3ypirpi(%, ) + (CY))
T .
— =T, 4 48
Too + (48)

Expansion Waves

/ / / Shear Layer
-

O /My,)
.

Fig.3 Some flow details for strip blowing.
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where the temperature is nearly constant because the local Mach
number is small. If the temperature of the injected gas were the
same as that of the surface upstream of the slot, then T,, would be
equal to M2 . The differential equations for the flow perturbations
are inviscid boundary-layer equations

di; 0vy —0 49
% = 8y ' “9)

3111 aul _ aﬁl aﬁl
u,a + T % =0 (50

The surface boundary condition in the blowing region is

By = b1 (F) at  §=0, O0<i<i 1)

A stream function is defined by

oy . Ly A
'a—y‘—'ul ry il (52)

Integration of the first of Egs. (52) gives

d Fo g
&=f ‘”——f D g, (53)
. ¥l 3 uy

where a streamline is denoted by the location %,, () whereupon it
leaves the wall in the blowing region, and so dy//dX,, = —1y,,, with
X, (0) = 0. Equation (50) then implies the Bernoulli equation

p1(xw) 60

Outgoing waves that originate in the free-interaction region
will be reflected from the shock wave, but the reflections will be
numerically quite weak. For simplicity these reflected waves will
be ignored; their effects could be added later if it were desired. (The
location and strength of the waves reflected from the shock can
be calculated, and incoming waves at the free shear layer can then
be taken into account. If (x{ — x§)/xg is small enough, as suggested
in Fig. 1, the correction will be entirely downstream of the slot.)
Since the pressure above the shear layer is then linear in the slope,

P + 31X, %) =

AFE =1 +/ prdxE (55)
0

and p,(0) = 1, since the pressure at the beginning of blowing is
equal to the plateau pressure achieved downstream of separation.
Combining Eqgs. (53) and (54), also
1 g Y w ~w diw : .
A =— [ el (56)
‘ 2t o {BiG) - B}
For the special case 9, = const, the solution! can be found as a
series in the inverse form

dx >
— ==Y A,(1—p)=PA (57)
dp, nZ=o:

1 - . . .
where Ap = 22 /(wvy,) and A, satisfies a recursion relation for
n > 0, namely,

_ @M T@/ .
An = i}lw F[(I’l + 1)/2] (An—l An—3) (58)

with A, taken to be zero for k¢ < 0. Evaluation of Eq. (55) gives

A®D
1+ n+1 .
— P
(59)

Following Smith and Stewartson,' it is assumed that there is no
separation at the end of blowing, where ¥ = X;. Then farther down-
stream, for ¥ > X, the flow must be parallel to the surface, for there

oo
4
=1 E —_— A 1 — p,)+b/2
+n=0 (I’l+1)(l’l+3) n ( pl)

would otherwise appear to be a contradiction: either the low-speed
flow adjacent to the surface decelerates and the pressure begins to
rise again, or this flow accelerates and the separation streamline from
x* = x¥ has negative slope. It is, therefore, assumed that p; = 0 at
X = X;. Integration of Eq. (57) then gives

* *
X — X

o0
1
% = =2 An 60
e (60

Since the A, depend on #y,,, Eq. (60) specifies the location of sep-
aration x* = x in terms of the scaled blowing velocity vy,,. If 0y,
is small, separation occurs at a point very close to the beginning of
blowing!

Xy —x3 3v1w

) ’
EREI

If, instead, Dy, is large, a first approximation for the location of
separation is

*
X —x3

x1 *xo 7Tv1w [1 +O(§l—u§)] (62)

5 23

where it is understood that the length x} — x; of the blowing region
is O(vlw x3) and is small enough that x7 > 0. Thus, for large v;,, the
distance from separation to the slot is proportional to the product of
blowing velocity and slot width; i.e., xJ — x] is proportional to the
rate at which mass is added. The corresponding pressure distribution
in the blowing region x§ < x* < x{ is found from

~\ 2 ~ ~\ 3
e () sl () e o
x 229, L ¥ \ M

Thus, the pressure is constant from separation until the beginning
of blowing and to a first approximation for large v, is quadratic in
x* — x; in the blowing region; the length O(x; x) of the separation
region is small in comparison with the other lengths.

The interaction parameter x has been defined by Eq. (9) in terms
of the distance x; from the wedge vertex to the separation point,
where x; depends on the location and strength of the blowing and is
obtained as part of the solution. Thus, the definitions of the quantities
8, iy, Dy, and Py in Egs. (43), (45), (46), and (47) also depend
on the value of x}, which is unknown in advance. For example,
the initial value of P11 is p1(0) = 1, whereas the actual pressure
perturbation at the begmmng of the strip is propomonal to x 2 P1(0),
which increases as x; decreases. For some purposes it is preferable,
instead, to think in terms of quantities that depend on a specified
length, say, the distance x] from the wedge vertex to the end of
the strip within which mass is added. This can be accomplished by
replacmg X with an interaction parameter x; based on xj instead
of x¥. Then each of the quantlltles 80, i1, 01, and p; is multiplied by
a power of x/x1 = (xj/x})2, as indicated in some of the figures
described subsequently.

Pressure distributions found from Eq. (57) for various values of
the scaled blowing 1velocity vy, are shownin Fig. 4, for x7 /x] = 0.5,
by plots of (x/x1)2 P1 vs x* /x}; these curves are equivalent to those
giveninRef. 1. Onthe scale of the wedge length the pressure increase
near separation appears as a jumnp, and the location of separation
is seen to move upstream as ¥y, increases. The magnitude of the
pressure jump mcreases as separation moves forward since the jump
is proportional to x } and X is proportional to (x*)“ When 9y, =
0.2, separation occurs very close to the begmmng of blowing, as
predicted by Eq. (61). For 9;,, = 1.0, the pressure is close to the
form for large ¥y, given by Eq. (63). The scaled location of the
separation streamline is plotted against x*/x; in Fig. 5, again for
several values of ¥1,. The slope is constant between separation and
the beginning of blowing and decreases to zero at the end of the
blowing region. The value of the initial slope is proportional to
the pressure increase at separation and, therefore, increases as ¥,
increases.
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Fig. 4 Scaled pressure distribution for various scaled blowing veloci-
ties.
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Fig.5 Scaled location of separation streamline for various scaled blow-
ing velocities.

The mass flow rate i per unit span is

o
rh:/ [pvl5=0dx™
%

o u 3 3 3 .
= (M0 popec) 3= —— A3 X v iy i (64)
® M, T2
where the nondimensional mass flow s, is defined by
3 1 -
) L xf—x§ . X
m; = —3—1—*—0‘/‘ Viw d':“ (65)
2 X1 Jo *

X1

The integrated force change and the location of separation are shown
in Fig. 6 in terms of m;. The distance between the separation point
and the beginning of blowing is very small when m; = 0.2, as is
also evident in Figs. 4 and 5. This distance increases as 7 increases
and becomes nearly linear in #2; when r, is greater than about 0.6,
in agreement with Eq. (62). The added pressure force acting on the
wedge surface has the form

*

X 1
AF=/ Apdx* = ML popohi xlypiyxiFL (66)

®
0

in terms of the interaction parameter x; based on x}; here Ap is the
difference between the surface pressure and the undisturbed wedge
pressure. The scaled force change Fj is

1 Y%
k= ~—+/ Dd—
X1 0 X1
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STRIP BLOWING FROM A WEDGE
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Fig. 6 Integrated scaled force change and nondimensional location of
separation, as functions of scaled mass flow rate.
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Fig. 7 Scaled rate of mass addition vs nondimensional location of slot
leading edge, for constant values of scaled force change or scaled blowing
velocity.
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where the first term arises from the constant pressure in x} < x* <
xg. From Egs. (60) and (61), it is seen that F) is zero when i;,, = 0;

_F) then increases as 7y, increases, as in Fig. 6. At the larger values

of #1,, shown in the figure, the force change is approximately equal
to the pressure increase in the plateau region multipled by the length
of the separation region.

Figure 7 shows the required mass flow vs slot width for several
values of integrated force. In the figure, the leading edge x* = xj
of the slot moves rearward from the wedge vertex as the coor-
dinate xj/x} increases from zero, and the slot width approaches
zero as x;/x; approaches one. The force change F) is seen to
depend primarily on the mass flow m;, since the lines of con-
stant force are nearly horizontal: if the slot width changes, but the
mass flow is held constant, the variation in F) is very small. Lines
of constant scaled blowing velocity (x/ xl)% V1w are also shown;
these are straight lines, since the mass flow is proportional to the
slot width. The boundary at the left of the figure is a curve for
which the blowing velocity or slot width is large enough that the
separation point x* = x; is very close to the wedge vertex, at
x} = 0.01x].

Next it is supposed that gas is injected from two strips, defined
by x5 < x* < x{ and xJ < x* < x5 (Fig. 8). For the first strip, the
coordinates and scaled quantities are defined in the same way as in
Eqs. (44-48), but with the superscript (1) added to the notation to
distinguish quantities which refer to the first strip; e.g., £ and p\"
are written in place of ¥ and p,, respectively. At the trailing edge of
the first strip, the value i}l) = (xf —x3)/(x§ —x7) of the streamwise
coordinate ¥V (hence the location of the first separation point) is
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Fig. 8 Some flow details for blowing from two strips.

found from the condition

~(1)(=( ~(1) ~(1

B (F)) = By 0<pyy <1 (68)
where p "“) is to be determined.

Ifitis assumed that the flow from the first strip separates at x} and
moves away from the surface with a constant slope, as depicted in
Fig. 8, then the pressure is constant between x; and x3; furthermore,
the flow description for the second strip may be written in the same

form as the first through an appropriate choice of scaled variables.
The coordinates for the second strip are

. x*—x
x(2) = x* — x*
2 1
5@ »*
y (69)
 Bopg — xp /g~ x)

and expansions for the flow variables take the same form as in
Eqgs. (45—48) but with % u1 x, y), 01(%, ), p1(X, y), and T replaced
by (BN aD(E, 5, (BDITDE, 9), 57 5O (R, 5), and TP, re-
spectlvely, with these substltunons the governing equations may be
written as in Egs. (55) and (56). At the end of the second strip, it is
assumed that the flow does not separate, so that

PP(EP)=0 (70)

where ¥ fz x5 — x3) /(x5 — xP).
Ifo "“) and ¥ "(2) are both constant, it follows from integration of

Eq. (57) that the pressure distribution over each strip may be written
in the implicit form

© pf'), ﬁf‘u))

(,) _ =\ D/2 7
Z(n A=) an

()

where the superscript (i) denotes either strip one or two; Ay
21 /(7 v(')) and the coefficients Af,') satisfy the recursion relatlon
(58). Evaluating this equation at the trailing edge of each strip gives

(f —x)/ (g — x5 = EO(p1); o) (72)

&5 —x3)/ (x5 —x) = £2(0; () (73)

For a given slot geometry, Eq. (73) establishes the value of the scaled
blowing velocity 7. Given the ratio v /v of blowing velocities,
which may be expressed in terms of scaled quantities as

1
2 7(2)\ 2 ~(2)
vl(u) _ (Tu(/) : (ﬁ(l) % V1w (74)
= = 1 ~
Un(ul) Tu(zl) f ‘U(l)

1w

then a value of p(lf) may be determined if the temperature ratio
T® /T and the scaled blowing velocity ) are also specified.
The locatlon of the first separation point is then found from Eq. (72).
V(alues of the parameters are to be selected so that 0 < p(l) < 1and
Xy > 0.

fSome pressure distributions for two strips are shown in Fig. 9
The lengths of the strips are taken to be equal, with the distance
between the strips equal to twice the width of one strip. In terms of

1.60 z3/z3 = 0.5, =}/ = 0.625, x5/} = 0.875
x 12
=) P
(Xl) l
0.801
0.00 .
0.00 0.40 0.80

z*/a}

Fig. 9 Pressure distributions for blowing from two strips, for various
rates of mass addition.

the distance x; from the wedge vertex to the end of the second strip,
the first strip lies between x* /x5 = 0.5 and x*/x] = 0.625, whereas
the second strip extends from x*/x] = 0.875 to x*/x = 1.0. The
blowing velocities v and v@ are taken to be the same for the
two strips as are the wall temperatures 7V and 72, As the mass
flow is increased, the separation point is seen to move upstream,
as expected, and the pressure rise at separation increases, since the
Reynolds number Re decreases and the interaction parameter x
increases. Thus, the solution is implicit in the sense that the scaled
blowing velocity or mass flow is specified, and the corresponding
dimensional values calculated after the location of separation has
been determined.

Concluding Remarks

The solutions. of Ref. 1 for strip blowing from a flat plate at su-
personic speed have been extended relatively easily to wedge flow
at high Mach number, if the hypersonic viscous interaction param-
eter is small. The flow near separation is described as a hypersonic
free interaction for a cooled surface by extension and modification
of results from Refs. 7-9; this gives the value for the pressure at
the beginning of blowing. The dependence of the integrated force
on the parameters is then determined for a particular parameter
range.

If the surface were not cooled, the free-interaction solution for
supersonic flow would suffice, provided that the viscous interac-
tion for the undisturbed wedge flow is weak. For the cooled wall
considered here, it is assumed that the wall temperature is small in
comparison with the maximum temperature in the boundary layer.
From Eq. (39) it then follows that the parameter Q x # must be suffi-
ciently small. The present solution near separation would, however,
have to be replaced by that of Ref. 10 if also Q is small.

It has also been assumed that the flow does not separate at the
end of the blowing region (or behind the second strip in the case of
two strips). A proposal for describing the flow details near the end
of blowing was given in Ref. 2, but the derivation seems based on
an implicit assumption that separation does not occur. The present
authors believe that a correct representation may include a shal-
low separation bubble, but thus far have not been able to complete
a self-consistent flow description. Carter'® has attempted to sim-
ulate the flow near the strip trailing edge by computing solutions
of the Navier-Stokes equations for a model problem with bound-
ary conditions consistent with Ref. 2; in the cases considered, a
slender separation bubble was observed. Although further work ap-
pears to be required for a complete description of the flow near the
end of blowing, numerical solutions presented in Ref. 13 suggest
that the choice p;(X;) = 0 gives good accuracy for the surface
pressure. '
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