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Optical Transmission Losses in Materials due to
Repeated Impacts of Liquid Droplets

George S. Springer* and Cheng I. Yangt
University of Michican, Ann Arbor, Mich.

The degradation of the optical transmittance of transparent and translucent materials subjected to repeated
impingements of liquid droplets was investigated. An analytical model of the problem was developed, based on
the postulate that changes in transmittance are due to cracks growing in the material. A simple expression was
derived for predicting transmission losses in the material. The result obtained was compared to available ex-
perimental data, and reasonable agreement was found between the present result and the data.

Nomenclature

Q

—ay, -=constants

=speed of sound

=drop diameter

=force

=rain intensity

=Bessel functions

=critical stress intensity factor

=size (length) of crack

=crack size prior to impact

=represents material property

=number of impacts per unit area

=number of impacts per site, see Eq. (11)

=parameter defined by Eq. (16b)

=number of stress cycles

=water hammer pressure

=assumed pressure distribution on the surface, see
Eq. (14)

=radial coordinate parallel to the surface (see Figs.
1,3)

=effective radial distance

=dimensionless radial coordinate (r/d)

=transmittance

=time

=impact velocity

=terminal velocity of rain

=axial coordinate normal to the surface (see Figs.
1,2

= effgctive axial coordinate »

= dimensionless axial coordinate (z/d)

=Poisson’s ratio

=density

=impact angle

= maximum tensile stress

=average maximum tensile stress

=dimensionless parameter defined by Eq. (28)
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Subscripts

0 = conditions prior to impact
L =liquid
s =solid

1. Introduction

IQUID droplets impinging upon a solid surface
ay cause significant damage and may render a com-
ponent exposed to repeated impacts of droplets inefficient or
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even useless. For this reason, numerous investigations have
been concerned with the effects of liquid impact on surfaces.
However, most of the past studies focused on the mass loss of
the material, because in many applications the damage is ac-
companied by a loss of mass (e.g., see the summaries in Refs.
1-3). Nevertheless, there are situations where a surface may
become seriously damaged even before a mass loss is
noticeable, as is the case, for example, of aircraft and
spacecraft windows, whose transmission characteristics may
change long before any measurable loss of mass occurs.

Although losses of optical transmittance are of great prac-
tical interest, to date only Hoff and Rieger* and Schmitt®
have reported results pertinent to this problem. These in-
vestigators measured transmission losses in a few materials
under selected conditions. An analytical model has not yet
been devised which would describe the changes in the tran-
smittance of transparent or translucent materials subjected to
liquid impingement. The objective of this investigation was to
develop such a model.

II. The Problem

The problem investigated is the following. Spherical liquid
droplets of constant diameter d impinge repeatedly upon a
semi-infinite, homogeneous material (Fig. 1). The angle of in-
cidence of the droplets 6, and the velocity of impact V are
taken to be constant. The spatial distribution of the droplets is
considered uniform. The number of droplets impinging on
unit area in time ¢ is denoted by n. For an idealized natural
rain (composed of spherical droplets of uniform size) » may
be expressed as®

n=(6/7) [(V cos)I/V,d*]¢ 03

where [ is the rain intensity and V, is the terminal velocity of
the droplet. The impingement rate is assumed to be suf-
ficiently low so that all the effects produced by the impact of
one droplet diminish before the impact of the next droplet.

The pressure within the droplet varies both with position
and with time. The pressure is taken to be constant at the
liquid-solid interface, and is approximated by the water ham-
mer pressure’

P=p,C,Vcos 0/ (1+p,C/p,C) r=d/2  (2a)
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P=0 r>d/2 (2b)

p is the density and C the speed of sound. The subscripts L
and s refer to the liquid and the solid, respectively. r is a radial
coordinate in the plane of the surface, with its origin at the
center of impact.

The contact area between the droplet and the surface also
varies with time. For simplicity we take this area to be con-
stant, having the same value as the cross-sectional area of the
droplet. Thus, the pressure acts within a radius of r=d/2.
Outside of this radius the pressure is zero, see Egs. (2a-2b).
The force imparted to the surface by each droplet is

F=Pnd2/4 3)

Although more accurate representations of pressure and force
are possible, the accuracies afforded by the use of Egs. (2) and
(3) will suffice in the present analysis.

The forces created by the repeated droplet impacts damage
the material. The damage may manifest itself in different
forms. Here, we are concerned with optical transmission
losses in translucent and transparent materials. The tran-
smittance of the material depends on several parameters, in-
cluding the absorptivity, reflectivity, the porosity of the
material, and the sizes and orientations of the cracks on the
surface and inside the material. The magnitudes of all of these
parameters may change due to the liquid impact. It is likely,
however, that change in crack size is the most important cause
for change in transmittance. We assume, therefore, that
changes in transmittance are caused only by changes in the
sizes of the cracks. We further postulate that the tran-
smittance T varies inversely with the sizes of the cracks
through which the light travels. Accordingly, the change in
the transmittance is written as

T/Ty=Ly/L )
or
T/Ty=1/11+(L—Lg)/Ly] ®)

where L is a length characteristic of the ‘‘sizes’’ of the cracks
(Fig. 2). The subscript 0 refers to the conditions prior to im-
pingement. In most practical situations cracks form only
where crack nuclei are present, in which case L, corresponds
to the sizes of the nuclei. Since the sizes of the nuclei are often
unknown, the grain size (diameter) is frequently used for L.
The problem at hand is to determine the change in the crack
sizes (L —Ly)/L,.

4 1=0 t>0
=0 >l
f 1 MATERIAL | 1 MATERIAL

b4 i

'
: Yo
:
¢ Lo, "
| Lo=3 Lo, :
it o -
! 0 : 2
. :
4 L, y
3 L.
i T

tr
Fig. 2 The growth of cracks in the material because of the im-
pingements of liquid droplets.
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HI. Analysis

Let us consider a single crack of size L, located at a distan-
ce z below the surface, subjected to N stress cycles (Fig. 3).
The growth of this crack, caused by fatigue, depends on
several parameters, of which the most significant are: a) the
maximum stress occurring at the position of the crack o, b)
the instantaneous crack length L., and c) the appropriate
material properties (denoted by M;, M,...), i.e.%!!

dL_/dN=f (0, L, M, M,...) 6)

The relative importance of the many different material
properties on the growth of the crack has not yet been
established. It is recognized, however, that the critical stress
intensity factor K. plays an important role in the process of
fatigue crack propagation.®®1%13 We adopt, therefore, X, as
the representative material property. Equation (6) thus
becomes

dL./dN=f(c, L, K,) ™

The form of the function f in Eq. (7) is still subject to con-
siderable debate, as manifested by the more than 30 “laws”
proposed in recent years for relating dL/dN to o, L, and X ..
One of the most commonly accepted relatlonshlps for the
fatigue crack growth rate is®!0:12

dL,/dN=a, (VL) )

For lack of a generally accepted relationship we adopt the
above expression, but in order to a) render the constant a,
dimensionless and b) introduce K. (see Eq. 7), we rewrite Eq.
(8) in the form

dL,/L,/dN=a;(oVL, /K, )% &)

where a; and a, are as yet undetermined constants. For a
given material L, and K are constants and Eq. (9) reduces to
Eq. (8). Equation (9) may be rearranged to yield

Ly e
d(Lz/Lo)/dN=a3(maz[ R } TP

It is interesting to note that the dimensionless group oL,/K.
has been found to be of importance also in describing crack
growth during machining and cutting. 413

In the present problem the stresses in the material are
caused by droplets impinging upon the surface. During one
complete stress cycle one droplet impinges on each available
“‘site,”” a ‘‘site’” being defined as an area on the surface equal
to the cross-sectional area of a droplet (Fig. 3). Since 7 is the
number of impacts per unit area, the number of impacts per
site is

n*=nnd?/4 an

Thus, in the present problem the number of stress cycles
corresponds to the number of impacts per site (N=n*).

To obtain the total characteristic lengths of the cracks in the
direction normal to the surface (L=ZL_, Fig. 2) we would
have to obtain an appropriate expression for ¢ as a function
of the position r and z. This is a formidable, if not impossible,
task because the stress depends in a complex manner on the
sizes, shapes, orientations, and distribution of the cracks
which are, of course, all unknown. To simplify the problem,
we replace the individual cracks by a single equivalent crack
which, for the purpose of evaluating the transmittance, has
the same effective length as the sum of the lengths of the in-
dividual cracks. Thus, we write

L=xL, (12)
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We assume, further, that this equivalent crack grows under
the influence of an average tensile stress 5,. Accordingly, Eqgs.
(10) and (12) yield

d(L/Ly)dn* =a; (VL/Ly) "2

‘ a,VL, | ]az 13)

sre

Here L, is the size of the microstructural fault at which the
equivalent crack is generated. The value of L, is taken to be
equal to the grain diameter.

The calculations leading to the average stress &, are sim-
plified considerably if, following the suggestion of
Sneddon, !¢ the discontinuous boundary condition given by
~ Eq. (2) isreplaced by

p(r)y=(P/16)d*/ [ (d?/4) +r?) 137 (14)

Note that the total force on the surface due to p(r) is the same
as given by Eq. (3)

Y v S
- op(r) Trar= o 16 [(d2/4)+r2]3/2

wd?

X 27rdr=P (15)

The tensile stress in the material at a coordinate position
and z due to the above boundary condition, Eq. (14) is'®

o, (r2) = SO (1=v2) Ne™*J, (yr)dy
1 (= 1
v 2 T 8e-a-20 D (nay (e
r 0 Y
where
N= —P(d?/8) ye 12 (16b)
Jo (yr) and J,(yr) are Bessel functions of the first kind, vy is a

dummy variable, and » is Poisson ratio. Introducing the
dimensionless coordinates
r*=r/d z*=z/d an

and integrating Eq. (16) we obtain

oy P [ 472 (62* +2) +2(1+22%)
o =— —
s 2 [4r* 2+ (1+22%)2]7/2

1+22* ] ]
4r*2[1+2z* +4r*21372 '
(18)

o, is the tensile stress created by the impact of a single droplet
impacting at a distance r (or r*) from the crack. Every droplet
which falls at a radius r produces the same stress at point B
(Fig. 3). The number of impacts on a dr wide annulus located
atris

1
—(1—2»)_[ =S

n,=(2xrdr)n a9)

or, using Eq. (11)

n, =2nrdr n*/xd?/4 20)

Thus, the stress due to the total number of droplets impacting
the surface during one stress cycle (i.e., during one droplet on
each site, n* =1) is

E v, = S eor 27r

- 0 wd?/4

re’

e
dr=8S0 o.r*dr @n
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r, is defined as an effective distance from the impact point
such that at r, the stress o, is one per cent of ‘that at r=0.
Similarly, we define an effective length z,, which is the dis-
tance below the surface where the stress is one per cent of that
at the surface. The average stress is then expressed as

1 Sze S’e 2nr
_ 2w
¢ o Jo O pazig I

*

8 Ze (re ’
=— S S o, r* dr* dr 22)
zt Jo Jo

Substitution of Eq. (18) into Eq. (22) gives.

. P SZES"Z’ ' 4r2(6:+2) +2(1+2z*)

Tr=T T Jo do [4r*2 + (1+22*)2]1°2
1 1+2z*
— 1_2 |: _ ] * * *
( ) 4r*2? Ar=2 (14 2z* 4+ 4r*2)3/2 ridridz
(23)

The parameters r; and z; are of the same order of magnitude
and are both of the order of 10. Integrating Eq. (23) and set-
ting r¥ =z*<1 we obtain

I1+V2
(7,=P|:1+(1—2V) [24+4In —= ] ] (24)
Equations (13) and (24) yield
d(L/Ly)
g = WL [ 5=
1+V2
[1+(1~20) (2+In — )1} 25)
Integration of Eq. (25)
SULO dL/L, [ PVL,
1 (L/Ly)®2? T L K

[1+(I-2») (2+In ”2‘/5 )] ]"2 S;dn* 26)

results in

L-L,

0

=[1-a;( 02—2 —1) Qun*]!/U=a2id ] (27)

Qis a dimensionless parameter defined as

PVL,
Q= X, |:I+(1—21/) [2+1In

(I1+V2
2)

1] e
Equation (27) together with Eq. (5) gives the result sought

T/Ty=(1—a,Q2n*)?@2-2 29
where a, is a constant replacing a; (a,/2—1).
IV. Discussion
Equation (29) gives the loss of transmittance. The validity
of this equation and the constants ¢, and a, must now be

evaluated by comparing this result to experimental data. A
comparison of Eq. (29) with the data of Hoff and Rieger* and
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Table1 Description of data and symbols used in Figs. 4 and S, all tests were performed with water droplets

Material Impact velocity  Impact angle Drop diam Rain intensity
reference Symbol (m/s) (deg) (mm) (mm/hr)
Polycarbonate v 270 30,45,60,90 1.9 25
(Schmitt 1973) [ 225 30,45,60,90
A 180 60,90
Polysulfone : \Y% 270 30,45,60,90 1.9 25
(Schmitt 1973) o 225 30,45,60,90
2 180 60,90
Quartz O 450 90 1.2 180
(Hoff & Rieger 1972)
Magnesium oxide ® 450 90 1.2 180
(Hoff & Rieger 1972)
Calcium aluminate . 450 90 1.2 180
(Hoff & Rieger 1972)
Table 2 Material properties used in the calculations
Density  Speed of Poisson’s VL,/K.
o' Material (mkg/cm®)  sound  ratio (»)  (m?/N)
= (m/s!)
B Polycarbonate 1.2 1425 0.25  40x 10710
| Polysulfone 1.24 1425 0.4  80x10710
Quartz 2.5 5300 0.2  45x107'0
162 Magnesium oxide 3,57 9100 0.2 1x 1073
T - Calcium aluminate 2.95 9350 0.29 3x10°
-1,2-| - Fig. 4 (T,/T—D/n* Water 1.0 1460
¥ - vs Q. Symbols for data
- defined in Table 1.
3 - 100 i =
- v -
r._1
. 80— To 1+Q%*10°*
| 0—4 40—
111 L
0608 |
20—
OFI vl 111]01 [ A B B B
. .. . . 0 100 100 10000 100,000
Schmitt’ indicates that the transmission loss 7/T, varies oo o
n

almost linearly with the number of impacts n*. This suggests
that the exponent 2/(a, —2) is unity and the constant is @, =4.

We also observe that at the early stages of the process 7/ T is.

close to unity (7/T,=1) and a,2*n* is small compared to
unity. Equation (29) may thus be written as
T/Ty=1/(1+a,Q*n*) 30)
Note that this expression provides the correct upper and lower
limits for the transmission loss. Prior to the impact n* =0 and
Eq. (30) give the correct value of 7/T,=1; after a very large
number of impacts n*—oo and Eq. (30) yield the required
result of 7/ 7, =0. ,
To determine the constant @, and to assess the validity of
Eq. (30), Eq. (30) is written in the form
(T/Ty—=1)/n*=a,Q* (€2}
This relationship will prove to be correct if, on a log-log scale,
a plot of (T;/T—1)/n* vs Q results in a straight line of slope
4. The equation of this line would provide the constant a;.
The T,/T, n*, and Q values deduced from the available ex-
perimental data (all obtained with water droplets) are shown
in Fig. 4. The symbols used in this figure and the corres-

Fig. 5 Transmission loss T/T, vs @‘n*. Comparison of present
model (solid line) with experimental data. Symbols for data defined in
Table 1.

ponding experimental conditions are identified in Table 1.
The material properties used in the calculations are listed in
Table 2. It is seen from Fig. 4 that all the data can be
correlated reasonably well by a straight line. The equation of
this line, obtained by a least square fit of the data, gives the
constant as a,=1x10~* and the exponent of Q as 4. The
transmission loss (Eq. 29) is thus given by the expression

T/Ty=1/(1+9n*10~%) 32)

The final comparison between this equation and the data is
shown in Fig. 5. The good correlation in Fig. 5 lends support
to the validity of the model. It is conceivable, however, that
the numerical values of @, and ¢, may need to be adjusted in
the future as additional and more accurate data become
available. There are, however, two points worthy of note.
First, the change in transmittance varies with the fifth power
of the impact velocity ‘

(To/T) —1~QUn*~Pin* ~Vin*~ V3 33)
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similarly to the mass loss rate of a material undergoing rain
erosion, which also varies approximately with the fifth power
of V.6!718 Second, (T,/ T~ I) varies with the fourth power of
the stress; the fatigue crack growth rate is also nearly propor-
tional to the fourth power of the stress over a wide range of
conditions.%10
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