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ABSTRACT

An investigation of the effects of disorder on the dynamics of
nearly periodic structures is presented. Emphasis is placed on the
study of mode localization and vibration confinement phenomena
for mistuned assemblies of coupled, multi-degree-of-freedom com-
ponent systems. Perturbation methods are developed to predict
the occurrence of localized modes, and strong localization is shown
to occur for weak coupling between component systems. Further-
more, a “modal” coupling parameter is defined that determines
the possibility for localization in a given mode. Generally speak-
ing, higher modes are shown to be more susceptible to localization
than lower ones, and localization is unavoidable if the mode num-
ber is large enough. The occurrence of localization is also shown
to be dependent upon the location of the coupling constraint be-
tween the component systems.

1. INTRODUCTION

Structural systems are commonly investigated by assuming
that their parameters are known precisely, even though small
manufacturing and material tolerances result in parameter uncer-
tainties and structural irregularities that can affect their dynamics
significantly. The assumption of structural regularity is perhaps
most critical when studying nominally periodic structures, as it
has been observed that the presence of irregularities in such struc-
tures may inhibit the propagation of vibration. Depending on the
magnitudes of both the disorder and the internal coupling, the
irregularities may localize the vibration modes and confine the
energy to a region close to the source. This phenomenon, referred
to as normal mode localization, has excited considerable interest
in solid state physics'™* over the years, and more recently was
rediscovered in the field of structural dynamics® !*. A survey of
mode localization phenomena in structures can be found in the
review paper by Ibrahim!®.

Nearly periodic structures made of weakly coupled component
systems have closely spaced eigenvalues that make them highly
sensitive to small irregularities. The modes of such tuned, or peri-
odic, structures extend throughout the structure, while the modes
of the corresponding mistuned, or disordered, structures undergo
drastic changes to become localized about a few component sys-
tems. Research by the present author and others has shown
that strong mode localization occurs for assemblies of weakly cou-
pled component systems such as chains of coupled pendula®!"-!!,
bladed-disk assemblies™®, and some large space structures®. Dis-
ordered multi-span structures with irregularly spaced constraints
have been shown to be susceptible to mode localization as well,
through both theoretical and experimental studies®!'?. Most of
the previous work on localized vibrations of assemblies of compo-
nent systems concerns single-degree-of-freedom (DOF) substruc-
tures, although the research by Valero and Bendiksen® on the
occurrence of localization in mistuned shrouded blade assemblies
should be noted.

Localized modes in disordered structural systems may result
in either beneficial or damaging consequences. For instance, lo-
calized vibrations in mistuned blade assemblies may be damaging
because the stresses remain localized and thus lead to blade fa-
tigue. Serious negative consequences can also be expected for the
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robustness and stability of active control systems for large space
structures if their design is based upon erroneous extended modes
of the ordered structure. However, for the same large space struc-
tures, localization could also be utilized as a means of confining
vibrations to a region close to the source of disturbance, leading
to a passive control of vibrations by irregularities. In all cases,
because small irregularities lead to such drastic phenomena, it is
important to investigate the underlying physical mechanisms of
mode localization in order to be able to predict its occurrence and
to analyze its characteristics.

This paper investigates the localization of both the free and
forced responses of disordered structures made of coupled multi-
DOF component systems. In the first part of the paper, mode
localization and vibration confinement phenomena are illustrated
with a simple structure, namely a chain of single-DOF oscilla-
tors whose vibration modes have been previously studied in the
literature >'1. The second part of the paper develops a general the-
ory of mode localization for disordered assemblies of coupled com-
ponent systems, where each subsystem is described by its modal
representation. Perturbation methods are developed to predict
the occurrence of localized modes. These methods, in addition to
their low cost, provide an important physical insight into local-
ization. A “modal” coupling is defined that determines the pos-
sibility for localization in a given mode. In the third part of the
paper the general theory is applied to a system made of coupled
component beams. The motivation for this study is that a closed
assembly can be regarded as a simple model of a bladed-disk. Nu-
merical results are presented and the localization of the modes is
discussed in terms of the strength of the interbeam coupling, the
mode number, and the location of the coupling constraint.

2. LOCALIZATION — A SIMPLE EXAMPLE

When localization occurs, small irregularities result in drastic
changes in the dynamics of the nearly periodic structure. To il-
lustrate this change, consider the system of coupled single-DOF
oscillators shown in Fig. 1, whose equations of motion are given
in Appendix A. The two key parameters of the system are the di-
mensionless coupling between pendula, R?, and the dimensionless
length deviation from the nominal value for the «th pendulum,
Al;. The tuned, or ordered, system consists of identical oscilla-
tors. Its modes of vibration are given in Appendix A, and three
of the mode shapes are represented in Fig. l.a. Note that the
modes are collective, or extended, and that the motion amplitude
varies sinusoidally in space. Since the tuned mode shapes are in-
dependent of the interpendulum coupling, this extended pattern
is valid for arbitrarily small coupling. Also note that as R” be-
comes small, the tuned eigenvalues become clustered in a small
passband. On the other hand, the mistuned system, shown in
Fig. 1.b, consists of oscillators with slightly different natural fre-
quencies. For small interpendulum coupling and small disorder,
the natural modes of the mistuned system are drastically different
from the tuned modes, with each of the mistuned system’s modes
localized about one pendulum.

The modes of the pendulum system have been extensively
studied in Refs. 5 and 11, and localization has been shown to oc-
cur when both the irregularities and the interpendulum coupling
are small. In other words, localization is susceptible to occur if
the tuned eigenvalues are clustered in a small passband. It was
also proven that the degree of localization oniy depends upon
the ratio of disorder to coupling and that localization becomes
more pronounced as this ratio increases. In Ref. 11 perturba-
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Fig. l.a Tuned, or ordered system.
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Fig. 1.b Mistuned, or disordered system. The length deviations
have been exaggerated for the purpose of clarity. The
standard deviation of the irregularities is 3.7%.

Three of the ten modes of vibration of a ten-DOF pen-
dulum system. The length of a vertical bar represents
the angular amplitude of the corresponding pendulum.
The coupling between pendula is such that R = \/-157 m

/ Ve/l= 1.

tion methods were used systematically to conduct the investiga-
tion. However, since small disorder results in drastic changes,
a classical perturbation analysis that treats the irregularities as
perturbations could not be used. Therefore, a so-called Modified
Perturbation Method (MPM) suitable to the analysis of strongly
localized modes was developed!!. The main characteristic of this
method is that since localization occurs for small interpendulum
coupling, this coupling ought to be treated as a perturbation as
well. Furthermore, in order to avoid multiple eigenvalues for the
unperturbed system, the key idea introduced in Ref. 11 was to in-
troduce disorder in the unperturbed system. Then, the (modified)
unperturbed system is a mistuned chain of uncoupled pendula,
and the perturbation consists of the coupling. Since the perturbed
modes are perturbations of decoupled oscillations, they are local-
ized, as can be seen in Fig. 1.b. Therefore, perturbation methods
provide physical insight into the occurrence of mode localization.

Fig. 1.

Next, the effects of disorder on the behavior of the system
under forced excitation are considered. It has been shown by
Hodges®® that irregularities may result in the confinement of the
vibration near the source of excitation. To illustrate this confine-
ment effect, single harmonic excitation is applied at the left end
of the pendulum chain. In order to obtain finite resonant ampli-
tudes, viscous dampers are added between the oscillators. Only
the steady-state response is considered, and the relevant equations
can be found in Appendix A. Typical frequency responses of both
tuned and mistuned systems are shown in Figs. 2 and 3 for strong
and weak interpendulum coupling, respectively. It is observed in
Fig. 2 that mistuning has very little effect on the response of the
gystem and that the vibration propagates along the chain for fre-

quencies close to the resonant frequencies. Note that the modes of
this system do not become localized. On the other hand, Fig. 3 is
for a weakly coupled system whose modes do become localized as
in Fig. 1.b. It is observed that for the tuned system the vibration
propagates along the chain if the excitation frequency lies within
the small passband. However, for the mistuned system, the vibra-
tion amplitude decreases rapidly along the chain for all excitation
frequencies; thus, there is no propagation of vibration. In other
words, small disorder confines the vibration near the source of
excitation. The decay of the vibration amplitude can be shown
to be exponential on the average®.
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Fig. 2. Frequency responses of tuned ( } and mistuned (—- -
) chains of four pendula under single-harmonic excitation
at one end, for strong coupling R = 1. The first pendu-
lum is excited. The mistuning is such that Al = .01,
Al = —.055, Aly; = .05, Al; = —.02. The dimensionless
damping is ¢/ (mw,) = .005.
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Fig. 3. Frequency responses of tuned ( )} and mistuned (- -

-) chains of pendula for weak coupling R = .1. The
mistuning and damping values are as in Fig. 2.

Therefore, for weakfy coupled systems, the introduction of
disorder results in the strong localization of the free modes and the
confinement of the forced vibrations. This confinement effect can
be explained by noting that for an end excitation of the disordered
system, the force vector is almost orthogonal to all but one of the’
strongly localized mode shapes. In fact, the excitation vector is
approximately proportional to the mode shape localized about
the first pendulum. Therefore the system vibrates primarily in
this mode, leading*to a response confined near the first pendulum
(i.e., near the source of excitation). On the other hand, for the
tuned system all extended modes are excited by the force vector,
leading to the propagation of the vibration within the frequency
band. Finally, note that the forced response of the weakly coupled
mistuned system is a perturbation of that of the decoupled systern
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{for which there is no propagation at all), and not of that of the
tuned system. Therefore, modified perturbation method concepts
could also be applied to the forced response.

3. DISORDERED ASSEMBLIES OF COMPONENT SYSTEMS
3.1 Equations of Motion

The pendulum system of Fig. 1 can be generalized by replac-
ing each pendulum with a multi-DOF subsystem. In this part,
the modes of vibration of a disordered assembly of N coupled,
continuons (or possibly discrete), component systems are studied.
Each structural component system is described by its modal rep-
resentation, hence the approach is very general. The equations
of free motion are derived by a Component Mode Analysis!?, as
follows.
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Assembly of coupled, component systems (beams).

AN
Fig. 4.

Assemblies such as the one shown in Fig. 4 are studied. For
the sake of simplicity, one-dimensional component systems are
considered, although this can be generalized (for example see Ref.
10). The ordered, or tuned, assembly consists of identical subsys-
tems. The free modes of the nominal (unperturbed) component
system are (A,,@,(z))lzl____m, where M is the number of compo-
nent modes included in the analysis, A; the square of the natural
frequency, and ¢, the associated mode shape. When small disor-
der is introduced, the modes of the j-th (decoupled) component
system become:

M=2A00+d) i=1,- M

61(2) = ¢:(z) + doj(2) j=1,-,N (2

where the subscript ¢ refers to the component mode number, while
the superscript j designates the component system number; z is
the position along the component systems; dA’ and dg¢’ are the
+th mode perturbations for the j-th component system, resulting
from structural and material irregularities.* Note that dA} is a di-
mensionless mistuning. These component mode perturbations can
be easily determined from the structural parameter perturbations
by applying the classical perturbation method for the eigenvalue
problem %1% " and clearly they include first but also higher order
terms in the parameter perturbations.

i=1,- .M

The coupling between the component systems is represented
by identical springs of stiffness k. Small variations of this stiffness
throughout the assembly are believed to have small effects, hence
this is not considered. For the j-th component system the cou-
pling constraint is located at z;, and the corresponding deflection,
w/(z,), is denoted by »”.

The deflection of the j-th component system is expanded as
M _
wilzt) =) #l()n(1) (3)
i=1

where 7/ is the i-th normal coordinate for the j-th component
system. The kinetic energy of the system is

T= 23 M () 4)

i=1 i=1

Y For shwmplicity, the domain of the component systews is assumed to remain

nnpertirbed.

Note that the component modes have not been normalized. How-
ever, for a given component mode number, the generalized masses
have been chosen to be identical for all component systems. This
is natural if perturbation methods for the eigenvalue problem are
used to obtain the modes of the mistuned component systems
from the ones of the nominal component system, as these meth-
ods conserve the generalized masses. The strain energy of the

system is

N M

Sk(w - w23 M6 )

J=0 J=1 7=1

U=

(SRR

Recall that w' is the deflection at the j-th constraint location. By
definition, w" = w**! = 0. The N constraints are expressed by

Al
pev =Y ne)=0 =L N (6
i=1
and the Lagrangian of the system is given by

N
L=T-U+Y o&Ff (1)

=1

where the o’’s are the Lagrange multipliers. Applying Hamilton’s
principle, the equations of free motion are found to be, in addition
to the constraints (6):

Myl + M+ ad6](z) =0 i=1, M j= 1 N (8

k(-w ™t 2w — ) ~a’=0 j=1,---,N (9

Eliminating the Lagrange multipliers and assuming single har-

monic motion of frequency, w, yields

M
M (—? + X)L+ k() [T e

I=1

Hapoa) + 27 ¢1(z))

_.ﬁ.;-H _;+1(z.’,+1)} =0 i=1,-~-,M j=1,.- N (10)

Defining the vector of normal coordinate amplitudes, 7, of dimen-
ston NM, by

o _ _ _ _ _NiT
7= [ T gl R ISR )V (11)
Eq. (10) can be written in matrix form as
{(4] -} =0 (12)

where [I] is the identity matrix and [A] is an NM by NM block
tridiagonal matrix given by

0

M= | T
0
The submatrices [a*!] are M by M and defined by

@I | )

[a71] = — (ding(/M,)] 6,07,
(0] = [diag(A))] + 2 [ding(k/M.)} ¢, ¢ G =1, N (13))

[@71%1] = — [diag(k/M.)] ¢, ﬂTH j=1,---,N-1

j=2-,N

where ¢ is the M vector of modal deflections at z;:

6 = [6l(5), (@), Dh(a)] (1)

Note that ¢, gT is an M by M matrix that can be regarded as a
matrix of “modal” influence coefficients between the constraint lo-
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cations of two component systems. (k/M,) is the coupling natural
frequency for the #th component mode. The submatrices com-
posing [A] correspond to component systems, while the M lines
and columns of these submatrices refer to component modes. For
an assembly of single-DOF systems, M = 1, and the submatrices
reduce to scalar quantities.

3.2 Perturbation Methods

The occurrence (resp. nonoccurrence) of localized modes can
be predicted by generalizing the Modified {resp. Classical) Per-
turbation Method developed in Ref. 11 for a chain of coupled
pendula. In order to study the relative orders of magnitude of its
elements, it is convenient to nondimensionalize [4] by dividing the
+-th rows of the submatrices [a*!] by the corresponding eigenvalue
of the nominal component system, A;. This yields the generalized
eigenvalue problem:

{[4] - [DIAG ldiag(1/2.)] } 7 = 0 (15)
where [DIAG [diag(1/A,)]} is an NM by NM diagonal matrix made
of N identical M by M diagonal submatrices of generic element
1/X;; [A] s given by

\ 0
N ™~~~
3= | e @@l | aen
~
0
where
S R 2 T
[au }_ [dlag(R,)] ?Jvﬂ_l
[E»w'} = [diag(l + d/\:)} +2 [diag(R,:)E ?7 ?’T (16t)
[E.LJ'“] = - [diag(R?)] ?] 27T—H
where R? = k/(M;A;) is the dimensionless ratio of the spring

stiffness to the modal stiffness for the «th component mode, or
equivalently, the ratio of the square of the modal coupling natural
frequency, k/M;, to the square of the ¢+th component frequency,
X;; hence R? can be regarded as a modal stiffness ratio. It is im-
portant to note that R? decreases as the component mode number
increases, because A, increases with <. Thus one may expect local-
ization to occur more easily in the higher modes. Also note that
Egs. (15-16) are a generalization of the equations of a chain of
coupled pendula (see Appendix A).

For simplicity, identical constraint locations are considered in
the subsequent developments, {e., . = z;;7 =1,---, N. Several
cases are distinguished.

Strong Coupling in All Component Modes

Here finite or large values of the stiffness k are considered. Itis
also assumed that all the modal stiffness ratios, (R?),_, _,,, are
finite or large, that is, on the order of one or larger. Furthermore,
it is assumed that the modal deflections at the constraint location
are not small. In brief, it is assumed that the elements of the sub-
matrices [diag(R?)] 3, gT are not small, but on the order of one

or larger. Then all the elements of [4] have approximately the
same order of magnitude and the classical perturbation approach
(CPM) must be used to study mistuning. The unperturbed sys-
tem is the tuned one, and the perturbation consists of the (modal)
mistuning among the component systems. The unperturbed ma-
trix is given by
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where

() = [diag(R])] ¢8" (17h)
and ¢ = [¢,(z.), -+, ¢un(z.)]” is the vector of modal deflections
at the constraint for the nominal component system.

The first order perturbation matrix is:
\\ 0
o I e A A i N
—~
N\
where -
It 2 —
(6] = - faimg(r2)] (59"
[507] = [ding(dr)] + 2 [ding(R2)] [567']  (180)
[57""] = - lavag(r2)] [56+

and [6¢*] is given by, to the first order

k T

(60" ] = ¢(dp')T + do*¢T  where dp* = |-+, dp*(2.), -]

(18¢)
The second order perturbation matrix could also be easily ob-
tained. The modes of the mistuned assembly are perturbations
of the ones of the tuned system and are certainly not localized.
The key advantage of the perturbation approach is that it only
requires the solution of the tuned system, which can be obtained

by taking advantage of its periodicity properties.

7

Weak Coupling in All Component Modes

Here the stiffness k and the modal stiffness ratios, (R?),_, .,
are assumed to be small, on the order of or smaller than the
dimensionless mistunings dA::

2 k 2 1
RP=_—— <1 R}<O(dN)

PTOMN

i=1,-, M (19)
Note that if the condition (19) is met for ¢ = 1 it is likely to be
verified for ¢ > 1 as well, since R? decreases as 1 increases.

For k small the natural frequencies of the tuned assembly are
clustered in M groups, or bands, with N frequencies in each nar-
row band. The width of these clusters decreases with k, and the
introduction of mistuning makes the frequencies constituting the
passbands move apart. The classical perturbation approach fails
to analyze this small coupling case, because due to the closeness
of the eigenvalues, the mode shapes perturbations can be shown
to become large when disorder is introduced, which violates the
underlying assumptions of asymptotic expansions®".

A modified perturbation method (MPM) can be developed as
follows for the small coupling case. Since in Eq. (16) all the ele-
ments of [Z] but the diagonal ones are small, the coupling between
component systems, as well as the mistuning, ought to be treated
as a perturbation. If both mistuning and coupling are consid-
ered perturbations, though, the unperturbed matrix becomes the
identity matrix, thereby leading to M N-fold multiple eigenvalues
for the unperturbed system, A;, corresponding to the modes of
identical decoupled component systems. Even though the pertur-
bation theory could still be applied to these maltiple eigenvalues,
physical insight into mode localization would be lost. Therefore,
similarly to the approach developed in Ref. 11, the key idea is
to introduce mistuning in the unperturbed system in order to split
the unperturbed eigenvalues. This results into the {modified) un-
perturbed matrix

[4(] = [DIAG [diag(1 + ax)]] (20)

and into the (modified) perturbation matrix



— 0
[.}74“"’] - \_[?12"""‘] 2[da”] - [&""] | (20
5 ~—
where
[da"] = [diag(R?)] 9, ¢ (218)

~ o~ ()
The elements of [A:f"'] and [dA | are on the order of one and of

the first order, respectively. Since mistuning among subsystems
is usually random, the unperturbed eigenvalues, A;(1 + dA?), are
likely to be simple. Also note that Egs. (20,21) are a straightfor-
ward generalization of the Modified Perturbation Method devel-
oped in Ref. 11 for a chain of coupled pendula.

The unperturbed solution consists of the modes of the de-
coupled mistuned component systems, which have shghtly dif-
ferent natural frequencies. The perturbation matrix introduces
(small) coupling between the component systems. Since the per-
turbed modes are perturbations of decoupled oscillations, they
are localized about individual component systems. The modes
corresponding to the j-th component system consist primarily of
oscillations of the j-th system, and of oscillations of lesser mag-
nitude of its nearest neighbors, the propagation range depending
on the “modal” coupling and mistuning. It is remarkable that the
Modified Perturbation Method predicts localized modes without
requiring one to solve the eigenvalue problem. The first and sec-
ond order perturbation theory for the eigenvalue problem!®!¢ can
be readily applied to Eqs. (20-21), and formulae are given in Ap-
pendix B for the first order eigensolution perturbation. From
these perturbation expressions, it could be easily shown that the
degree of localization in the #-th group of modes depends primarily
on the ratios R?¢;(z.)/d\ of modal coupling to modal disorder
~— a result. similar to the one derived in Ref. 11 for a chain of
coupled pendula.

General Case

The coupling is unlikely to be either strong or weak in all com-
ponent modes. In general, k can be considered to be finite (not
small), leading to finite values of R? for the lower groups of modes
and to small vaiues for the higher groups. Then the lower modes
remain extended, while for 7 greater than some threshold value
localization occurs. Moreover, assuming constant modal mistun-
ing d\] when i varies, localization is seen to become more and
more pronounced as the group number 7 increases, since R? de-
creases as A, increases. In the limit 1 — oo, the mistuned modes
become decoupled, while the tuned ones remain extended. Fur-
thermore, for any k (even arbitrarily large) and for any mistuning
{no matter how small), there exists a group number ¢ such that
for > ', all modes become strongly localized. The conclusion is
that the higher groups of modes are always localized, the lower
bound for the occurrence of localization depending on k and on
the mistuning strength.

Another interesting comment concerns the values of the modal
deflections at the constraint location, ¢}(z.). As much as the
modal stiffness ratios, these modal deflections determine the mag-
nitude of the coupling terms in [A], and therefore the suitable
perturbation schemes. Finite values of ¢%(z.} have little effect on
the coupling between component systems and thus on mode lo-
calization. On the other hand, if the constraint is close to a node
of the 7+th mode, then ¢!(z.) is very small (or zero), leading to
small coupling belween the component systems for the é-th group
of modes. In this case, even though R? may be finite or large,
the i-th lines of the submatrices [diag(R7)] ¢, qﬁlT are small, lead-
ing to small effective coupling in the #th group of modes, and
therefore to a localized ith group of modes. Also, the #th group
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of modes may be localized while the neighboring (¢ — 1)-th and
{#+1)-th groups remain extended. This is achieved if R?, , is finite
and the constraint is located close to one of the nodes of the #th

component mode.

Therefore, the occurrence of localization in a group of modes
is determined by the relative magnitudes of (1) the modal mis-
tuning and {2) the modal coupling, defined as the product of the
modal stiffness ratio and the modal deflection at the constraint,
R?¢!(z.). Strong localization occurs if the latter is of the order
of, or smaller than the former. In general a variety of cases can be
encountered: all modes strongly localized; extended lower modes
and localized higher modes; extended lower modes except for one
group of localized modes due to the location of the constraint It
is important to emphasize that if M is chosen large enough, the
higher groups of modes will always be localized.

The analysis of both extended and localized modes for a given
mistuning configuration can be easily performed by combining the
CPM and the MPM. If the interbeam coupling for the ¢th group,
R2¢%(z.), is finite, only dA\} must be considered as a perturba-
tion in the #th lines of the submatrices (Eq. (16)). Conversely,
if R?¢7(z,) is on the order of d\! or smaller, the coupling terms
in the ith lines of the submatrices are considered as perturba-
tions and d\’ belongs to the unperturbed matrix. This provides
a consistent analysis of both extended and localized modes. An
illustration of this general theory is presented in the next section.

4. LOCALIZATION FOR COUPLED BEAM ASSEMBLIES
4.1 Equations of Motion

The theory presented in Section 3 is applied to the disordered
assembly of coupled component beams shown in Fig. 4. Each
component system is a cantilevered-free beam. The natural fre-
quencies of the nominal component beam {assumed uniform) are

given by
-

where @, are the dimensionless natural frequencies of a uniform
clamped-free beam, whose first six values are listed in Appendix
C: EI, m, and [ are the beam’s stiffness, mass per unit length,
and length, respectively. It is assumed that mistuning originates
from discrepancies in the terms (EI/ml*). The eigenvalues of the
individual component systems can then be written as

N

( )J, ( )(1+d,\-")

where dA\’ is the dimensionless mistuning for the j-th compo-
nent system. Note that mistuning is the same in all compo-
nent modes. Nondimensionalizing the eigenvalues by the nominal
value, (EI/ml*), yields

El

ml

i=1,, (22)

EI

mh

B
ml

2 —2

X o= (23)

wl

X=X (1+ V) (24)
Since no domain perturbation is considered, all beams have the
same length. For simplicity, it is further assumed that mistun-
ing originates from discrepancies in the stiffness EI, not in the
mass m. This results in identical generalized masses for all com-
ponent systems without introducing a mode shape perturbation
d¢’. Moreover, the generalized masses M; = ml = M are also in-
dependent of the mode number. In general, of course, mistuning
could originate from local inhomogeneities or boundary condition
variations. This would result in different component mode per-
turbations than the ones given in Eq. (23), but these could be
easily calculated by applying the perturbation theory for the con-
tinuaus eigenvalue problem!®~!7. Therefore, the mode shapes of
the clamped-free component beams are given by



sin 3, — sinh §;{

~ cosh iz + cos 3;l + cosh 3;{

(sin B,z — sinh §,;z)

(25)
where (3, l)‘l = &%, and ¢! = ¢, independent of 7, 7.e., there is no
component mode shape perturbation due to mistuning.

$1(2) = cos Bz

In the next step, Eqs. (12-14) are readily applied to the beam
system. An important simplification is that the modal defiection
vector, ¢, is now the same for zall component systems. Further-
more, the equations are made dimensionless by dividing them by
the nominal value EI/ml*, resulting in the introduction of di-
mensionless eigenvalues, &°, and of the dimensionless coupling
stiffness, k = k/ (%) Note that for k = 3. the spring stiffness
equals the static stiffness of the nominal (clamped—free) compo-
nent beam. The equations of free motion are

{4 -&°n}n= (26)
where
\
(4] =] -kee” [diag (A (1+dV))] +2kpg” kool |(27)
\ \

Eq. (26) could also be written in the form of Eqgs. (15-16) by
dividing the #th lines of the submatrices by A,. This results in
the modal stiffness ratios, B> = k/X,, which decrease rapidly as
the component mode number increases.

Once the eigensolution of [4] has been obtained, the continuous
mode shapes are given by, for the j-th component system

T(z) = > _7¢.(2)

].:1,"',1\7 (28)

4.2 Results

Unless otherwise stated, results were obtained by direct so-
lution procedure, not by perturbation methods. Tuned and mis-
tuned assemblies of three and five component beams were studied.
The random-like mistuning distributions had small standard de-
viations 2.5% and 4.5% for three and five beams, respectively, and
are listed in the figure captions. Only the value of the coupling
stiffness, k, was varied for a given small mistuning, because the
degree of localization only depends upon the ratio of coupling to
mistuning; therefore, when localization occurs, an increase in cou-
pling is equivalent to a decrease in mistuning. Moreover, several
constraint locations were considered.

Fig. 5 shows the lower 12 modes of tuned and mistuned as-
semblies of three beams connected at their free ends, for k = 3.,
that is, the spring stiffness equals the static stiffness of the nomi-
nal beam. The corresponding natural frequencies are also listed.
Observe that the high frequencies are clustered in groups of three.
Even though the lower three frequencies do not have a small pass-
band character, the 4th to 6th, 7th to 9th, and 10th to 12th fre-
quencies constitute three narrow passbands. The passband width
is seen to decrease rapidly as the group number increases, which is
a consequence of the corresponding decrease in the modal stiffness
ratio, R?. The lower three frequencies do not exhibit a small pass-
band character because the coupling in the first group of modes
is not small.
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Fig. 5. Modes of tuned (—, &') and mistuned (- - -, @") as-
semblies of three beams, for ¥ = 3. and z. = 1. Six
component modes are included in the analysis (M = 6).

The mistuning is dA\! = .03, dA? = —.02, d\*> = 0.

One observes in Fig. 5 that all the modes of the tuned system
are extended, that is, all beams vibrate with comparable ampli-
tudes (except when symrnetry causes the middle beam to have a
zero deflection). Also, in a given group of modes, a single com-
ponent mode contributes largely to the motion. For instance, in
the lower three modes the beams deflect primarily in the first
component mode. In general, in the #th group of modes the
beams vibrate primarily in the #-th component mode. This can
be explained by noting that the interbeam coupling is not strong
enough to distort significantly the deflection shapes of the cou-
pled assembly from the decoupled component modes. As will be
seen later, for large values of k several component modes may
contribute significantly tc the modes of the coupled assembly.

Considering the mistuned modes in Fig. 5, it is seen that
the lower three modes (first group) are very similar to the corre-
sponding tuned ones, and do not become localized. In the second
group, the modes undergo significant changes when small mis-
tuning is introduced and become partially localized. In the third
and fourth passbands the mistuned modes are drastically differ-
ent from the tuned ones, each mistuned mode becoming strongly
localized about one component beam. In the fourth passband
localization is so pronounced that the modes are almost decou-
pled, that is, they consist of oscillations of decoupled mistuned
beams. The conclusion is that localization becomes more severe
as the group number increases. This can be explained by noting
that the modal coupling decreases rapidly as the component mode
number increases, which causes the off-diagonal coupling terms in
Eq. (27) to become small relatively to the diagonal terms X,.
Eor the system of Fig. 5 the modal stiffness ratios are R? = .24,
R = 006, R = 8.107*%, and R} = 2.107*, explaining that very
strong localization occurs for 7= 3 and ¢ = 4. As i keeps increas-
ing, stronger and stronger localization occurs. Therefore, for the



mistuned system, all the higher modes are strongly localized, and
an analysis not accounting for small disorder would yield erro-
neous results.

Since the mistuned modes of the first group remain extended,
they are merely perturbations of the tuned modes. Conversely,
the mistuned modes of the third and fourth groups are pertur-
bations of the modes of the decoupled mistuned systems. This
justifies the use of the classical and modified perturbation proce-
dures developed in Section 3.2 for the analysis of extended and
localized modes, respectively.

To 1illustrate this point, a combined classical and modified
perturbation method has been applied to a three beam assem-
bly whose first group of modes remains extended while the sec-
ond group becomes strongly localized when mistuning is present.
For simplicity, two component modes have been considered in the
analysis. although this could be easily generalized. Good con-
vergence of the component mode analysis was already achieved
in this case for M = 2. The CPM defined by Egs. (17-18) has
been agpiied to the first group of modes, while the MPM given
by Egs. (20-21) has been applied to the second group. There-
fore, considering Eq. (27), only the mistuning X, d\’ was included
in the first lines of the submatrices constituting the perturba-
tion matrix, while all the coupling terms were included in their
second lines. The unperturbed modes consist of the lower three
modes of the tuned system and of the three second modes of the
decoupled mistuned beams. The formulae given in Appendix B
for the first order eigensolution perturbation were applied. The
“exact’modes of the tuned and mistuned systems are displayed
in Fig. 6 for ¥ = .5 and z. = 1. Observe that the first group
remain extended while the higher groups are strongly localized.
The mistuned modes obtained by both the exact method and the
first order perturbation method are displayed in Fig. 7 for the
first two groups. Excellent agreement is observed. For instance,
the maximum error is .2% for the natural frequencies. As pre-
dicted, the first group is not localized by mistuning, while the
second group undergoes strong localization. Of course, higher
passbands would even be more strongly localized. This example
demonstrates that perturbation methods have the ability to pre-
dict and analyze the occurrence of localization without solving
the mistuned eigenvalue problem. Moreover, important physical
insight is gained through these methods. Also note that a second
order perturbation analysis could be easily implemented.
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Fig. 7. Comparison of the modes of a mistuned assembly of three
beams obtained by the exact method (——, &@") and the
combined classical and modified perturbation method (-
-—,@"). k= 5 z.=1.,and M = 2. Mistuning is as in
Fig. 5.
Fig. 8 displays the tuned and mistuned modes of a three

beam assembly for £ = 10. and z, = .1, that is, the coupling
stiffness is large and the constraint is located near the clamped
base of the beams. One observes that all groups of modes exhibit
a small passband character and that all the mistuned modes, even
the lower three, become strongly localized. Again, localization is
stronger in the higher modes. The occurrence of localization in
the first frequency cluster can be explained by noting that, even
though k is large, the coupling between component systems in
the first group of modes is determined by k¢, (z.)/X,, which is
small because of the small value of ¢,(.1). Thus, even though
the coupling stiffness is more than three times the one of Fig. 5,
all modes are strongly localized because the coupling is rendered
small by the small modal deflections at the constraint location.
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Fig. 9 displays the lower 12 modes of tuned and mistuned
assemblies of three very weakly coupled beams connected at their
tip (k = .05). Again, all frequencies are clustered in groups of
three in narrow bands, and strong localization occurs in all mis-
tuned modes. This can be easily explained by noting that all the
coupling terms R?¢¢” are small in Eq. (27), thus the mistuned
modes are perturbations of the mistuned decoupled modes.
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Fig. 10 is for beams very strongly coupled at their tips (k =

100.}. In order to insure the convergence of the component mode
analysis, seven component modes were considered. There is no
small passband character for the first nine frequencies, and ac-
cordingly the lower nine modes do not become localized. However,
the 10th to 12th and 13th to 15th frequencies are clustered in two
groups of small widths. Weak localization occurs in the fourth
passband, while the modes of the fifth passband are strongly lo-
calized. This can be easily explained by considering Eq. (27), as
the modal stiffness ratios k/X; are very large for the lower modes,
but become small in the fourth and fifth passbands, therefore
allowing localization to occur. The conclusion is that even for
(arbitrarily) large coupling, localized modes always occur at high
frequencies, the threshold value being determined by the value of
the spring stiffness and by the location of the constraint.
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M = 7. Mistuning is as in Fig. 5.

It is also worth noting that in Fig. 10 the lower six modes
are quite different from the ones shown in Fig. 5 for k = 3., both
in terms of mode shapes and natural frequencies. This is because
the high value of the spring stiffness causes a distortion in the
lower modes, thereby making several component modes partici-
pate significantly in the global modes. However, this distortion
becomes smaller in the fourth passband and negligible in the fifth
one. This is explained by noting that the modal coupling be-
comes small in these passbands, in which case the global modes
vibrate primarily in the single corresponding component mode.
Another interpretation is that the higher modes are stiffer than
the lower ones, hence the coupling stiffness has much less effect
on the former than on the latter.

Fig. 11 is an interesting illustration of the importance of the
constraint location. An assembly of three strongly coupled beams
(k = 100.) interconnected at z. = .7829 is considered. The con-
straint is located at the node of the second component mode, t.e.,
¢2(z.) = 0. The second passband of the tuned assembly has a
three-fold multiple eigenvalue, as can be seen from Fig. 11 and
Eq. (27). This multiple eigenvalue is split by mistuning, yielding
a narrow passband. Also note that the last mode of the first pass-
band changes position to actually become the sixth mode. This
is due to the fact that the frequencies of the first group are much

further apart for z. = .78 than for z. = 1., and also because the
frequencies in the second group are lower for z, = .78 (due to zero
coupling in the second group) than for z. = 1. As expected be-

cause of the large coupling stiffness, the modes of the first group
(1st, 2nd, and 6th modes) remain extended. On the other hand,
the modes of the second passband (2rd,4th, and 5th modes) be-
come very strongly localized when mistuning is introduced, be-
cause the coupling terms in the second lines of the submatrices in
Eq. (27) are zero, since ¢2(z.) = 0. The modes of the third and
fourth passbands are only partially localized. Hence, if the beams
are interconnected at or near a component mode’s node, the cor-
responding group of global modes become strongly localized when

194

small mistuning is introduced. Note that this is the case for arbi-
trarily large coupling. Moreover, if the coupling stiffness is large,
some higher groups of modes do not become localized, therefore
leading to the concept of “transient” localization (in the modal

domain).
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semblies of three beams, for ¥ = 100., z. = .7829, and
M = 7. Mistuning is as in Fig. 5.

Finally, Fig. 12 is for an assembly of five beams coupled at
their tips, for k = 3. The mistuning listed in the figure caption is
larger than for the three beam assembly, hence more pronounced
localization can be expected. Three passbands are plotted. It
is shown that the first group of mistuned modes are extended,
while strong localization already occurs in the second group. The
third group becomes totally localized. Here the confinement effect
is, indeed, spectacular, as the mistuning standard deviation is
only 4.5% and the coupling stiffness is not small but equal to the
beam’s static stiffness.
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4.3 Discussion

The above results show that small disorder may have drastic
effects on the dynamics of the system. The degree of localization
depends upon the ratio of modal mistuning (A7) to modal coupling
(R7¢:(z.)), localization occurring if both quantities are small and
if this ratio is on the order of ore or larger. For the beam sys-
tem the modal mistuning was considered to be constant, which
may or may not be the case for physical systems. The modal
coupling is determined by the spring stiffness constant, the com-
ponent mode number, and the modal deflection at the constraint
location. The modal coupling decreases rapidly as the component
mode number increases, hence for arbitrarily large coupling stiff-
ness and arbitrarily small mistuning strong localization occurs in

all modes higher than some threshold number. Also, strong local-
ization occurs in the groups of modes whose primary component
mode has a node at the constraint location. Localization may or
may not occur in the neighboring groups of modes depending on
the coupling strength. Hence localization may appear in a group
of modes, then disappear, to eventually reappear in the higher
modes.

Finally, the criterion formulated in Refs. 5 and 11 for a chain
of coupled pendula can be seen to apply readily to assemnblies of
component systems, as follows. The modal mistuning determines
directly the spread in the natural frequencies of the individual mis-
tuned component systems. Furthermore, the value of the modal
coupling, R2¢,(z.), determines the width of the frequency pass-
bands* of the tuned system, as can be seen readily from Eq. (27)
and from the natural frequencies listed in Figs. 5-12. For instance
for small R? the i-th passband of the tuned system becomes small,
and for ¢,(z,) = 0. multiple eigenvalues occur for the tuned sys-
tem. Therefore it can be stated that strong localization occurs in
a given group of modes if the corresponding passband width of the
tuned system if on the order of, or smaller than the spread in indi-
vidual frequencies (due to mistuning) of the component systems,
and if both quantities are small. This criterion, initially stated
in Refs. 5 and 11, applies readily to assemblies of component
systems.

Recall that for multi-span beams!® the above criterion was
shown to be valid only for the first group of modes, and was un-
able to predict localization for the higher groups. This suggests

a fundamental difference between the mechanisms of localization
for assemblies of component systems and multi-span structures.

This fascinating paradox requires further insight into mode local-
ization, and is left for future research.

4.4 Convergence

The convergence of the component mode analysis has been
checked carefully for each of the above calculations. In general
the convergence is excellent, and for the values of the coupling
stiffness considered in this paper the maximum number of com-
ponent modes necessary to insure converged frequency values is
M = 7. Note that the component mode analysis converges very
quickly when the dimensionless modal couplings, RZ¢,(z.), are
small, since then a single component mode primarily contributes
to the global modes. The least rapid convergence occurs in the
lower modes for large values of k. Then six or seven modes are
necessary to insure a very good convergence. For example, for
k = 100., using seven component modes leads to natural frequen-
cies of the first group of modes converged up to the second decimal
place.

5. CONCLUSIONS
The following conclusions can be drawn from this study:

e Nearly periodic structures such as assemblies of component sys-
tems are highly sensitive to small disorder among the component
systems. Under certain conditions the extended modes of the
tuned system become strongly localized when small mistuning
is introduced. Confinement of forced vibrations is also a conse-
quence of disorder.

e Combined classical and modified perturbation methods have
been developed, that predict the occurrence of strong mode local-
ization and analyze the characteristics of localized modes.

o Localization occurs in a given group of modes if the correspond-
ing modal coupling is on the order of, or smaller than the modal
mistuning.

¢ Since the modal coupling decreases as the component mode
number increases, localization occurs more easily in the higher

2
* note that the passband character is lost for large values of R:d‘(ﬁ"-



groups of modes than in the lower ones. For arbitrarily large
coupling stiffness and small mistuning, mode localization is un-
avoidable if the mode number is large enough. If the coupling
constraint is located at the node of a component mode, the cor-
responding group of modes becomes very strongly localized.
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APPENDIX A

The disordered chain of n coupled pendula shown in Fig. 1
is considered. The Al’s are the dimensionless length deviations
from the nominal length, I The free vibration eigenvalue problem
is

(4] -=*)g=0 (41)
[A] = [tridiag (o3 85 i) (A2)
where
_ . 14+ ALy
@ =R 7 Al;
1 2
=+ (2-6)R 3
_ 2 1+ AlH—l
=R TIAL
where §" = 1if i = n, = 0 otherwise. & = w?/(g/!) is a dimen-

sionless eigenvalue, @ the corresponding eigenvector of pendulum
angular amplitudes. [A] is an n by n tridiagonal matrix, where o,
is the element of the lower diagonal (i-th line, (i-1)-th column),
B is the element on the main diagonal (i-th line, i~th column),
and v, is the element on the upper diagonal (i-th line, (i+1)-th
column). By definition, a; = 7, = 0. R? = wi/w? = (k/m)/(g/])
is the dimensionless coupling, where g¢ is the gravitational accel-
eration, m the mass of a pendulum, and k the stiffness constant
of the springs connecting the pendula at their tips.

The tuned eigensolution is

2 2 (20-r| .
s.o=1 - - — =1,-- A4
Wy + 2R {1 cos 7 P IR (A4)
. . T
= | (2i-Drx n(21— )7
bu: = [ TS T (45)

The complex amplitude of the steady-state response under single
harmonic excitation is
g={la-@+@lc]} " F (46)

[C] is a damping matrix due to viscous dampers of coefficients ¢
placed between the pendula, given by

c
Cl = ——) [tridi b
[C] (m_”) [tridiag (a,; b;; c;)] (A7)
S -V
14 AL
b=2-6 (48)
___1+All'+1
R

F: = F;/[mg(1 + Al)] are the dimensionless complex amplitudes
of the force components. The frequency responses are obtained
by taking the modulus of the complex amplitude §.

APPENDIX B
FIRST-ORDER EIGENSOLUTION PERTURBATION

The n by n unperturbed real matrix [A,] has n eigenvalues
and right and left eigenvectors denoted by Au;, z, and y , re-
spectively, assumed to be real. Distinct eigenvalues are assumed.
The perturbed matrix [4] is

[A] = [Ao] + [64] + -+~ (B1)



where [§A] is the first order perturbation matrix in the structural
parameters perturbations. Considering Taylor expansions of the
perturbed eigensolution

A = Aog 46X, (B2)

Z; = Zyi + 6—11' (B3)

the first order perturbations 6\, and §z, can be shown to be:

T
y 6A Z 7 .
5A,:~H“'L Kl i=1-,n (B4)
lni oy
u T 1
1yl 8Al g,
bz, = g —_—t i=1,--+,n (B5)
=1 g(j’; Y A — Ay o

J;i

Detailed derivations can be found in Refs. 15 and 16.

APPENDIX C

Vi, =1.875 V@, =4.694 &, = 7.855
Vs = 10996 Vi, = 14.137 Vo, = 17.279
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