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K. D. Mease** and N. X. Vinht 

Abstract yil &IT 
impulsive change in V 

Minimum-fuel trajectories and lift controls 
are computed for aeroassisted coplanar transfer 
from high orbit to low orbit. The optimal 
aeroassisted transfer requires less fuel than the 
all-propulsive Hohmann transfer for a wide range 
of high orbit to low orbit transfers. The optimal 
control program for the atmospheric portion of the 
transfer is to fly at maximum positive LID 
initially to recover from the downward plunge, and 
then, to fly at negative LID to level off the 
flight, such that the vehicle skips out of the 
atmosphere with a flight path angle near zero 
degrees. To avoid excessive heating rates, the 
vehicle flies initially at high angle of attack in 
order to slow down higher in the atmosphere, 
allowing recovery from the downward plunge, which 
occurs subsequently using the maximum positive 
LID, to take place at a lower atmospheric density. 
or equivalently, at a higher altitude. 
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Nomenclature 

R/He 
P,SH,C~* 1 (2m) 
drag coefficient 
value of CD when CL = 0 
lift coefficient 
value of CL at (LID),,, 

P h l ~ v  
acceleration of gravity 
Geostationary Earth Orbit 
HIEe 
a1 ti tude 
convective heating rate for lm sphere 
High Earth Orbit 
coefficient in parabolic drag polar 
lif t-to-drag ratio 
Low Earth Orbit 
vehicle mass 
Orbital Transfer Vehicle 
adjoint variable associated with state i 
radial distance from Earth's center 
radius of HE0 
radius of LEO 
radius of spherical atmosphere 
effective vehicle surface area normal to 
velocit vector 
VI J;li: 
inertial speed 

ai ri/R 
7 inertial flight path angle 
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AV to deorbit from HE0 
AV to circularize at LEO 
CL/cL* 
E*p /(vpv) 
graTitational constant multiplied by 
mass of Earth 
atmospheric density 
value of p at H = 40 km 
( tlHe )J;Tfi 

e value at atmospheric entry 
f value at atmospheric exit 
P value at hypothetical perigee of 

transfer orbit from H E 0  t o  atmosphere 

Introduction 

When orbital transfer is required and there 
is an atmosphere-bearing celestial body in the 
vicinity, it may be advantageous to utilize 
aerodynamic force in effecting the transfer. In 
this paper, w e  present an investigation of 
aeroassisted coplanar transfer from a circular 
orbit of radius rl to a concentric circular orbit 
of radius r2, where rl is greater than 1-2 Wig. 
1). We will consider the orbits to be about the 
Earth, however much of the analysis is more 
generally applicable. Our assumptions are as 
follows. The vehicle has a lifting configuration; 
and the lift can be modulated by varying the angle 
of attack. Lift modulation is the sole means of 
controlling the flight path in the atmosphere. 
propulsion being used only outside the atmosphere. 
The vehicle has a high-thrust propulsion system so 
that applications of the thrust can be considered 
to produce impulsive velocity changes (AVs) and 
the fuel consumption for an orbital transfer is 
thus indicated by the characteristic velocity, the 
sum of the AVs needed to effect the transfer. The 

u 
Fig. 1 Aeroassisted coplanar orbit transfer. 
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t r a n s f e r  m u s t  i n v o l v e  o n l y  a  s i n g l e  a t m o s p h e r i c  
p a s s .  And f i n a l l y ,  t h e  a t m o s p h e r i c  p r o p e r t i e s ,  
t h e  v e h i c l e ' s  a e r o d y n a m i c  p r o p e r t i e s .  t h e  
equa t ions  of motion, and t h e  i n i t i a l  p o s i t i o n  and 
v e l o c i t y  of t he  v e h i c l e  a r e  a l l  known p r e c i s e l y .  

Under  t h e s e  a s s u m p t i o n s ,  we d e t e r m i n e  t h e  
min imum-fue l  a e r o a s s i s t e d  t r a n s f e r ,  t h e  f u e l  
r equ i remen t s  of which a r e  then compared t o  those  
of t he  minimum-fuel a l l - p r o p u l s i v e  t r a n s f e r .  The 
c h a r a c t e r i s t i c s  of t h e  min imum-fue l  t r a j e c t o r y  
d u r i n g  the  a tmospher i c  p o r t i o n  of the  a e r o a s s i s t e d  
t r a n s f e r  a r e  examined i n  d e t a i l .  I n  a d d i t i o n ,  t h e  
e f f e c t  of a  v e h i c l e  h e a t i n g  c o n s t r a i n t  on  t h e  
a tmospher i c  t r a j e c t o r y  i s  determined.  

The m o t i v a t i o n  f o r  t h i s  s tudy  s t ems  from the  
c u r r e n t  i n t e r e s t  i n  o r b i t a l  t r a n s f e r  v e h i c l e s  
( 0 T V s ) . l n 2  T h e s e  v e h i c l e s  w o u l d  t r a n s f e r  
s p a c e c r a f t  from a  space s h u t t l e  t o  h i g h e r  and/or  
d i f f e r e n t  i n c l i n a t i o n  o r b i t s .  I n  t h e  c a s e  of  a  
s p a c e - b a s e d  OTV, t h e  v e h i c l e  i s  t h e n  r e q u i r e d  t o  
r e t u r n ,  a f t e r  d e l i v e r i n g  i t s  cargo,  t o  rendezvous 
w i t h  e i t h e r  a  s h u t t l e  o r  a  s p a c e  o p e r a t i o n s  
cen te r .  The OW maneuvers which cou ld  p o t e n t i a l l y  
b e n e f i t  f r o m  a e r o a s s i s t  a r e  t h e  o r b i t a l  p l a n e  
c h a n g e  and  t h e  t r a n s f e r  f r o m  h i g h  E a r t h  o r b i t  
(HEO) t o  low E a r t h  o r b i t  (LEO). The p r e s e n t  s tudy  
concerns  on ly  t h e  l a t t e r .  

The  b a s i c  s e q u e n c e  o f  e v e n t s  f o r  t h e  
a e r o a s s i s t e d  HE0 t o  LEO cop lana r  o r b i t  t r a n s f e r  i s  
a s  f o l l o w s .  Ref e r r i n g  t o  F i g .  1, t h e  t r a n s f e r  
b e g i n s  w i t h  a  t a n g e n t i a l  r e t r o b u r n  ( A V ~ )  a t  HE0 
w h i c h  i n j e c t s  t h e  v e h i c l e  i n t o  a n  e l l i p t i c a l  
t r a n s f e r  o r b i t  w i t h  a  hypothe t i c a l  t a r g e t  p e r i g e e  
i n s i d e  t h e  a t m o s p h e r e .  At p o i n t  E, t h e  v e h i c l e  
e n t e r s  t h e  a t m o s p h e r e .  As t h e  v e h i c l e  f l i e s  
through the  atmosphere,  some of i t s  k i n e t i c  energy 
i s  c o n v e r t e d  t o  h e a t ,  and  c o n s e q u e n t l y ,  upon 
s k i p p i n g  o u t  of  t h e  a t m o s p h e r e  ( a t  p o i n t  F ) ,  t h e  
a p o g e e  of  t h e  o r b i t  i s  d e c r e a s e d  t o  t h e  d i s t a n c e  
r 2 .  F i n a l l y ,  a t  t h e  new a p o g e e ,  a  s e c o n d  
t a n g e n t i a l  b u r n  (AV2) i s  e x e c u t e d  t o  c i r c u l a r i z e  
and the reby  ach ieve  the  d e s i r e d  LEO. The minimum- 
f u e l  a e r o a s s i s t e d  t r a n s f e r  i s  t h a t  which has  t h e  
minimum c h a r a c t e r i s t i c  v e l o c i t y ,  AV1 + AV2. The 
f l i g h t  p a t h  f o r  t h e  min imum-fue l  t r a n s f e r  i s  
e f f e c t e d  by the  AV1 magni tude,  which c o n t r o l s  t he  
a t m o s p h e r i c  e n t r y ,  and  t h e  l i f t  c o e f f i c i e n t  a s  a  
f u n c t i o n  of  t i m e  d u r i n g  t h e  a t m o s p h e r i c  f l i g h t .  
which c o n t r o l s  t he  e x i t  and hence de te rmines  t h e  
r e q u i r e d  AV2- 

The above v e r s i o n  of an a e r o a s s i s t e d  t r a n s f e r  
i s  somewha t  r e s t r i c t i v e .  F i r s t l y ,  a  t a n g e n t i a l  
AV1 a t  HE0 i s  n o t  a l w a y s  t h e  mos t  f u e l  e f f i c i e n t  
m e a n s  o f  e f f e c t i n g  a  t r a n s f e r  t o  s p e c i f i e d  
a t m o s p h e r i c  e n t r y  c o n d i t i o n s .  The j u s t i f  i c a t i o n  
f o r  t h i s  r e s t r i c t i o n  i s  t h a t ,  f o r  t he  range of HE0 
t o  LEO t r a n s f e r s  c o n s i d e r e d  i n  t h i s  p a p e r ,  t h e  
a d d i t i o n a l  f u e l  s a v i n g s ,  i f  any ,  o f f e r e d  by non- 
t a n g e n t i a l  o r  m u l t i p l e - i m p u l s e  t r a n s f e r s ,  a r e  
smal l .  Fur thermore ,  mul t i - impu l se  t r a n s f e r s  a r e  
o f t e n  t i m e s  i m p r a c t i c a l .  F o r  a  more  g e n e r a l  
t r e a t m e n t  of t he  minimum-fuel d e o r b i t ,  s e e  Ref. 3. 
S e c o n d l y ,  t h e  a p o g e e  of  t h e  t r a n s f e r  o r b i t ,  t h a t  
t h e  v e h i c l e  i s  i n  upon e x i t i n g  t h e  a t m o s p h e r e ,  
d o e s  n o t  n e c e s s a r i l y  n e e d  t o  be  a t  t h e  d i s t a n c e  

r2 .  However ,  f o r  t h e  o n e - i m p u l s e  t r a n s f e r  f r o m  
e x i t  t o  LEO, t h i s  t a n g e n c y  t u r n s  o u t  t o  be  a  
p r o p e r t y  t h a t  i s  c o n s i s t e n t  w i t h  t h e  minimum 
c h a r a c t e r i s t i c  v e l o c i t y  t r a n s f e r .  

Ana ly t i c  S o l u t i o n  f o r  an I d e a l i z e d  Optimal T r a n s f e r  

Consider  an a e r o a s s i s t e d  HE0 t o  LEO t r a n s f e r  
which p roceeds  a s  f o l l o w s .  R e f e r r i n g  t o  Fig.  1, a  
t a n g e n t i a l  r e t r o b u r n .  AV1, a t  HE0 i n j e c t s  t h e  
v e h i c l e  i n t o  an  e l l i p t i c a l  t r a n s f e r  o r b i t  w i t h  
p e r i g e e  a t  t he  d i s t a n c e  R. When the  v e h i c l e  i s  a t  
p e r i g e e ,  i t s  l i f t i n g  c a p a b i l i t y  ( i n  t h i s  c a s e ,  
n e g a t i v e  l i f t )  i s  employed t o  e f f e c t  f l i g h t  a long 
t h e  b o u n d a r y  of t h e  a t m o s p h e r e  ( i . e . ,  a l o n g  a  
c i r c u l a r  o r b i t  of r a d i u s  R). F l i g h t  a l o n g  t h e  
b o u n d a r y  i s  c o n t i n u e d  u n t i l  s u f f i c i e n t  v e l o c i t y  
has  been d e p l e t e d  (by a tmospher i c  d rag )  such t h a t .  
upon r e d u c i n g  t h e  l i f t  t o  z e r o ,  t h e  v e h i c l e  
ascends  on an e l l i p t i c a l  o r b i t  t o  an apogee a t  r2. 
F i n a l l y ,  a t  r2 ,  a  t a n g e n t i a l  c i r c u l a r i z i n g  burn, 
AV2, i s  e x e c u t e d  t o  a c h i e v e  t h e  d e s i r e d  LEO. The 
i d e a l i z a t i o n s  h e r e  a r e  1 )  t h a t  t h e  a t m o s p h e r i c  
d e n s i t y  a t  R  i s  s u f f i c i e n t  t o  g e n e r a t e  enough drag 
t o  slow the  v e h i c l e  i n  a  r easonab le  amount of t ime  
and  2 )  t h a t  t h e  v e h i c l e  h a s  s u f f i c i e n t  l i f t  t o  
m a i n t a i n  f l i g h t  a long the  a tmospher i c  boundary. 

Now compare  t h e  c h a r a c t e r i s t i c  v e l o c i t y  o f  
t h i s  i d e a l i z e d  t r a n s f e r  w i t h  t h a t  of any r e a l i s t i c  
a e r o a s s i s t e d  t r a n s f e r .  A  r e a l i s t i c  t r a n s f e r  would 
r e q u i r e  a  l a r g e r  AV1 t o  e n s u r e  s u f f i c i e n t  
p e n e t r a t i o n  i n t o  t h e  a t m o s p h e r e  s u c h  t h a t  t h e  
r e q u i r e d  v e l o c i t y  i s  d e p l e t e d  b e f o r e  sk ipp ing  back 
o u t ,  g i v e n  t h e  l i m i t e d  l i f t i n g  c a p a b i l i t y  of  t h e  
v e h i c l e .  Thus the  AV1 f o r  the  i d e a l i z e d  t r a n s f e r  
i s  a  l o w e r  bound f o r  a e r o a s s i s t e d  t r a n s f e r s .  
S e c o n d l y ,  f o r  t h e  o n e - i m p u l s e  t r a n s f e r  f r o m  
a t m o s p h e r i c  e x i t  t o  LEO, e x i t  w i t h  a  f l i g h t  p a t h  
ang le  of z e r o  degrees  (yf = 0') i n t o  an  e l l i p t i c a l  
t r a n s f e r  o r b i t ,  t angen t  t o  LEO a t  apogee, l e a d s  t o  
the  minimum c i r c u l a r i z i n g  AV2. The corresponding 
e x i t  s p e e d  i s  Vf = fi/[R(rZ+~r. Any o t h e r  
e x i t  p a i r  (Vf. y f )  w i l l  l e a d  t o  a  h i g h e r  AV2- 
C o n s e q u e n t l y ,  t h e  c h a r a c t e r i s t i c  v e l o c i t y ,  AV1 + 
A V ~ ,  f o r  t h i s  i d e a l i z e d  a e r o a s s i s t e d  t r a n s f e r  i s  a  
l ower  bound f o r  the  c h a r a c t e r i s t i c  v e l o c i t y  of any 
r e a l i s t i c  a e r o a s s i s t e d  t r a n s f e r .  

An a n a l y t i c  e x p r e s s i o n  f o r  t h i s  l o w e r  bound 
can be der ived.  L e t  

a 1  = r l /R . a2 = r2/R , and Av.  = AVi/ 

The e l l i p t i c a l  g r a z i n g  t r a j e c t o r y  r e q u i r e s  a n  
impul se  

The second impulse used t o  c i r c u l a r i z e  the  o r b i t  
a t  '2 i s  

Thus  t h e  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y  f o r  t h e  
i d e a l i z e d  a e r o a s s i s t e d  t r a n s f e r  i s  



Compare this to the characteristic velocity for 
the all-propulsive Hohmann transfer which is 

Furthermore, it is assumed that the drag polar is 
parabolic, that is 

With this relation, using C L  as a control 
corresponds physically to using pitch modulation 
to shape the trajectory. It is convenient to use 
a normalized lift control The curve plotted in Fig. 2 represents pairs (al, 

a 2 )  for which AvA = AvH. For pairs below the 
curve, AvA < AVH, i.e., the idealized aeroassisted 
transfer requires less fuel. For example. 
idealized aeroassisted transfer from geostationary 
orbit to LEO requires less fuel than the Hohmann 
transfer, if the LEO radius, r,. is less than about 

8 .  
where CL 1s the lift coefficient corresponding to 
the maximum lif t-to-drag ratio E*. In terms of 
CDo and K, we have - 

12,000 km. 

H O H M A N N  
TRANSFER 

AEROASSISTED 
TRANSFER 

GEO 

Using the following dimensionless variables and 
parameters 

the equations of motion can be rewritten as 

Fig. 2 Comparison of characteristic 
velocities for Hohmann and idealized 
aeroassisted transfers. 

We now proceed to consider more 
realistic aeroassisted orbit transfer in which the 
vehicle flies a skip trajectory through the 
atmosphere. Determining the minimum-f uel 
trajectory and control, in this case, requires the 
formulation and numerical solution of an 
optimization problem. 

Eauations of Motion 
Besides being preferable for numerical 
computation, the dimensionless equations of motion 
(10) focus attention on the critical aerodynamic 
parameters which affect flight, namely, the lift 
loading coefficient B and the maximum lift-to-drag 
ratio E*. Again 1 is the modulated lift control, 
scaled such that 1 = 1 corresponds to flight at 
the maximum lif t-to-drag ratio. 

The equations of m o t i o n  for planar 
atmospheric flight are 

- - dr - v s i n  y 
d t  

scDvL 
dv = -- - g s i n  y 
dt 2m 

The Optimization Problem 

The optimization problem is to find the 
magnitude of the tangential AV1 and the lift 
control 1, as a function of time, which minimize 
the total characteristic velocity assuming a nonrotating atmosphere. It is assumed 

that when r > R the flight is Keplerian. Hence. 
we shall consider a Newtonian gravitational 
attraction, that is 



w h e r e  A = E* p y / ( v p V ) .  I n  d e t e r m i n i n g  t h i s  r u l e ,  
we have  u s e d  t h e  f a c t  t h a t  t h e  H a m i l t o n i a n  i s  a  
q u a d r a t i c  f u n c t i o n  of A whose second  d e r i v a t i v e  
w i t h  r e s p e c t  t o  I i s  negat ive.  

Equ iva len t ly ,  we can maximize the  f u n c t i o n  

L = v e  c o s  y e l a l  + v f  c o s  y f l a 2  ( 1 2 )  

The a d j o i n t  v a r i a b l e s  s a t i s f y  t h e  n e c e s s a r y  
c o n d i t i o n s  The a t m o s p h e r i c  e n t r y  and e x i t  v a r i a b l e s  mus t  

s a t i s f y  the  r e l a t i o n s  

(2-ve2) aI2 - 2al + ve2 cos2 ye = 0  (13)  

and 
H o w e v e r ,  n o t e ,  t h a t  t o  c o m p u t e  t h e  o p t i m a l  
c o n t r o l ,  o n l y  t h e  v a l u e  of !& i s  r e q u i r e d .  T h i s  
s u g g e s t s  r e p l a c i n g  t h e  t h r e e  d i f f e r e n t i a l  
equa t ions  (21) w i t h  two which involve only r a t i o s  
of the  a d j o i n t  v a r i a b l e s ,  namely A and F = ph/pv. 

D i f f e r e n t i a t i n g  the  express ions  f o r  A and F w i t h  
r e s p e c t  t o  t ime and using Eqs.(21). we o b t a i n  

w h i c h  a r e  d e r i v e d  f rom t h e  e n e r g y  and a n g u l a r  
momentum equa t ions  f o r  the  HEO-to-entry and e x i t -  
to-LEO t r a n s f e r  o r b i t s ,  r e s p e c t i v e l y .  A t  e n t r y  we 
have 

r e = O  a n d h e = l  

and a t  e x i t  

rf = f r e e  and hf = 1 

We n o r  proceed t o  d e r i v e  necessary cond i t ions  
f o r  t h e  o p t i m a l  s o l u t i o n .  I n t r o d u c i n g  a d j o i n t  
v a r i a b l e s  ph, pv, and py, we form the Hamil tonian 

2 2 b sinY 
.ye= ph  v s i n  y - p { v 1 + --- 

v (b  -l+h) 2 

where 

With r e s p e c t  t o  the  l i f t  c o n t r o l  I, H i s  maximized 
when 

W r i t i n g  t h e  Hamil  t o n i a n  i n  t e r m s  of  h and F, we 
have 

However, r e a l i s t i c a l l y  the  range of v a l u e s  which I 
c a n  assume i s  bounded,  namely ,  t h e  l i f t  c o n t r o l  
must s a t i s f y  the  i n e q u a l i t y  c o n s t r a i n t  

S i n c e  t h e  e q u a t i o n s  of m o t i o n  ( 1 0 )  do n o t  depend 
e x p l i c i t l y  on t i m e  and t h e  f i n a l  t i m e  i s  n o t  
p resc r ibed ,  we have t h e  Hamiltonian i n t e g r a l  

where 1 i s  a  p o s i t i v e  cons tan t  whose va lue  i s  
d i c t a t e # ? &  the  aerodynamic c h a r a c t e r i s t i c s  of the  
veh ic le .  According t o  the  Maximum P r i n c i p l e ,  we 
f i n d  t h a t  the  op t imal  l i f t  c o n t r o l  i s  determined Now, r a t h e r  t h a n  t h e  o r i g i n a l  s i x  
by the  r u l e  

I = 

d i f f e r e n t i a l  equa t ions ,  we have f i v e ,  namely. Eqs. 
(10)  f o r  t h e  t h r e e  s t a t e s .  and Eq. ( 2 2 )  and  Eq. 
(23) f o r  i'. and F. I n t e g r a t i o n  of these  equa t ions  
w i l l  y i e l d  ex t remal  t r a j e c t o r i e s  f o r  a  number of 
p r o b l e m s  w h i c h  d i f f e r  o n l y  i n  t h e  e n t r y  and e x i t  
c o n d i t i o n s  w h i c h  mus t  be  s a t i s f i e d .  B e s i d e s  
h a v i n g  r e d u c e d  t h e  d i m e n s i o n  f rom s i x  t o  f i v e .  
t h i s  f o r m u l a t i o n  has the  d i s t i n c t  advantage t h a t  



four  of the  f i v e  dependent v a r i a b l e s  a r e  phys ica l  
va r i ab les .  (Actually,Aonly has phys ica l  meaning i f  
Ihl 5 A,,,.) T h i s  s i t u a t i o n  e a s e s  t h e  d i f f i c u l t y  i n  
g u e s s i n g  unknown i n i t i a l  c o n d i t i o n s  d u r i n g  t h e  
course  of so lv ing  the boundary va lue  problem. The 
nonphysical  v a r i a b l e  F  can almost  always ( s i n  y  # 
0 )  be  computed  f rom t h e  o t h e r  f o u r  u s i n g  t h e  
H a m i l t o n i a n  i n t e g r a l  (24) .  I n d e e d  one m i g h t  u s e  
the  Hamil tonian i n t e g r a l  t o  e l i m i n a t e  the need f o r  
so lv ing  the  d i f f e r e n t i a l  equa t ion  f o r  F. However. 
t o  a v o i d  t h e  d i f f i c u l t y  i n  e v a l u a t i n g  F  a t  t h e  
s i n g u l a r i t y ,  s i n  y  = 0,  we s h a l l  i n t e g r a t e  t h e  
e q u a t i o n  f o r  F  and i n s t e a d  u s e  t h e  H a m i l t o n i a n  
i n t e g r a l  a s  a  c h e c k  on  t h e  a c c u r a c y  o f  t h e  
numerical  i n t e g r a t i o n .  

The h e a t i n g  r a t e .  HR, a l o n g  t h e  a t m o s p h e r i c  
t r a j e c t o r y  i s  computed according t o  the  equa t ion  

where p i s  the  a tmospheric  d e n s i t y  i n  kg/km3 and V 
i s  the  speed i n  km/s. Eq. 26 g i v e s  the  convect ive 
h e a t i n g  r a t e  f o r  a  s p h e r e  w i t h  a  r a d i u s  of  one 
m e t e r ,  u n d e r  c o n d i t i o n s  of l a m i n a r  f l o w .  S i n c e  
o n l y  r e l a t i v e  changes  a r e  of c o n c e r n ,  t h i s  mode l  
w i l l  s u f f i c e .  

Method of Numerical So lu t ion  

We s h a l l  o n l y  c o n c e r n  o u r s e l v e s  w i t h  
minimizing AV2. Although AVl i s  the  l a r g e r  of the  
two b u r n s ,  t h e  d i f f e r e n c e  b e t w e e n  t h e  v a l u e  of  
AV1, r e q u i r e d  t o  t a r g e t  t o  a  p e r i g e e  a t  t h e  
a t m o s p h e r i c  boundary .  R  = 6498 km. and t h a t ,  
r equ i red  t o  t a r g e t  t o  a  p e r i g e e  a t  the  su r face  of 
t h e  E a r t h ,  i s  a  mere 13 m/s .  I n  c o n t r a s t ,  AV2 i s  
v e r y  s e n s i t i v e  t o  t h e  v a l u e s  o f  t h e  e x i t  
p a r a m e t e r s  v f  and y f .  For  example ,  t h e  AV2 
r e q u i r e d  f o r  a  g i v e n  HE0 t o  LEO t r a n s f e r  c a n  
inc rease  by 100 m/s o r  more f o r  each degree above 
ze ro  i n  the  e x i t  f l i g h t  pa th  angle ,  yf. 

Knowing t h a t  a  s k i p  t r a j e c t o r y  w i t h  yf  = o0 
l e a d s  t o  t h e  minimum AV2 a t  t h e  LEO t o  w h i c h  t h e  
a s c e n d i n g  o r b i t  i s  t a n g e n t ,  we employed t h e  
f o l l o w i n g  a p p r o a c h  t o  c o m p u t e  min imum-f  u e l  
t r a j e c t o r i e s  and con t ro l s .  A t a r g e t  pe r igee ,  r P' 
i s  chosen and, from t h i s ,  the  e n t r y  pa ramete r s  ve 
and ye a r e  determined according t o  the  equat ions  

Then, us ing the  computed v a l u e s  of ve and ye. he = 
1, and a  p a i r  (Ae, F e )  a s  i n i t i a l  c o n d i t i o n s ,  Eqs. 
10.22, and 23 a r e  i n t e g r a t e d  f r o m  r = 0  t o  h  = 1. 
u s i n g  Eq. 2 0  t o  d e t e r m i n e  t h e  l i f t  c o n t r o l .  The 

p a i r  (Ae. Fe )  i s  d e t e r m i n e d  by c h o o s i n g  tLe and 
us ing  Eq. 24 t o  so lve  f o r  the corresponding va lue  
of F e n  w i t h  v, y,  and h  a s  s p e c i f i e d  above. The 
i n t e g r a t i o n  i s  p e r f o r m e d  by a  v a r i a b l e  o r d e r .  
l i n e a r ,  m u l t i s t e p  p r e d i c t o r - c o r r e c t o r  r o u t i n e  of 
the  Adams-Moulton type,5 w i t h  the  l o c a l  abso lu te  
e r r o r  c o n t r o l l e d  t o  l e s s  than 1.0x10-~ f o r  each of 
t h e  f i v e  d e p e n d e n t  v a r i a b l e s .  I n  a l l  c a s e s  
s t u d i e d ,  i t  h a s  b e e n  p o s s i b l e  t o  f i n d ,  b y  

i t e r a t i v e  s e a r c h ,  a  v a l u e  of n e  such  t h a t  yf  = O 0  
a t  e x i t .  The corresponding va lue  of vf determines  
the  apogee of the  t r a n s f e r  o r b i t ,  fo l lowing  e x i t .  
a n d  h e n c e ,  t h e  LEO t o  w h i c h  t h e  v e h i c l e  i s  
o p t i m a l l y  t r a n s f e r r e d .  As t h e  v a l u e  of r i s  
l o w e r e d  from R, yf = O0 cont inues  t o  be reachaPble. 
b u t  t h e  e x i t  s p e e d  d e c r e a s e s ,  r e s u l t i n g  i n  l o w e r  
LEO t r a n s f e r s .  There i s  a  c e r t a i n  c r i t i c a l  va lue  
of rp. below which, the  l i f t i n g  c a p a b i l i t y  of the  
v e h ~ c l e  i s  i n s u f f i c i e n t  t o  e f f e c t  a  s k i p  
t r a j e c t o r y .  

A t r a j e c t o r y  and c o n t r o l  compnted i n  t h i s  
m a n n e r  i s  o p t i m a l  i n  t h e  f o l l o w i n g  s e n s e .  
F i r s t l y ,  t h e  n e c e s s a r y  c o n d i t i o n s  ( 1 0 ) .  ( 2 2 ) .  and 
(23). the  e n t r y  and e x i t  cond i t ions  (15) and (16),  
and t h e  r e l a t i o n s  (13)  and (14)  a r e  s a t i s f i e d .  
S e c o n d l y ,  t h e  l i f t  c o n t r o l  s a t i s f i e s  t h e  
c o n s t r a i n t  (19) .  T h i r d l y ,  t h e  n e a r - z e r o  d e g r e e  
f l i g h t  p a t h  a n g l e  a t  e x i t  e n s u r e s  t h a t  t h e  
c i r c u l a r i z i n g  AV2, t o  achieve the  LEO t o  which the 
p o s t - e x i t  o r b i t  i s  t a n g e n t ,  i s  t h e  a b s o l u t e  
minimum, when compared t o  t h o s e  f o r  a l l  o t h e r  
a e r o a s s i s t e d  t r a n s f e r s  f rom t h e  same HE0 t o  t h e  
same LEO. (The e x i t  f l i g h t  pa th  ang les  achieved, 
a s  i n d i c a t e d  i n  T a b l e  1. a r e  a  few t e n t h s  of a  
d e g r e e .  The i t e r a t i o n  on A ,  was s t o p p e d  a t  t h i s  
p o i n t  b e c a u s e  t h e  a s s o c i a t e d  v a l u e  of AV2 was 
w i t h i n  8  m / s  o f  t h e  l o w e r  b o u n d  s e t  by  t h e  
i d e a l i z e d  t r ans fe r . )  Four th ly ,  a1 though only AV2 
has  been minimized, the c h a r a c t e r i s  t i c  v e l o c i t y ,  
AV1 + AV2, i s  very c l o s e  t o  the abso lu te  minimum. 
The va lue  of AV1 f o r  the  cases  shown i n  Table 1 i s  
w i t h i n  10.4 m/s of the  lower bound on AV1 given by 
the  i d e a l i z e d  t r a n s f e r .  Thus, the  c h a r a c t e r i s t i c  
v e l o c i t y  c a n  n o t  g e t  much s m a l l e r .  More 
i m p o r t a n t ,  however ,  i s  w h e t h e r  t h e  t r a j e c t o r y  
and/or c o n t r o l  would change s i g n i f i c a n t l y ,  a s  the  
c h a r a c t e r i s t i c  v e l o c i t y  i s  r e d u c e d  t h e  l a s t  few 
mete r s  pe r  second. Numerical exper ience i n d i c a t e s  
t h a t  t h e y  do n o t .  As t h e  e x i t  f l i g h t  p a t h  a n g l e  
i s  reduced, the  a tmospheric  t r a j e c t o r y  i s  changing 
v e r y  l i t t l e .  I n d e e d ,  t h e  v a l u e  of 11, i s  b e i n g  
changed  o n l y  s l i g h t l y  ( p a r t s  i n  l o 6  o r  l e s s )  t o  
g e t  the  e x i t  angle  below a  few t e n t h s  of a  degree. 
T h i s  l e v e l  of change i n  A e  a f f e c t s  mos t  of t h e  
t r a j e c t o r y  a l m o s t  n e g l i g i b l y ,  b u t  e x t e n d s  t h e  
t r a j e c t o r y ,  i n  o r d e r  t o  a c h i e v e  t h e  l o w e r  e x i t  
angle. Furthermore, a s  mentioned above, f o r  ze ro  
e x i t  f l i g h t  p a t h  a n g l e  a tmospheric  t r a j e c t o r i e s ,  
t h e r e  i s  a  one-to-one mapping, based on numerical  
exper ience.  from va lues  of r p  t o  va lues  of v f ,  and 
hence, t o  the  LEOS f o r  which the AV2 i s  a  minimum. 
T h e r e f o r e ,  i f  rp were  i n c r e a s e d  i n  o r d e r  t o  
d e c r e a s e  AV1, t h e  c o r r e s p o n d i n g  AV2 would be  
g r e a t e r .  Given  t h e  low s e n s i t i v i t y  of AV, t o  
changes  i n  t h e  v a l u e  of rp. i t  i s  u n l i k e l y  i h a t  
the c h a r a c t e r i s t i c  v e l o c i t y  could be reduced much, 
i f  a n y ,  b y  a d j u s t i n g  rp.  I n  c o n c l u s i o n ,  a  
t r a j e c t o r y  and c o n t r o l ,  compnted i n  t h e  manner 
d e s c r i b e d  above ,  i s  a  good a p p r o x i m a t i o n  t o  t h a t  
w i t h  the  abso lu te  minimum c h a r a c t e r i s t i c  v e l o c i t y  
and, hencefor th ,  we s h a l l  r e f e r  t o  such a  s o l u t i o n  
a s  a  minimum-fuel so lu t ion .  

When a  h e a t  r a t e  c o n s t r a i n t  i s  imposed,  t h e  
s o l u t i o n  p r o c e d u r e  i s  somewhat  d i f f e r e n t .  We 
f o l l o w  an a p p r o a c h  u s e d  i n  Ref.  6. The h e a t i n g  
r a t e  f o r  a  s k i p  t r a j e c t o r y  r e a c h e s  i t s  maximum 
value s h o r t l y  a f t e r  en t ry ,  i n  a  monotonic f a s h i o n  
( s e e  F i g .  4 ) .  I t  t h e n  d e c r e a s e s  d u r i n g  t h e  
remainder of the f l i g h t ,  a l though some o s c i l l a t i o n  
may o c c u r .  I n  o r d e r  t o  s a t i s f y  a  h e a t i n g  r a t e  
c o n s t r a i n t .  HR ( (HR)max, we s h a l l  assume t h a t  i t  



i s  s u f f i c i e n t  t o  c o n t r o l  t h e  f i r s t  p e a k  of t h e  
h e a t i n g  r a t e  func t ion ,  such t h a t  t h e  peak va lne  i s  
e q u a l  t o  (HR)pax. F u r t h e r m o r e ,  we s h a l l  a s s u m e  
t h a t ,  once t h i s  peak va lue  i s  reached, f l i g h t  does 
n o t  c o n t i n u e  on t h e  c o n s t r a i n t  boundary .  These  
a s s u m p t i o n s  a l l o w  u s  t o  s o l v e  t h e  c o n s t r a i n e d  
problem i n  two s t a g e s  each r e q u i r i n g  an i t e r a t i o n  
on only  one parameter .  

I n  the  f i r s t  s t a g e ,  we beg in  a t  s=O as  i n  t h e  
uncons t ra ined  case ,  except  t h a t  now the  goal  i s  t o  
choose he such t h a t  HR = ( H R ) ~ ~ ~  a t  t he  t ime when 
the  d e r i v a t i v e  of t h e  h e a t i n g  r a t e  w i t h  r e s p e c t  t o  
t i m e  i s  e q u a l  t o  z e r o .  Once t h i s  v a l u e  of (5, 

i s  found, an extremal t r a j e c t o r y  up t o  the  peak 
h e a t i n g  r a t e  i s  d e t e r m i n e d .  The s e c o n d  s t a g e  i s  
t o  f i n d  a  v a l u e  f o r  A , L =  h p .  s u c h  t h a t ,  when 
Eqs. 1 0 ,  22 ,  and 23 a r e  i n t e g r a t e d  f r o m  t h e  t i m e  
of the  peak h e a t i n g  r a t e  t o  a tmospher i c  e x i t ,  t h e  
e x i t  f l i g h t  p a t h  a n g l e  i s  z e r o  d e g r e e s .  I n d e e d ,  
i n  the  c a s e s  s t u d i e d ,  i t  has  been p o s s i b l e  t o  f i n d  
s u c h  v a l u e s  of A e  and  A Thus,  t h e  f u n c t i o n s  
h and  F  a r e ,  i n  g e n e r a f , '  d i s c o n t i n u o u s  a t  t h e  

t i m e  of t h e  p e a k  h e a t i n g  r a t e ;  t h e  s t a t e s  h,  v ,  
and y a r e  a lways continuous. 

Minimum -Fuel T r a i e c t o r i e s  

F o r  a l l  t h e  c a s e s  r e p o r t e d  b e l o w ,  t h e  
t r a n s f e r  i s  from g e o s t a t i o n a r y  E a r t h  o r b i t  (GEO). 
f o r  r l  = 42,241 km. The r a d i n s  of t h e  
a t m o s p h e r e  i s  6498 km. Above t h i s  d i s t a n c e .  t h e  
d e n s i t y  i s  i d e n t i c a l l y  z e r o .  Over  t h e  a l t i t u d e s  
of a tmospher i c  f l i g h t .  40-120 km (where the  r a d i u s  
of t h e  E a r t h  i s  t a k e n  t o  b e  6378 km), t h e  d e n s i t y  
i s  a p p r o x i m a t e d  b y  a  f i f  t h - d e g r e e  Chebyshev 
polynomial  whose c o e f f i c i e n t s  were  determined by a  
l eas t - squares  f i t  t o  t h e  U.S. S tandard  Atmosphere. 
1976 (Ref .  7).  The v e h i c l e  m a s s - t o - s u r f a c e  a r e a  
i s  300 kg/m2 f o r  a l l  cases .  

Unconstra ined 

We b e g i n  by p r e s e n t i n g  some min imum-fue l  
t r a j e c t o r i e s ,  under c o n d i t i o n s  of unbounded l i f t  
( A m a x +  m) and uncons t ra ined  h e a t i n g  r a t e .  Three 
v e h i c l e  c o n f i g u r a t i o n s  w e r e  c o n s i d e r e d ,  a s  
d i s t i n g u i s h e d  by t h e i r  r e s p e c t i v e  maximum LID 
c a p a b i l i t i e s ,  n a m e l y ,  0.845, 1.5, and 2.9. D a t a  
from wind tunne l  t e s t s  i s  a v a i l a b l e  f o r  v e h i c l e s  
w i t h  t h e s e  maximum LID c a p a b i l i t i e s  (Refs .  8 , 9 ,  
and 1 0 ,  r e s p e c t i v e l y )  and t h e  v a l u e s  f o r  t h e  
pa ramete r s  CDc and K which  appear  i n  the p a r a b o l i c  
d r a g  p o l a r  w e r e  c h o s e n  t o  b e s t  f i t  t h e  d a t a .  The 
v a l u e s  u s e d  f o r  t h e  p a i r  (CDo ,K) w e r e  (0.21, 
1 . 6 7 ) ,  ( 0 . 1 0 ,  1 a n d  ( 0 . 0 1 7 ,  1 . 7 6 ) ,  
r e s p e c t i v e l y .  

F o r  e a c h  o f  t h e  t h r e e  maximum L/D c a s e s ,  we 
h a v e  f i x e d  rp  = 6400 km and have  s e a r c h e d  a n d  
found the  A e  such t h a t  yf = 0'. I n  t h i s  manner. a  
min imum-fue l  t r a j e c t o r y  f o r  e a c h  c a s e  w a s  
generated.  The corresponding LEO o r b i t s ,  t o  which 
t h e  t r a n s f e r s  a r e  o p t i m a l ,  a r e  n o t  e x a c t l y  t h e  
same, b u t  a r e  c l o s e  enough t o  p e r m i t  comparisons. 
The a l t e r n a t i v e  a p p r o a c h  of s p e c i f y i n g  t h e  LEO 
o r b i t  a  p r i o r i  wou ld  r e q u i r e  s e a r c h i n g  on two  
pa ramete r s ,  and A e ,  i n  o r d e r  t o  de te rmine  the  
minimum-fuel % r a j e c t o r y .  

C e r t a i n  c h a r a c t e r i s t i c s  of t h e  minimum-fuel 
uncons t ra ined  t r a j e c t o r i e s  a r e  given i n  the  f i r s t  
t h r e e  columns of Table 1. We see  t h a t  the  high LID 
v e h i c l e  p e n e t r a t e s  f a r t h e s t  i n t o  t h e  a t m o s p h e r e  
and exper i ences  the  h i g h e s t  dynamic p r e s s u r e  and 
h e a t i n g  r a t e .  The low LID v e h i c l e  exper i ences  the  
h i g h e s t  g- load.  F o r  c o m p a r i s o n ,  t h e  S h u t t l e  
d e s i g n  l i m i t s  f o r  dynamic p r e s s u r e  and g-load a r e  
16 kN/m2 and 2.5 r e s p e c t i v e l y . l l  Time h i s t o r i e s  
of the  s t a t e  v a r i a b l e s  f o r  the  (LID),,, = 1.5 case  
a r e  shown i n  F i g .  3 ;  t h o s e  f o r  t h e  h e a t i n g  r a t e .  

Table  1. C h a r a c t e r i s t i c s  of minimum-fuel t r a j e c t o r i e s  

L&J C a ~ a b i l i t v  Heat ing Rate 

Low Moderate High Unconstra ined Constra ined 

Targe t  p e r i g e e  rp (Ian) 6400.0 6400.0 6400.0 6415.0 6415 . O  

A,  ( A,) 2.303247 2.701724 3.2586836 2.947660826 6.56(.79867315) 

E x i t  f l i g h t  p a t h  angle  (deg)  0.3 0 .4  0 .3  0.45 0.49 

LEO o r b i t  r a d i o s  (km) 6558.8 6578.7 6557.6 6608.0 6625.0 

I d e a l  AV2 f o r  same LEO (mls)  18.3 24.0 18.0 32.6 

Min a l t i t u d e  (km) 58.8 58.2 51.5 61.2 

Max dynamic p r e s s u r e  15.9 18.6 44.2 13.1  
( k ~ / m ~  ) 

Max convec t ive  h e a t i n g  r a t e  193.1 222.8 361.4 190.8 150.0 
f o r  a  one meter  sphere  (w/cm2) 

Max g ' s  3.6 2 .7  1.8 1.9 3.7 
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Fig. 3 Time histories of state variables. 
(LID),,, = 1.5. 

dynamic pressure, and g-load are shown in Fig. 4. 
The behaviors illustrated in these two figures are 
qualitatively representative of all the cases 
investigated in this paper. 

Fig. 5 shows the lift-to-drag ratio as a 
function of the time from atmospheric entry for 
the three cases. A similar pattern is followed in 
each case. The maximum positive LID is used 
initially to recover from the downward plunge. As 
the flight path angle becomes positive, the 
maximum negative LID is used to level off the 
flight. These first two phases occur within the 
first four minutes of flight. Of course, although 
the basic pattern is similar, quantitatively, 
there are definite differences in the flight 
characteristics of the three LID vehicles. as 
indicated in Table 1. After the first four 
minutes, a negative LID is used to maintain flight 
at a small positive flight path angle in order to 
achieve the desired shallow exit. The required 
negative LID increases, as the flight proceeds, to 
compensate for the decreasing atmospheric density. 

Bounded Lift 

For the vehicle, with (LID),,, = 1.5, wind 
tunnel data show that the lift coefficient does 
not exceed 0.9 in absolute value. Thus, we impose 
the constraint 

which corresponds to setting Amax = 3.0 in Eq. 20. 
The resulting lift control is given by the dashed 
curve in Fig. 6. For comparison. the 

TlME FROM ENTRY (min) 

Fig. 4 Time histories of heating rate. 
dynamic pressure, and g-load. 

0 5 10 15 20 25 30 
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Fig. 5 Time histories of lift-to-drag ratio. 

corresponding curve with CL mbounded is given by 
the solid curve. We see that flight is along the 
constraint boundary for much of the flight. The 
important point, however, is that a near zero exit 
flight path angle is still reachable by proper 
choice of A ,. 

Constrained Heating Rate 

Using Eq. 26, the heating rate along the 
minimum-f uel trajectory can be calculated. 
Referring to this as the unconstrained heating 
rate, we can ask the question: What is the 
minimum-fuel trajectory, if the maximum heating 



TlME FROM ENTRY (rnin) 

Fig.  6  Time h i s t o r i e s  of op t imal  l i f t  con t ro l  
f o r  unbounded and bounded c a s e s .  

r a t e  i s  c o n s t r a i n e d  t o  be no g r e a t e r  t h a n  some 
f r a c t i o n  of the  maximum unconstra ined h e a t  r a t e ?  

I n  o r d e r  t o  s e e  t h e  e f f e c t  of a  h e a t i n g  r a t e  
c o n s t r a i n t ,  we a g a i n  c o n s i d e r  t h e  c o n f i g u r a t i o n  
w i t h  (LID),,, = 1.5, a s  desc r ibed  e a r l i e r ,  except  
t h a t  t h e  t a r g e t  p e r i g e e  i s  t a k e n  t o  be  6415 km. 
The minimum-fuel t r a j e c t o r y  i s  computed f i r s t  w i t h  
t h e  h e a t i n g  r a t e  u n c o n s t r a i n e d .  The maximum 
h e a t i n g  r a t e  i s  f o u n d  t o  be 190.8 w/cm2 f o r  a  
r e f e r e n c e  one  m e t e r  s p h e r e .  Next ,  t h e  minimum- 
f u e l  t r a j e c t o r y  i s  computed  w i t h  a l l  c o n d i t i o n s  
i d e n t i c a l ,  e x c e p t  t h a t  t h e  h e a t i n g  r a t e  i s  
c o n s t r a i n e d  n o t  t o  e x c e e d  150.0 w/cm2. I n  b o t h  
c a s e s ,  t h e  l i f t  c o e f f i c i e n t  i s  b o u n d e d .  a s  
d e s c r i b e d  e a r l i e r .  

C e r t a i n  c h a r a c t e r i s t i c s  of the  uncons t ra ined  
and c o n s t r a i n e d  cases  a r e  given f o r  comparison i n  
the  l a s t  two columns of Table 1. I n  bo th  cases ,  a  
near-zero e x i t  f l i g h t  pa th  ang le  i s  reachaLle  and 
the AV2 i s  w i t h i n  8  m/s of t h a t  f o r  the  i d e a l i z e d  
t r a n s f e r .  With the  h e a t i n g  r a t e  cons t ra ined ,  the  
v e h i c l e  d o e s  n o t  p e n e t r a t e  t h e  a t m o s p h e r e  a s  
deeply,  the  maximum dynamic p r e s s u r e  i s  reduced, 
but  the  maximum g-load i s  increased.  

The o p t i m a l  l i f t  c o n t r o l .  f o r  e a c h  c a s e ,  i s  
p l o t t e d  v e r s u s  t i m e  i n  Fig.7 . We s e e  t h a t  t h e  
v e h i c l e  f l i e s ,  i n i t i a l l y ,  a t  (CL)max, i n  t h e  
c o n s  t r a i n e d  c a s e ;  w h e r e a s ,  i n  t h e  u n c o n s t r a i n e d  
c a s e *  CL i s  d e c r e a s i n g  s t e a d i l y  d u r i n g  t h e  same 
p e r i o d .  By f l y i n g  a t  (CL)max i n i t i a l l y ,  and 
correspondingly a t  a  h igher  CD, t he  v e h i c l e  s lows 
down h igher  i n  t h e  atmosphere, a l lowing  recovery 
f r o m  t h e  d o w n w a r d  p l u n g e ,  w h i c h  o c c u r s  
subsequent ly  a t  the  maximum p o s i t i v e  LID, t o  take 
p l a c e  a t  a  l o w e r  a t m o s p h e r i c  d e n s i t y  o r  
e q u i v a l e n t l y  a t  a  h i g h e r  a l t i t u d e .  I n  t h i s  
manner, h igher  hea t ing  r a t e s  a r e  avoided. 

As a  f i n a l  n o t e ,  t h e  minimum e n t r y  f l i g h t  
pa th  angle  from which the  v e h i c l e  can recover  and 
achieve the  p r e s c r i b e d  e x i t  s t a t e  c o n d i t i o n s ,  i s  
r a i s e d  when a  h e a t i n g  r a t e  c o n s t r a i n t  i s  imposed 
( t h a t  i s ,  r a i s e d  w i t h  r e s p e c t  t o  the uncons t ra ined  
c a s e ) .  The r e a s o n  i s  t h a t ,  i f  t h e  e n t r y  i s  t o o  
s t eep ,  even by f l y i n g  a t  the  maximum p o s i t i v e  CLS 
excess ive  h e a t i n g  r a t e s  cannot be avoided. I n  the  
p a r t i c u l a r  c a s e  i n v e s t i g a t e d  h e r e ,  a n  o p t i m a l  
s o l u t i o n  was  f o u n d  f o r  e n t r y  a n g l e s  a s  low a s  - 
6.S0 ( r p  = 6400 km) i n  the unconstra ined case. I n  
the  c o n s t r a i n e d  case ,  t h e  lowes t  e n t r y  angle ,  t h a t  
could be t o l e r a t e d ,  was -6.0' ( r p  = 6415 km). 

TlME FROM ENTRY (rnin) 

Fig.  7  Time h i s t o r i e s  of op t imal  l i f t  c o n t r o l  
f o r  u n c o n s t r a i n e d  a n d  c o n s  t r a i n e d  
h e a t i n g  r a t e  c a s e s .  (Only f i r s t  two 
minutes  shown.) 

Summary and Conclusions 

Under the a s s u m p t i o n s  and r e s t r i c t i o n s  
g i v e n  i n  t h e  I n t r o d u c t i o n ,  m i n i m u m - f u e l  
ae roass i s ted  coplanar  t r a n s f e r  from high o r b i t  t o  
low o r b i t  h a s  been  c o n s i d e r e d .  An i d e a l i z e d  
v e r s i o n  of t h e  t r a n s f e r  l e n t  i t s e l f  t o  a n a l y t i c  
t r e a t m e n t  and  a l l o w e d  a  l o w e r  bound on t h e  
c h a r a c t e r i s t i c  v e l o c i t y  f o r  any g i v e n  HE0 t o  LEO 
a e r o a s s i s t e d  t r a n s f e r  t o  be determined. I n  o rder  
t o  examine  minimum-fuel  t r a n s f e r  u n d e r  more 
r e a l i s t i c  cond i t ions ,  an o p t i m i z a t i o n  problem was 
fo rmula ted  and solved numerical ly .  I t  was found 
t h a t  f o r  e a c h  g i v e n  HE0 t o  LEO t r a n s f e r  
c o n s i d e r e d ,  e v e n  w i t h  bounded l i f t  a n d / o r  a  
h e a t i n g  r a t e  c o n s t r a i n t ,  a  c h a r a c t e r i s t i c  v e l o c i t y  
w i t h i n  10-20 m/s of the  lower  bound i s  achievable .  
Thus. F i g .  2  p r o v i d e s  a  good i n d i c a t i o n  of t h e  
h i g h  o r b i t  t o  low o r b i t  c o p l a n a r  t r a n s f e r s  f o r  
w h i c h  t h e  o p t i m a l  a e r o a s s i s t e d  t r a n s f e r  r e q u i r e s  
l e s s  f u e l  than the  Hohmann t r a n s f e r .  

The c h a r a c t e r i s t i c  l i f t  p rogram f o r  t h e  
a tmospheric  p o r t i o n  of the  minimum-fuel t r a n s f e r  
i s  t o  f l y  a t  the  maximum p o s i t i v e  LID i n i t i a l l y  t o  
recover  from the downward plunge, and then, t o  f l y  
a t  nega t ive  LID t o  l e v e l  o f f  the f l i g h t ,  such t h a t  
t h e  v e h i c l e  s k i p s  o u t  of t h e  a t m o s p h e r e  w i t h  a  
f l i g h t  pa th  angle  nea r  ze ro  degrees. This  program 
i s  modif ied a t  the beginning i f  h igh h e a t i n g  r a t e s  
a r e  t o  be a v o i d e d .  F l i g h t  i n i t i a l l y  a t  maximum 
l i f t ,  and c o r r e s p o n d i n g l y ,  h i g h  d r a g ,  l o w e r s  t h e  
veh ic le ' s  speed h igher  i n  the  atmosphere, a l lowing  
r e c o v e r y  f r o m  t h e  downward p l u n g e ,  w h i c h  o c c u r s  
s u b s e q u e n t l y  u s i n g  t h e  maximum p o s i t i v e  LID, t o  
t a k e  p l a c e  a t  a  l o w e r  a t m o s p h e r i c  d e n s i t y .  o r  
e q u i v a l e n t l y ,  a t  a  h igher  a1 t i  tude. 
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